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[6] der terniiren definiten quadratischen Formen in Diagonalgestalt
fiber Z mit Klagsenzabl 1 kann man deghalb alle fiir Klassenzahl 1 ,,in Frage
kommenden’® héherdimensionalen Diagonalformen aufstellen: als ein-
klassig koramen nur solche Formen in Frage, deren simfliche orthogonalen
Komponenten einklagsig sind. Die in Frage kommenden Formen lassen
sich mit der Minkowski-Siegelschen MabSformel auf Binklassigkeit testen:
eine Form D ist genaun dann cinklasgsig, wenn M (D) ~ 1/H(D), wobei
M{(D) das Maf und E(D) dic Binheitenanzahl von D ist. Wi die m-di-
mengionale Diagonalform

Do {dyy Aoy oony yyovny ity ooy )
[P ———— (VTR N—
§7-mual Sp-oual

pl:z 1
B(D) = 2%s,1 ... 8,!,

anderverseifs LSt sich der explizite Aungdruck fix #(D) bel Minkowski
([7], 8. 171, 181) finden. Auf diese Weise erhiilt man die Tabelle.
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Dirichlet series with funectional equations
and related arithmetical identities
by

K. OmaAwpRASEEDARAN and . Jorig (Ziwich)
To Carl L. Siegel on his completion of 75 years

§ 1. Imtroduction. Fifty years ago Siegel gave a short proof of
Hamburger’s theorem on the Riemann zeta-function ¢(s). Let & be an
entire funetion of finite order, P o polynomial, s a eompl(ﬁc variable,

and f(8) = G()/P{s). Let f{s) _Ecmm , where
M=

(€} is 0 sequence of complex numbers, and the series convelges abgolutely
for o> 1. Let

written § = o4,

(LL) nm B0 (G8)f(8) = =T 0O DG —ds) g (1 —3),
where g(L—s) = > b, m°", the geries converging absolutely for o <
e

~x<< 0. Then f(8) = ¢;{(s) = g(s).
Biegel’s partial-fraction formula [9]:

N 1 1 ] S -2l
(1.2) 2 sl T e tH (%) :2anme g 0,

me=d, m=1

The proof follows at onece from

where H(t) is a finite sum of terms of the form t*log?s.

Arnold Walfisz in his Gittingen dissertation, published in 1922,
found an identity associated with the Dedekind zeta-function Ii{s) of
an algebraic number field & of degree », from which he deduced an Q-result

o0
for the ideal function. For Kes > 1, fp(s) == N a{m)m™, where a(im)
el
iy the nomber of non-nnll integral ideals with norm m. Walfisz’s identity
[10] rung as follows: for Res > €, we have

1 . wlh 1,
(1.3) ?Z a(’m)é"‘g”‘lm — “”6““-:1{(0)

§
me=1

>"1 ‘-'-- )3 (sm i,

m==1

o -D,b“)'l--l'?‘o —
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. Here 1 is the residue of L (s) at the pole s = 1, r; Is the nuinber of “real
conjugates” of K, 2r, the number of “imaginary conjugates” of K,
B = (2r)"" 4", 4 the absolute value of the diseriminant of K, and

3
M(s) = fdﬂrﬁ(fﬂ‘@@”"’%),
b==0

where the (n;) ave constants depending on K, B = (2x)7'AY", and the

function

)
vl
L(w) = £ T+ m) v

| < n,

is continuable analytically into € —{v = n}, where C denotes the complex
plane. Identity (1.3) is the basis of Wallisz’s vesult that

Ppla) = Q2 (aim 00,

where Py(w) = Rg(#) —~iw for ¢ > 0, and the ‘ideal function’ Rx(w) i3

given by Bx(z) = Y a{m), for z> (. For recent work on this problem
L

and the related literature, see Joris [8].

Although there seems to be no apparent connexion between (1.2)
and (1.3), (ef. comment by 8. Bochner [1], p. 358), we shall show in this
article that both are special cases of an identity (2.7) which can be proved
for Dirichlet series satisfying a general functional equation of the type
gbudied by Chandrvasekharan and Naragimhan [3], an identity which,
in fact, is equivaleni to the functional equation itself. Such identities
have been considered by Hamburger [5]in the case of Riemann’s funetional
equation (1.1), which has the gamma factor I'(3s), and by Chandrasekharan
and Naragimhan [2] in the case of Hecke’s functional equation, with the
garma factor I'(s). Here we consider equations with multiple gamma fac-
tors, which are of the form

(1.4) A(s)p(s)

where

as & — o0,

== A(8—s)up(6—38),

N
A(s) = I[-F(akﬁ-l—ﬂk): Nz1, a> 0, §, complex,

Towal,
and ¢(s) and p{s) are representable by absolutely convergent Dirichlet

series of the form 3 @, A%, 3"‘ bupnt, and one of the functions, say ¢,

w==1 'PTL=

i subject to the additional restriction that it can be continned analytically
all. over the complex s-plane with the possible exception of a compact
set, and satisfies a (mild) restriction on its growth uwniformly in every
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vertical strip. We conclude, in particniar, that if equation (1.4) is satisfied
by & pair of Dirichlet serics ¢, v, and also by the pair ¢, v, where v, (s)

-8 -
= M d,v;t, then &, = b, and v, =0y, for n =1,2,...,, where ¢
m=1 :

is real, ¢ %= 0, ¢, > 0.

§ 2. Identities equivalent to the functional equation. Let {a,}, {b,}
be two sequences of complex numbers, not all zero, and {4,}, {&,} two
gequences of real numbers, such that

0< Ay <<lo<oos <Ay =>00, 0<py << g o < flyy —> 00,

Let & be a real number, & a complex number, § = o -4t Let

N , N N
=T rws+8), A=2>a, B=3(—-5, .
p=] y=] P=1

where N is an integer, N =1, ﬁ, complex, a >0, for»=1,2,...,N.

Suppose that the Dirichlet series 2 A, 2 by py’ Bave finite abscissac

TR}
of absolute convergence denoted by of and o, respectively, while ¢, and
o, denote the cerresponding a.bscissae of ordinary convergence. Suppose

that the sam-function ¢(s 2 @A’y which is regular for Res > o,

me=]1
can be continued analytlea,lly all over the s-plane, with the possible excep-

tion of a compact set §, and there exists an &> 0, such that
(2.1) plo+it) = O (g2l

as [i} - oo, uniformly in each strip oy <
< +-oo. Leb

(2.2) w(s) = D busin®s

me=al

0 < 0y, Where —oo < 6y < 0,

Res > oy,

go that w(6—s) iz regular Ior o< §— 0',,

The Dirichlot series } U At __}_, by unt are then said to satisfy

'm.ml

the functional egnation (1.4), with the gamma factor A{s), if
(2.3) A(syp(s) = A(6—8)p(d—3),

Conditions (2.1)~(2.3) imply, because of the Phragmén—Lindelst
principle, that there existy s function x, which is regular oufside the compact
set 8, with the property

for o < d—ay.

lim g(o-Fit) = 0,

jr{ s
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uniformly in every hounded o-intexrval, and such that
z(8) = d(s)pls), for o> ey,

and
2(8) = A(d—s)p(0—s),

where ¢, and ¢, are congtants.
We define

for o < ¢,

aw/m)

/,3:1 Iy~ %dz,

1 .
M) =z f Reo > 0,

i ~ (atg-+i}
where the integration it over the line —(m,4-%)-+if, —oo <I< F o0,
and m, is an integer, such that

My — 1, mg+240+% > (2407, 24 maxRe( —B,[a,)),

2.5
(2.5) P
Wy -+ > 24Amax Re | -—-—|;
u a,
and
(2.6) i f Ielp(z/24)s ", Res> 0,

% being o curve which encloses all the singularities of the integrand which
lie to the right of the line Rez = —(my+4).

LEMMA 1. Functional equation (1.4) implies the identity
1[‘7A

2 (Iamﬁ e

M=l

E(s) = vbmﬂm M (s ﬂ_llZA)r

mml

(2.7)

for Res > 0, the series on the vight converging absolutely.
Tdewiity (2.7) implies, in turn, that

i Allz‘da
2. - 0
s (~va) 6 > )

1 dyer. 1t
wm | — =} B 'w-—mz ~ M “”““]
( P dé}) [.S‘ ($)4 P £ i M (St )
for e'véry integer p2> 0, and Res > 0. o
Oommrsely, given the Divichlel series o(s) = 3 @pin" and ¢(s)

=1

- 24 bmy,‘;f. satisfying ﬂw conditions (2.1) and (2.2), the validity of (2.8)

for 3> 0, and for some integer o= 0, implics the validity of fumctional
equation (1 4) (and hence also of identity (2.7)).
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Proof. To start with, leb s he real, s> 0, and & be such that

a0
N ] A" < o0, with a > 0. Then
m=1
i’;‘ gl
1 . 13 o\ —g N
o &, & = By, Q_V f]’ 3 ’lni ) d”-"ﬂr ¢ 0
me=1 :ma—l
Dc,
= -—— | (2 Vi ds, o g2
""‘L”J,f i M 3 > 24
1 hi orea 4 -
s e L ()87 (2/2.4) d=,
ST .
L+

by the definition of ¢.
—oo <t < oo,

Now let my be an integer, such that ¢{z/24) i
% — (g +4). Since

The integration is along the line e--it (%),
regular for Resz

p(0—2f2A) A(5—=[24)
Alzf24) !

g (#/24) =

that will be the case, if the series for y(6—2/24) is absolutely convergent
for Rez = —{mq-4) +e, & > 0,and 4(6—2/24) has no singularitics for Re 2
< —{my+1}). The fortner condition is fulfilled # m,+ 4> (o] — 8)24,
while the latter condition is fulfilled if Re{a, § —(a,2)/24 +8,} > 0, for
vo==1, ..., N; that is, i m,+240-+1 > 24maxRe{—4,/a,). Hence

| ree

— (mig-1)
—Rog,fa,

oo

Y _aljzd 1
E thpe ™ f = R(s)+ —
D

M=}
for mg+2464-%> {240, 24 II}.’I:\'.
as in (2.6).
H m is an integer, and m > m, 3=

(2.9) (=/24)s™%dz,

)}, where R(s) iz defined

—1, then clearly

| O (-4 _ 1 :
= L{&)+ ‘:}J _(1)- o —i/24)+ pe M2 p(z/24)s™"

FESTE - {5 4-4)

We shall sec that if m — oo, then the last infegral tends to zero, provided
that ¢ < s < %, for a certain congtant s.

(1) The letters ¢, ¢, ¢y ... denote eonstants which do not neeessarily have the
same value at all ocourrences.
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Since
M) = «/{ (1 —z)sinwe),
we have
A —z[24
(2.11) _,L__..J__)_

A(zf24)

[ (54— a5 RAV TN — B, — e[ d)sin (6, ,2/24]).

y==1

By Stirling’s approximation for the gamma-function, we have

log I'(s +¢) = (8+¢—H)logs—s+ Flog2n+ 2 6,87 40 (Jsi™™ Y,

=1

for any constant ¢, as |s| — oo, uniformly for |args|< m—e < w, where
m i an arbitrary positive integer. (The ¢, depend on ¢.) Hence

A(5—2/24) )
A{zf24) f{ ginfr(f, +o,2/24);

(2.32) log (

N
=, +0(™)+ D) (w0--8,—

»=1

3—a,z/24)(log(a,/24) +log( —2)) +

N
+ (3B, —,2/24) {log(a,/24) +log(—2)) +#

N
= ot o+ O(l™) + A dlog (—2) — (¢/4) ) o log («/24) ~zlog(—2),

y=1

¥ .
where ¢; = Nlog2, e, = ¢,+ 2, (o, 8)log(e,/24). Since

yaa]

(2.13) log(ﬁ) = ¢y —2+ 0 (2|7} —(} —2)log(—2},

we have, for z = —(m+§) 4y, ¢ > 0,

A(8 -~ z/2A)

T AE24)
A(d—az/24) 1
A(z[2A) TI'l—=z)

= O(Smﬁg_nlvl (m+ [yl)‘“"*e“'"‘ em) .

=0 (sm-z-ie—iﬂ!lll (m+ wnﬁﬂ—ieﬁm),

()5 Fp(2/24) = D(@)s *p(d—-2/24)

== s (8 —2/24)
ginme ¥ /
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where
1 N
(2.14) ¢ = \ a,log(n,[24).
== 1
Henee
1 ) mlé i r 46 b
[ D@ Tp(z/24)ds = O(s"Hiem [ (mty)- L )
2 ~{m+4) 0 ‘

— 0 (Sm-|-{6r=m j y..ﬁtﬂ—:lrg—w(y—m)!:! Gl’y)

W

oo

- O (Sm-i«&e(c—b 1w f ydd—&e—ﬁwdy)
m

s o(sMTELCTEONY a8 o 0

=o0(1), as m - oo, if 0 < § < e~ CH,

where ¢ is given by (2.14). Hence (2.10) yields the identity

oyl oy (—s) )
(2.15) Dlane MR = ] g —ii24),
m=1 F=mytl T

0 <8 =g EHM

To compute p{ —j/2.4) for § = m,--1 we use the functional equation and
note the third restriction on m, in (2.5). We have

oAy s s gy A8 RT24)
P(—if24) = p(O+i24) —r 5
= (=LY Y bt
v masl

x [] 10,0 +B, 0§ [24) T (4~ +a,i ] 24) sin [ —f, -+ a,§ {2 4) ]}

[
Now

N
[]sintm(—

pum]

(2.16) Bt a,ji2d)]

N o
= (20~ ¥ H (gFrteditd) _ gmmi=ta, i)y — (29)~8 Nlguly,

pem] B=1
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where —}n <y, < I, since ¢, > 0; and o, is independent of j. Hence
(2.17)  p(—j/24}
a2V N
= (—2wi) ¥ Y [] 10,04, +0,§[24) T —p.+ 0 24) x
Fr==1 y=1
\,GW;,,J b »d 124
aVv
= ¢V (j) D, mue™™ St o= (—aniy,
!c-- =1
‘where
N
(2.18) V(z) = Hf(a,,5+ﬁ,+ 0,2/24) (1 —f,+ az[24).
y=1

TFrom (2.17) and (2.15) we obtain the identity

aN

e, vy B
Mo R~ ) Ty N e fwlb vy
m=1 J=my-+1 J: JoeaL me=1

Cfor 0< < et where ¢ iv given by (2.14).
By (2.12) and (2,13}, with —=2 in place of 2, however, we have for
iz my+1,

v |

= g 6cjj.f£c5~}eo(1) ,

ag j — oo,

where ¢ < 0 (cf. (2.14)). The series 2 buni-i™ converges absolutely

for j == my-+1 = 0, provided that 2Aa+m +1 > 2406}, which is the case
by (2.5). Hence
o a2y 1 b 2 4 V() { —seve\?
{2.19) Zamg " —R(s) = ¢ ?; Z 4 ‘Z T ( 2 ) ?
me=1 e Hin Joml Fwrmg-k1 gt Han

for 0 < s<C et and 0 < s < e ™, the latter being sufficient
for the interchange in the order of smmmation.
Now define the funetions L and M by

S V)
(2.20) Lw) = \ __(;?_)— vy o] < €7,
J=mg+1 :
and
(2.21) M(v) =6 X\l —~6"e0), o)< €™
’ L=l -
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We sce that -
(2.22) Mw) = O(lef™*, as  |o| 0.
From {2.19) wc¢ have

~ HEX ) no

O - o
,_:L“m " —Rs) = Ebm(umﬁ M (s,
m=l Mm=sl

(2.23)

for 0 < 5 < ¢, say. We define the function L; by the relation

1
Ly (v) == g—‘;

'@V (—2)o"de,

— {1t +4)

ve C—{vg —e™%,
C denoting the eomplex planc. The integral is absolutely convergent,
and L; is regular. Further

Ly(0) = L(—v), for 0<o<e M,

it we note the fthird restuiction ou my in (2.5).

Thuos L, —v) gives the analytic continuation of L(v) in € —{v 2 6™ L
Henee
(2.28) M (0) = ¢ f (\ pe ) &) V(—~2)o~"de, TRew>0
..-'"C!/ (g 8) e
1 =
0 —— @iy | [ sinfm(—p,—az/24)] %
=TT «
— (g 1) e ]
XF(z)V(—z) v=ids (by (2.16))
. —2[24)
: (1o A=A g

11) and (2-18»

Rew > 0,

T
— (mg3)

since ¢g = (—2mi)~" an in (2.17).
Trom (2.25), (2.23), and (2.22) it follows that identity (2.23) holds
for Res > 0, hence 41,1%0 (2.8), and the fivst part of the lemma is proved.
To prove the second part of the lamma, suppose that (2.8) holds for
s> 0 and for some integer ¢ > 6. Then, since

AN s 2T AEEt0)
34~

T s ds I3 +32) d

Sﬁlﬂzg—z
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we have
63-1 —1/24
(226) (_?g) 1‘}—’[ m!""m -Z;I sﬂmlﬂf)}'
=1
L by [ g AOTEEA) D0 g,
ﬁm}: o Ay TP YR AR
AT 2 b ~(mg+4)
) A0z rg-+iete) s
p(d—z/24)s dz
(fmp ARA)  I(G-+19) (8] ’

for s> 0. On the ofther hand, from first prineiples, we have

hiad _alfzd g
(2.27) > ane ™
Ne=f
- [ r@)sotejz4)2z,  Res>0, a3 0,d> a-24
a7 5
1 —z
- Rt [ TEsTeepA) e,
ey —(???Q-Hs')

where 3! |, 5% < oo, and R(s) is defined as in (2.6). And (2.27) implies

=1
that
AR z;,f;ris)
(228) (_?% ( ’;{:{ 1
_{_L @y (Rl ¥ PRHE4D) camsemsy 00 4) e,
8 ds 8 D (i +32)

—[mmy--1)

From (2.28), (2.26), (2.8), and the conditions for the uniquencss of the
Fourier transform of a function, it follows that

L:z—/_"’;i w{6~—

2124
A(z/24) 24);

pl(ef2d) =

which is (1.4). By the firsh part of the lemma, this implies (2.7), and the
gecond part of the lemma is proved.
; _ .
LA 2. Given @(s) = 3 @,hn" ¥(8 Z Dpatim:
) =1

sl :
in (2.5), and B(s)

(us well as A
= .
and A4) as in (2.1) and (2.2), M(8) us 'm-(d.él) with My o8

icm

Divichlol serics with functional equations 1756

as (2.6}, let

o0 _ 1/2;1 o3
229 Mane™ "= RS+ N haun (s

=1 m=1

uny,  for  Res> 0.

Then we have the identity

1 -
2.30) —— > (¢,
@) Forg > =R
A,m‘ et}
1 I

(s/d)a et Y \ Bt~ g (Bart®) 5

’n‘ﬁ=I

= o """‘“‘7’

21‘:?: P(%l]g

where x>0, p 'alﬂtega'al, 0=, o> mo+1+A48, p> dmy-~4, (the dash
on the sum on the left-hand side indicating that when ¢ = 0 and x = L4, a,,
i8 to be multiplied by &,) ¥ s the ecurve in the definition of B (s) in (2.6},
and .

IAdé—a)A(z]4)

(2.31) T(A8+1+g—2)A(6—z/4)"

. 1 3
Foly) = s etdi-z g,

A8+ }{amg+)

fory = 0, the integral converging absolutely for p fulfilling the above conditions.
Oonwersely, given ¢, w (as well as A, A) as in (2.1), and (2.2), if {2.30)
kolds for >0, p=0, g integral, o> my+1-+Ad, o> dmy-+3, where
v, 18 defined as 4n (2.5), then (2.29) holds for Res > 0, with M and B defined
a8 in (2.4) and (2.6).
Procof. By differentiation of (2.

(2.29)1 (__—*) (: :\T'} 11/"7:1)

s ds

29), we have

(~——-~ ) (~~If §) -+ —»1—: : JlI(s,u"””))

W

me==1

for any integer g 0 and Res > 0. And by (2.26) we

ave

1 d\e ?01
(2.32) (—m»--fm) (m_: mumﬂM(W“”"“))

& ds
=l
e \ et t z)a;td(ﬁ_"zllz-‘ﬂ') P(%*‘i"%ﬂ“{‘@) _1~gg_gd .
i A;_;J i . o A(=)24) T T(i+19) ¢

Multiplying throughout by (2mi)~'e"™, with @ > 0, and integrating
along the line o4, with a fixed o> 0, —o0 < { << o0, We get
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1 - 100 8
(233) o f esmiidi - ( > ml“m e q/"nalldd))ds
2 N ds
9¢ - Iy +3e+ )A(éwz/?.,fi
= N A Iy ERARL
Oona / P T 1w 210 A
(B?ﬁ‘) Ml'/m —-(n;u-f"lr) 'm—l ! (2 i N) A( /
¢ gei—Re—E A gy ""’Hdgd”
L st oy D he-bo) 4(8—2/24)
= 7 bm/"ma j f ¢ n/L “T (2) — - e W
(ami) £ TE+ie)  A(z24)

~ (g d) gplf2e
¢ g=Tmte—rylete)j24 gage

provided that the interchange of the summation and integrations is justi-
fied, We shall see that this is so, if

(2.34) 2484+my+E> 2460,% and - m+ A4S+l <g,  dmTi<e

Firgh we note thal the geries inside the integral sign in {2.33) converges
absolutely om the line = = —(m,-+4%) -4y, since

oo
Nl < o for 248-bme+d > 2407

o=
We are thus concerncd with the absolute convergence of the inbegral

I(t+iz-Fo) A{o—=[24)
Pi+32)  4(224)

(2.35) f I'e) =125 dgds
ag  —(mp+H

where oy = 08 > 0, 2 = —(my+3) iy, and s =oyHiT = re”, say.

Sinece

IT(s)] ~ (27c)H2 ¥l (g0t
as [t - oo, for fixed oo, we lhave

TET(h+he+o) A(5—2/24)
T +32) A(z/24)

as |y — oo, where » i3 a constant; while

(2.36) o e F gy ML g e AT

g1 2| = g HW e aretg(T/ay). _

Let B, > 0, and be chosen sufficiently large. We consider the double
integral (2.38) Sepﬂ.mt(_lv in the following cases: (i) |y| = By, —oo<<T
< 4oo; (ii) ¥ > By, 72> By (i) y > By, 715 Bo; (iv) 4 > By, v << —By;
(v)y << —By, 7> By; (Vi) y < —By, [7] < By, and (vii) y < —By, v < —B,.
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It will be sufficient to prove the absolute convergence in cases (i), (ii)
and (iii), since the other cases ave bmnlafr T
In case (i), the integrand iy O (™24, »
is absolutely convergent for o> ¥{m,+3).

In eage (i) we have 6 = in—aretg(o,/r) = -%n—.-(g'o/-r +0(|oo/7?)
= fm—(0g/7)(L+ @), say, where || < { (since B, is sufficiently large).
In view of (2.36) it will be sufficient to consider the convergence of the
integral

2 oy > 0, and the . integral

J fﬁ”hmﬂ”ﬂd'z“dwﬁ/ - f f '*"'Ul

=Ry =B v L3y Y= iy

vyt drdy

o0 =]

R e )

F= By y=Byoy(it @) v oo(l+

d=p+45—%, ¢ =my—20—%, Bince 1+ w > % and ¢, > 0, this is less
than a congtant multiple of the integral

oo 0o
edd-1 —
it ¢ ”’yddrdy,

T By = (Boog)f2x

which i3 convergent if d > —1 and ¢-+d-+1 < —1 (or my+.456+1 < g).
If 4 < —1, we need the condition ¢ <2 —1 (or g > §{m, ) for the con-
vergence. For the y-integral can be split up into two, the first going from
(By0y)/27 t0 4o,, while the second goes from }o, to co. Thus we have to
congider :

e
f -l-("'l‘d"[‘l (

iﬁn o

+ f ) e~V dvdy

7“30 .BolTQ,’2T ‘§d0
o ty
[ [ e yldnay +0(1), it etdl< —1
. TM.BO T/N]‘J‘()D'DIET . ’

=0( [ (L+[logr))’dn) = 0(1), i o< —1,
Tu case (i) we have |v|<s By, which implies that 18] <
where 0y = 0,(B,), and we are led to consider the integral

eo < %TC,

oo

‘ f g ¥y o dy & o,
Tmm e By H“iﬂo ’ :

gy > 0. .

Oage (vi) is gimilar to cage (111) while cases w),

L v} -and (vil) are
similar to case (ii). :

B — t_i.et'a Arithmetles XXIV.2
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Altogether we see that if o> m,+49+1, a.nc.'l 0> %Fm0+%~), and
948+ my-+} > 244, then the interchange of the infegrations and the
summation in (2.33) i justified, and we obtain thercfore

400

e 1 2 ,
(2.37) ’2‘1“““. j 3”1]““[ ( - —9_ _CZT) ( bnl.umiﬂf(‘sf"'m” A)) ds
2t _ !
L0

=i '0211) ntgegeld 41 (=) 1 a (%4~1}z+9) 410 ““Z/ZA) fr{zgmzjm 5
Imi Ld e I{3+32) Alzf2d) |
__;L: j s dade
2mi o {24
Zb —— T IG4dedo) 4(0—2/24)
" i e o, F(%-i—%”) I(@+14-20) A(z/24)
X wite Ay, o> F(my+d)

]
=27 Z bm[i;l(d+le) T ((.u’mm)lm) )

m=1
gince . ‘ .
__}___ ' F(z) F(%-—{—-&“ﬁ—{“@) A((S-—-z/ZA) yigdz, y = (,umw)l’A
2mi i) T(3+32) T'(z+14-20)  4(z/24)
2—1 0 I'de)  A(8—z/24) i,
T I'(le+14-0) A(z[24)
sinece I'(z)#"22'~% = I'(32) I"(32+1)
25y —e I'(Ad—z)d(z]A) Abyo-sg,
T o T(Ad 41+ g—2)4(8—z[A)

A3+ 3(my+1)
= 27y (), 0> my+l+4é.

On the other hand, for any fixed ¢ > 0, we have

a-ion
T L TR
(238 ﬁj& L E (#)

1

st I'z)p(z/24 s""”dz) ds
om J ( 8 ds) (.5‘ 2mf @e )

___E_J‘eml/z 1 f I'(2) I (34 42+ p)
-_27:’5,6 ' 27\:’&'@

—1-Zg-zg d.
5130 plef2d)s z. s
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—1f229 1.0 1
T2 - ff(%z )2 (G +dz+e)a™p(e[24) r—.fe‘?s*l‘%“”dz,
2n : LY ) J

4

0 > g+ 1)

“_mzéiljgf [‘ L'(32)2° T (§ +4e+ o)™ (2/24)
L2420 41)

)

S [ TORE Ly,
2 o I(z—f—g 1)
Finalty
. a+-foo oo
1 1 -
(2.39) gl B ( ?;"Zz"s") (}”.}4“’“3 s, @>0,0>0,
F—-100 =1
o0 a1t
1 p1/2.4 1 d g L2
- - % el - m ds
b mi , ¢ ( 8 ds} ( ¢ )
M1 o—E00
27e 4
T e 3“} a (ml,'_‘i__Al.,’A)g
Ip4-1) Ly G m 1 3
al"'Ai’ﬂ:II‘A

for g integral, ¢ > O, as in [2]. :

Now (2.39), (2.38), and (2.37) vield (2. 50), and the first part of the
lemma iy proved.

To prove the second part, we assume (2. 30) given for # > ¢ and for
some integer ¢ > 0, which is suach that o> Mo+1-+48, @> §(my-+3), .
where m, satisfies the restrictions of (2.5). We then multiply it throughout

by ez5'* where Res > 0, and integrate relative to » from 0 to oo.
The left-hand side gives

1 . :
240) s [ e N g, o—Btrde, 030,
Ilo+1) J “
A

2% 1 f . 1idyos
m= —_ e 517 d
by partial m‘cegr&tmn .
2% 1 1day f
T T — A e
I'(g+1) ,%:am( P ds-) f o )
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[+4]
1 d\e
——29“2%}(———“—) f e~ %dw
§ 8
Me=1 plrzd
(117
2 =)
1L &Yy 1 5y _alad
(2.41) zﬁeﬂ(w——_) - a,e ™ .
s ds) s

m=1

The first term on the right-hand side of (2.30) gives

d L1 I
A2 ’-—s:clf'-" S A P | ”'”dzd'
(2.42) Df{* @ 2“”:;,?! I‘(z+1+@)(p(/ ) 0
1 Iz o R i o
- T (p(z/,&l) eIy {2 "’dmdz,
27l P4 I(z4+14-0) ‘J
- ‘ it > f(mo+4),
1 I (2+20+1) .. .
= D 2p—1 P
i J Teilte p(e/A)de
1 T@IEF o+ oot 1o 4y0met
N ZTG’I:J I3+ 42) § ¢(2{2.4)2°" dz
a
_2”1(“%‘58“) (" '(3).), because of (2.6).

The second term. on the right-hand of (2.30) gives

. m=1 |

0

(2.43) Reg = ¢ > 0,

— meiu;.d-n/.a‘.f 26--335 ( 2””41)@!

m=1
provided that the interchange of Lhc 111teg'mt1on and the summaition
is justified. '

Now
E-feo .
gﬂ(‘T = f G z)wg-umnzdz zz‘f‘l"i?/r mA(?M{-%_%(mu»P%),
. £—doo
and
T(Aé—z) A(z]A)
Gele) = T(A8+1+o—2) d(3--2/4) )

The first mtegml in (2. 43) is mbsolutely convergent, provuled that

oK oo ==

[ e 2,

L= Y=-—00 =]

_§]A) IG (2)] & 2(g4~Ad—~{=)dydm < 0.
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If B, iz sufficiently large, and |y} > B, > 0, then

Gy (=) = O(Jy|~imemAetiey,

oo
while 3 b,,]un < oo, for my+3> 240; —246, and

=1
o0 oo .
— 0 = L AB 428 g AS—
j f g0y R e =B e < o0,
ze=0 y=Ty

for o> 0, o> Ad-+my+4, o> $(my—31). Similarly also

61 (2) |0ty < oo,

for o> 0, provided that the line &£+idy, |y| < B, is free :from the poles
of ¢,(2), which is the case it 248 +my+3 > ZAmax(Re( —B,/a,)). Hence
(2.43) iy walid.

Now, for s > 0,

f e~ g, (ax*)do
0
. 5 Epfoo .
b —_
- _f ¢ iz f TA0—=) d(z/4) (aa?)etA0-sdy
2mi ey DAL 0—2) A(8—2/A) ’
with £ = Ad+3(me+4), @ = 4", The right-hand side is
- 1 7"” ) Iw rsh-"’ ( / uo+Aﬁw-z fm 6-«:(;:},2(@4.4,5_,}(} d
mi  J T(AS1 o—2) (3 —a/A) T e,
betoo 0 '
A ginee ¢ > $(mg-+4)
1 I(2) A(8—2/4)
= - attefr(2z - 2o 1) de
g A Il+p-2)d(=z/4) ( .[ ¢+d)
N 2+1 Diz) A(8 z/ZA} Tlo+3+19) Ql’i“%d
= — | e o4+ Je)at T de
Coemi ) TAHRApA) =
: @ = #1,',4 -2
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This taken together with (2.43) gives, for s > 0, hence for Res >0,

(2.44) f e ““‘(> Bt (wiﬁ“‘)) die

i)
o1 2 F o,
= M= [ ettt a0
me=1 .
— 5‘:;1) o d—ofd 220'I'I f ]"(Z)A((S—ﬂ/ﬁjj) ]T(% "l‘%z'k.@) ﬂs,!;”m)l‘dg"l“"') Bd‘”
i i J o A(z[24) T} +12)
o1 1 Dleyd(8—2/24) _, ( 1d ) s
— 2Q~}-1 ——5____ ;’,:'M.A - 1 dz
: b'm.jum 9ot f (Z/gA) i .‘-‘ d‘;‘

T
m=1 — (rg+1)

1 -
=29+1(—~S*ES‘) { me.‘umdﬂf Sy "1,'2.4)}

Now (2.44) and (2.43), together with (2.42), (2.41), and (2.30) give {2.29)
hence also (2.29). This completes the proof of Lemuma 2. ,

Lemras 1 and 2 yield

TEEOREM 1. - Functional equotion (1.4), identity (2.7),
(2.30) are equivalent.

Remarks.

(i) Identity (2.30) is not new. It has been proved by Chandraselharan
and Narasimhan (see (4.6) of {371 and formula (4) of [4]), and used by them.
to obtain arithmetical results, Tt may be remarked that Theorem 4.1
and Remark (5.5) of their paper [3] yield, ior example, Rdnkm 8 re&ult

and identity

on the Ramanujan function «{n), namely 214 By =e¢ n”-l—()( ), as
Ri=1 g

a consequence of Rankin’s functional equation for the series 2‘ (Fyke—?

([6], pp. 174=182}, fo=

(i) Theorem 1 has been proved in the case 4 (s} = I'(s) by Chandra-
sekharan and Narasimhan [2] ’

(iii} Bochner (in (149 of [1]) hag a ‘modolar relation’, which is equiv-
alent to functional equation (1.4) in case Z(8) == I'(§)1I'(s), where
7,427, is the degree of an algehraic number .Emld and which regembley
a theta-relation. It does not, however, yvield Hecke’s theta-relation, as
Bochner himself remarks. .

(iv) Tf A(s) = I'(38), my = 0, Ay = Hy == ='*m, identity (2.7) yields
Siegel’s partial-Fraction formula (1.2). Tf A(s) = I'(4s)117(s)2, then (2.7)
yields, on taking m, = -~1, Walfisz’s identity (1.3), for which an alber-
native proof has been given Ly Joris [T} '
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§ 3. Determination of 4 and of 4.

THEOREM 2. Suppose that ¢(s )_7 VA aﬁd p(s) = f} Do tion”
=} =]
satisfy the funetional equation "
(8.1) A(s)p(s) = Ad(d—8)y(d—s),
where
N .
A(8) == r[ Plaps + i)y w20, B, complew, & real,
o= .
3.1y
N N
A :]21%, B=r§(ﬁk—-&)
7. =31

(4]

and suppose further that ¢(s) = 3 a,, A% and v, (s (where

2 dﬂé 'p’n".‘l

m~1 m=1
(vm) 98 @ strictly increasing sequence of positive numbers diverging fo + o<,
oo
1 —8
2‘ dmvm

and the . sevies admits a finite abscissa of absolute convergence)

=1
satisfy the equalion
(3.2) Ay (s)p(s) = A8y —8)p1 (0 —8),
where
Nt
i(8) = H]j(a;csﬁ—ﬁ;b.), a;5>0, ﬂ;c complen, &, real,
k=1
(3.2)
I W
A= Doy, B = N(H—d.
=1 k=1
- Then,
(3.3) § =48, and A = A

—8) = Zlbm!*m °, the series
=

converging absolutiely, and the funetion #{d—o¢-—it) iy a Bohr almost
periodic function of ¢ which cannot thevefore tend to zero as |f| — oo,
Hence, if o < §~0}, we have on the one hand

(3.4) p(d—a—7at) = (1)

and on the other,

Proof. If o< é—o}, we have (3

(3.5) _ p(d—o—it) s o(l), as [ = oo.
Since by Stirling’s formula,
A(d—o—it) ” :
i t— oo, o, >0,

. Nﬂiitrw“:‘ . a8
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and

A(B—8)p(8—3)
A(8)

@(s) =

' (3.4) implies that for ¢ < d—o},

lrnsup IR 0]

_ < Ab—24q,
ltrcc log [#]

while (3.5) implies the opposite inequality. Hence, for o < d— o},

%(0) = Ad—240 = lunsup loglelo = &—&) |

Itfrca log Y|

Sinee x(¢) depends only on ¢ and e, it follows that A, and A48, hence 4§
(since 4 > 0), depend only on ¢.

§ 4. The behaviour of the function L (v). By definition wo have (ef.

(2.24))
1 c
(41)  I(-v) = f M@ V(—2)v*de, veC—{v< —e'},¢' >0,
i ~(Thg+1)
where My is an integer defined as in (2.5), and
: e,
12 14 ‘1 ( L—f, ).
(4.2) ® = Ll ﬁ%ae’H-a,A)( 5
We may assume that m, = 0, for ofherwise my = —1, and because
of the third restrietion on i, in (2.5), we shall have
1 .
L(—v) = — f]’(z)V(mz)@"’dz = fl" V{—=)o %z - a constant,
27 i : 2mi

which redunees to the casc m, = 0 of (4.1).
We rewrite V(z) for convenience as

JV()

(43) V@ =[] ten),

P ]
Nu

say, where No=1, 0 < g, < 1, = 1.

../_J
.v—l
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If m is any pomtwu integer, we have, by Stirling’s formula,

(4.4) logV(— Zlagl‘ Y, —,2)
vl
Ny "
= {103(27f)-”2+(ﬂ’v‘“‘%—ﬂw‘v’) liog(—~2)+loge,)+ o5+ e, a4
po= ] ' w=1
‘ +0 (e~}
il
= —zlog(—=z) k24 kylog (—&) -, - Z e, 2 O™,
Bl
where
by == 1= Yologe,; Ty = 3 (y,—1);
‘l'-v«l el
X
{(4.5) ¥,
Iy == N log 27 - E $loge,.
Pem]
I a< 0, and |v] < 1, we have
(1+2)° = 2 (;) w™
mmﬂ
_ 2 (a+l) 1 Z’“: (—1y™ D{m — a) o™
I m~! 1 T+ 1) T I(—a) m!
Hims) =0 ,
1 1_ D‘o»[—M’O

L) M —a—2)v%dz,

oy—ion

i —a) for 0 < oy << —a.

Thus, for a> 0, ¢’ > ¢, o] < ¢/, 0 < ¢, < a, wo have

(4.6} (¢ +0)™" = (¢ (L4vje’) " = —:2—5;;]_1 fl’ 2) Ma—2)o™5(e)dz
(¢'y"

P(:)Ia—e)o”
o
u?'f?;,[ (G) (m )
where #m, is an integer 2 0, and P () a polynomial of dogroe m,.
It follows that (4. 6) is valid for ve U~ (v« ¢}, Now
log{(¢')“(1"(@))") '(a~2)(c )
= e—gloge - log I'(a) - 2loge” - (@~} —2Ylog( —) 42

('Y de+P (o),

m

w_|,.]0g(27:)1/2 - Ea P (]z!—-m 1)
Al
= —2log(—=)+-2(L-+logad') + (a—%)log(—2) +10g(° U2 — a]ogO’—

—log I'(a Zan “"—1 O(leI™™",

LI )
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g0 that, from (4.4), we have

V(—)()' T(a)
(+1) 1°g( Tla—a)(0 )

=2 {loy — 1 —log¢') + (ks -+} — a)log ( —&) + &y —log (2m)'? +

Hh

Zbﬂzu'n el lzl—m—)

Py ],

+ aloge’ +-logI'(a

Now chooge

j\lro
(4.8) loge == ky —1 == ——Z_evlogs,, o = foyb gy
peal
go that %, > —4%, sinee a> 0, and sct
(4.9) b = ky—log(2m) + aloge’ +log I'(a).
Then 7 ' ’
S {4.10) logV{—=2)
= log(¢“(¢")*(I'(@)} ™ I {a—2){¢'V) + Zb,,,z““—[ 0 (J2]~"1Y,
Fhmal
for Rez = —(my-+4), a8 [g| = co. On sefting
(4.11) b= e (a")y~*{I"(a))™
- we getb

(112 T8 = b= (L4 D a4 007 Y).

ne=].

Using this in (4—.1), we geb

() =g [ @I x
Zn’!f v
T = lmtp) |
><(.L Fmﬁ (a—2)(a—z~—1)... (a~~—n~|m.) FO(fz]7™ Y - 2

I 1 = [a], 80 that a—1 <1< a, then

L{~— . —»«Vc

Dot ded

Y

I(e) Ma—z ww)( ) et
=0 ——|Tf.10'|'“ ¢

- O( f gomal I‘T( HL.[K a—&)l )l I PH‘H*]dzi)

. lzil {3,
- {ig--3)
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where ¢, = 1. Using (4.6), with a-—n in place of a, we get, v,f a 18 non-
integral, a > 0,

i

(413)  L(~0) = > d,(c'+0)"" P O (pmothy,

Heall

for ve C—{v < —¢'},

the constants ¢, depending of a, and d, = &~
If a> 0, and a iy an integer, then 1 = g, and since

i Z - —"; L X“T(,& :
2mi j P f:'i'

for —1 < o< 0, and 0 < |0] <
It

(424)  L(~0) = D dy(e o)™+ dn.og(l' + ‘3‘) +O(Rmth,

=0

< 1, we have

the constants d, depending on . Thus we have
THEOREM 8. If o = Ad-+3 > 0, and | = [a], and

Ny
¢’ = exm { — Z g log a,,},
P ],
then as v —» ¢ dn 2 = ({2 ¢'}, we have
!
2 dn((’ ""'v) SRS O(]-)y fﬂ"' a l,

L(’U) — fu.-f(l
2, d, (& =) L qlog (el —0) - O(1),  for @ =1,

HES]
where dy = ', and % is defined as in (1.9). Here we choose that determina-
tion of (¢ —v)™"*" which is positive for v < o',
We have onlv to note that (4.3) implies that ¥, = 2N, p, = 8, ~[- a, d,
for w=1,..., N; and p, = L—f,y for v == N--1, , 25 so that
Ny

@ lybd o Sy d) b h Al
e ]l

by (4.8) and (4.5) and (3.1)", Agmn (4.3) implics that e, = ;1

'~ for v
=14 ¥, and ¢, == -*x’-;f‘i for v = N41,..., 2N, so that
) Mo ,1, N"1
’ h @, _
¢ :fr-‘-‘.(a:xl) { - ‘:},J a,,l(}p‘g} (mp{ i /...\...J a,Jog i = 0,
sl

whore ¢ is defined as in, {2.14).
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Remark. The argument used to prove The orem 3 goes through
for complex a, with Rea > 0, I = [Rea], d, = &

§ 5. Uniqueness of the functional equation.

TuroreM 4. Suppose that funclional equations (3.1) and (3.2) hold
as in Theorem 2, with Ad+% > 0. Then d, = «b,, where x is real, » =+ 0;
and B' = Bmodl. In particular, ImB = ImB’. Further v, == ey, 61> 0,
for » ==1,2,... .

Proof. By Lemma 1, we have, for Res > 0,

A jed

(5.1) £ = 3 ans Rl 2 X0 M (4

ae=] w1l

= Zdﬂ M (s ), say,

where E{s) is analytic in €'—{s < 0}. Now

oV

M(s) = g™ ¥, L(—es),

Tu=1

%y > 0,

where L{v) is analytic for veC—{v 2 ¢}, and in a mneighbourhood of
» == ¢ hag the form

xa(e’m-«v)“‘f“**’(l _}_0(1)), %y > 0,

if A6-+3> 0, while the (p;) are such that

I = > 2 B YN D N = —dT,

and the () are such that

N
7t { 3 fly=N)

=y
-mt ¥ :
Yy N € m)

1 =€ =l

(ef. (2.16)).

Further L(v) can be analytically continued acrogs the line v > ¢’ from
above as well ag from below. Hence M (s) haw, for Raes 3 0, the only sin-
gularities --i¢’, and ity behaviour in their neighbourhood is given by
M(8) = mype?™ Ny (¢ —is)" AN (Lo (L)), a8 > —id,
and '
M(s) = ny 256N

Nale +is) (L o(1)), an g e

_ N N ' '
It we sebt B= Y (f,—1), B = 3 (8 —14), as in (3.1), (3.2), then
ol s=l

Dirichlel serios with funeclional equations 189

f(s) bag for its only smgulmmm on the line Res =0 the points
= e’ w™, m = 1,2,3,..., and in a neighbourhood of s — — it 4

" it hax the form

(5:2) bt (e — s BT (1 Lo (1))
- &2 1
ki

%, ¢ --"rnf]i'(,! 1/8.. lcl' — ,“) — {15} (1 +O(1)), s > 0’
while in & neighbourhood of 8 = -4¢’ ul*1, it is of the form
(5.3) Dy s PP ) =D (o (1)),

We may assume, without loss of gencrality, that b, 520, d, £ 0
@ .
for all m. Then the reprosentation f(s) = 3! d,»; M, (s;Y™) in (5.1)
shows that f is of the form n=1

(5.4 g PV T (3 B 6] i) 4 0(1)), o) > 0

near § = —ic vy, for n = 1,2,..., which are the only singularities
of f on the negative imaginary axig in the s-plane. From (5.2) and (5.4)
it follows that

Ty w Gy o= L, 2,000 6 = (0 fo)* > 0.
This, together with (5.4), implios that near s = —ie;»{, f(s) is of the
form

(5.5) d, %, 0;6/2.4-1/4Jr_ e—nw'ﬂﬁ—d/awklfm (M;L/m g is)_(‘ddﬁ) (1 +o (1)).. :
Coraparing (5.5) and (B.2), we get

-t NN U7 O -y 1 -
d”%‘!ﬂﬂ 672 \.l,lfL l@ i - bnwga ml?’

" that ig

dy, 5= gq™ By e 1,9 > 0,

If one compares the singularitios on the positive imaginary axis,
one obtaing shnilaely

iy, = o6 e 1,9, L g > 0.

Hence ¢~ o, or B s B'modl. In particular, TmB = ImB'
Further d, = xb,, » 1051.1 5 ,z‘ 0. Hence y,(8) = xo5 *p(s), ¢,> 0, x real
Remmkﬂ. '
{1} Suppose that the functional cguation

(56) A(s)()’!(b‘) 2] A(&w—-.‘:’)'w(dmu?)
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holds, but the condition 4é--% > 0, of Theorem 4, does not. We can then
obtain another functional equation for which it does. If we define

N .
My(s) = da+s) = [ [ T(oa+as+8), & =d-2a,
p=1

puls) = plats),  pi(s) = pla-ts),

then the equation
{(5.7) A1 (8)pr(8) = A (3 —8)py (6, — 8}

holds. The same .4 1s associated with both the eQuations. 1t follows
that for the new equation we have A8 -+-§ == Ad+41—2ad >0, if
o << % (A643). Thus, with a suitably chosen &, (5.7) holds with
the desired condition. So Theorem 4 holds also for A8} < 0.

(i) That equations of the type (3.1) and (3.2) can occur is illustrated
by @ simple example. Suppose that A(s)p(s) = A(d—s)p(d—s), with
A(8) = P(s). T Ay(s) = D(3) (3 +38), and y,(s) == 272%y(s), then
A1(8)p(8) = A, (0 —~38)yp, (5 —s).

(iii) That % in Theorem 4 can be negative is shown by an cxample.

-2 ‘ . .
Let i>2,pn, =4, = %'—AE. Then it is known that there exists a function

pis) =§ani;;s, guch that I'(8)e(s) = I'(~s)p{—s}. In our notation
n=1
8 =0, A =1, p(s) =q(s). Let A(s) = I'(s), and A,(s8) = (1+3),80
that '
A,(—s)
Ay (8)

A(—8)
(s

and the equation 4;(s)p(s) = 4,( —8)ys(—8), With py(s) = —yp(s), holds.
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