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mazimal ideal space M. If there ewist two real fumctions fy, f; in B and
a positive non-zero Borel measure v on I, with compact support, such thay

(4.1) f (u® -+ v*) [p Bxp [4 (uf; -+ ofe) 1l 5 dudo < oo

n»?
then B contains o closed ideal which is not gemerated by a single function.

CorOLLARY. Let A,(@) be the Banach algebras defined as in [6]. If
1<p< oo and G is not discrete, 4,(G) contains a closed ideal which is
not singly generated.

Proof. It follows from Lemma 2.2 that condition (4.1) is satisfied
for A,(@).
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A remark on the d-characteristic and the dg-characteristic of linear
operators in a Banach space
by
STEFAN SCHWABIK (Praha)

Abstract, Lot X bo a Banach space, and & a total space of continuous linear
functionsals on X which is also a Banach space. It is proved that I-- 1 is a &g -oper-
ator provided I': X -» X ig compact and Z is preserved by the conjugate operator 1.
The paper i closely rolated to the work of D. Przeworska-Rolowicz and 8. Rolewiez.

Let X be a linear space (over the field of real or complex numbers)
and let 4 be o linear operator mapping X into itself and such that Awx
is defined for all we X (D, = X). Let the set of all such operators be de-
noted by Ly (X).

We denote by

N(4) = {weX; Av = 0}

the kernel of the operator 4, and by
R(4) = {yeX; y = Aw, weX}
the range of tho operator 4, and define
oy = dimN(4), B, =dmX/R(4)

(dim denotes the dimension of a linear set and X J/R(A) means the
quotient space). The ordered pair (a4, f.4) is called the d-characteristic
of the operator A. The index of the operator 4 is the number

indd = ﬂ_,i—-aA.

By X' the space of all linear functionals on X s denoted. Lot & < X'
be o total space of linear functionals on X, Le. if &(w) = 0 for all §e5
then @ == 0, Wo writo

Ng(A') = {Ee8; E(Aw) =0 for all weX}
and define

pE = dimNg(4).

The ordered pair (a, #5) is called the dg-characteristio of A.
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For a given total space & < X' and AeL,(X) we define the conju-

gate operator A: £—X by the relation
A'E(w) = E(Am)  for all feF, weX.
We have evidently
N(d) ={£e8; A'f = 0} = {£c8; A'é(w) = 0 for all weX} = Naz(4')

and therefore also
1) ay = B
For a given total space 5 c X' and A eL,(X) the inclusion R(4) < &
does not always hold. We say that the space & i preserved by the conju-
gate operator 4’ if B(4') < &.

LemmA 1 (cf. Theorem 1.2 from A IIIL, § 1 in [3)). If A eLy(X) and
the total space S < X' is preserved by A’ then

(2) oy < Ba
and also
(3) BE<Ba-

It is evident that the d-characteristic and dg -characteristic of an
operator A eL,(X) are not equal in general (cf. the examples in [1]). For
a comparison of the given concepts of the dimensional characteristic
of A it is sufficient to study the numbers 8, and 5. Operators for which
the d-characteristic equals the ds-characteristic are called @z -operators

(cf. [1], [3]).

TuroREM 1. Let X be a linear space, and E = X' a total space of lin-

ear functionals on X, AeLy(X) such that 5 is preserved by the conjugate
operator A’'.
If ind 4 = 0 and oy < a then B, = p3, i.e. A is a Dz -operator.

- Proof. The assumption ind4 =0 implies a, = f,. Hence the
inequality a, < ay can be written in the form B, < ay . Using (1) we
obtain g, < p5. This inequality together with (3) yields our assertion.

LeEMMA 2. Let X be a linear space, & c¢ X' a total space, @ o linear
set in X' such that 5 < ©. Let A eLy(X) and A’, A are the conjugate opera-
tors with respect to 5, @ respectively (O is evidently also a total space of linear
Junctionals on X). Then

(4)

o K 04,

Proof. If £c& < @, then we have by definition A’E = AE. Hence
N(A') = N(A)nE and therefore dimN(4')< dimN(4).

If X is a linear space and & < X' a total space, then for a given zeX
the relation F, (&) = &(») evidently defines a linear functional on Z,
ie. for any #eX we have an element o = F,¢5. The map #: X—&

-
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is callod the natural embedding of X into E' and is a monomorphism. The
image »X of X in &’ is a total space of linear functionals on &, (For these
facts see [3], A IIL, §1.)

Since #X <« &' is a total space, we can define for a given operator

A’ <L, (8) the conjugate operator A”: »X-»E'by the relation

A (E) = wp(A'E) = (A'E)(w) for weX, Ee
1f, moreover, for A Ly (X) the total space & < X' ig preserved by A’, then
also #X is preserved by A" because we have A"xw = xdwexX for any
weX. Hence it follows that in this case the operator 4" conjugate to A’
is (up to the natural embedding w) identical with the operatot A.

n the sequel let X be a Banach spaco, and X* the space of all contin-
wous linear functionals on X. X* is also a Banach space. Further, let
g < X* be a total space of continuous linear functionals on X. Then
we have

1€ (@) < [z lollx
for e, weX (norms in X, X+ respectively). For &e& we write €]z
= |5+ . & with the norm || ||z forms a normed space and we have

(5) 1§ ()] < [€llsllellx
for all &ef, weX.

Tor any weX the natural embedding » described above defines a linear
functional on & (xx(§) == £(#)). By (b), wwe is for any @<X a continu-
ous linear functional, i.e., wo have wmreZ"™ for any weX, »: X-—+E8*% The
image %X of X in ET is a total space and the map »: X-»5" is a mono-
morphism. .

For a given continuons 4 Ly (X) we define AT e Ly (X ) by the relation

Atf(@) = f(dm) for feX™, weX,
and similarly A+ eLo(E") can be defined for a continuous A'eLy(B)
ag follows:

ATpE) =p(d'E)  for pe8t, Eei.

It A'ely(5) is continuous, then it is possible to define the conjugate
operator A”: »X—E' as in the above easo of a general linear space X.
Tn the cage under consideration A'x is & continuous linear functional
for overy @elX, Lo, A" wX-»E%,

Tamma 3. Let X be a Banach space, and let 8 < X be o tolal space
of continuous linear functionals on X, If A eLg(X) is o sontinuous operator
such that & is preserved by the conjugate operator A4y then
(6) g = LMN(A") < Am N (A™F) = g
holds.

Proof. The natural embedding »X of X into &* is a total space of
continuous linear functionals on & (xX < £%). The operators A", A'*
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are the conjugates to A'eL,(&) with respect to the total spaces »X, &+

respectively. The assertion of our Lemma follows directly from Lemma 2.
Using the fact that the operator A" is (up to the monomorphism x)

identical with the operator 4, we obtain a4 = a4, and Lemma 3 can

be reformulated as follows:

LzmmA 4. If the assumptions of Lemma 3. are fulfilled, then
(n

ay < Ao

TurorEM 2. Let X be a Banach space, and E = X* a total space
of continuous linear fumctionals on X. Let A eLy(X) be a continuous oper-
ator and let 5 be preserved by the conjugate operator A'.

If ind A =0 and ay+ < ay then the d-characteristic of A is equal
to the d -characteristic of A.

Proof. By the assumption o+ < oy and by Lemma 4 we obtain
04 < aye. This inequality together with ind A = 0 gives by Theorem 1
the equality g, = % and our Theorem i proved.

TuworEM 3. Let X be a Banach space, and let & = X+ be a total space
of continuous linear functionals on X. Let A eLy(X) be continuous and let 5
be preserved by A'.

If indA =ind A" = 0, then the d-characteristic of A is equal to the
d,-characteristic of A.

Proof. By (1) we have ay+ = 857 . Then inequality (3) from Lemma 1
asyumes in our case the form 57 < B, and hence we obtain

a_qr+ < ﬂ A
Since ind 4’ =0, we have a, = B, and the last inequality has the
form a4+ < ay . Hence all the agsumptions of the previous Theorem 2
are fulfilled and our assertion is a consequence of this theorem.

TaroreM 4. Let' X be o Banach space, ond 5 = Xt a total space of
continuous linear functionals on X which is also a Banach space. Let T e Ly(X)
be a compact (completely continuous) operator such that E is preserved by
the conjugate operator T'. Then the d-characteristic of the operator A = I+ T
is equal to its d-characteristic (I is the identical operator in X).

Proof. The operator A = I-+TeL,(X) is continuous. It is well
known that if T is compact then ind A = 0. We recall that the operator
T'eLy(&) is also compact (see Theorem 7.4 in C IIL from [3]). Honce
we have ind A’ = 0 and the theorem follows from Theorem 3.

Remark 1. In paper [1] a theorem which is similar to our Theorem 4
is established under the additional assumption that the compact operator
TeLy(X) is approximable by finite-dimensional operators. This theorem
is followed in [1] by the authors’ remark (cf. page 121, line 3 from below)
which gives the impression that this result without the assumption of
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approximahility of I' by a finite-dimensional operator would also be of
interest.

P. Enflo has recently shown that the answer to the approxi-
mation problem (approximation of compact operators by finite-dimension-
al ones) is negative. Hence our Theorem 4 cannot be simply derived
from the above-quoted Theorem of D. Przeworska-Rolewicz and 8. Role-
wicz. .

Remark 2. If we use the terminology of § 7, C III in [3] then, pro-
vided the assumptions of Theorem 4 ave fulfilled, we can statie that if I’
is an element of the ideal of compact operators in thoe algebra By(X, &)
of continuwous linear operators on X with conjugates preserving & then
A =I4T is a Pg -operator. This gives also the answer to the question
formulated in Remark on p. 247 in [2] and in Remark on p. 297 in [3].

Finally let us mention that the assumption that £ is also a Banach.
space in Theorem 4 seems to be necessary since without this assump-
tion the equation ind 4’ = 0 is not satisfied in general.
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