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Beweis von Korollar 1. ¢(z) gentgt der Funktionalgleichung
g{mz) = (1-}2)pz). Fiir die Entwicklung

plz) = 2

u={

rp('“) (G)" p
wl

gilt
(m ~1)g(0) = ppt N (0),  po= 1,2,

Mit ¢(0) = 1 folgt hicraus, daB die Enbtwicklungskocffizienten aus K
sind und somit die Voraussetzungen von Satz 2 crfiillt werden.

Beweis der Korollare 2 und 3. Die Beweise crgeben gich sofort
aus Satz 2, falls man beachtet, daB f der Funktionalgleichung f(22)
== zf(2) 2 Dbzw. flmz) = (2+¥)f(z)+2 genigt.
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Metric theorems on the approximation of zero by a linear
combination of polynomials with integral coefficients
by
T Lo Kovarmeyvscara (Minsk)

1. In 1064 V. Go SprindZule ([8], [9], [10], [1]) proved Mahler’s
conjoctire: Jot # be a fixed integer; then for almost every real ¥ there
are only finitely many polynomiasls P(z) = ay+ a2+ ... + a,2" with
inbegral cocificients satislying |P(t)| < h,"™* where ¢ > 0 is any number,
Py == X (Tl 5 1B, oo sy {1}, The proof was based on the special prop-
ertios of polynomindy with integral coefficients. In the present paper
a goneralization of this problem is eonsidered. This is the problem of an
approximation fo zero by the inear combinations A,.Py (#,) + - o -+ 4 Py ()
where Po(m), ..., Pule,) are polyncmials with infegral coefficients,
Ao 0, A, A0 ane tenl munbers, le. AP () - AP (20
iy studied wheve | is the digtanee from o to the nearest integer. In the
proof Sprindful’s wethod introdueed in [7], [13] and Vinogradov’s
mean value theorem sre used. Four theorems are proved. Theorems 1
and 3 are concerned with polynomials P;{x;) for which P;{0) = 0. Theorems
2 and 4 wre concerned with those P (x;) for which P,(0) # 0.

TrworeM 1. Dot by o4 0, ..., A, 5= 0 be real numbers, and let k2= 1, ...
iy By L be dnlegers, B o= max(hy, ooy by, F o= min(ky, ..., k). Let a0,
be the Teast wpper bownd of those w > 0 for which there are infindtely many
m-tuplos of polynomials Py (), ..., Pyla,) with integral coefficients

ity
Loy = Maga® (41,2, ., m)
Heen

which satisfy

(l) ”ZJT)L("’J) ' ! T ! Am‘t’:‘n(tut.)“ < h’“wl

when Ty, ..., o, are fived integers, amd by, ..., &, are veal numbers, h—co.
i

Then for abmost every (I, .., by) el

rwﬂ o kl-l"‘ e “}— km:
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2, | K =1,2,
[OK (K —12In} K(K 1)+ KK —1)—2]/k, K>»3.
ooy Bop = 1 be imtegers, K = max{ky, ..., ky),

Ay 70 are real numbers for
voey thy, Wit

TurormM 2. Lef by =1,
ko= min{ky, ..., &,). Suppose 24 #0,...,
whieh there are only findtely many integers o,

+ -ama’m.” < ( a’m) = ¥

(3) (20T

where a; = max{l, |a]) (1 == 1,2, ...,m), v is o Ffiwed number and 0 <y
< (e .o k) m Let w, be the least upper bound of those w = 0 for
which there are infindtely many m-tuples of polynomiols P, (2,), ..., Py (2,)
with integral coefficients

l’ﬂi
= E“inmn
B0
satisfying (1) where h = max (|ag,l)- Then for almost every (ty, ..., t,) e B
=iEn
Wy = ky - oii Ak -my
if .
2, K==1,2,

() mz=

[2E (K —1)m 3K (K —1)+ 1K K — K25

The following theorems are equivalent to Theorems 1
of Khinchin’s principle.

TueorkM 3. Let Ay £ 0, ..., 4, = 0 Dereal numbers, and let by =1,
coay k22 1 be imdegers, K = max(ly, ..., &)y & = minlky, ..., k). Let v,
be the least wpper bound of those v > 0 for which there are infinitely many
positive fntegral g with

—~2]{{k+1),

Cand 2 in virtue

max. (2:5:ql, 12:434l, ..

Isim

o Wtfigll) <

Ther for almost every (6, ..., 1,,) < B™

g ms LBy e -hy)
wf m sabisfies (2).

Trworem 4. Let by 32 1, ..., &y = 1 be dntegers, K = max By, ..y Fon)y
Lo=min(ly, .., k). ;S’u;pposa timt Aiy ooy Xy ave as in Theorem 2. Let oy
be the least uppef.» bound of those v > O for whickh there ave dnfinilely mamy
- positive integral g awith .
~max (4, gll, 124:44), 1223 qll, -

i)

o latiial) < g~

icm
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Then for alinast every (t, ..., 1,) e B™

My = 1/(1‘71 S R km +m),

where m satisfies (1),

There are numbers satisfying (3), for example 2,,..., A, being real
algebraic numbers such that 1, 4,,..., 4, arve linearly independent over
the field ol rationals {6]. Almost all metuples (A, ..., 4,) e R™ are such.
Theorems 1, 8 ave valid for the polynomials Py (@), ..., P, (a,,) sueh that

Py o (4 =1,2, .. ,m) H o Ags ey Ay are 111teger.s or A = a,/b;, are
rationids WI!h bilevgy (4 =1, %, .00, m),
The ¢ase where the numbor m of polynomials gatisfies the condition

5 (2K =1 K (K — 1) 3 (K + K 1) —21/%

is not investigated.

The problem under congideration is concerned with the metrie
theory of the Diophantine approximations to dependent wvalues. This
theory has been developed by J. P, Kubilius ([2], [3]), V. G. SprindZulk
[7T]-T10] and W. M. Sehidt [5] and is elaborated by V. G. SprindZuk
[137, [127 for a wide class of dependent values.

et P, Q% be integers, P31, k>3

-
ARy R 3

2, TaoMMA L.

ﬁZni(ulmk-i-uzmk"I-k et ,

where ay, ...y G, @re rveal wumbers. Suppose M, 1 are posu‘we intagers,
and w 58 such a positive integer thal

2u > Jh—13 k1 k1),

1 H
(51 = %Uﬂ—" ]i‘ (l__l—"-—.l.) .

Then
TR e T E 1\
N % » T M Y ' (]',Ik-ll:p -|—-.P 2 min (sz— )) F) ‘|‘ﬂ'fy
' poos| llas#]

whore € 45 the Vinogradov symbol. _
C Broof. This is Vinogradov's theorem [14] in the form given by
K. Preachar [4].
Losmma 2. Let P, P, being integors. Let f(u) = av®+ a, @+ uy
be @ polynomial with real cogfficients. Suppose .
N == a'zrrrj{n]_
AR TR o
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Then

ISP < 16 {P + 2 min (P, @%ﬁﬁ)}’
1<a<lP
where min(P, 07 = P.

Proof. Sec [4]

Lmmma 3. Suppose n, q,Q arve positive dntegers, and gy, v, > 0 wre
real numbers (1 =1,2,...,0; § =1,2,...,Q). Let N(q, ) be the number
of those § {1<j=<<Q) for which the numbers Gigs Hagy ovvs g SOGISTY the
inequalities

gl < @7y o gl € g7

simarltaneousty, Lhen

@
L R N D

kg Toy  § e |
lega™ eyl A1

where r =r,+ ... +7,.
Proof. See Lemina 4 of Sprindiuk [13):
Luvyma 4. Let v(a) be & number of divisors of o positive inleger .
Then :
({a) <€ ¢,
Proof. See [14].
Liewsra B, Let ¢ be a positive dnteger, 0 << &« 1 {4 == 1,3, .., m).

Suppose Ay =0, ..., 2, F=0 are real nuwmbers for whieh there are only
Finitely mony integers oy, ..., G, with

|Ml Gl'!'“ e+ Amam” < (a‘i e a;n)mlmws

where a; =max(l, |g|) (i =1,2,...,m),y >0 ds a fived nuwder. Let
No(€ry ooey &) be the number of weetors (IAyqll, .., A gll) falling into the
seb [0y &y % o ) [0, &) when ¢ = 1,2, ..., Q. Then

ik

. . S
NolEy oovs ) = 2800 Eu-ROQT ).

Proof. The lemama is proved by Vinogradov's (rigonametvien] spms
method [14].

3. 'We shall prove Theorems 3 and 4 simultaneously, We apply Spin-
d#uk’s method [18]. Let. B be a unit cube in the m-dircensional real
space B™. We cousider the following inequality £or points (4, ..., ") < B™

{5} max {(Igll, teql, 12840, ..., Ietigll) < g~

I<in
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where #y == v, if (5) containg the values [|4,q]| (¢ = 1,2,...,m)and v, = v,
it (5) does not. We fix the integer ¢ for which (5) is valid. Tt follows from
() that

(6) = agfdgl <g™"""74 (i =1,2,..., m)
where a; arc integers. Since (f,, ..., 1,,) « 2™,
(7) le:l €¢  (6=1,2,...,m).

Since At e Zi(,a.lfl,;q)"~\-- O~ and |lgh ] satisties (By (i =1,2,...
ceeg iy Jow= Ly 20 k), ey satistying (6), (7) is the solution of the system
(8} ]igﬂi(“i/aiqw” < g (=1,2, kg 4 =1,2, cory M)

Oonsequently the measure of those (&, ..., 1) ™ for which (5) is valid
under the fixed g is estimated by
(9) < gm0y (g),
where N (g) 19 the number of the integer solution ay, ..., a,, of system (8)
satisfying (7).
Now wo estimate ¥ (g). Syster (8) is broken up into m independent
gysbems
lla [2:qll < =%,
laftf (g < g
(’(: = ], 2, RN m).
Lt Ny(g) be the nwouber of solutiony of the #th system; then

(10) N(Cj) = Nl{Q) NJR(Q)'

Henee it iy enough to estimate N;(g). We shall write %, @, 4 instead of
kyy agy & o tho course of estimating ¥,(¢). By Lemma 3

2

afe
o4
- asm(cszlr_x 4.

2%
e {(AgyF—1 ) |

(.1.1) l\rw(g) & q"-(-'c--ljno—-s i-

Coy evas O Q=g
nox el €g¥e

W wplit the internal sum in (11) indo special sums ag follows: a smm in
(11} in which ¢, 4 0 is dlenoted by 2y, a sum in (11) in which ¢, = 0 and
Oy %5 0 15 denoled by 2, and so.on. Then

(L2) Nylg) € g7 B L

We apply Weyls theorem to estimate X, and Vinogradov’s theorem to
egtimate the remaining sumg, By Lemma 2

, o
Wl W1 2y 7y
P q

ES < q (f~=LYog8

FR oy CL I T
. = 1 1j2
g g t-Uptogtii—s | - (-T)og-e \j( Z min( ———)) .
<4 4 2\ et N g
. & ey

7 — Actn Arlthmetlca XXV.1
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Applying Lemma 4 and the Cauchy-Bunjakovski inequality, we obtain

(13) %I, < gl—(’f'—l)”o+"’u"112'""_|_q“(’ﬂ—l)%'?”nﬂ_”( >_-1 min (q, “ﬂ-—-——-l ))112.
: | fle/Aq]

1<peagt 0

Next we estimate the inner sum in (13). The interval of values of 2 is
split into subintervals Iy, I, ...y Iy, .-y Iy 50 that if zel, then n < 2/ig
< m-1. The number of these subintervals cquals ({g™). We cestimate
the inner sam in (13) as follows:

. 1 - 1
> min (q, ————————) -+ > mm(q, :;w-) < qlng.
< T U] ey SRy +1~z[lg

Consequently it is valid
D) < qThing
&

for the inner sum in (13). Then
- {14) . 2;'2 & gl-—wﬂ(k—l)—e

sinee vy << 4.
- For each » with v =3, 4, ..., & wo estimate X, in (12). We pregent
this sum in the form.

= N
(15) 5, = D N
G0 ep0, g0 60
eg=...=0p..1=0 cp=0 (asdegir) -

()= 1,450

We consider the second sum. We do the same with the remaining sums.
By Lemma 1 :
) ot

7 ik 1~..1 )
Sl = g 1)y, > l é ( (1(1) (AQ) )
et
O opad | 0amy
[ t]

(adr1,dl)

o T 1 T3]
& q—FIa—l)vo q ‘mr -M, My
1o,
15ep<a®s
1 F—1—0p () 1
(S i 1 2"1 1 L
+ ] Ay M [T ( mwin ( b et —1 ____.,.m._._._: )) fitby _]_M:i
’ T e (g "y

L lSesg

where the parameters M, u,, dy, denote M, u, 8 for the sum X, and
they are not chosen yet. Suppose I{#) == for brevity. Applying Lemma 4
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and Hélder's inequality to 8, we obtain
"z

8 < q“k"a)”"[qu o

14vg r—l—-ﬂz

Lom e o f e L -
+g MM ( Z min(M;'lywb——l ))W}

e, /0y

Sinee 15« ¢, we have |¢f(Ag) | << 1j|A g gL I >3
and q = (27141 )% then 1/|A~ g% < L. Smce 3<r<k we con-
gider

(16) *»‘(2/[11’“"1)”‘“”0)=BI it |i<1,

(2/AFO-W =B, i |A>1.
We demand that

(17) (1Algy =z < M2

This is valid for ([/’il(*]/llfl,};"‘1 < 2 < ¢"%,. Then
N7 o1 1 _ - - (ll] gy
S, min MR, i min | My "
Tsmmsgl-+up 1zgl T .
. - (JAlg)? =
1<es( A gyt 1 (MM — 1< eql P

Consequently

87 , r—2—tp r—1-8;

J'.«-——l— 8 I+ 4e _
Sl & q—(k—a)“D[Mr‘[‘!l Yy M:.u,. +g . Mr da, ]'
The least summand of (15) is estimated as
1 1 ] L r—2—v, f— 13y
< q-—(.’c——'r)uo [M,+q “WM;Z{Z:'{*G e BTN M: N

150y e ey CEGY0

Thus
1_...3_. i_w 1+‘r-~2-vﬂ _ 10y
(18) 3 < qw(!awr)va [M,+q [ M«.«Wr g oM M, N
for 3<{r<k
It f()llows from (12}, (14), (18) thab
N’i (.(l) < un(Tcul)vo--a_I_
. ﬁ; r—ﬂ—vo . 'r-—l——al

+ Y g, +q ‘“‘"*M“‘f—kq L A U N
3&’1&‘.70
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The values of parameters u,, M,, & (3 <r= It} are chosen by aomp;mi-ing
values depending on them with the first summand in the preceding ine-
quality assuming (17). We have

10
M,=g= 0%, g =Jrrp—L+ir-1)+1, §= %(w-—l)r(l—;«:T)

where T =1(#) = 8(r—Lndr(r—1)-F1, 1< 02 (3r=CRk). This is
possible provided that

m 2 [2H(K -1 In 3 K(K —1) -} 52 (K —1)—2)/k,
where K = max{fy, -y B)y B o= min(k, ..., &,). Thas
N(g) <€ g ® D (1=1,2,...,m.
T4 follows from (10) thatb
N(g) € gl thp-m=c_

We return to (9). The preceding implics that the measure of those (&,...,1,)
< B for which (5) holds when ¢ is fixed iy extimated ag
< q—'lio(fﬁl-l- . .-I-k"ﬂHs .
If Pi(0) =... =P, (0) =0 then wy = 1/(k4 ... --ky). Now wo

apply the Borel-Cantelly Lemma. Then the corresponding series

=]
2 g-—vo(k1+...+km)w—s
=B

converges ‘where
B B, %f |4l < 1,
B, i =1,

By and B, being determined from (16). Theovem 3 is proved for the points
(f1y +--5 1) e 2™, The property of the enumerable additivity of the Tebesgue
meagure implies that Theorem 3 holds for almost overy (4, ...,1%,)eR™

IE PO} 520, ..., Pp(0) 50 then wg = L)k~ ... --Ky--m), and
applying the Borel-Cantelly Lemma, we must sum over those infogers g
for which (5) holds, i.c. '

(19) max (gl - Al < g0,

Let 4 be a geb of those g > 0 for which (19) is valid. Then the corresponding
Meries iy :

{20) . Zngo(fq-Ii-..-l-ka——ﬂ - 2 q‘”(l"’“”u)—e.

ysd deel
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We find the conditions of the convergence of this series. We consider its
partial sum ‘

g
S(Q) — Zq»—(l—muo)wa, B < Q-
=13
qed
In order to estimate §(Q) Sprindink’s method for caleulating the solu-
tions of the Diophantine inequalities ([11]) is used. The segment [B, @]
ig wplit into the partial segments ’
g1
[B, Q1 = D' W, (k+1)1--14, @1,
Lo BUE
wheve B oruns through integers,

(21) B=>1, K<LG< (1),
Then .
o1
(22) S{(Q) = 2 2 q—(l—mvo)-—s) + 2 q—-(l-—mﬂo)——s.
e Ve
' qed

The swm i estimated on every partial segment as follows. The common
member of the sum sabisfies ;

q-—-(l-m'uo)— ] < k—ﬂ(lmmvo)Ae .

Let N(k) be the number of those ge[l?, (k- 1)?] for which (19) holds.

“Then

{23) q”(l—m”o)—ﬂ < N (&) g PO—mvg)~e
g+ 1f
qed

Now we egtimate N(k). Tt is equal to the number of the solutions of the
system '

......... W< g < (B+1)P.
IRl < g~

We introduce two numbers: let Ny(k) be the number of the solutions
of the system :

l A, qll < ¢~"",

Iagll < (=m0, ‘
..... W<qga (1)

and let N, (k) be the number of the solutions of the system
l [1A2 gl < (k+ 1).3(—1;0....,),

40l < (T4 1)%%7,
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Then Na(k) < ¥{k) =< ¥, (k). Consequently
{24) N (k) = Ny (k) — 6(N, (&) — Ny (k})-
By Lemma b '

©5)  I,(%) = oK) 0 [l 1) — B+ O{[(k+ 1) — "] e

P
i+l

)

-1 - &

& (kﬁ)-mvﬂ—akﬁ—l_]_ E ,
(26) Ny (k) — (k) ,
»*in 4

= L) = (e L0 [+ 1) = ]+ Of[ -+ 1) — 7T )

B R < L
Dt e _ ic—ﬂ“am—m-l'ﬁ—l—"’q..;'(ﬂ By 1

& k-—(ﬁﬂg+1+s)mkﬁ—-l+]ﬁ(ﬂ

It follows from (24), (25}, (26) that

i
@) N (k) < J-fomn-b-i-s 107 FmaT
It follows from (28), (23), (27) that
B (-1
8(@) < E [TpPU—me)=a (Jo—Blimvg—1)=ims 3.~ yoi+i '“)Hw
k=Bl
{B~m
-+ ]Go—ﬁ(l——mvo)-e (ka-ﬁmvuwﬁ kﬂﬂ-—l + kﬂ"’%w»{-u)
o {B~T)pym
f (@ gy ~A(1—mewg)+ ym|-yl +B)da’)
Bllﬂ
< k“a—l—kl A{L—mvg)+ (B 1) = ym l—I ..i-g-
if
(28) - [1— 'mrvu ymf(ym—+1)] > 0.

In conjunction with (21) we have

2 {1 B—mog 4 L2 ~|4s)

( < Qﬂ ( el 1

To raake the series (20) convergent we demand that an asponent of 1;110
preceding estimation be equaJI to zero, i.e.

: (8 —1L)ym
1—-8(1— ST
ﬁ(_ M) -+ | e =0,

1—ma, -—--—}ﬂ-) ml__ﬂ,..;,_ -
ﬁ( ¢ yin+ 1 pm--1 res
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1
1 4 +z
§ = i - 1. _ 1-+4e
M —_ - _—
1 — gy e (1 —mag) (ym+-1)
w41

Since 8> 1, we are o demand that

o 1-+eg
{1 = ivvg) (ym + 1)

> 1,
i.e.
0 < (L—mmg) (ym+1) —ym < 1 4.
The condition
(1 —mwp)(ym +L)—pm < 14e¢

is wvalid. The second condition

{1 —mug) (ym -+ 1) — Y > 0
is equivalent to (28) and it implies that

1—mwv k ven R
p < - 0 = .‘l"'}“< "1[" -m..
AT, m?

Thig Theorem 4 is proved for moints {4, ..., 1,)«E™ By the property
of the ennmerable additivity of the messure in R™, Theorem 4 holds for
almost all. (g, ..., &) e B™

The author would like to thank Professor V. G. SprindZuk for formu-
lating the problem and for his interest in this work and V. I. Betnik for
useful remaks.
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To the memory of L. J. Mordell

1. The second named author, partly in collaboration with 8. Ena-
powski baged a number of applications on the following theorem. Let
be by, ..., by, complex numbers, m nonnegative integer, further

(1.1} - = o] 2 2. 2 2, > 0
and .
. o
(L.2) gy = 3 by
Fuml

Then the theorem in question asserts the existence of an integer », satis-
fying

(1.3 mt1l < vy mbn

for which fhe inequality

" L :
(1.4) g ()] > (Sc(mmy) min 1 oo

holds.

In (L.1) tho fact thot #] = 1 i of course only & normalization. It
meany Sossentinlly” {lhat |g{»)| is estimated for a proper choice of » in
a “marrow? dinterval from helow by ity maximal term (which explains
its wpplienbilitiy).

I the ease when the Iy numbers are in a half-plane then the appli-
ation of the above thoorem goes winoothly; this holds of course in the
important case when l b aye L. n the first paper of this series (*) (quoted
as I in the sequel) we have seen how one can reduce very considerably
the range of 1in (1.4) which helps a lot in the applications since it permits

n ) B ]
to raplace the last inconvenient factor essentially by | 3 . In many
‘ fe1

('“) J\]_l;l.- niv, Sci. Budapest. Botvis Seet. Math., to appear.



