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1 Introduction

Causal perturbation theory is based on ideas of Stiickelberg and Bogoliubov [2] which were rigorously
worked out in the seminal paper of Epstein and Glaser (EG) [9]. It was further developed mainly by
R. Stora (e.g., [15,16,20]) and the groups of G. Scharf [18] and K. Fredenhagen [3,4,6,7]. Causal
perturbation theory is a rigorous perturbative approach to Quantum Field Theory (QFT) — winning
by its conceptual clarity. The latter relies on the following properties:

e The time-ordered product (T-product), which is the main building stone of a perturbative QFT,
is defined by azioms, the most important being Causality.

e The interaction is adiabatically switched off. By this, the infrared (IR) problem is separated
from the ultraviolet (UV) problem. The adiabatic limit (i.e., the limit which removes this un-
physical switching of the interaction — this is the IR problem) is performed only at the end of
the construction; typically it exists only for observable quantities, e.g., inclusive cross sections,
and not for the individual S-matrix elements. However, local, algebraic properties of the observ-
ables can be obtained without performing the adiabatic limit, see Sect. 4.5. After performing
the adiabtic limit, the results agree with what comes out from more conventional versions of
perturbative QFT, e.g., BPHZ-renormalization or dimensional regularization.

e The T-product T' = (T}, )nen is constructed in position space, by induction on the number n of
factors. Due to this, renormalization (i.e., the UV-problem) is the mathematically well-defined
problem of extending inductively known distributions from D’(M™\ A,,) to D’'(M™), where M
is the space-time manifold and A,, is the thin diagonal in M™, see (4.15). As long as one does
not consider the adiabatic limit, in each step, all quantities are mathematically well-defined.

e The observables are constructed as formal power series in the coupling constant and in A —
questions concerning the convergence of this series are not touched.

e The EG-construction yields all solutions of the axioms. By the Main Theorem (Thm. 4.9) the
set of solutions is the orbit of the Stiickelberg—Petermann renormalization group (Def. 4.8) when
acting on a particular solution (any solution may be chosen as starting point).

Further advantages of the EG-construction of the T-product are:

e Since it proceeds in position space, it is well suited for perturbative QFT on a globally hyperbolic,
curved space-time manifold M [4,11] — see the next article in this encyclopedia. For simplicity,
in this article, we choose M to be the d-dimensional Minkowski space. EG-renormalization has
been worked out also in Euclidean space [14].

e Overlapping divergences (which caused a lot of troubles in the history of pertrubative renormal-
ization) do not appear, due to the inductive procedure in the construction of the T-product.

e It applies also to nonrenormalizable interactions, e.g. perturbative quantum gravity (see e.g. [5,
18]): In each order in the coupling constant it yields a well-defined result.

In most formulations of perturbative QFT (also in the work of EG [9]) the free quantum field is
a Fock space operator. That is, it is an “on-shell field”, since it obeys the free field equation. In this
article, (classical and quantum) fields are functionals on the classical configuration space, which is



C*(M,R) in case of a real scalar field. That is, our fields are “off-shell”, since they are not restricted
by any field equation. The algebra of classical fields is given by the pointwise product of functionals.
Quantization of the free theory is obtained by deformation of this product, where the propagator of
the resulting star product (i.e., the two-point function) contains the information that we are dealing
with the free theory (see (3.1)). Working with off-shell fields is more flexible than the Fock space
formalism; this is advantagous for various purposes — see [8, Preface].

Main references is the latter book, which for the most parts relies on [3,4,6,7]. In the following,
solely references differing from the just mentioned ones are given.

2 Fields as functionals on the configuration space

Space of fields. For brevity we study the model of one real scalar field with mass m > 0. For the
pertinent configuration space we choose € := C*(M,R). The partial derivative 9* (where! a € N%)
of the basic field ¢(z) is the functional

. JE—R
Pela): {h s 0%(z)[h] = 8°h(z) . 21)

For simplicity, we study only fields which are polynomials in the basic field ¢ (and its derivatives).

Definition 2.1. The space of (classical and quantum) fields F is defined as the vector space of
functionals F = F(p): € — C of the form

N

N
F(SD) = fO + Z/ddxl ' "ddxn 80(1'1) ’ Qﬁ(l'n) fn(xla s 7xn) = Z<fna§0®n> (22)

n=0

with N < oo, where F(p)[h] := F(h). Here fy € C is a constant and, for n > 1, f, is a distribution
(i.e., fn € D'(M™,C)) with compact support. In addition, each f,, is required to satisfy the wave
front set property:

WE(f) C{(x1, o @ik kn) | (k) ¢ VUV Y (2.3)

where Vi denotes the forward /backward light cone. Convergence in F is understood in the pointwise
sense: lim, o Fy, = F iff lim,, o Fy,[h] = F[h], Vh € C.

The purpose of the wave front set condition is to ensure the existence of pointwise products of
distributions which appear in our definition of the Poisson bracket (2.9) and, more generally, of the
star product (see Sect. 3).

An important example is given by

P, an) = (—1)5s 1] /dx () 061 — ) - 0 6(wn — ), g€ D(M,C)
and fr = 0 for k # n, that is,
F() = [ dog() 0" (@) 0 (@) € 5 (2.0
The support of F' € J is defined as

OF
supp F' := supp ——

()
Algebra of classical fields. Introducing the pointwise product
F-G=FG:h+— F[h]G[h] € F, (2.5)
and the “x-operation”
N N
F =3 (fug®) — F* =3 (™) € F (2.6)
n=0 n=0

we obtain a commutative *-algebra — this is the algebra of classical fields.

1We use the French convention that 0 € N.



Local fields. The example (2.4) is a local functional in the sense of the following definition:

Definition 2.2. The space JFo. of local fields is following subspace of F: Let P be the space of
polynomials in the variables {9%p | a € N9} with real coefficients (“field polynomials”); then

Floc := {Z Ai(g:) = Z/dm Ai(z) gi(z)|A; € P, g, € D(M,C), K < oo}. (2.7)

Given F = Zfil Ai(gi) € Froe, the pairs (A;,¢:)K, are not uniquely determined by F, since
[ dz8,(A(z)g(z)) = 0 for any A € P and g € D(M). This non-uniqueness can be removed in the
following way:

Proposition 2.3. There exists a subspace Pypay of P (the space of “balanced fields”) with the following
properties:

(a) Every 0+# A € P can uniquely be written as a finite sum of type

A= Z 0°B, , where Bq € Pra and Bgle—o =0 Ya#0 . (2.8)
aeNd

(b) For each F' € Fioc, there exists a unique f € D(M, Pya1) such that

F*F[O]:/dlﬂf(x) and also  f(z)]p=0 =0 Ve eM.

For example, ¢ cannot be a balanced field, since ¢ = 0*(% ¢?). In part (b), F[0] € C
must be excluded, since there are infinitely many f € D(M,C) fulfilling F(0) = [ dz f(z). Tt is an
easy exercise to prove that part (a) implies part (b). Part (a) has been proved by giving an explicit
construction of Ppg.

Poisson bracket. Let —A' € D'(R?) be the retarded Green’ function of the Klein—-Gordon oper-

ator and let A,,(z) := A% (z) — Al**(—z) be the commutator function.

Definition 2.4. The Poisson bracket of the free theory is the bilinear map F x ¥ — F given by
OF 0G
FG ::/dxdyiAmx—yi. 2.9
e 5@ Y 50 (29

One proves: Since F' and G satisfy the wave front set property (2.3) the pointwise product of
distributions in (2.9) exists, and {F, G} again satisfies this wave front set property, hence {F,G} € F.
Obviously, it holds that {G, F'} = —{F, G}; and one verifies that the bracket (2.9) fulfills the Leibniz
rule and the Jacobi identity, hence, it is indeed a Poisson bracket.

3 Deformation quantization of the free theory

Deformation quantization is mainly due to [1]. Wheras that work deals with quantum mechanics (i.e.,
finite dimensional systems), we apply it here to QFT.

Definition and properties of the star product. Let Fj; be the space of formal polynomials in
h with coefficients in F. The star product x = x5 : Fy X Fy — Fj is a deformation of the classical
product (2.5) with deformation parameter A, which is required to be

(a) bilinear in its arguments;

(b) associative; and, for F,G ~ h°; should satisfy:

(¢) F*p G — F -G (the classical product) as h — 0; and

(d) (FxpG—Gx F)/ih — {F,G} (the Poisson bracket of the free theory) as i — 0.



Definition 3.1. Given a suitable two-point function H € D’'(R?), the star product is defined by

> ik n oG
Fx,G:= —/dm~--dwnd < dyy, . (3.1
" ,; n! ' ned 5@(%1 5@ Tn) Hl 5@(1/1) ~00(yn) (3.1)

Note that the sum over n is finite since F, G € JF}, are polynomials in ¢.
The two-point function H € D’(R?) should satisfy the following properties:

(i) The wave front set of H should be such that the pointwise products of distributions appearing
in (3.1) exist for all F,G € Fp;

(i) the above requirement (d) is satisfied iff the antisymmetric part of H is given by 1(H(z) —
H(—z)) = A (z) ; we also require

. . . T
(ili) Lorentz invariance, H(Az) = H(z) for all A € £,

(iv) that H is a solution of the free field equation, (O + m?)H = 0,

(v) and that H(xz) = H(—=x), which is equivalent to (F'x G)* = G* x F'*.

Due to (ii) and (iv), H = H,, depends on the mass m > 0 appearing in the free field equation;
hence, this holds also for the star product — sometimes we signify this by writing ,,, (instead of x or
x1). The above requirements (a) and (c) are obviously satisfied and, with some effort, one can prove
associativity [21].

The most obvious solution of the above requirements on H is the Wightman two-point function,
H,, = A} . However, in even dimensions d, A} is not smooth in m > 0. The latter property can be
reached using a Hadamard function instead, that is,

Hpy () = Hj, (2) = Af (x) = m®? fa(m®a?) log(m?/u?) , (3-2)

where > 0 is a mass parameter and f; : R — R is a certain analytic function (depending on the
dimension d), hence WF(HX) = WF(A}L). Since, in addition, (O, +m?) fo(m?z?) = 0, HX solves also
the above requirements (ii)-(v). Note that A} scales homogeneously, i.e., pd 2A;/p(p:n) = A (x),
but HY scales only almost homogeneously, i.e., homogeneously up to logarithmic terms — see Def. 4.1.

States. By definition, a state w on the algebra (Fp,«) is a functional w : (Fj,x) — C which is
linear, real (i.e., w(F*) = w(F)), positive (i.e., w(F* x F) > 0) and normalized (i.e., w(1) = 1). Note
that w itself may be a formal polynomial in %; but, in w(F') (with F' € F) the sum over the powers
of i is an ordinary sum, in order that w(F') is a complex number (depending on h).

A simple, but important, example is the vacuum state:

wo(F) = fo where F=fo+ Y (fa,®"). (3.3)

n>1
For H = A}, one can prove that wy is indeed positive, by using that [ dx dy h(z) A} (z —y) h(y) > 0
for all h € D(M); but the latter property may be violated for H = HE,.
On-shell fields. Introducing the space of solutions of the free field equation
Co=e™ :={hee|(@+m?h(x)=0},
we define the space of on-shell fields to be
g™ = { Fy := Floum | F €T} .

This definition is motivated by the fact that ¢o(z) = ¢(z)| ¢, Satisfies the free field equation.
One verifies that the star product on Fj; induces a well-defined product on
T = %;e(m) by setting Fox Go := (F +G)o .

Quantizing with Al on-shell fieds Fy € 3”(()72) may be identified with linear operators on Fock
space:



Theorem 3.2. Let ¢°P(x) be the free, real scalar field (for a given mass m) on the Fock space §.
Then the map

OF fféfr,;) — @(3’8’)2)) C {linear operators on F} (3.4)
given by
N N
FO = Z<fn, @?n> — (I)(FO) = Z /d$1 e dxn :wop(xl) e onp(x’n): fn(xlv e 7xn)
n=0 n=0
(where :—: denotes normal ordering of Fock space operators) is an algebra isomorphism for the star

product on the left and the operator product on the right (i.e., ®(Fy*x Go) = ®(Fo) ®(Go)) and also
for the classical product on the left and the normally ordered product on the right (i.e., ®(Fy - Go) =
D (Fp) ©(Go):). In addition, @ respects the *-operation:

(P, ®(F) o)y = (®(Fo)pr, ), VFo € Fy (3.5)

and for all 11,19 in the domain of ®(Fy) or O(Ff), respectively.

4 Perturbative QFT

Let Liyy = 2211 Ly, k% € P[k] be the interaction Lagrangian, where r is the coupling constant. With
that,

S=S5(g) = /daz Z(g(m) m)kLk(at) € Froclk] , g€ DM), (4.1)
k=1

is the adiabatically switched off interaction. The main aim is to construct the pertinent scattering
matrix (S-matrix), for which we make the ansatz

S(5) = 143" 7, (57) € 7 «2)

which is a formal Laurent series in i, where T}, : (Floc)®" — F is the n-fold time-ordered product
defined axiomatically in the following section.
4.1 Axioms for the T-product

In view of the inductive construction of T' = (T,,) we split the axioms into ‘basic axioms’ and ‘renor-
malization conditions’. The first basic axiom is

(1) Linearity: We require that
Tp: F2" — T be linear. (4.3)

loc

Note that here both the arguments and the values of T,, are off-shell fields.

Our construction of the T-product is an inductive construction of the F-valued distributions
T (A1(z1), ..., An(zyn)) € D'(M™,F) (for all Ay,...,A, € P), which should be connected to the
maps T, : F2" — F (4.3) by

loc

/dxl coodan T (Ar(z), - Ap(@n) g1(21) -+ gn(@0) = T (A1 (g1) @ - @ An(gn)) (4.4)

forall g1,...,g, € D(M). But there is a problem with this fomula (4.4): Since [ dz 0, (g(z) A(z)) =0,
(4.4) and Linearity of T,, imply

/dm ((89)(m)Tn(...,A(1:),...) +g(x):rn(...,(aA)(x),...)) =0;
hence the Action Ward Identity (AWI) must hold, that is,
AWTL: 0, T, (..., A(z),...) =To(. ... 05, A(z1),...), VAEP 1<I<n. (4.5)



To define T, (Al(:cl), e ,An(xn)) in terms of the map T), : F&" — F in accordance with the AWI,

loc

we use Prop. 2.3: For balanced fields Bi,...,B, € Pp. we define T, (Bl(:cl), .. .,Bn(azn)) by the
formula (4.4), and then, for arbitrary A;,..., A4, € P, we define T, (Al(:yl), .. .,An(xn)) by first
writing A; = Za 0% Bjq, where B;,, € Ppa and setting

To(Ar(z1), .. An(wn)) = Y 0%+ 0% Ty(Biay (71), - ., Bna, (2n)) - (4.6)

One easily verifies that with this definition the AWT (4.5) holds for arbitrary A € P and that also the
relation (4.4) holds for all 4y,..., A, € P.
The further basic axioms are:

(2) Initial condition: T} (F) = F for any F € Floc;

(3) Symmetry: Tn(Fﬂ'(l) PIOERE ®F7r(n)) = Tn(Fl ®®Fn) VFl,...,Fn S 9'.loc
and for all permutations 7;

(4) Causality: For all Ay,..., A, € P, T, fulfills the causal factorization:
T, (Al(l'l), cee An(xn)) =T} (Al(x1)7 cee 7Ak($k)) *m Tnk (Ak+1($k+1), S 7An(xn))

whenever {z1,..., 2} N ({@p41,..., 20} + V) =0;

Assuming validity of axiom (3), one proves that axiom (4) is equivalent to the following causality
relation for the S-matrix:

S(H+G+F)=SH+G)*S(G)* ' «S(G+F) if suppHN(suppF+V_)=0, (4.7)

where (—)*~! means the inverse w.r.t. the star product.

Due to the axioms (1) (Linearity) and (3) (Symmetry) it holds that

s .= s (p) = %Tn (nth derivative of S(F) at F = 0), i.e., S (F®") = %‘AZOS()\F)-

We turn to the renormalization conditions:
(5) Field independence: 6T,,/dp =0 .

Performing a (finite) Taylor expansion of T, (Al(xl), LA (xn)) in ¢ with respect to ¢ = 0, one shows
that Field Independence is equivalent to the validity of the causal Wick expansion: For monomials
Ay,..., A, € P it holds that

T (Ar(21),. ., Aulzn) = Y wo(Tn(Al(ml),...,An(ajn))> Ay (1) - An(zn),  (4.8)
A CA

where each submonomial A of a given monomial A and its complementary submonomial A are defined

by

oFA _
A= 0 A:=Cy o0 0. 0% 4.9
A= S 00y #0, 1ar, 0% @ (4.9)
(no sum over ay,...,ay in the formula for A), with Ca,...a; being a certain combinatorial factor. The

range of the sum ZAQA are all k € N and ay,...,a, € N? which yield a A # 0. (For k = 0 we
have A = A and A = 1.) The main message of the causal Wick expansion is that T}, (Al(azl), .. ) €
D'(M™,F) is uniquely determined by the C-valued distributions wq (T}, (4;(z1),...)).

(6) Unitarity and field parity: In order that S(S) is unitary for real interactions (i.e., S = 5*),
we require

S(F)" =S(F*)*™! VF € Fige. (4.10)
Field parity is the condition

aoT,=T,0a®", wherea:JF — Fisdefined by (aF)[h]:=F[-h] YheF.  (4.11)



(7) Poincaré covariance: fp , 0T, =T, 0 ﬂ@f V(A a) € (Pl,
where 5 o : T — J is defined by

Baa Y (fnr ™) = (ful@1, .- 2n), 0(Az1 +0) @ -+ @ p(Azy + a)).

n n

Considering only Translation covariance (i.e., A = 1), we conclude that the C-valued distributions
ba(Av oy A (0 = T @y = ) = o (T (A (@), . An(2n)) (4.12)

depend only on the relative coordinates, since wp o Br,q = wo. By using the causal Wick expansion
(4.8), one easily verifies that this property (4.12) is in fact equivalent to Translation covariance.

(8) Off-shell field equation:

To(p(9)@F1 @@ Fy1) = ¢(g) Tna (F1® -~ ® Fyq) (4.13)
n—1
OF;
[ dedy g@) B =) Y Ta (o0 @0 B
k=1

where g € D(M) and HE is the Feynman propagator belonging to the two-point function H,,,
that is, HE (x) := 0(z°) Hpp(2) + 0(—2°) H(—x).

(9) Smoothness in the mass m > 0: By the basic axioms, T = T("™) depends on the mass m of
the free field equation via the star product x,, appearing in the Causality axiom. We require
that the distributions

tm(Ay,...,A,) (4.12) depend smoothly on m > 0, for all A4;,..., A, € P and all n.

This axiom excludes quantization with A} ; hence, in the following we quantize with a Hadamard
function H,

The next axiom deals with the scaling behaviour of the T-product. For this and also in view of the
inductive construction of the T-product we introduce some notions:

Definition 4.1. Let f € D'(R¥) or f € D'(RF\ {0}).

(a) We say that f scales almost homogeneously with degree D € C and power N € N iff

N+1 N
(Bx+D) " sy =0 and (Bx+D) flyn,..om) #0, (4.14)
where Ej := Zf_:l yr /0y, is the Euler operator. When N = 0, we say there is homogeneous

scaling of degree D.

(b) For f(y) = f™(y) (where y € R¥) being differentiable in the mass m > 0, we say that f("™)(y)
scales almost homogeneously under (y,m) — (py, m/p) with degree D € C and power N € N iff
the relations (4.14) hold for (E — m d/9m) in place of E.

(c) The scaling degree (with respect to the origin) of f is given by
sd(f) :=inf{r € R [ limp" f(py) = 0} ,
p.

where inf @ := oo and inf R := —c0.

For example, 0% € D’'(R*) scales homogeneously with degree D = k+|a|. Obviously, a distribution
f scaling almost homogeneously with degree D € C (and arbitrary power N) has scaling degree
sd(f) = ReD.

We also need the “mass dimension” of a monomial A € P.



Definition 4.2. The mass dimension of 0%p € P is defined by
d—2
dim 0%p := —5* la| for a€N?.

For monomials Ay, As € P, we agree that dim(A; As) := dim A; + dim A,.

Denoting by P; the vector space spanned by all monomials A € P with dim A = j we introduce
the set of “homogeneous” polynomials: Ppom := U ieny2 P;.
(10) Scaling: For all monomials Ay,..., A, € P and all n > 2 we require that

tMm(Ay,...,A,)(y) scales almost homogeneously under (y,m) — (py, m/p) with degree
D =3} dimA4; and an arbitrary power N < oo (where y € R4"=1)),
(11) h-dependence: For all monomials Ay,..., A, € P fulfilling A; ~ h°Vj and all n > 2, we

require
tn(A1, ..., Ap) ~ pi=1 A451/2 7

where |A| is the degree of the monomial A, i.e., A(z)[Ah] = A4l A(x)[h] for all h € €, A > 0.

We point out that in axiom (10) the degree D fulfills D € N (also in odd dimensions d), and in axiom
(11) the power of h satisfies > 7_, |4;|/2 € N. Both statements rely on the observation that Field
parity (4.11) and wp o & = wp imply that

tn(A1,... Ay) =0 if Y |A;] s odd;
j=1
and, for the statement about the degree, we also use that for A = chzl 0% ¢ (c € R) it holds that
. . J - J
dimA = J-dimep + Zj=1 la;| = |A]- % + Zj:l |a;].

4.2 Inductive construction of the T-product

The T-product T = (T},) is constructed by induction on n, starting with axiom (2) (Initial condition).
Turning to the inductive step (n — 1) — n we introduce the thin diagonal in M™:

Api={(21,...,0,) EM™ |21 =... =2, } . (4.15)

Inductive step, off the thin diagonal A,. The axioms (4) (Causality) and (3) (Symmetry)
imply the following: For each point x € M™ \ A, there exist a neighbouhood U, C M™ of z, a
ke{l,...,n—1} and a permutation 7 such that

To(Ar(x1), .. An(zn)) = Tr(Ar@) (@n)s - - - Are) (@ (r)))
* Tk (A‘n'(k-‘rl) (xTr(k+1))7 SERE) Aﬂ'(n) (x‘n'(n))) on ®(Ux)

forall Ay,..., A, € P; thatis, T, (Al(xl), e ) | (v,) is uniquely determined in terms of the inductively
known (T%)1<k<n. This observation gives part (a) of the following Theorem.

Theorem 4.3. Let (T})1<k<n be constructed.

(a) Uniqueness: If there exists some map Ty, : P — D' (M™,F) fulfilling the basic axioms, then
its image is uniquely determined on D(M™\ A,,).
(b) Eristence: There exists a map T2 : P¥" — D'(M™\ A, F) satisfying all azioms (1)-(11).
The proof of part (b) is constructive, using a partition of unity subordinate to an open cover of
M™\ A, [4,20].
Alternatively, the use of a partition of unity in the inductive construction of T can be avoided by

working with the distribution splitting method of Epstein and Glaser [9, 18], on the price of a more
complicated combinatorics.?

2Note that for the construction of T,? the distribution splitting can be done by multiplication with a Heaviside-
function. Hence, the distribution splitting problem in the Epstein—Glaser construction is an equivalent reformulation of
the extension problem TO — T), treated in the next paragraph.



Extension to the thin diagonal A,. The extension of TY (taking values in D'(M™ \ A,,5))
to a well-defined T,, (taking values in D'(M™, F)) is non-unique and it corresponds to what is called
“renormalization” in conventional approaches. By part (a) of Thm. 4.3, the renormalization conditions
are not used for the construction of T, but they give guidance on how to do this extension and reduce
the non-uniqueness drastically.

Since we are constructing T, : P®" — D'(M", F) (instead of T, : FZ — F), the AWI plays the role
of an additional renormalization condition. We fulfil it by first constructing 7, (31 (z1),..., Bn(xn))
for all By,..., B, € Ppa and then we define T, (Al(acl), e An(xn)) for arbitrary Aq,...,A, € P by
(4.6).

By Linearity (axiom (1)), the causal Wick expansion (axiom (5)) and Translation covariance (axiom
(7)), the problem is simplified to the extension of

Oy) =t O(By,..., By)(y) == wo (T,gm%o (Bi(x1), . .-, Bn(:zzn))> e D'(R¥™D\ {0}, 0),

where y := (£1—2p, ..., Tn—1—2n) and Bi,..., By € PraNPhom, to a distribution t € D’(Rd(”_l), C).
In view of axiom (10) (Scaling) we require here and in the following that B; € Ppal N Phom; this is
sufficient since there exists a basis of Py, lying in Prom.

Obviously, any extension ¢ € D’(RF) of a given t° € D'(R* \ {0}) obeys sd(¢) > sd(t°). Looking
for extensions which do not increase the scaling degree, existence and uniqueness of this problem is
answered by the following [4]:

Theorem 4.4. Let t° € D'(R*\ {0}). Then:

(a) If sd(t°) < k, there is a unique extension (called “direct extension”) t € D'(R¥) fulfilling the
condition sd(t) = sd(t°).

(b) If k < sd(t°) < oo, there are several estensions t € D'(RF) satisfying the condition sd(t) =
sd(t°). In this case, given a particular solution to, the general solution is of the form

t=to+ »_ Cad%u with CoeC. (4.16)
la]<sd(t%)—k

The proof is constructive, the idea of the construction is given in Sect. 4.3.

Turning to the maintenance of the axioms (9) (Smoothness in m > 0) and (10) (Scaling) in the
extension t9 = tSZ")’O(Bl, ..., By) — t (where By, ..., B, € PraiNPhom), we set D := Z?Zl dimB; € N

and we first point out that in the case m = 0 we may apply the following [11,13,15]:

Proposition 4.5. Let t° € D'(R* \ {0}) scale almost homogeneously with degree D € C and power
Ny € N. Then there exists an extension t € D'(R¥) which scales also almost homogeneously with
degree D and power N > Ny:

(i) If D ¢ N+ k, then t is unique and N = Ny;

(ii) if D € N+ k, then t is non-unique and N = Ny or N = Ng + 1. In this case, given a particular
solution tg, the general solution is of the form

t=to+ Z Ca 0%y with arbitrary C, € C. (4.17)
la|l=D—k

For the subcase Re D (= sd(t°)) < k of case (i), the unique t agrees with the direct extension of t° of
part (a) of Thm. 4.4.

For m > 0, Smoothness in m > 0 of t(™):0 € D/(R¥"”=1\ {0},C) ensures the existence of the
Taylor expansion

0 I 0 D—d(n—1)+1,(m),0 0 9'tm-0(y)
0y = >0 Srul(y) +mP TR0 ) with w(y) = = (4.18)
1=0 ’ m=0



Almost homogeneous scaling under (y,m) — (py,m/p) of t(™):0 with degree D implies almost ho-

mogeneous scaling under y +— py of ulo with degree D —1 € N 4 d(n — 1), hence we may apply

part (i) of Prop. 4.5 for the extension u{ — u; € D'(R¥™~1 C). Considering tEZé)’O, one shows

that the validity of the axioms (9) and (10) for t™™° implies the validity of (9) for '")"* and that
red

sd(tfgzl)’o) < d(n—1). Hence, Thm. 4.4(a) (i.e., the direct extension) provides a unique extension tf:i)
with sd(tggé)) = sd(tig)’o) . The latter maintains smoothness in m > 0 and one verifies that it also
maintains almost homogeneous scaling under (y, m) — (py, m/p) with degree d(n — 1) — 1.

The construction given so far guarantees that the resulting T, satisfies the renormalization con-
ditions AWI, Field independence, Translation covariance, Smoothness in m > 0 and Scaling. How to
maintain the further renormalization conditions in the extension O — ¢,,?

e For axiom (10) (A-dependence) this is reached by doing the extension in each order of 7 individ-
ually.

e Turning to the symmetries required in axiom (6) (Unitarity and Field parity) and (7) (Lorentz
covariance) we quote the following general result: Given a t scaling almost homogeneously
and being symmetric w.r.t. a certain group G, there exists an extension t, which scales also
almost homogeneously and is also G-symmetric, if all finite-dimensional representations of G are
completely reducible. This assumption is satisfied for Unitarity and Field parity (in both cases
G is the group ({—1,1}, -) and also for the Lorentz group Ll.

The construction of a G-symmetric t,, is an easy task for the Star-structure and the Field parity

(one starts with an extension satisfying all other renormalization conditions and symmetrizes it
w.r.t. §), but for Lorentz covariance this requires some effort. (See also [16,18]).

e The Off-shell field equation (axiom (8)) is satisfied by defining ¢,,(p, B1, ..., Bp—1) (with By,...,B,_1 €
Phal N Phom) in terms of ¢, 1 by the vacuum expectation value of the relation (4.13) (note, that
the first term on the r.h.s. of (4.13) does not contribute). The so defined ¢, (¢, B1,...,Bn_1)
is an extension of t2(p, By, ..., B,_1) (because the latter fulfills (4.13)) and one verifies easily
that it satisfies all other renormalization conditions.

4.3 Techniques to renormalize

In this section we sketch main techniques to compute the extension D'(R* \ {0}) 3 t* — ¢t € D'(R¥).

Direct extension and W-extension. In the proof of Thm. 4.4 the extension ¢ is constructed as
follows [4,9]:

e For sd(t) < k the (unique) “direct extension” is obtained by

(t,h) == lim (%, x,h)  Vhe DRF), (4.19)

im
p—00
where x € C®(RF) is such that 0 < x(z) < 1, x(z) = 0 for |z| < 1 and x(z) = 1 for |z| > 2
and we use the notation y,(z) := x(pz). Since x,(z)h(z) € D(R*\ {0}) for any p > 0, the
expression (t, x,h) exists. One proves that the limit (4.19) exists and defines a distribution
t € D'(RF). Since for any h; € D(R*\ {0}) it holds that x,h; = hy for p sufficiently large, this
t is indeed an extension of t°. In addition one shows that sd(t) = sd(¢°).

For practical computations the formula (4.19) means that the direct extension ¢ is given by the
same formula as t°.

e For sd(t°) > k: Let w := sd(t") — k be the singular order of t. Introducing the subspace of test
functions

Dy, 1= Dy(R¥) := {h € D(R*)| 9°h(0) = 0 for |a| <w} , (4.20)

one proves that t has a unique extension t,, to D!, satisfying sd(t,) = sd(t") — roughly speaking,
the direct extension applies also in this case:

(tw, h) = lim %, x,h) . (4.21)
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Each projector W: D(R*) —s D, defines an extension tV € D’(R¥) (called “W-extension”) by
(t", ) = (to, Wh), (4.22)
Since Wh = h for h € D(R* \ {0}), the relations
W h) = (t,, Wh) = (t.,,h) = (t° h)

show that " is indeed an extension of t°. More elaborate is the proof of sd(t") = sd(t°).

Any set of functions w, € D(R*) (where a € N¥ with |a| < w) satisfying
Pwa(0) =62 YbeNF | b <w (4.23)
defines such a projector W by

Wh(z) = h(z) = > 9"h(0) wa(x). (4.24)

la|<w

One can prove that every extension ¢ having sd(t) = sd(t°) is a W-extension (4.22) with the
projector W given in terms of a family of functions (w,) (4.23) by (4.24).

For practical computations, the W-extension has essential disadvantages: Firstly, for t" (given
by (4.22) and (4.24)) Lorentz covariance is at least not manifest, since there does not exist any
Lorentz covariant w, € D(RF). Secondly, to compute " explicitly, one needs explicit formulas for
the functions (w,) which makes the computation unhandy.

Due to this and due to the Taylor expansion in m > 0 of t° (4.18), in praxis one is left with the
following problem: Given a distribution t° € D'(R* \ {0}) which scales almost homogeneously with
degree D € k+N, find an extension t € D'(RF) which scales also almost homogeneously with degree D.
We are going to sketch two techniques solving this problem.

Differential renormalization. The idea is to trace back the case D > k to the simple case D < k,
in which the solution is unique and obtained by the direct extension (Prop. 4.5), in the following way:
Write t0 as a derivative of a distribution f© € D’(R*\ {0}) which scales almost homogeneously with
degree D — [ < k, where [ € N\ {0}; more precisely

0=2f0 with D=> C.0", C,€C, and (EBz+D-1)"f'=0 (4.25)

|a|=l1

for N € N sufficiently large. Let f € D’(R¥) be the direct extension of f9; it scales also almost
homogeneously with the same degree D — [ and the same power. Then

t=Df (4.26)
exists in D'(R¥) and is an extension of t°, because for h € D(R* \ {0}) we get
(t.h) = (Df,h) = (=1)'{(,Dh) = (=1)' (f*,Dh) = (Df*, h) = (t°, h) , (4.27)

and one easily verifies that (E, + D)Vt =0

In praxis, the difficult step is to find a distribution fO € D’(R* \ {0}) satisfying the conditions
(4.25). A general method to solve this problem is not known; however, differential renormalization
has been successfully applied to a wealth of concrete examples, see e.g. [10,17].

Analytic renormalization. 2 Roughly, the idea is to solve the above given extension problem as
follows: One introduces a (-dependent “regularized” distribution t¢° € D’(R¥\ {0}) (where ¢ € C\{0}
and |¢| sufficiently small), such that lim¢_o#¢? = t° and that ¢¢9 scales almost homogeneously with
a non-integer degree D¢. From Prop. 4.5 we know that t¢0 has a unique extension t¢ € D'(R*) which

3 Analytic renormalization was first applied to z-space Epstein—Glaser renormalization by Hollands [12]. Essentially,
we follow [7].
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scales almost homogeneously with the same degree D.. The explicit computation of t¢ is generically
much simpler than the computation of a solution of the original extension task, mostly this can be
done by means of differential renormalization — this is the gain of the regularization. For the resulting
extension t¢ one then removes the regularization, i.e., one performs the limit ¢ — 0. In order that
this limit exists in D’(R¥), one has to subtract a suitable local term.

To explain this in detail, first note that almost homogeneous scaling of t° implies that the above
introduced unique extension t,, to D’ (R¥) (4.20) (where w := D—k) scales also almost homogeneously.

Definition 4.6 (Analytic regularization). With the given assumptions (see the above formulated
problem) and notations, a family of distributions {tC}CEQ\{O}, t¢ € D'(RF), with Q C C a neighbour-
hood of the origin, is called a regularization of t°, if

lim (t°, h) = (t,,h)  Vh € D, (RF), (4.28)
¢—0

and if ¢ scales almost homogeneously with degree D¢ = D + D, ¢ for some constant Dy € C\ {0}.
The regularization {t¢} is called analytic, if for all h € D(R¥) the map

Q\ {0} 3¢+ (t° D) (4.29)
is analytic with a pole of finite order at the origin.

Let {t‘} be an analytic regularization of t° and let ¢ be an almost homogeneous extension of ¢°.
As mentioned above, ¢ can be written as a W-extension, that is, there exist functions (w,) (4.23) such
that

(t.h) = (% h) = {1, Wh) = lim (1, Wh) = lim (<t< B — };w(ﬁ W) 6%(0)) , (4.30)

by using (4.22), (4.28) and finally (4.24). In general, the limit of the individual terms on the right-
hand side might not exist. However, each term can be expanded in a Laurent series around ¢ = 0,
and since the overall limit is finite, the principal parts (pp) of these Laurent series must cancel out:

(pp(t9), hy :=pp((t*, 1)) = Y pp((t°,wa)) 9"h(0) , Vh € D(RF) . (4.31)
jal<w

We conclude that
pp(t(z)) = > Ca(¢)00(z) , where Co(¢) = (—1)1 pp((t*,wa)) . (4.32)

la|<D—k

Proposition 4.7 (Minimal subtraction). (a) The sum in (4.32) runs only over |a| = D — k, that
is, the principal part pp(t°) is a local distribution which scales homogeneously with degree D.

(b) The regular part rp(t°) :=tS — pp(t°) defines by
(M5, by := lim 1p((t*,h)) , Vhe DRFY), (4.33)
¢—0
a distinguished extension of t° which scales almost homogeneously with degree D (“minimal

subtraction”).

That tMS is an extension of t° with sd(t™M5) = sd(t°), can be seen as follows: We compare tMS
with the initial extension ¢ = t". Using (4.30), (4.31) and the definition of tMS (4.33), we obtain

(t,h) = ggl})<<t<,h> - > (pp(<t<,wa>) +rp(<t<,wa>)) 8“h(0>>
|l <w
= (™S, h) = > (tM5,w,) 0°h(0) , h e DRF). (4.34)
Ja] <w

Hence, tMS differs from ¢ by a term of the form tMS —¢ = Z‘ b, 0% , b, € C. More involved is the

proof of the statements that pp(¢¢) and tMS scale homogenously or almost homogenously, respectively,
with degree D.

a|l<w
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4.4 Stiickelberg—Petermann renormalization group and Main Theorem

The Main Theorem is essentially the following statement: A change S — S of the renormalization
prescription can equivalently be described by a renormalization of the interaction F — Z(F):

S(F)=S(Z(F)) VYF € Fioc - (4.35)

The definition of the Stiickelberg—Petermann renormalization group (RG) is such that the set of all
maps Z: Floc — Floe appearing in this relation, when (S, S) runs through all admissible pairs of S-
matrices, is precisely the Stiickelberg—Petermann RG. Consequently, the definition of the Stiickelberg—
Petermann RG depends on the set of renormalization conditions for the T-product. For brevity, we
use here only Field Independence and Translation covariance.

Definition 4.8. The Stiickelberg—Petermann RG is the set R of all maps
Z: Froclh, k] — Froc[[h, k] satisfying the following properties:

(1) Analyticity: Z is analytic in the sense that
— 1
Z(F) =Y = 2ZM(F®"), where ZM :=Z"(0) : Fipe[h, 6" — Froe[, k]
n!
n=0

is the nth derivative of Z(F) at F =0 (i.e., Z(™) is linear, symmetrical in all factors and can be
computed by Z™ (F®n) = 42| Z(AF)).

(2) Lowest orders: Z(©) = z(0) =0, ZM) =1d .

(3) Locality, Translation covariance: For all monomials Ay, ... ... , A, € P the VEV

2 (AL, A (2 — 2, ) = wp (Z(") (A1 (21), ... ,An(xn))) (4.36)
depends only on the relative coordinates and is of the form

(AL A (e — ) = 6, Z CUAL, ..., Ap) 0% (1 — Tny oo oy Tyt — T)

acNd(n—1)
with constant coefficients C*(Ay, ..., A,) and &,, denotes symmetrization in (A1, 1), ..., (An, Ty,).
(4) Flield independence: §Z/6p = 0.

The distributions Z(™ (A (z1), ..., An(zn)) € D'(M™, Fioc) , Ai,..., A, € P appearing in (4.36)
are defined analogously to T}, (A1 (21), ..., An(zn)) (see (4.6)), hence, they also satisfy the AWL.

Similarly to the T-product, the Field independence property (4) for Z is equivalent to the validity
of the (causal) Wick expansion (4.8) for Z(™) ¥n > 2.

In the framework of causal perturbation theory, a first version of the Main theorem was given by
Popineau and Stora [16]; we present here a more elaborated version.

Theorem 4.9 (Main Theorem). (a) Given two S-matrices S and S both fulfilling the azioms, there
exists an analytic map Z: Froc[h, ] — Froc[hs K] (i-€., Z satisfies the property (1) of Definition

4.8), which is uniquely determined by
S=So0Z2. (4.37)

This Z is an element of the Stiickelberg—Petermann RG R.

(b) Conwersely, given an S-matriz S fulfilling the axioms for the T-product and an arbitrary Z € R,
the composition S := S o Z also satisfies these axioms.

A corollary of this Theorem states that (R, o) is indeed a group.
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4.5 Interacting fields and the algebraic adiabatic limit

Interacting fields are obtained from the S-matrix by Bogoliubov’s definition [2]: for F' € Fjo the
formal power series

_hd
i dA |,

is the interacting field belonging to the free field F' (i.e., Fs|s—0 = F) and to the interaction S. By
using only the basic axioms for T, one proves that the so defined interacting fields satisfy Causality,
that is,

Fs : S(S)* "1 xS(S + \F) € F[h, x] (4.38)

Fsig=Fs if suppGN(suppF +V_) =0, (4.39)

and the Glaser-Lehmann-Zimmermann (GLZ) relation (which plays an important role in Steinmann’s
inductive construction of the perturbative interacting fields [19])

1 d
- [Gs, Fs], = 5‘/\:0 (Fs-i-/\G - Gs+,\F) , (4.40)

(where [+, -]« denotes the commutator w.r.t. the star product). Combining these two properties we
get spacelike commutativity:

[Gs, Fsl, =0 if (z—y)> <0 forall (z,y)€suppG x supp F.

The validity of the renormalization conditions for 7" implies corresponding properties for the interacting
fields, e.g., unitarity (axiom (6)) implies (Fgs)* = (F*)g- and, as the name says, axiom (8) implies

O+ m)pla)s = O+ m)ola) + (505))

In addition, axiom 11 (h-dependence) implies that, for S, F' ~ h°, the interacting field Fg is a
formal power series in k; hence, its limit i — 0 exists and gives the pertinent (perturbative) classical
interacting field — however, the limit limy_,o S(S) does not exist.

Algebraic adiabatic limit. To obtain scattering amplitudes contributing to inclusive cross sections,
one has to perform the (weak) adiabatic limit limg_,; wo (F * S(S(g)) * G) for appropriate G, F € F
describing the in- and out-state, respectively. In contrast, from the interacting fields one can extract
observable quantities without performing this limit; to wit, the local, algebraic structure of these fields
does not depend on the adiabatic switching of the interaction.

To explain this, let O be an open double cone (i.e., O = (z+V,)N(y+V_) for some pair (z,y) € M?
fulfilling y € (z + V4)) and let Fioc(0) 1= { F € Fioc| suppF C O}. We introduce the algebra of
interacting fields localized in O:

Ar,.. (0) = \/*{Fs(g) | F € Floc(0)} with g€ §(0):={ge DM,R)|glg=1}, (4.41)

where \/, means the algebra, under the *-product, generated by members of the indicated set and
S(g) is obtained from Lin, by (4.1). A main problem is that Fg(,) depends on the restriction of g to
O + V_ (by causality, see (4.39)); but the algebra Ay, (O) should rather be independent of g. This
is indeed the case [4].

Theorem 4.10. As an abstract algebra (4.41) is independent of the choice of g € G(O). Concretely,
for any g1, 92 € 5(0), there is a unitary* element Uy, 4, € F[r] such that

Ugi.go * Fs(g1) * (Ugl,gz)*_1 = F5(gy), forall F & JF.(0). (4.42)

The proof uses only causality and unitarity of the S-matrix, i.e., (4.7) and (4.10).

4To say that U is unitary means that U* «U = U « U* = (1,0,0,...) in F[x].
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