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STUDIA MATHEMATICA T. XLVII. (1973)

On a problem of moments of S. Rolewicz

by
IVAN 8INGER (Bucharest)

Abstract. We golve a problem of moments raised by 8. Rolewiez.

1. 8. Rolewicz has proved the following result, with applications
to minimum time problems of the theory of control:

TarorEM [5]. Let I, I be two Banach spaces, w a continuous linear
mapping of B into Ty and y am element of ' such that the equation u(x) = y
has @ solution. If u(8y) is closed in F, where Sy = {ze B|[x| <1} (the
unit ball of B), then
(1) inf |jo| =sup inf |

.2 ger™ well
)=y o(%(2))=o)

Tt is known (See [B], remark 1 and the references of [5]) that in the
particular cage when dimF < oo, formula (1) holds without any additional
assumption; in particular, in this case the agsumption that «(8g) is closed
in F, is superfluous. At the Conference on Functional Analysis in October
1970 at Oberwolfach, 8. Rolewicz hag raised the problem whether (1)
always holds without any additional assumption. In the present Note
we shall solve this problem by giving a necessary and sufficient condition
for the validity of (1) and an example in which this condition is not satis-
fied. Also, using our criterion, we shall show that the assumption that
w(H) is closed in F is sufficient, but not necessary, in order that we
have (1).

2. The following theorem gives a necessary and sufficient condition
for the validity of (1):

Taworem 1. Let H, I be two Banach spaces, 4 & continuous linear
mapping of H into I, and y an element of I' such that the eguatw'n wu(w) =y
has a solution, say w,. We have (1) if and only if

@) mi ol = sup |f(@)].
u(m)mz/ ’uru(-l !

Proof. If for each ge I™ we denote ‘
®) H, = (we B|(u*(g)) (@) = g(v)} = {oe Blg(u(@) = g(),
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then formula (1) can be written in the form

4) inf |lof| = supdist(0, H,).
el [l .
W)=y
i = = (u* = 0, whence H
Now, if u’(g) = 0, then g(y) = g(u(a)) = (u"(9)) (20) = 0, ’
= B, an(i thus dist (0’ y Hy) = 0. On ‘the other hamd, if w*(g) # 0, then
by (3) and e.g. [1], p. 46, remark a) (on the distance from 0 to a hyper-
plane), we have

[(w*(9)) (@0)]

L oo Jelui@n))| e g
Tl )l ™ (o)l

Oonse’qﬁenﬁly, (4) becomes

(5) dist (0, H,)

[(* (9)) ()]

inf [o] = sup P—m 0 = sup | (@)
ez IR TR GD T g T
UT) =y

- which completes the proof of theorem 1.
Remark 1. By the above, we can write (1) in the form

(6) dist (0, 4) = sup dist (0, H,),
u'ﬂ(:ll)ws‘ao

where A is the closed linear manifold {we B| u(w) = y}. Since (?learly
A < Hy(ge F*), formula, (6) is a sharpening of & result of M. Ridelheit [4],
according to which dist(0,4) = sup dist(0, H).
H h}ﬁpglzltme
Remark 2. Generalizing the terminology of [8], let us say that
a linear subspace V of 4 conjugate Banach space B* is of characteristic 1.
at @ point bye B, if

@ sup |8 (be)| = [bo].
Q¥

| @ll=1

Then, under the assumptions of Theorem 1, we have (*:L) if and only
if the linear subspace V = ™ (F*) c (Keru)* = (B Keru)* is of oharac-
teristio 1 at the point m,+Kerue B/Keru; here, as usually,

(Keru)t = {fe B*| f(w) =0 for all we Keru}.

The idea of Remark 2 will be helpful in constructing Examples 1
and 2 below. Before doing this, let us give the following corollary of Theo-
rem 1: ‘

COROLIARY 1. Under the assumptions of Theorem 1, if w(B) is olosed
in F, then we have (1).
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Proof. If () is closed in F, then (see e.g. [2], p. 149, Theorem 8)
we have u*(F*) = (Keru). On the other hand, by a well known corollary
of the Hahn-Banach theorem, we have

It o] = koo + Kerul|gpe = sup |f(@o)].
e Je(Keruy -
@)=y Ifj=1

Consequently, we have (2), whence also (1), which completes the
proof.

Remark 3. Obviously, the condition, of Corollary 1 is satisfied when-
over dim¥ < oo. Thus, we obtain again the result mentioned in, § 1 that
for dimF < oo (1) always holds.

3. Now we shall give an example in which condition (2), and hence (1),
i8 not satistied.

ExAMrr 1. Let 7 be a Banach Space with a basis {w,} such that the
closed linear subspace [f.] of B* gpanned by the coefficient functio-
nals {fu} = B*(fi(a;) = 8, for 4, =1,2,...) is of characterigtic <1,
ie. [3], there exists an element wye B guch that

(8) Sup|f(@o)] < [lao 5
felrn]
ks

such a basis {w,} exists g . in B =1 and B = %o (8ee [6]). Furthermore,
let B =T and let

o) w@) = Y2 fwa (e ).

=]
Then #» ig one-to-one, u(H) is dense in F and
i NE! : -
(10) w(g) wg] 9@ (geF* = 5%,

Hence u*(F™) is a norm-dense linear subspace of [ fal and therefore,
by (8),

(11) sup 1F (@)l = sup | ()] < |lo,].
"y =}

Finally, let y = (wy). Then, since u is one-to-one, we have inéf ]l
' e
= ll@|l. Thus (2), and hence (1), is not satisfied. wah=y

Now we shall slightly modify example 1 to show that the condition
of Corollary 1 is not necessary in order to have (1):

7 — Studia Mathematica XLVIrL
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ExamprE 2. Let B be a Banach space with a basis {»,} such that
the closed linear subspace [f,] of B* spanned by the coefficient function-
aly {f,} is of characteristic 1, i.e. [3],

(12) ] = suplf(@)] (weH);
~ 1elt,
Iii=1
guch o basis ig e.g. the unit vector basis in I = ¢, or I == 1P, L < p ‘;\ o:
Furthermore, let F =X and define » by (9). Then, ag above, w"(F™)
is a norm-dense subspace of [f,] and hence, by (‘12),

(18) loll = sup |f(@)] (weR).
Jeus(I)
il
On the other hand, since « is one-to-ome, whenever the equation
w(®) =y has a solution #,, we have in].f o) == (lzoll. Consequently (2),
Je2d
u(e)=y

and hence (1), is satisfied, although «(#) is not closed.

We wish to thank to S. Rolewicz for reading the mamuscript and
making valuable remarks.
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A trace inequality for generalized potentials*
by
DAVID R. ADAMS (Houston, Tex.)

Abstract. In the spirit of the Sobolev~Il'in inequality, the trace or restriction
of generalized potentials of I, functions to arbitrary measurable sets in Euclidean
space are studied. When the potential kernel is homogenous, then necessary and
sufficient conditions are given for the trace inequality to hold.

Introduction. In [1] the author showed that the necessary and
sufficient condition for the continuous imbedding of L,(R"1,) into
LYR" »), L <p < g < oo via the Riesz potential operator T': f — h,*f(®)
= [le—y|""f(y)dy, 0 < a < n, is that the maximal function of » of dimen-
gion d, 0 < d<m, be bounded (d/g = n/p—a), i.e.,

M,(v) (@) = supr=»(B(a, 7))

>0

is a bounded function of ». Here B(x,r) = {ycR": |z—y| <r} and
L,(R" v} denotes the usual Lebesgue pth power summable functions
on R" with respect to the Borel measure ». I, = Lebesgue n-dimensional
measure on R". When d is a positive integer, this result hag, as a corollary,
the well known Sobolev-Il'in theorem concerning the restrictions of Riesz
potentials of L, functions to smooth manifolds in R™ of dimension. d.
That is, the trace of the potential belongs to L, on the manifold with
respect to some d-dimensional measure with a bounded d-dimensional
maximal function, e.g., surface meagure. See [5].

The purpose of this note is not only to extend this result to a more
general class of potentialy, but to give a much more direct and simplified
approach than presented in [1], even in the case of Riesz potentials. Fur-
thermore, the method of proof allows for a much more accurate estimate
of the norm of the operator 7' than known before. In particular, we get
NTpq = sUpP,M4(») (@)% see corollary to Theorem B,

* This research was partially supported by National Science Foundation Grant
GP — 33749,
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