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We consider operators acting in a Hilbert space H. We assume that the domains
of these operators are dense in H. The domain, range and kernel of an operator A are
denoted by D(A),ranA, kerA, respectively.

Definitions

Operator A is closed if for any sequence {x,, }5° ; such that z,, € D(A), ||z, —x¢| — 0
and ||Ax,, —y|| — 0 for some y € H implies xy € D(A) and Azg = y.

Operator A is closable if there exists a closed extension of A, i.e. there exists a closed
operator B such that D(A) C D(B) and Az = Bz for z € D(A).

An operator B is adjoint to A if (Ax,y) = (x, By) for any x € D(A). The domain
of B is the set of all those y € H that there exists z € H such that (Az,y) = (z,z). Then
z = By. And we write A* = B.

Polar decomposition

Because A*A > 0 there exists the operator B > 0 such that A*A = B2,

Let us define Bf = O kerp @ cl((B )~1), cl denotes here the closure of an
operator.

We have the identity

|D(B)n(kerB)+

(Az, Ay) = (Bz, By) for x,y € D(A).
Note that
ranB = (kerB)* = (kerA*A)* = (kerA): = ranA*.
Hence for u,v € ranB we have the identity
(ABTu, AB'v) = (u,v).

which shows that ABT is an isometry on ranB. The closure U of AB' is partial isometry
— it isometrically transforms ranB = ranA* on ranU = ranAB? = ranA and vanishes on
its kernel — kerU = ker Bt = kerB = kerA.

We have

UBxz = AB'Bx = Az for 2 € D(A).

A = UB is called right polar decomposition of A.

U~ is also a partial isometry — it isometrically transforms ranA* on ranA and kerU* =
(ranlU)*+ = (ranA)+ = kerA*.

Moreover the equality

(U*Uu,v) = (Uu,Uv) = (u,v) valid for u,v € ranB = ranA*



shows that
U U — { u for u € ranA*,
0 for u € kerA.

Therefore A = UBU*U = CU, where C = UBU* is also a selfadjoint nonnegative oper-
ator. This is the left polar decomposition of A. Note that U is the same in both polar
decompositions. The above in particullary implies that AA* = UB2U* = U(A*A)U*.

Examples.
Let H = L?(0,1) and A be the differentiation operator Az(t) = 2'(t). D(A) = {z €
H such that ' € H}. A is closed. What is A*? The equality

(Az,y) = /x’g = —/x@’ + (29

shows that if supp y C (0,1) then A*y = —y/, and that for y € D(A*) we should have
additionally y(0) = y(1).
Thus
A*y=—y'  D(A*) ={x € H;2' € H,z(0) = z(1) = 0}.

We can easily see, that AA*y = —y” and A*Ay = —y”, However domains of these
operators differ.

D(AA*) ={x € H;z" € H and z(0) = z(1) = 0},

D(A*A) ={x € H;2" € H and 2/(0) = 2'(1) = 0}.
The operator AA* has eigenfunctions sin kmx, with eigenvalues k272, k = 1,2, ...,

The operator A*A has eigenfunctions cos kmx, with eigenvalues k%72, k = 0,1,2,..., all

these eigenfunctions have norm \/Li except cos Omrx, which has norm 1. Thus setting s, =

sp(x) = V2sinknzx, ¢ = cp(x) = vV2coskrx, k =1,2,... and ¢y = 1 we have expansions:
AA* :Zk2ﬁ2<',8k>8k, A*A = Zk27r2<',ck>ck
k=1 k=1
Defining

B = Zkﬂ(-,sk>sk, C = Zkﬂ(-,ck>ck,
k=1 k=1

U= (si)er, V== (e,
=1 k=1

we have AA* = B?, A*A = C? with nonnegative selfadjoint operators B, C.
We have also Acy = —knsy = BVer = Ve, and A*sy, = —kne, = —CUsy =
—UBSk



Now it is easy to see that we have polar decompositions:
A=BV =VC, A*=-CU=-UB.

U is an isometry, but its range is not all H, V is partial isometry with kernel spanned by
co. Here U* = -V,

The operator A has a lot of eigenfunctions, namely any function e*® with complex
number ) is its eigenfunction. From this set of eigenfunctions we may get a subset, which
forms an orthonormal basis of H, for example e;, = ey (x) = 2™ k=0, £1,42,....

Hence one may write

Ax

A= 27T’i2]{7<-, 6k>€k,

and such equality implies that A is a normal operator, with polar decompositions A =
U()BO = B()Uo, where

By = ZWZ |k|(-, ex)er, Uy = iZsignk<~,ek>ek.

Of course it contradicts our previus considerations. What is wrong? We have choosen
a basis which consists from periodic functons, as a derivative of a periodic function is again
periodic we have silently restricted the domain of A to periodic functions only. Thus the
operator A with the above expansion this time has a domain {x € H;z' € H,z(0) = z(1)}.
A similar efect happens, when one tries to use sine basis (sy) for approximation operator
A. This shows that one has to be carefull while approximating unbounded operators.

Stone—von Neumann operator calculus

Operator calculus enables us to define f(A), where f is a complex valued functions
defined on a subset of the complex plane, and A an operator. If f is a polynomial f(A)
expands in powers of A in the same way as the polynomial.

In the case when A is a diagonalizable operator, i.e. A=) \;(-,ex)er we set f(A) =
> f(Aj)(-, ex)er and this definiton is consistent with the definition for polynomials.

Defining functions of selfadjoint operators is nearly the same task as that for diagonal
ones. Let p be a nonnegative Borel mesure defined on Borel subsets of real line. Let
H = L?(p), and A be an operator defined by Axz(t) = tx(t). This operator is selfadjoint,
its spectrum coincides with the support of u, and for any Borel function f the operator
f(A) is defined by f(A)x(t) = f(t)x(t).

Operators of this kind are blocks from which any selfadjoint operator is composed.
Namely, if A is a selfadjoint operator acting in a Hilbert space H then there exists a family
{ito } o of nonnegative Borel measures and a unitary operator U : H — @®,L?(j,) such
that A =U* @, AU, where A x(t) = tz(t).

It is well known that spectral measure is a useful tool for studying selfadjoint operators.
For each Borel subset 2 C R is an orthogonal projection acting in H. Spectral measure
has properties similar to measure, E(2) is an orthogonal projection in H, E(Q)E(Q2) =
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E(Q1 N Qy), E(0) =0, E(R) = I. Moreover E(Q)A = AFE(Q), and the operator A and
any Borel measureable function f of this opeator may be expressed as

A= / tdE, f(A) = / f(t)dE.

if ess sup |f| = sup;>of{t : E({z : |f(z)| > t}) # 0} is bounded, then this quantity equals
| f(A)], if it is unbounded the operator f(A) is unbounded.
With the representation of A as the direct sum of operatores we can write

EQ)x =U" ®a x(Q)zU,

where x(2) is the charecteristic function of the set €.

Note also that o(A) =supp E = {J_, supp fia

While investigating the proofs of the result of the paper, we can see that the most
essentiall parts are those which refer to properties of a selfadjoint operator. We shall give
the proofs in the case when H = L?(u), and A is defined by Ax(t) = tz(t). We shall refer
to this case as the model case. For some results we will present also a proof in the general
case. All the others may be modified similarily.

We shall use result numbering as in the original paper, changing sometimes notations.

Index function definition A positive function v : (0,00) — (0, 00) is an index function
if it is increasing (non-decreasing) and continuous with lim;_o ¢ (t) = 0.

Theorem 1. Let A be a nonnegative selfadjoint operator acting in H with kerA = {0}.

then

(a) For every x € H and £ > 0 there exists a bounded index function ¢ such that the
general source condition

r=yY(A)w with w € H and ||w|| < (14 ¢)||z||

is satisfied, and hence = € rany(A).
(b) If z € rany(A) for some unbounded index function %, then x € ranyy(A) for every
bounded index function 1y which coincides with 1 on (0, ¢g] for some tg > 0.
Comment 1. Why there is ||w| < (1 + ¢)||z|| above? — substituting ¢ with ¢, = =,
and w by we = 5w we get estimation [|w[| < l|z||, while theorem suggests that the
constant 1 and any smaller one cannot be achived. However I suppose thay have some
good reason for it, for example the family of index function v (t) = v (t) v > 0 should
be represented by this one, that ¢, (&) = 1.
Proof of Th. 1 part (a) — model case version We assume H = L?(u), Az (t) = tz(t)
and ||z = 1. We have ||lz[|* = [J° [#(t)|*du = 1, therefore for any o € (0,1) there exists
decreasing and converging to 0 sequence of numbers {7,}>° , such that

/ lz(t)?dp < ea™, forn=0,1,....
(0,7n)
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Define with 3 > 1 and such that o8? < 1

1 for t > 1

Yo(t) = {ﬁ_” fort € [, Th-1), n=12..."" (1)

Then
/ 5 (1) (1) P < Pman?
[Tn:T'n 1)

and

65 (A)a? = / e (8)2(0) 2
(0,00)
= /[ o !du+2 g ()2(t)Pdp

Tn Tn— 1
ﬁQ
ﬁQ

Thus with o = §, 3% = § (then 52 = 2) we have [[¢; ' (A)z]| < VI+2e < 1+¢€ and

therefore w = vy ' (A)x satlsﬁes the thesis (part (a)).

If we require ¢ to be a continuous function we may define it as a continuous piece-
wise linear function, linear in interva,ls [Tn,Tn 1] and such that 1(7,) = %o(7,). Then
bo(t) > (t) and ||~ (A)z[]* = [~ Oz < [|vg ' (D2 (t)]* = v ' (A)z]* and the
thesis is satisfied for 1/)

Proof of Th. 1 part (a) — general version Let E be spectral measure for operator

A, e >0and a = i. We can find decreasing and converging to 0 sequence of numbers
{Tn}22 such that | E((0,7,))z||* < ea™. With ty defined by (1) and 3% = 3 we have

10 (70) T E ([T, Tu1)a]|* < 0™ 57"

<1+-— ZaﬁQ =lte——0f

Because

D % () T E([Tas ao1) + E((10,00)) = 95 (A)

n=1

we have
[ (A)z|* = ZII% (70) " E([7n, Ta—1)2]|* + | E((r0,00))2[|* < 1+ 2 < (1 +¢)?
n=1

Thus w = ¢, ' (A)x satisfies part (a) of the thesis.
Proof of part (b). Assume H = L?(;1) and action of A on a function is its multiplication
by the argument. Then

2 __
ol ‘(/w /W)> o) F ()

< / BT + s 3 (0) / FOF < [6F]? +sup e (8)] £
(0,t0) ) t

[to,OO
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In the general case, with each nonzero x € H we may associate Borel measure on the
line by u(2) = [|[E()z||?. For any Borel measureable funciton ¢ we then have

lo(A)z]? = | / B(t)rdE|? = / [ (t)zdE|? = / () dE|? = / () Pdp.

The proof is analogous to the proof for H = L?(u) with f = f(t) = 1.

Regularization definition. Family {g,}o<a<a of bounded Borel functions g, : Rt —
R™ is regularization if they are piecewise continuous in a and

a) 7o(t) =1 —1tga(t) — 0as a — 0,

b) |ra(t)| = |1 — tga(t)] < 71, for all a € (0,a], t > 0,

Ya
c) Vt|ga(t)| < 7 forall £ > 0.

Approximate solution of equation Ax = y is defined as

(E5 A*ga(AA*)y5

where ||y —y|| < 0.

Source condition for the solution z of the equation Az =y is 27 = (A* A)w.

Definition

W ={g: |lgllw = sup V/s|g(s)| < oo}
sERT

Proposition 1. If g € W then A*g(AA*) = g(A*A)A* and ||A*g(AA*)| < ||gllw-
In the space H = L?(p) proposition takes the form

sup [tg(t*)] < ||gllw
t>0

and becomes trivial.

Corollary 2. With r,(t) =1 — tg.(t)

* * * ’V*
o(ATA)| < 7, A*go(AA < )
[ra(AA)| <71,  [|A"ga(AA")]| a

Proof. In our model case the thesis reads as

sup |1 — t2ga (t%)] < 71, suplt t2<7*,
up 1= £0(1%) <, supltga(t?)] <

so there is nothing to prove, as this is equivalent with definitions.
In the general case let A = BU be polar decomposition of A and E be spectral measure
for B > 0, then A*A = U*B?U, AA* = B? and

ra(A*A) = U” / ra(t?)dEU, A*ga(AA*) = U* / tg(t?)dE.
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Thesis follows form the fact that ||r(A*A)|| = ess sup ;e (a+a)|7a(t)| < 71 and similarily
for [[A*ga (AA™)].

Lemma 6. With z, = A*g,(AA*)AzT = A*g,(AA*)y we have

4]
o — 2o ]| < 3=

Va

Proof. In the model case x,(t) = tgq(t?)y(t). Therefore

[za(t) = 20(t)] = [tga(t*) (y(t) — 4 (1))] < sup [tga (#)ly(t) — y° ()] < 7; ly(t) —y° ()]

and this implies the thesis.
In the general case let BU = A be polar decomposition of A, and E be spectral
measure for B. Then z, = U*Bg,(B?)y, 2%, = U* Bg,(B?)y° and

Ta — 2y = U"Bga(B?)(y - ¢°)
and because
Bg.(B?) = /tga(tQ)dE
where F is the spectral measure of B, we have

=

Ja

|Bga(B?)|| < supt|ga(t*)| <
t>0
and finally

* * ’7*
lzo — 22|l = U Bga(B*)yll < U1 Bga(BH)lly — || < ﬁHy Al

Lemma 7. If the solution =" satisfies source condition ' = 1)(A* A)w then

lz" — 2ol < [lwll  sup [ra(s)l(s).
s€Eag(A*A)

Proof. In the model case

21(t) = za(t) = () w(t) = 2 ga ()P (E*)w(t) = () (1 — ga(1*))w(t).

Hence

ot —zoll < sup  [Q(E*)ra(t?)] - [Jw]).
tesupp u

Now the thesis follows form the fact that o(A?) = {t? : t € 0(A)} and in the model case
o(A) = supp p.



In the general case with the notation used in proof of Lemma 6 we have A*A =
U*BBU and therefore
zt = (A" A)w = U*(B*)Uw,

To =U*Bge(B*)y = U* Bg,(B?)Ax'
=U*Bgo(B*)BUU*(B*)Uw = U* B*g,(B*)¢(B*)Uw

Thus
a2l — x4 = U*(I — B9 (B*)y(BY)Uw. (2)

Note that
<I——zﬂgaa82»¢432>:L/kl—-#ga@2»¢49>dE
I = Ba(B)(B)] < sup |1 — Loal®)b(®) = sup [rOl®), ()
teo(B) teo(A*A)

because o(A* A) may differ from o(AA*) = o(B?) only by 0, and by the spectral mapping
theorem o(B?) = {t?;t € ¢(B)}.

Because |U|| = [[U*|| =1 (2) and (3) imply the thesis.

From Lemmata 6 and 7 we get final estimation

0
Izt — 23|l < llz" = zall + llza — 22|l < llwl sup ra(s)|¥(s) + 7

s Vo
Bias convergence. Using the notation of Lemma 6 we have
xt —xy =2t — A*go(AA*) Azt = U*Uz' — U* By, (B?)BUz!
=U*(I — B?go(B*))Uxz" = U*ro(B*)Ux!

and

nﬂ—%wzfﬁwmwwﬂ?

(|dEUxT||? = du where the measure y is defined by u(Q) = |[|[E(Q)UxT||2.) The conver-
gence ||z — x| — 0 follows form definition of regularization (parts a) and b)) and the
Lebesgue’s dominated convergence theorem.

Qualification
Definition 2. Qualification definition An index function ¢ is a qualification of the

regularisation g, if there are constants v = v, < 0o, &, such that

sup  |ra(s)|e(s) <ve(a), 0<a < ay,. (5)
s€o(A*A)

Usually we do not know o(A*A) which appears in (5), all we know is that o(A*A) C
[0, 00), moreover qualification function is not defined in 0, therefore (5) should be read as

Sup [ra(s)lp(s) < 7p(e), O<a<a (5)



Proposition 2. (reformulated) Let g, be a regularization with some known qualification
. If ¢ is an index function such that
there exists sg > 0 such that the function s — 1(s)/p(s), 0 < s < s¢ is non-increasing,

P(s) < Cp(s) for s> s (GC)

then 1 is a qualification of g,.

Proof. If s < « then 9(s) < ¢(«) and by Regularization definition (b)

ra(8)|4(s) < my(a) for s < a. (al)
e have b ¥()
ra(9(6) = ra (9les) 2 < el ) (a2)
If o« < s < s then
¥(s) _ ¥a)
o(s) ~ p(a)
This and (a2) show that
ra(9l(s) < @) S0 = vp0(0) ifa<s < (a3)
We write (a2) in the form
pla) ¥(s)
|T'a(8)”¢)(8) S ’yipw(a)w(oo (,O(S) .
Rasmibem ) (@) _ ¢lso)
S0 « . plo ®(So0
2(50) < () or equivalently (@) < 0(50)
Therefore (50) (5)
@\(So S .
ra(9)(s) < (@ ZE e <
If s > s¢ then 9(s) < Cp(s) and
Ira(s)|(s) < C ('O(So)w(oz) if a < s and s> sg. (ad)

72 (s0)

The inequalities (al), (a2) and (a4) show that 1 is a qualification for g, with constants
ay = min{a, so} vy = min{C’mp%,vw,%}.

Remark. It is easy to show, that if condition (GC) holds for some sy then it holds for
any sg > 0, the constant C' may change only. However sy appears also in the assumption
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on the monotonicity of 28 . Thus we cannot ignore the constant &, as the authors of the

paper have done.

Proposition 3. (reformulated) Let g, be a regularization with some known qualification
. If ¥ is an index function such that

there exists so > 0 such that the function s — ¥ (s)/¢(s), 0 < s < s¢ is non-decreasing,
and (GC) holds. then

ITa(s)|¥(s) < Cp(a) for a € (0,a),s > 0.

Proof.(omited by th authors) We have

P(s) _ ¥(s0)
oo) = pleg) TOE
hence from (a2) it follows that
ra916(5) £ 100(0) 2 < (@2 for s < s (@5)
On the other hand
P(s) < Cyp(s) for s > sg,
then again form (a2) we have
ra(b(s) < ve(@) ) < Cpp(a) for s > so. (a6)

The thesis follows form (a5) and (a6) with C replaced by ~, max{C, %}

Comment 2. In the original formulation of the above proposition authors claim that
1 < C < 0. There is no reason for it — if 1) satisfies the thesis with C' then %gp satisfies
the assumptions and the thesie with C' = % See Comment 1.

Lemma 7 and Propositions 2 and 3 lead to bias estimation.

Proposition 4. Let g, be a regularization with qualification ¢ and 27 = ¥(A*A)w a

source condition with index function ¢, which satisfies (GC).

a) If the function % is non-increasing in (0, so] then for some C,a > 0

lz" — 2ol < CY(a)|wl, a € (0,4]
b) If the function % is non-decreasing in (0, so] then for some C,a > 0

lz" = zall < Co(a)llwll, a € (0,a]
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Remark Note that if we set

wo(s) = @(s), o(s) =1(s) for s € (0, s
vo(s) = ¢(s0), to(s) =v(s0)  for s € (so,0)

then g is also the qualification for g, (by Proposition 2) and the functions g, 1o satisfy
the same assumptions as the functions ¢, in Propositions 2-4, therefore also the same
claims for these functions hold.

Convergence rates.
With assumptions of Proposition 4 and Lemma 6 we get error estimates if the form

1)
P8 < §
|27 — x4 || < C(a)||wl] +7*\/5’ a € (0,a]
s J _
|zt — 25| < Co(a)||wl]| + v« a € (0,a]

Va'
If ¢(s) = sP for each fixed § we may find @ = a(d) which minimizes the right hand
side in these equalities. With such 1 or ¢ we get estimation of the form

lof a2l < ¢ (0 ).

5

2
PrEs) v
2p> and equals ¢d2»+1T with some new constant c.

The minimum is attained for a = <
With this choice of o we get

|2t — 23| < CsT.

Splitting operator. Using polar decomosition and spectral measure we may split op-
erator A = Ay & A,. Let A = BU be the polar decomposition of A, A : D(A) — Ho,
D(A) C Hy, where Hy, Hy are Hilbert spaces. B : D(B) — Hs, D(B) C Hj is a positive
selfadjoint operator, and U : H; — Hy is an isometry.

With E - the spectral measure of B we set

Hyp = E([0,50])Ha, Ha o = E((50,00))Ha,
Hipy=U"Hyp, Hi,=U "Hs,.

Now
Ay = Alp,, :Hip — Hap,

Ay = Alg, , :D(Ay) — Hyu, D(Ay) = D(A) N Hy .

In the model case Hyp = Hayp = L2([0,50]), Hiw = Haw = L2 ((50,00))
Ay is a bounded operator || 4p|| < so, A, may be unbounded, however it has a bounded
inverse, because for x € D(A,) C H; , we have

[Auz]| = |BUz| = sol[Uz| = soll].-
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With this splitting regularization splits also
To = A*ga(AA" )Y = A9 (B?)y; © Ajga(B?)yy,
where yp = U~'E([0,50])Uy’, yp, = U~"E((s0,00))Uy’, and therefore [[y[|* + [[y5]|* =
ly°|1%.
Regularization theory for bounded operators is known it suffices to check, how it may
be applied for unbounded operators with bounded inverse.

If ¢ is a qualification for {g,} then for any sy > 0
ra(§)le(s0) < [ra(§)le(§) < sup ra(s)le(s) <ypla), 0<a<a, £>so.
Then we can estimate some part of bias.
In the model case we have
E([s0,00))(a" — za) = (I = AZga(A7))E([s0,00))a!
and
t 2 2\\ . (4112 Yp* (@) 112
I1E([s0,00)) (2" — za)[I” = ra(t7))2" (D)7 < —5 =~ [1E([s0, 00))2"|]
[s0,00) ¥ (SO)
In the general case we have
U*E([sg,00))U(x" — x4) = U*(I — B2g,(B?))E([s0,00))Ux!
and therefore
* T 2 2,2 112 72902(04) 112
U™ E([s0, 00))U (2" — za)[” = /[ )Ta(t ) dEUz|" < WHJ’E([So,OO))Uﬂj I”.
80,00 0

Hence

0" B((s0,00)U (e 20} < 22 . )
o(s5)
Part c¢) of regularization definition is mainly applicable to operators for which their
positive part in polar decompsition is not strictly bounded by 0 from below. It is not the
case for A,,.

1U*E([s0,00))U (0 — 20)|| < sup tlga (t*) |y — ° || < & sup tga (t?).

t>so t>so
For Tikhonov relularization g, (t) = HLO[ and
2 S0 -1 2

sup t|g.(t*) = <s for o <s

sup tlga() = %0 < 5 o
because the derivative or # is negative for a < sg. Thus the bound does not depend
on a.
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