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Formal deformations

@ A — associative algebra over a field k
o L ARKA— A
o Allel] @x(epy Allel] — Allel]

Alle]] ke Allell —= Ak A

l ’

Alell ——A
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Formal deformations

=0 =

@ star product
o u,ve Al

uxv=u-v mod (¢)

@ a,beA

axb=ab+ Bi(a,b)t + By(a,b)t> + ...
e Bi: A2 — A — bilinear
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R-deformations

A — associative algebra
R = kle]/(e")
(Ak R)®r (A®kR) - A®« R

(A®k R) ®r (A®k R) —= A®) A

l l#

ARk R A

k[e]/(£?)-deformations — infinitesimal deformations

{k[[¢]] — deformations} iR [i_m{k[e]/(s") — deformations}
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Equivalence of deformations

° x ~ %
k[[e]]-module morphism g: A[[]] — A[[¢]]
R = k[e]/(e™)-module morphism g: A®x R — A®« R

g(axb) =g(a) + g(b)
a,b e Alle]] or A2k R
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Lie bracket

@ (A, ) associative and commutative algebra

@ x associative formal deformation of p
@ a,beA

{a, b} = Bi(a, b) — Bi(b, a)

o {—,—} is a Lie bracket
o {—,—} is bilinear
o {a,b} = —{b, a} - alternating
e Jacobi identity

{a, {bc}t+{c {ab}}+{b {ca}}=0
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Poisson bracket

e {—,—} is a Poisson bracket
@ a,b,cec A

{a,bc} = {a,b}c + b{a,c}

e {—,—} depends only on equivalence class of x
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Differential graded Lie algebras

o L — Z-graded vector space
@ Lie bracket — linear map of degree 0

[, -]:LeL—L
o differential — linear map of degree 1
d:L—1L
e XelP, YelLd

e graded-commutative
[X, Y] =—(=1)"[Y, X]
o graded Jacobi identity
X[, 21 = [[X, Y], 2] + (=1)77]Y, [X, Z]]
o differential is a derivation

d([X, Y]) = [dX, Y]+ (=1)?[X, dY]
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Maurer—Cartan equation in DGLA

e (L,[-,—],d) is a DGLA

L:@L"

iez
L% — Lie algebra
Maurer—Cartan equation in DGLA
Xell

dX + 3[X, X]

solutions play important role
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Maurer—Cartan form

o G - Lie group
o g = Lie(G) = T.G — its Lie algebra
o L,: G — G, h— gh - left multiplication

o TG — g — g-valued 1-form

@ Maurer—Cartan form w

W(X) = (Lg1)-(X)
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Exterior differential of Maurer—Cartan form

Examples
e X, Y — left invariant
o (Lg)X =X

o w(X) = const
o W([X, Y]) = [w(X),w(Y)]

@ dw — g-valued 2-form
dw(X,Y) = X(w(Y)) = Y(w(X)) —w([X, Y])

o X(w(Y))=Y(w(X))=0
o dw(X,Y)+ [w(X),w(Y) =0

Pawet Witkowski () Introduction to deformation quantization al April 9, 2009



Maurer—Cartan equation

o Maurer—Cartan equation

dw+ 3[w,w] =0

@ wedge product of g-valued 1-forms

@ use bracket instead of multiplication

(w A W)X, Y) = 3([w(X),w(Y)] = [w(Y),w(X)])
= (3lw,w)(X, Y)

o Maurer—Cartan equation

dv+wAw=0




Maurer—Cartan equation

e Maurer—Cartan equation
dw+ 3[w,w] =0

@ wedge product of g-valued 1-forms

@ use bracket instead of multiplication

(w A W)X, Y) = 3([w(X),w(Y)] = [w(Y),w(X)])
= (3lw,w)(X, Y)

o Maurer—Cartan equation

dv+wAw=0
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Jacobi identity

0 d>=0
0 dwAw)=0
o d(w Aw) — g-valued 3-form

dlwAw)(X,Y,Z)=[X,[Y,Z]] +[Y,[Z, X]]| + [Z,[X, Y]]

@ Jacobi identity
X, 1Y, Z]| +[Y,[Z, X]] +[Z,[X,Y]]=0

e d2 =0 < Jacobi identity
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DGLA Tyory = (V,[—, —]sn, d = 0) of polyvector fields
Schouten-Nijenhuis bracket

DGLA (C,[—, —]g, d) of Hochschild cochains
Gerstenhaber bracket

DGLA Dyoly = (D, [—, —]g, d) of polydifferential operators
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Vector fields, polyvector fields

M — manifold

TM — tangent bundle

global sections I'(M, TM) — vector fields
Lie algebra structure

Lie bracket on vector fields

X, Y el(M, TM)

[X,Y] = XY — YX € [(M, TM)

@ global sections I'(M,AP(TM)) — polyvector fields
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Vector fields, polyvector fields

o Lie derivative
e X, Y el(M, TM)

Lx(Y)=[X,Y]
e X el (M, TM), f € C>®(M)
dimM
; Of
Lx(V)=[X.fl= > X'
=1
@ extend it into DGLA
o V1 =C>®M),V°=T(M,TM)
e VP = I’(M,/\”Jrl ™)
o differential d =0
@ bracket?

[, —]: Vko V! — prt!
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Extension of Lie bracket

o extendto X € V0, YiA...A Y, e VK1

k
XYiA AV =D (D)X YA VI A A YA A Y
i=1
o extend to X1 A -+ A Xy € VETL f € C°(M)

k
Xi A A X =Y (D) L (F)Xe A A X A A X
i=1
o finally for Xy A--- A X, € VEL YA A Y e VL

[Xp Ao A Xk, Yi A oA Y]
k
=3 S DX YIAX A AKX AYL A AY A AY
i=1 j=1
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Schouten bracket

e Jextension of [, ] to V=P< V'

@ Schouten—Nijenhuis bracket

[_, _]SN: Vk ® VI N Vk+/

graded commutative

[X, Ylsn = = (=17, X]

graded Jacobi identity

XY Zswlsn = X Yisw, Yisn + (=1)TY, [X, Zlswlsn

(V,[—, —]sn,d = 0) is a DGLA
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Poisson bracket

o bivector field M € V! = [(M,A\>TM), f,g € C>®(M)

@ Poisson bracket

{f,g} = 3(N, df A dg)

@ Jacobi identity for {—, —}

{{f.g}, b} +{{g, h}, f} +{{h,f}, g} =0

@ equivalent to
[I_I7 I_I]SN =0

o [1is a solution of Maurer—Cartan equation

dn+ 1[N, Msy =0
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Hochschild complex

o A — algebra

e C(A, A)® — cochain complex

Hom(A®P,A) p>0

C(A, AP = {0

p<0
e coboundary d: C(A,A)* — C(A, A)*+1
df(ao, ..., ap) = aof(a1,...,ap)
p—1
- Z(—l)lf(ao, ey didigls e, ap)
i=0

+ (—l)p_lf(ao, ce.,dp—1)ap
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Hochschild cohomology

HHP(A, A) = HP(C(A, A)®, d)
cup product
feC(A AP, ge C(A A9

(fug)(at,...,ap+q) =f(a1,...,ap) - g(ap+1,-.-aq)

associative but not commutative

commutative on the level of cohomology
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0-cocycles

@ 0-cocycles

C(A, A)° = Homy(k, A)
0 gcA dg=07

dg(a) =ag—ga=0

e g € Z(A) — center of A
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1-cocycles

@ l-cocycles
e f:A— A df =07

—df(a, b) = af (b) — f(ab) + af(b) =0
f € Der(A) — derivations A — A

1-coboundaries
o f:A— A f=dg, geA?

(]

dg(b) = bg — gb = [b, g]
f € InnDer(A) — inner derivations A — A
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Gerstenhaber product

o f € C(A AP, g € C(A,A)9 — Hochschild cochains
o fege C(A ApPta-l

(feg)(ar,.. ap1q-1) =

p—1
D (1) (ay, ... a1, 8(ai41s - 3idq); idqits - > Aprq-1)
i=0

@ not associative
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Gerstenhaber product is not associative

o feC(A A2 g he C(A A
o gehe C(A AN, (Fog)ehfe(geh)eC(A AR

(g » h)(a) = g(h(a))

((f e g)  h)(a, b) = (f e g)(h(a), b) + (f ® g)(a, h(b))
= f(g(h(a)), b) + f(h(a), g(b))
+f(g(a), h(p)) + f(a, g(h(b)))
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Gerstenhaber bracket

@ associator
A.(fagah) = f.(g.h) - (f.g).h

@ supersymmetric

A(f, g, h) = (=)@ DDA (F p g)

o Gerstenhaber bracket

[f.gle=feg—(-1)FP Y Vger

graded Jacobi identity

[f,[g; hlclc = [If, &l hle + (—1)"[g, [f, hlclc
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Hochschild differential and Gerstenhaber bracket

@ multiplication
w:ARA— A

o f e C(A AP

@ Gerstenhaber bracket with multiplication

df = pef+ (1P fep=1ufle
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Associativity in terms of Gerstenhaber bracket

o u: A® A — A associative

[U: M]G(av b, C) - /J'(:u(av b): C) - M(av :U’(b7 C)) - AM(a, b, C) =0

in general
@ B: AQ A — A is associative iff

[B,B]l¢ =0

associator

[B, B]g(a, b,c) = AB(a, b, c)
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DGLA of Hochschild cochains

o CP = C(A, AP+

o [—,—]g: CP®CT — CPT9 — bracket
e d = [u, —]¢ — differential

e (C,[—,—]g,d) is a DGLA
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Maurer—Cartan equation and associativity

e Be(Ct
o BIARA—A
e x=u+B

@ x is associative iff [, %] =0

[*,%]¢ = [u+ B, + Blg
= [, ]G + [, Bl + [B, ul6 + [B, Bl
= 2[u, Bl + [B, Bl
— 2dB + [B, Bl¢

@ Maurer—Cartan equation

dB + 1[B,Bl¢ =0
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Infinitesimal deformations

@ infinitesimal deformation of product a* b = ab+ B(a, b)e,
B:A®A—A

@ x associative iff

dB(a, b,c) = aB(b,c) — B(ab, c) + B(a, bc) — B(a,b)c =0

Hochschild 2-cocycles

equivalent deformations

B'(a, b) — B(a, b) = ag(b) — g(ab) + g(a)b

Hochschild 2-coboundaries

infinitesimal deformations up to equivalence — HH?(A, A)
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DGLA of multidifferential operators

M — manifold

A = C*°(M) — algebra of smooth functions

c(C=(M), C>=(M))*

subcomplex D* € C(C>*(M), C>*(M))*

cochains are multidifferential operators C>°(M)®P — C>(M)

acting as 0 on constant functions
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Bidifferential operators

o P: C®(M)® C®(M) — C=®(M)
@ x1,...,x, — local coordinates on M
Hlel e
P(a,b) =) fus <axlal a) <8x aib
@ «, 8 — multiindices

fag — smooth functions

fap vanish for almost all («, 3)
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Multidifferential operators

e P: C®(M)®P — C>®(M)

® Xxq,...,X, — local coordinates on M
P(ai,az,...,ap) =
glaal Hlazl olawl
g f. a al...| ——a
a102...0p 8X|O‘1| 1 aX‘OQ' 2 axlapl P
1,02,...,0p

® a1,q,...,0p — multiindices
® faas...a, — sSmooth functions

® fajay..a, vanish for almost all (ag, a2, ..., ap)
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DGLA of multidifferential operators

DP — (p + 1)-differential operators on C>°(M)®(p+1)

[—, —]c: DP ® D9 — DP*9 — bracket

d — Hochschild differential

not inner — multiplication u does not vanish on constants
Dyoly = (D,[—, )6, d) is a DGLA
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