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Among all second order nonlinear integrable ordinary di↵erential equations (ODE’s)
there are two distinguished classes, playing important roles in modern mathematics and
physics. The first class is represented by nonlinear equations of Stäckel-type, with an
autonomous Hamiltonian representation on a symplectic manifold
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dtr
= Xr(⇠) ⌘ ⇡dhr(⇠), r = 1, . . . , n, (1)

which are Frobenius integrable (also known as Liouville integrable in this case)

[Xr, Xs] = 0, r, s = 1, . . . , n.

Moreover, the autonomous equations (1) are represented by the isospectral Lax equations

d

dtk
L(�; ⇠) = [Uk(�; ⇠), L(x; ⇠)], k = 1, . . . n. (2)

The second class is represented by nonlinear ordinary di↵erential equations of Painlevé-
type, with a non-autonomous Hamiltonian representation

d⇠

dtr
= Yr(⇠, t) = ⇡dHr(⇠, t), r = 1, . . . , n, (3)

where t = (t1, . . . , tn). The set of n equations (3) constitutes a non-autonomous Painlevé-
type system if is Frobenius integrable
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+ {Xr, Xs} = 0, r, s = 1, . . . , n (4)

and the system is represented by the isomonodromic Lax representation

d

dtk
L(x; ⇠, t) = [Uk(x; ⇠, t), L(x; ⇠, t)] +

@Uk(x; ⇠, t)

@x
, k = 1, . . . , n. (5)

In this lecture we present a systematic deformation of autonomous Stäckel-type systems
to non-autonomous Painlevé-type hierarchies. In particular we construct the infinite hier-
archies of Painlevé I (PI), Painlevé II (PII), Painlevé III (PIII) and Painlevé IV (PIV ).
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