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ON INVARIANT MEASURES OF "SATELLITE"
INFINITELY RENORMALIZABLE QUADRATIC
POLYNOMIALS

GENADI LEVIN AND FELIKS PRZYTYCKI

ABSTRACT. Let f(z) = 22 + ¢ be an infinitely renormalizable
quadratic polynomial and J,, be the intersection of forward
orbits of "small" Julia sets of its simple renormalizations. We
prove that if f admits an infinite sequence of satellite renor-
malizations, then every invariant measure of f : J,o — Jo is
supported on the postcritical set and has zero Lyapunov ex-
ponent. Coupled with [I4], this implies that the Lyapunov
exponent of such f at c¢ is equal to zero, which answers partly
a question posed by Weixiao Shen.

1. INTRODUCTION

We consider the dynamics f : C — C of a quadratic polynomial.
Up to a linear change of coordinates, f has the form f.(z) = 2%+ ¢
for some ¢ € C. In this paper, which is the sequel of [9], we assume
that f is infinitely-renormalizable. Moreover, in the main results we
assume that f has infinitely many "satellite renormalizations", see
e.g. [19], or below for definitions. Dynamics, geometry and topol-
ogy of such system can be very non-trivial, in particular, due to the
fact that different renormalization levels are largely independent.

Historically, the first example of infinitely-renormalizsable one-
dimensional map was, probably, the Feigenbaum period-doubling
quadratic polynomial f.,., where ¢p = —1.4... [6]. The Julia set
of f.,. is locally connected [7] as it follows from so-called "complex
bounds", a compactness property of renormalizations which is a key
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tool since [27], in particular, in proving the Feigenbaum-Coullet-
Tresser universality conjecture [27, 20, I5]. Perhaps, more strik-
ing for us are Douady-Hubbard’s examples, or alike, of infinitely-
renormalizable quadratic polynomials with non-locally connected
Julia sets [17, 26], 10, 11, 12, 4, B]. As for the Feigenbaum poly-
nomial f.,, all the renormalizations of such maps are satellite, al-
though, contrary to f.., combinatorics is unbounded (which, in
turn, implies that those maps cannot have complex bounds [I]).

Dynamics of every holomorphic endomorphism of the Riemann
sphere ¢ : C-C classically splits C into two subsets: the Fatou
set F'(g) and its complement the Julia set J(g), where F(g) is the
maximal (possibly, empty) open set where the sequence of iterates
g", n=0,1,... forms a normal (i.e., a precompact) family. See e.g.
[2], |[16] for the Fatou-Julia theory and [25] for a recent survey.

If g is a polynomial, then the Julia set J(g) coincides with the
boundary of the basin of infinity A(cc) = {z € C|lim, o ¢"(2) =
oo} of g. The complement C\ A(g) is called the filled Julia set
K(g) of the polynomial g. The compact K(g) C C is connected if
and only if it contains all critical points of g in the complex plane.

A quadratic polynomial f, with connected filled Julia set K (f) is
renormalizable if, for some topological disks U € V around the crit-
ical point 0 of f., and some p > 2 (period of the renormalization),
the restriction F' := fP : U — V is a proper branched covering
map (called polynomial-like map) of degree 2 and the non-escaping
set K(F)={z¢e€U: F"z) € Uforalln > 1} (called the filled
Julia set of the polynomial-like map F') is connected. The map
F : U — V is then a renormalization of f. and the set K(F) is
a "small" (filled) Julia set of f.. By the theory of polynomial-
like mappings [5], there is a quasiconformal homeomorphism of C,
which is conformal on K(F), that conjugates F' on a neighbor-
hood of K(F) to a uniquely defined another quadratic polynomial
fo with connected filled Julia set. If f. is renormalizable by it-
self, then f. is called twice renormalizable, etc. If f. admits infin-
itely many renormalizations, it is called wnfinitely-renormalizable.
The renormalization F' = fP is simple if any two sets fi(K(f)),
JIK(F)), 0 <i<j<p-—1, are either disjoint or intersect each
other at a unique point which does not separate either of them.
A simple renormalization fP» is called primitive if all sets fi(K,),
1=20,---,p, — 1, are disjoints and satellite otherwise.

To state our main results, Theorems , let f(z) = 2% + ¢ be
infinitely renormalizable. Then its Julia set J = J(f) coincides
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with the filled Julia set K(f) and is a nowhere dense compact full
connected subset of C. Let 1 = py < p1 < ... < p, < ... be the
sequence of consecutive periods of simple renormalizations of f and
Jn 2 0 denote the "small" Julia set of the n-renormalization (where
Jo = J). Then p,.1/p, is an integer, fP~(J,) = J,, for any n, and
f-orbits of J,,

orb(J,) = szofj(Jn) = U§261fj(=]n)>

n =20,1,..., form a strictly decreasing sequence of compact subsets
of C. Let

Joo = Ny>o0rb(J,)

be the intersection of the orbits of the "small" Julia sets .J,,. For
every n, repelling periodic orbits of f are dense in orb(J,) while
each component of J is wandering, in particular, J,, contains no
periodic points of f.

Let

P={f"0)n=1,2,...}
be the postcritical set of f. Clearly,
PC Js.
Moreover, the critical point 0 is recurrent, hence,
P =w(0),

where w(z) is the omega-limit set of a point z € J.

We prove in [9] that J,, cannot contain any hyperbolic set. On
the other hand, a hyperbolic set of a rational map always carries
an invariant measure with a positive Lyapunov exponent. So a
generalization of [9] would be that J, never carries such a measure.
Here we prove this generalization for a class of "satellite" infinitely-
renormalizable quadratic polynomials:

Theorem 1.1. Suppose that f(z) = 2> + ¢ admits infinitely many
satellite renormalizations. Then f : Joo — Js has no an invariant
probability measure with positive Lyapunov exponent.

Let us comment on the behavior of the restriction map f : Jo —
Jso where f as in Theorem First, by [9], the postcritical set
P must intersect the omega-limit set w(z) of each z € J,. At
the same time, dynamics and topology of the further restriction
f P — P can vary. Indeed, there are infinitely renormalizable
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quadratic polynomials f with all renormalizations being of satellite
type such that at least one of the following holdsﬂ:

(1) f : P — P is not minimal. This case happens in Douady-
Hubbard’s type examples. Indeed, by the basic construction [17],
J then contains a closed invariant set X (which is the limit set
for the collection of a-fixed points of renormalizations) such that
0¢ X. By [9], X NP is non-empty. Thus X N P is an invariant
non-empty proper compact subset of P.

(2) P is a so-called "hairy" Cantor set, in particular, P contains
uncountably many non-trivial continua. This case takes place fol-
lowing [3].

(3) P is a Cantor set and f : P — P is minimal; this happens
whenever f either admits complex bounds (which then imply J,, =
P) or is robust [T9% Under either of the two conditions, f : P — P
is a minimal homeomorphism, which is topologically conjugate to
x +— x + 1 acting on the projective limit of the sequence of groups
{Z/p,Z}2 ; in particular, f : P — P (hence, also f : Jo — Joo,
as it follows from the next Corollary is uniquely ergodic in this
case.

Theorem [I.1]yields the following dichotomy about the measurable
dynamics of f : J — J on the Julia set J of f. Recall that, by
[22], any invariant probability measure on the Julia set of a rational
function has non-negative exponent.

Corollary 1.1. Let p be an invariant probability ergodic measure
of f:J— J. Then either

(i) supp(u) N Jo = 0 and its Lyapunov exponent x(u) > 0,
or

(ii) supp(p) C P and x(p) = 0.

In particular, the set J..\ P is "measure invisible", see also Propo-
sition [6.1] which is a somewhat stronger version of Corollary

Corollary 1.2. If f admits infinitely many satellite renormaliza-
tions, then

1
(1.1) lim sup — log |(f™) (z)| < 0 for any x € Jo,
n

n—oo

1A more complete description of f : P — P should follow from the methods
developed in [3].

2The "robustness" can happen without "complex bounds" as it follows from
[3] combined with [1].



and

(1.2) lim ! log |(f™)'(¢)| = 0.
n—oo 1

For the proof of Corollaries [I.IHI.2] see Sect. [6] The proof of
Theorem [I.1] occupies sections [2}5]

Asin [9], we use heavily a general result of [23] on the accessibility
although the main idea of the proof is different. Indeed, in [9] we
utilize the fact that the map cannot be one-to-one on an infinite
hyperbolic set. At the present paper, to prove Theorem we
assign, loosely speaking, an external ray to a typical point of a
hypothetical measure with positive exponent such that the field
of such rays is invariant and has a controlled geometry. Given a
satellite renormalization fP» we use the measure and the above field
of rays to choose a point x and build a special domain that covers
a "small" Julia set J,, , 2 x such that there is a univalent pullback
of the domain by fP» along the renormalization that enters into
itself, leading to a contradiction. The choice of x is "probabilistic’,
i.e., made from sets of positive measure, and the construction of
the domain differs substantially depending on whether all satellite
renormalizations of f are doubling or not.

Acknowledgment. The conclusion of Corollary that
the Lyapunov exponent at the critical value equals zero answers
partly a question by Weixiao Shen, which inspired the present work
as well as the prior one [9].

2. PRELIMINARIES

Here we collect, for further references and use throughout the
paper, necessary notations and general facts. (A)-(D) are slightly
adapted versions of (A)-(D) in Sect. 2, [9] which are either well-
known [19], [18], follow readily from known ones, or are proved
here.

Let f(z) = 2% + ¢ be infinitely renormalizable. We keep the
notations of the Introduction.

(A). Let G be the Green function of the basin of infinity A(co) =
{z|f"(2) = oo,n — oo} of f with the standard normalization at
infinity G(2) = In|z| + O(1/|z|). The external ray R; of argument
t € S = R/Z is a gradient line to the level sets of G that has the
(asymptotic) argument t at co. G(z) is called the (Green) level of
z € A(o0) and the unique ¢ such that z € R; is called the (external)
argument (or angle) of z. A point z € J(f) is accessible if there is
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an external ray R, which lands at (i.e., converges to) z. Then ¢ is
called an (external) argument (angle) of z.

Let 0 : S — S! be the doubling map o(t) = 2t(modl). Then
f(Br) = Ro).

Every point a of a repelling cycle O, of period p is the landing
point of an equal number v, 1 < v < o0, of external rays where
v coincides with the number of connected components of J(f) \
{a}. Their arguments are permuted by o? according to a rational
rotation number r/q (written in the lowest term); v/q is the number
of cycles of rays landing at a. If v > 2, there is an alternative [18§]:

r/q = 0/1, then v = 2 so that each of two external ray landing
at a is fixed by fP,

r/q # 0/1, ie., ¢ > 2, then v = g, i.e., the arguments of ¢ rays
landing at a form a single cycle of oP.

(B). All periodic points of f are repelling. Given a small Julia
set J,, containing 0, sets f7(.J,,), 0 < j < p,, are called small Julia
sets of level n. Each f7(J,) contains p,y1/p, > 2 small Julia sets
of level n + 1. We have J, = —J,. Since all renormalizations are
simple, for j # 0, the symmetric companion — f7(.J,,) of f7(J,) can
intersect the orbit orb(J,) = UPng" f1(J,) of J, only at a single
point which is periodic. On the other hand, since only finitely
many external rays converge to each periodic point of f, the set J
contains no periodic points. In particular, each component K of
Jso is wandering, i.e., f{(K)N f/(K) =0 forall0 <i< j < oo. All
this implies that {z, —z} C J if and only if x € Ky := N2, J,.

Given z € J,, for every n, let j,(z) be the unique j €
{0,1,-++ ,p, — 1} such that x € f/@(J,). Let J,, = fi»@(J,)
be a small Julia set of level n containing r and K, =
Nn>0Jzn, @ component of J,, containing .

In particular, Ky = N,,>0J,, is the component of J., containing 0
and K. =N, f(J,), the component containing c.

Note that either p, — j,(x) = o0 as n — oo or p, — ju(z) = N
for some N > 0 and all n, that is, f¥(z) € K.

The map f : K, — Ky, is two-to-one if z = 0 and one-to-one
otherwise. Moreover, for every y € J, f~1(y) N J consists of two
points if y € K. and consists of a single point otherwise. Denote

We conclude that:
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f:J, — J. is a homeomorphism. Given x € J/  and m > 0,
denote z,, = f™(x) and

Tom = f|;§(l‘),

that is, the only point f~(z) N Jw.

(C). Given n > 0, the map f : f(J,) — f(J,) has two fixed
points: the separating fixed point «, (that is, f(J,,) \ {a,} has at
least two components) and the non-separating 3, (so that f(J,)\Sn
has a single component).

For every n > 0, there are 0 < t, < ,, < 1 such that two rays
R;, and R; land tat the non-separating fixed point 8, € f(J,) of
JP» and the component 2, of C\ (R, U R; U j3,) which does not
contain 0 has two characteristic propertiers [1§]:

(i) ©,, contains ¢ and is disjoint with the forward orbit of 3,,

(ii) for every 1 < j < p,, consider arguments (angles) of external
rays which land at f7='(3,). The angles split S into finitely many
arcs. Then the length of any such arc is bigger than the length of
the arc

Spi = [tn,ta] = {t : Ry C Q).

Denote B
oy n g I
n n 2pn ) n n 2pn :
The rays Ry, Rp land at a common point 3, € f77(8,) N Q.
Introduce an (unbounded) domain U, with the boundary to be
two curves R, U R; U 3, and Ry U R U B),. Then ¢ € U, and

fr U, — Q, is a two-to-one branched covering. Also,

f(1) ={z: f'*(2) € U, G(f*(2) <10,k =0,1,..}.

Let
Sp,1 = [tna t%] U [giza gn]

so that s,,1 C S, and argument of any ray to f(J,) lies in s, ;.
Let us iterate this construction. Given 1 < j < p,, let S, ; be
one of the two arcs of S! with end points

tng =07 (tn), tny = 0’ (E0)
such that arguments of any ray to f7(J,) lies in S,, ;. Let
Sng = 00" (80,1) = [tngs th ] U [T g ts]
where ¢/, . = o771 (t]),, ; = 077} (#],). Then

Snj C Sn,j
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and argument of any ray to f7(J,) lies in fact in s, ;. Note that

~ - t ~
/ o 7 In n
(2.1) tng —tng =tng =ty = o5 <t —tn < 1/2.
So 077t i 8,1 — s, is a homeomorphism and s, ; has two compo-
nents (’Windowsf) [tnj, ;] and [t;’j,tn,j] of equal length.

Let U,; = f7"%U,) and B,; = f7~'(B,). The domain U, is
bounded by two rays Ry, ;U R; = converging to Br,; and completed
by B, along with two rays Ry ; URy completed by their common

n, n,j

limit point f9=1(3]) where t, ; = o7~ 1(t]), &, ; = 097 }(1],).

By (i)-(ii), for a fixed n, domains U, ;, 1 < j < p,, are pairwise
disjoint.

Let U, ;_,, be a component of f~®»=9)(U,) which is contained
in U, ;. Then

(2.2) 2 Upjep, — Unjj
is a two-to-one branched covering and
NI = {2 ff(2) € Upjp,, G(f(2)) < 10,k = 0,1, ...}.

Let s), ; be the set of arguments of rays entering U, j_p,. Then s ;

consists of 4 components so that ¢P* map homeomorphically each

of these components onto one of the 'windows’ of s, ;.
Furthermore, let

Unless the map (2.2)), the map

(23) fpn : Un,j — Qn,j

is a two-to-one branched covering only assuming f7=': Q, — Q,;
is a homeomorphism, which holds if and only if c/=' : S,; —
0771(S,.1) is a homeomorphism. In the latter case,

O'j_l (Sn,l) = Sn,j‘

Primitive vs satellite renormalizations. Let n > 2 and k,/q,
be the rotation number of §,. The next claim is well-known, we
include the proof for reader’s convenience.

Lemma 2.1. (1) the renormalization fP~ is primitive if and
only if k,/q, = 0/1, the period of B, is p, and B, is the
landing point of exactly two rays and they are fized by fP~,

(2) points B,, n=1,2,--- are all different,



(3) fP» 1is satellite if and only if the a-fized point v,y of fPn=1 :
f(Jn-1) = f(Jn-1) coincides with the [5-fixed point B, of
P f(Jn) — f(Jn). In particular, U;I-’;Blfjp"—l(f(Jn)) C
f(Jno1) and ¢, = ppgn_1. Moreover, each of p,_1 points
of the orbit of [, is the landing points of precisely q, rays
which are permuted by fP»=' according to the rotation num-
ber r,/q,. Completed by the landing point they split C into
qn "sectors" such that the closure of each of them contains a
unique "small" Julia set of level n sharing a common point
with the boundary of the "sector”.

Proof. (1). fP~ is satellite if and only if f(.J,) meets at 3, some
other iterate of .J,, hence, 7,/q, # 0, and vice versa. (2). as-
sume [ = B, = [, for some 0 < n < m. As p, < pmn, the
period of f3,, is smaller than p,. It follows that f(.J,,) contains
two small Julia sets of level m that meet at 3, hence, (3 sepa-
rates f(J,), a contradiction as 3, does not. (3). By (1), fr
is satellite if and only if 7r,/q, # 0. Let p,_1 = pn/q,. Then
Pn_1 1S an integer and is equal to the period of (§,. It follows
that p, sets f(J,), f*(Jn), -+, fP(J,) are split into p,_; connected
closed subsets E;, i = 1, ,pn_1 where F; = Uglalfjﬁ"—l(f(Jn))
and E; = f"1(F), i = 1,2,--- ,py_1. Moreover, 0 € E, , and
f(E)=Eip,i=1,--+ pp1—1, f(E5,_,) = E1. By [19, Theorem
8.5], fP»—1 is a simple renormalization and E;, i = 1,--- ,p,_1 are
subsets of its p,_; small Julia sets. Since 1 = py < p; < ... are all
consecutive periods of simple renormalizations, then p, 1 = p; for
some k < n. Therefore, f,-fixed point of fP» : f(J,) — f(J,) is
ay-fixed point of fP* : f(J,,) = f(J,,). As all renormalizations are
simple, if k£ < n — 1 that would imply that 3, = 8,1 = ... = Bk11,
a contradiction with (2). The claim about "sectors" follows since
each map f7 is one-to-one in a neighborhood of 3, and the closure
of €, contains a single "small" Julia set f(.J,,) of level n sharing a
common point with 0€2,. O

We need a more refined estimate provided the renormalization is
not doubling. Assume fP» is satellite so that p,_1 = p,/q, with
¢n > 2 and the rotation number of 3, is r,/q, # 0/1.

Lemma 2.2. Assume fP* is satellite and ¢, = pp/pn-1 > 3, i.e.,
fPr is not doubling. Then
(2.4)

ol Sn1 — Jj_lSml is a homeomorphism for j =1, pn_1(q,—2).
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In particular, given ¢ € (0,1/3), the length of 07715, 1 tends to zero
as n — oo uniformly in j = 1,--- [Cpn] (where [x] is the integer
part of € R).

Moreover, for every 1 < j < pu_1(qn — 2), Sp; = 0?1 (Sn1) and
the map fP : U,; — €y ; 15 a two-to-one branched covering such
that

(1) ={z: ff(2) € Uy, G(f*(2)) < 10,k = 0,1,...}.

Proof. Let ¢ = fP1 : U,_.1 — Q,_1. Then ¢ is a two-to-one
covering of degree 2 and the critical value c.

(1) Recall that s, 11 = [tp_1,t,_ ;] U [t _1,f,_1] consists of two
'windows’ so that oP»-! is orientation preserving homeomorphism
of either "window’” onto Sy, 1.1 = [tn_1,tn_1]-

(2) Consider g, rays Ly, ..., L,, to a,—;. The map ¢ is a local
homeomorphism near «,,_; which permutes the rays to «,_; ac-
cording to the rotation number v := k, /g, # 0,1/2. In particular,
g maps any pair of adjacent rays to «,_; onto another pair of ad-
jacent rays to ;1.

(3) Not all arguments of these rays lie in a single 'window’ I of
sp—1.1 because otherwise, by (1), the set of those arguments would
lie in the non-escaping set of an orientation preserving homeomor-
phism oP»-* : I — S, 1, which consists of a fixed point of this map,
a contradiction with the fact that ¢, > 1.

(4) The rays L; split U,_; into ¢, disjoint domains U7, j =
0,1,...,q, — 1. By the "ideal boundary" OU7 of U? we will mean the
usual (topological) boundary U7 (in our case, the set of boundary
rays completed by their landing points) along with the "boundary
at infinity" which is the set of arguments of rays entering U’. Then
define § on AUJ to be g on OU’ and oP»-! on the "boundary at
infinity" of U7,

(5) By (3), one of U’, called U°, has 3,_; in its boundary, and
another one, called U~! has 3/, in the boundary. In particular,
the boundary of any other U7, j # 0,¢q, — 1, consists of a pair of
adjacent rays to a,,_1; whose arguments belong to a single 'window’
of s,-11. Therefore, by (1), the rest of indices j = 1,...,¢, — 2
can be ordered in such a way that ¢ : AUI — QU is a one-
to-one map for 7 = 1,--- ¢, — 3 (note that the "boundary at
infinity" of each U7, 1 < j < ¢, — 2, consists of a single "arc
at infinity"). Therefore, g : U7 — U’*! is a homeomorphism for
7 =1,...,q, — 3. The map ¢ on OU™2 is also a one-to-one map
on its image W = ¢g(U%?) where W is bounded by two adjacent
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rays to a,_i. W cannot contain U° because otherwise W would
contain f;_;, a contradiction. Thus W must contain §;_,. That
is, g(U™~2) covers U1,

Thus, for j =1,---,¢, — 3, g : U — U™ is a homeomorphism,
and g : U2 — TV is also a homeomorphism where the image
W = g(U%?) covers U~ ! and has two common rays with the
boundary of U1,

(6) The critical value ¢ of g has a unique preimage by g (the
critical point of g). As ¢ € Q,, C Q,,_1 and Q,, is bounded by two
adjacent rays to a,,_1, ¢ € U’ for some i € {1,--- ,q, —1}. Ifi > 1,
then 4 — 1 > 1 while g would not be a homeomorphism of U*~! on
its image. This shows that ¢ € U! = Q,,.

Concluding, U’ = ¢~ *(Q,), j =1, ..., ¢, — 2, in particular,

Qna g(Qn)a e 7gqn_3(Qn> C Un—l

and g% : Q, — g™ 2(Q,) is a homeomorphism, that is, (2.4)
holds. It implies the rest.
O

(D). Given a compact set Y C J(f) denote by (Y); (or simply
Y, if the map is fixed) the set of arguments of the external rays
which have their limit sets contained in Y. It follows from (C) that
Ke =2 {ltn, th] U[E,, Ta]}, i-e., it is either a single-point set or a
two-point set.

Since K. contains at most two angles, K. contains at most two
different accessible points. More generally, given = € J/_ let
Sngn(@) = [tnjn(@)s tn @) Y ltnju(@): tnga @)

Then s,41j,.1(z) C Sn,ju(x) SO that

Sco,x = m’rL>OSn,jn(:1:)

is not empty and consists of either one or two components. Since
Pn — Julx) — 00 for z € J., we conclude using ([2.1):

Seox CONSiSts of either a single point or two different points. In
particular, for any component K of J, which is not one of f~7(Ky),
j >0, there is either one or two rays tending to K.

From now on, u is an f-invariant probability ergodic mea-
sures supported in J,: suppu C J, and having a positive
Lyapunov exponent

() = [ log|fldu > 0.
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(E). We start with the following basic statement. Parts (i)-(ii)
are easy consequences of the invariance of p and (B) while (iii) is
a part of Pesin’s theory as in [24] coupled with the structure of
[ Joo = Juo, see (B). Recall that J!, = J, \ UX__ f/(Kp).

J=—00

Proposition 2.3. (i) For every n and 0 < j < p,, u(fi(J,)) =
1/pn.

(i)  has no atoms and u(K) = 0 for every component K of Ju.

(1)) u(J.) = 1 and f : J. o — J. is a pu-measure preserv-
ing homeomorphism. There exists a measurable positive function
r(z) > 0 on J. such that for u-almost every x € J. , and all
n € N, if v_, is the unique point of J.  with f"(x_,) = z, then a
(univalent) branch g, : B(x,7(x)) — C of f~™ is well-defined such
that gn(v) = x_y,

Remark 2.4. The branch g, of f~" depends on n and x_,, but it
should be clear from the context which points x and x_,, are meant.

Using the Birkhoff Ergodic Theorem and Egorov’s theorem, Propo-
sition implies immediately (el)-(e3) of the next corollary. The
proof of (e4)-(eb) is given right after it.

Corollary 2.5. For every e > 0, there exists a closed set Eé/Q c J
and constants p = p(e) > 0, k = r(e) € (0,1) such that:

(er) (E;y) > 1 =3,

(e2) there exists another closed set E.jy such that Eé/2 C Eey C
J! as follows. For every x € Ee/Q and every m > 0 there ex-
ists a (univalent) branch g, : B(z,3p) — C of f~™ such that
gm () = x_pp and |g,,(x1) /gl (22)] < 2, for every xy,x9 € B(z,2p).
Moreover, m™'In|Dg,,(z)] — —x(u) as m — oo uniformly in
T € Eé/Q,

(es) for every x € Eé/z there exists a sequence of positive integers
nj =ni(x), 3 =1,2,..., such that j/n; > k and f"(x) € E./ for
all j (in fact, {n;}52, = {n € N: f*"(x) € Ecs2}),

(e4) given x € Jy and n >0, let j,(z) be the unique 1 < j < p,
such that x € f7(J,). Then p, — jn(z) = 00 as n — oo uniformly
inxT € Eé/z,

(es5) for spj.(zx) = [tn,jn(:p),t;’jn(m)] U [tn,jn(m)7t”7jn(m)]7 we have:
Snt1gni1(2) C Snjn(e) and

’tn,jn(w) - t;z,jn(x)’ - ‘t;,,jn(x) - tn,jn(w)‘ — 0

as n — oo uniformly in x € EQ/Q.
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Proof of (e4)-(e5): assuming the contrary in (ey), we find some
N and sequences (n;) C N and (zy), 75 € E’/z, such that p,, —
gy (k) = N, hence, z;, € f~N(J,,), for all k. Since Ey is closed,
one can assume z — = € E/, C J. Hence, z € f~ N(Ky), a

contradiction Now, for (e5) using (€4), ), . ) — tnjn(e) = bnjn(z) —

_ ? Un,gn ()
b, i) < w — 0 uniformly in z.

2Pn — J'n
3. EXTERNAL RAYS TO TYPICAL POINTS

We define a telescope following essentially [23]. Given x € J(f),
r>0,0>0ke&Nandk € (0,1), an (1, k, §, k)-telescope at x € J
is collections of times 0 = ng < n; < ... < n, = n and disks B, =

B(f™(x),r), l = 0,1, ...,k such that, for every [ > 0: (i) {/n; > &,
(ii) there is a univalent branch g,, : B(f™(x),2r) — C of f~™ so
that g,,(f™(x)) =2 and, for [ = 1,....k, d(f™-* 0 g, (B)),0B;_1) >
§ (clearly, here f™-10g,, is a branch of f~(="™-1) that maps f™(z)
to f™-1(x)). The trace of the telescope is a collection of sets By =
gnl(Bl)a [ = O,l,...,k’. We have: Bk70 C Bk_170 C ... C B170 C
By = By = B(z,7).

By the first point of intersection of a ray R;, or an arc of Ry,
with a set £ we mean a point of R; N £ with the minimal level (if
it exists).

Theorem 3.1. [23] Givenr >0, € (0,1), 6 > 0 and C > 0 there
exist M > 0, [,k € N and K > 1 such that for every (r,r,0,k)-
telescope the following hold. Let k > k. Let ug = u be any point
at the boundary of By, such that G(u) > C. Then there are indexes
1<h<ly<..<lj=ksuchthatly <, liys < Klj,i=1,..,5—1
as follows. Let uy = gy, (u) € 0By and let v be an infinite arc of
an external ray through uy, between the pint u, and 0o. Let uyj = uy,
and, for l =1,....k — 1, let uy, be the first point of intersection of
Vi with 0B . Then for 1=1,...,7,

G(uk,li) > M2,
Next corollary of Theorem is a key one.

Proposition 3.1. Given € > 0 there exists a closed set E. as fol-
lows. First, p(Ee) > 1 — € and E. C E|,, where £, is the set
defined in (E) and satisfies (e1)-(es). There exists r = r(e) > 0
and, for each v > 0 there is C(v) > 0 as follows.

(1) Let x € E.. Then x is the landing point of an external ray
Ry of argument t(x). Moreover, the first intersection of Ry with
OB(z,v) has the level at least C(v).
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(2) for each n a branch g, : B(x,2r) — C of f~" is well-defined
such that ga() = 7, |gn(@1)/gal(w2)] < 2, Jor every 1,7, €
B(x,r) and n~'1In|Dg,(z)] — —x(u) as m — oo uniformly in
r € K,

(3) if 2" = gn(x) € E¢, then f"(Ryr)) = Riz)-

Proof. (1)-(2) will hold already for the set £, which follows from
Theorem as in [23] and uses only that p has a positive exponent;
(3) will follow in our case as we shrink a bit the set E , since each
point z € J.  admits at most two external arguments. Here are
details. Let r = p(e) and k = k(€) as in the properties (ez)-(e3)
of the set E],,. Then, by (es)-(es), there is § > 0 such that, for
each k, every x € Eé/2 admits (r, K, d, k)-telescope with the times
0 =ng < ng < nyg < .. < ng that appear in the property (e3)
of E! /2 On the other hand, there exists L, > 0 such that for
every z € J(f) there is a point u(z) € dB(z,r) with the level
G(u(z)) > L,. Given this C' = L,, let M, [ and k be as in Theorem
5.1

Let x € Eé/Q and n; < ng < ... <ng < ..asin (e3). Fix k > k.
Let Byo(z) C Bi_10(z) C --- C Byg(z) C Byo(x) be the corre-
sponding trace. By Theorem [.1] there are 1 < Iy ,(x) < lox(z) <

- < lpp(z) = k such that Lg(x) < I, Lis(z) < Klig(z),
i=1,---,j¢ — 1. Let y(z) be an arc of an external ray between
the point ug(x) = ¢n, (u(f™(z)) and co. Let ug,(z) be the first
intersection of v (z) with 0B o(z). Then, for i =1,--- ,j¢ — 1,

(3.1) G(Uk:,li’k (x)) > M2 ™Mk ~ N2~ lix@)/s
Foralli=1,---,j7 —1,
(3-2) i < lip(z) < K°L

Denote by ti(z) the argument of an external ray that contains the

arc g ().
Now, given a sequence

(3.3) ki <k <..<k,<..

such that k; > k, we get a sequence of arguments t;, (x) and a
sequence of arcs 7, (x) of external rays of the corresponding ar-
guments t;, (x). Passing to a subsequence in the sequence (k,,), if
necessary, one can assume that t,_(r) — #(z), for some argument

t(z).
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Fix any v € (0,7) and choose ko > k such that,

2exp(— K20\ (1)) < v and let C(v) = M(27/7)K".

Then, by Theorem [3.1] for each k,, > ko, the first intersection of
the ray Ry, (x) with the boundary of B(z,v) has the level at least
C(v). It follows, for any 0 < C' < C(v), the sequence of arcs of the
rays Ry, (2) between the levels C' and C(v) do not exit B(xz,v) for
all k,, > ko. As ty, () — t(z), it follows that the arc of the ray
Ry, between levels C' and C'(v) stays in B(z,v) too. As v > 0 and
C € (0,C(v)) can be chosen arbitrary small, Ry, must land at x
and satisfy (1) with #(z) replaced by t(x).

Let us call the above procedure of getting £(x) from the constants
r, L,, the point x € Eé/Q and the sequence the (r, L, x, (kp))-
procedure.

Note that (2) is property (e) of the set EY ,.

In order to satisfy property (3), we shrink the set Eé/Q and correct

t(x) changing it to some t(x) (if necessary) as follows. Using the
Birkhoff Ergodic Theorem and Egorov’s theorem, choose a closed
subset E. of Eé/Q such that u(E.) > 1 — € and, for each = € E,, the
set N(z) := {N € N: f¥(z) € E,} is infinite. Note that N'(z) C
{ni}32,. We have proved that, for each N € N (x), (1) holds for the
point fV(z) instead of x, in particular, £(fV(z)) is an argument of
/N (x). On the other hand, by (D1), each y € E. admits at most two
external arguments, hence, all possible external arguments of the
forward orbit f"(z), n > 0, belong to at most two different orbits of
o : St — S'. Hence, there is one of those orbits, O = {o™(t(x)) }n>0
for some t(z), such that the intersection ON{t(f™(x)) : N € N'(x)}
is an infinite set, so that £(f™mn () (x)) = ¢™mn@ (t(z)) for an infinite
sequence (K, (z))m>1-

Let’s start over with the (r/2,C(r/2),x, (kn(z)))-procedure for
the point = and the sequence {k;(x)}. Then, by the construction,
thm@) = t(z) for all m, hence, (1) holds with #(x) instead of the
previous t(z). If y € E. is any other point of the grand orbit
{f"(x) : n € Z} (remember that f : J, — J. is invertible), the
(r/2,C(r/2),y, (kn))-procedure works for y with the same (per-
haps, truncated) sequence ki (x) < ka(x) < ..., which ensures that
(3) holds (for the corrected arguments) too. O

Remark 3.2. Given t(x), we cannot just set ¢(f"(x)) = o™(t(z))
to satisfy property (3) because this would change x in the defi-
nition of telescope, so we might loose property (1). Notice that



16 GENADI LEVIN AND FELIKS PRZYTYCKI

correcting (flipping) #(x) to t(z) does not change C(v) The same
for flipping any t(y) in the grand orbit of x. But the flipping can
make f(Ryy)) = Ryyn for f(y) = fN(2) where N = ny,, with
G(Ryse(yy) NOB(f (y), T/Q) > L, )2, thus yielding (3).

4. LEMMAS

Lemma 4.1. Let z;, € Up"’“ fj( Jn,) where ny, S 0o.

(@) If z, — = thenze Joo

(b) z € J,.NJL yields Zipn € Jna. If, additionally to (a),
2z, € JI for all k and wy — w where wy, = (zk)epnk, where e is
always either 1 or —1 then z and w are in the same component of
Joo-

(c) If zx € E. for all k and t(zx) — t (where E, t(zy) are defined
i Proposition , then the ray R; lands at the limit point z. In
particular, given o > 0 there is A(o) > 0 such that |1 — 23] < o
for some 1, x5 € E. whenever |t(xq1) — t(zq)| < A(0).

Proof. (a) Assume the contrary. Then there is n such that d :=
d(z, Uf“olJ ) > 0. As, for any ny > n, z; € Up”” Jnn where the
latter union is a subset of Ufgol(]n), the dlstance between z and z
is at least d, a contradiction.

(b) 24p, € Jnx by combinatorics and definitions of points z,,.
In particular, for every k, z, and wy are in the same component
f*(J,,) of p"’“_lfj( ). By (a), any limit set A of the sequence
of compacts ( 7 (J,,)) in the Hausdorff metric is a subset of J
On the other hand, A is connected as each set f7*(.J,, ) is connected
This proves (b).

(c) We prove only the first claim as the second one directly follows
from it. Fix any v € (0,7) and choose ko such that for any k& >
ko, B(z,v) C B(z,11/10v). Then, by Proposition [3.1] part (1),
for each k > kg, the first intersection of the ray Ry.,) with the
boundary of B(z,v) has the level at least C(v) := C(11/10v). Tt
follows, for any 0 < C' < C(v), the sequence of arcs of the rays Ry,
between the levels C' and C(r) do not exit B(z,v) for all k > k.

Asv > 0and C € (0,C(v)) can be chosen arbitrary small, R, must
land at z. O

By lemma [£.1}(c), if arguments ¢(z), {(z') of x,2’ € E, are close
then z, 2’ are close as well.

Definition 4.2. Given € and p we define 4 as follows. First, for
7€ (0,1) and C' > 0, we define 6 = §(r, C') > 0. Namely, let Cy > 0
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be so that the distance between the equipotential of level Cjy and
J(f) is bigger than 1. Then ¢ = §(7#/2,C) > 0 is such that for any
C € [C,Cy), if wy, ws lie on the same equipotential I' of level C' and
the difference between external arguments of wq, woy is less than )
then the length of the shortest arc of the equipotential I" between
wy and ws is less than #/2. Apply Lemma [£.1|(c) with o = p/4 and
find the corresponding A(p/4). Let

6 = 3(e,p) := min{d(p. C(p/2)). A(5)}

where C'(v) is defined in Proposition

In the next two lemmas we construct curves with special prop-
erties. The idea is as follows. Let x € E. N J,, . Then z_, € J, ..
It is easy to get in curve v in A(co) starting with an arc from a
point b € Ry, to gp,(b) and then iterating this arc by g, so that
gPm () C 7y so that ~ tends to a fixed point a of fP». We show in the
next lemma (in a more general setting) that if both points z,z_,,
are either in the range of the covering (condition (I)) or in
the range of the covering (2.3) (condition (II)) then a € J, . This
implies that a has to be the S-fixed point of f» : J, , = J,,. In
Lemma assuming additionally that fP» is satellite, we 'rotate’
the curve 7y by g,, , to put J, , in a ’sector’ bounded by 7 and of of
its 'rotations’. In Lemma {4.7] we consider the case of doubling
for which the condition (II) usually does not hold.

In what follows, we use the following notation: given p,q € N |
let

EEvpvq = mgzof]p(EE)'
It is a closed subset of E, of points x such that z_;, € E, for j =

0,1,---,¢—1. As f: J_ — J. is a p-automorphism, p(E,,) >
1 — ge. Notice that this bound is independent of p.

Lemma 4.3. Fiz ¢ > 0 and consider the set E. with the corre-
sponding constant r(e) > 0. Fiz p € (0,r(€)/3). let § = (e, p) from
Definition . For every q > 2 there exist i, C as follows. For
every n > n consider the closed set E.,, ,. Let v € E,, .. Denote
for brevity

q;k =T pp, and Rk = Rt(x’“): k= 0, 17 ey @ — 1.

By Lemma (b), zF € J,.. Hence, t(z*) € Spjn(@) C Onjn(z):
0<k<qg—-1. Fiz0<i<j<qg—1.
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Assume that either (I) t(z7) and t(x') belong to a single com-
ponent of Sy .y, or (II) the map o@=1 . S 1 — S, ) is a
homeomorphism and the length of the arc S, j,(2) is less than 6.

Then:

(a) the map fU=Pn 2 gy, (B(2%, p)) — (B(a', p)) has a unique
fized point a = a,, and a € J, 4,

(b) there is a semi-open simple curve

Vonaij (@) C B(x', p) N A(c0)
such that:

(1) 4t lands at a and g—ip, (Vpn,g:ii(T)) C Vpp.,ij(®). Another
end point b of Y, qi;() lies in R and G(b) > C/2,

(2) Ypngii(z) = Ulzogéjﬂ.)pn(Lg U Ly) where the ’fundamental
arc’ Ly U Ly consists of an arc Lo of an equipotential of the
level at least C’/Q that joins a point b € R* with a point b, €
R7, being extended by an arc Ly of the ray R’ between points
by and g(j—iyp, (b) € R7; in particular, the Green function is
not increasing along Yp, q4.i.;(2),

(3) the point a is the landing point of a ray R(a) which is fixved
by fU=IP2 and which is homotopic to 7y, q.;(T) through a
family of curves in A(oco) with the fixed end point a.

(4) arguments of all points of the curve gij—iyp, (Ypn.q.i,(x)) lie in
a single component of si’jn(x) in the case (I) and in a single
component of sy j, (z) in the case (II) (recall that s, ; v has4
components and s, j, ) has 2 components, see Sect|d, (C)).

Besides,

|(gG=ippa)' (7))

(4.1) la — 27| — 0 and log
|(g(j_i)pn),<a)’

—0

as n — oo, uniformly in 7 and q. A
(c) if j—i =1 then a = By j.@) where By = [@71(B,),
the non-separating fized point of fP» : Jy,, — Jyn. Moreover,

1 1
X(ﬁn,jn(m)) = p_ log |(fpn)/(6n,]n(x)) = p_ log |(fpn>/(5n)| — X([L)

n n
as n — oQ.

Remark 4.4. Note that a ¢ J,, while x, 2!, ..., 277! € J.

Proof. Denote G,, := g(j—i)p, Which is a holomorphic univalent
function in B(z’, p). Since g, are uniform contractions, there is
ny such that G, (B(z%,p)) C B(z',p/2) whenever n > n;. Let
n = max{ng, n1}.
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Let a = a,, be the unique fixed point of the latter map G,,. We
construct the curve 4, 4.:.(x) to the point a as follows. First, joint
a point b € R, G(b) = (3/4)C, to a point by € R’ by an arc Ly of
the equipotential {G(z) = (3/4)C}. By the choice of § > 0, Ly C
B(z", p). Secondly, connect by to the point g(j_s,, (b) € R? by an arc
Ly C RI. Let now v, 4:;(x) = Ulzogéj_i)pn(Lg U L;). Then proper-
ties (1), (2) in (b) are immediate and (3) follows from general prop-
erties of conformal maps. Now, by Proposition [3.1(2) and (?7), for
all n big enough, =7 = g(;_,(z') € g(j—ip,(B(z', p)) C B(z", p),
moreover, the modulus of the annulus B(x", p) \ g¢j—iyp., (B(z*, p))
tends to oo as n — oo. Therefore, follows from Koebe and
Proposition [3.1](2).

It remains to show the property (3) and that a € J,,. Con-
sider the case (II), which is equivalent to say that the map o :
5 — Shj.(z) 1 a homeomorphism on each of two components s
of s,.@)- Let A be the set of arguments of points of the curve
I = g(j—i)pn (Vpn.0.ii()). Let s be a component that contains ¢(z7).
Assume, by a contradiction, that A contains ¢ which is in the bound-
ary of s. Then ¢ is the argument of a point of G' (Ly), for some
[ > 1, hence, o'U=9Pn () is simultaneously the argument of a point
of Ly and in the boundary of S, ;, (z), a contradiction. The case
(I) is similar. Property (3) is verified. In fact, we proved more:
for k = 0,1,---,j5 —i — 1, the set o*”"(A) is a subset of a sin-
gle (depending on k) component of s, ;. () in the case (II) and a
single component of 5;7jn(x) in the case (I). This implies that all
point f*Pn(a), 0 < k < j —i — 1, of the cycle of fPr containing a
belong to the closure of U, j, (») in the case (II) and to the closure
of Uy, (z)-p, in the case (I). Therefore, this cycle lies in J, ., in
particular, a € J, ;.

Proof of (c): if j—i = 1 then a is a fixed point of fP» : J,,, — Jon
and, moreover, the ray R(a) lands at a and is fixed by fP». Hence,
the rotation number of a w.r.t. the map f* : J,, — J,, is zero.
On the other hand, 3, , () is the only such a fixed point, i.e., a =
Brjn(@) as claimed. Then implies that x(8,.(x)) = x(r). O

For the rest of the paper, let us fix Q, €, r, p, n, C and ¢
as follows:
Q €N, Q > 3, is such that

Q > 4log2/x(n).

This choice is motivated by the following
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Fact (|21], [13], [8]): if a repelling fixed point z of f™ is the land-
ing point of ¢ rays, then x(z) := (1/n)log|Df™(z)| < (2/q)log 2.
Hence, if x(z) > x(u)/2, then ¢ < Q.

Furthermore, fiz € > 0 such that 2'°°Qe < 1, apply Proposi-
tion and Lemma and find, first, r = r(e), then fix p €
(0,7/32) and find the corresponding 7, C' and 6.

Let
X, =FE.p4aNE = Mo f P (E) Ny fo(E.)
n €:pnsd €,Pn—1,Q i=0 €) ! k=0 e
Let us analyze several possibilities.

Lemma 4.5. There is n, > n as follows. Let n > n, and x € X,,.
Consider J,, , = f»®(J,) C f(J,_1) s0 that x € J,. .

Let 2° = x and o' = x_, . Assume that either (I) t(z°), t(z")
belong to a single component of sy j, ), or (II) the map o»®=1
Sni = Snjn(x) 5 a homeomorphism and the length of the arc Sy, j, (z)
is less than 6.

Then:

(1) X(Brjui@)) = X(Bn) = x(1) as n — oo and x(Bn) > x(1)/2
forn > n,.

(ii) assume that fPr is satellite, i.e., (by Lemma Bn has
period pn_1, @n > 2 in the rotation number ky,/q, of Bn, and By j, ()
is the a (i.e., separating) fized point of fP»=' : Jo_1. — Jo—1.-
Then q, < @ and
(4.2)
|Brjn(z) = T—kpn_i| = 0, n = 00, uniformly in v € X,, 1 <k < q,.

There exist two simple semi-open curves y(x) and ¥(x) that satisfy
the following properties:

(1) v(z) and 3(x) tend to By, and y(x),7(x) C Bz, p)N
A(o0),

(2) v(x),7(x) consist of arcs of equipotentials and external rays;
the start point by = by(x) of v(x) lies in an arc of Ry,y and
the start point by = bi(x) of 7(x) lies in an arc of Rya
where & = x_,, , for somei =i(x) € {1,---,q,— 1}, such
that levels of by and by are equal and at least 6’/4,

(3) one of the two curves (say, v(x)) is homotopic, through
curves in A(oo) tending to By ;. (), to the ray Ry

n,jn ()

f@=Y(Ry,), and another one - to the ray Ry e = fim@=Y(R; );

(4) 7(17)7 5/('17> - Un—l,jn_l(:c);
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(5) ’Y(ZL') - Un,jn(z)f &(ZL‘) - Un,jn(i)7 in particular, ’y(l’)”?(gj)
are disjoint; being completed by their common limit point
Bn,jn(@) and two other arcs: an arc of the ray Ryg1y from
by € y(z) to oo and an arc of the ray Ry from by € #(x)
to 0o, they split the plane into two domains such that one of
them contains I := Jy 4 \ Bnj. () and another one contains
all g, — 1 other different iterates f*n-1(I), 1 < k < ¢, — 1.
The intersection of closures of all those q, sets consists of
the fized point (3, ;@) of fr=*.

Remark 4.6. Beware that the point = that determines both curves
v(z), ¥(x) does not belong to either of these curves.

Proof. (i) follows from Lemma {4.3| where we take i = 0,7 = 1. Fix
n, > n such that x(5,) > x(u)/2 for all n > n,.

Let us prove (ii). Here we build a "flower" of arcs at the f fixed
of the satellite fP» starting with an arc which is fixed by fP» and
then "rotate" this arc by a branch of f~P»=1 (for which the same 3
point is also a fixed point, see (C)). Let v'(x) := 7, .1.0.1(z) where
the latter curve is defined in Lemma Then properties (1)-(3)
of the curve ~(z) are satisfied also for 7/(x). In particular, +'(x) is
homotopic to Ry, ..

As both fn7]~n(z),tn’jn(x> are external arguments of 3, ;, (») which
is a p,_i-periodic point of f, there is i € {1,---,¢, — 1} such
that o= ({,, ;. (@) = tnj.@)- Now we use that x € E,, , o and
that ¢, < @ to prove (4.2). Indeed, for each k = {1,---,q,},
since f : Jio — J. is a homeomorphism and z_g,, , € E., we
have: g, = 9(gn—k)pn_i © Jkp,_,- Hence, if 8" = grp,_ (Bnjn(x)), then
Brju() = Yan-1-kypa_r (F') implying that g = fe=Fpe-1(5, ;5 ) =
Brjn(z)- Then By ), T—kp,_, € Grp,_,(B(z,p)) which along with
Proposition 3.1 part (2) imply (4.2).

In turn, (4.2)) implies that, provided n is big, gy, , : B(y, p/2) —
B(y, p/2) uniformly in k = 0,1,--- , ¢, where y is either 3, ;, () or
L—kpp—1-

Now we consider a curve g;;, (7'(x)) that starts at z_;5, and tends
to B,.(x)- By Proposition coupled with , one can join
T_ip,_, by an arc of the ray Ry y inside of B(x,p/2) up to a

point of level C'/4. This will be the required curve #(z). To get
the curve y(z) we modify +v/(x) = 7, 101(x) = Ulzogf,n([/o U Ly) by
cutting off the arc Ly of an equipotential: v(xz) = +/(x) \ Lo (see
Lemma [4.3| for details about Lg). Properties (1)-(5) follow.

L—ipp_q

O
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Given a point 2 = 2V and n such that « € f7(J,) N E,,, 1, where
J = jnl(x), let 2t = x_, and t(z2°), ¢t(z') the arguments of 2, z!
as in Proposition [3.1] We call z n-friendly if ¢(z°) and t(z!) lie in
the same component of s,, ; and n-unfriendly otherwise (or simply
friendly and unfriendly if n is clear from the context). The name
reflects the fact that for an n-friendly point x the condition (I) of
Lemma [4.5 always holds for 2! = 2 and z* = z_,,,, so Lemma
always applies.

When the rotation number of «,, is equal to 1/2 we have:

Lemma 4.7. There is C5 > 0 (depending only on fized € and p)
as follows. Suppose that, for some n > n, the rotation number
of the separating fized point o, is equal to 1/2. Let z = 2° €
fi(J) N Eey, 5 and 28 = 2y, , i = 1,2,3. Assume that all three
points 2°, 21, 2% are n-unfriendly.

Then there exist two (semi-open) curves %1/2(2) and %/2(2) con-
sisting of arcs of rays and equipotentials with the following proper-
ties:

(i) w'*(z) C B(z,p), ’y}L/Q(Z) C B(z',p), moreover, arguments
of points of %1/2(2) lie in one "window’ of s, ; while arguments of
points of %1/2(:6) lie in another "window’ of s, j,

(1) ’)/71/2(2) and %1/2(z) converge to a common point «y, ; which
is a fived point of P fI(Jn) = fI(Jn) (i.e., o ; is either the
non-separating fized point B3, ; or the separating fized point c, j,

(1i) start points of 7711/2(2),%1/2(,2) have equal Green level which
is bigger than Cl,

(iv) 2% —az ;= 0,0 <k <3, as n — oo.

Proof. As z € E., lengths of 'windows’ of s,, ;, (.) tend uniformly to
zero as n — o0. It follows from the definition of friendly-unfriendly
points that ¢(2°),¢(z?) are in one 'window’ of s, ; and #(z'),#(z?)
are in another 'window’ of s,, ;. Therefore, condition (I) of Lemma
holds for each pair 2%, 22 and z', 23. Now, apply Lemma [4.3 to

2 € Eep, 3, first, with 7 = 0, j = 2, and then with : = 1, j = 3.
Let %1/2(2’) = Ypn302(2) and ’7711/2(2) = Ypn3,13(2). Then (i),(iii)

hold. To check (ii), note that these curves converge to some points
a,a € f7(J,) which are fixed by f?’» On the other hand, since the
rotation number of ay, is 1/2, fP» : fi(J,) — f7(J,) has no 2-cycle.
Therefore, one must have either « = & = 3, or @ = & = a,,
i.e., (ii) holds too. As t(z%) — t(2%) — 0 and #(z') — t(2*) — 0 as
n — oo, 20 — 2% 2t — 23 — 0, too, by Lemma . Besides, by
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(@.1), 2> —a,2* —a =+ 0asn = o0. Asa =a = aj,;, (iv) also
ollows. 0

The following is a consequence of Lemmas [4.3] and [£.7}

Lemma 4.8. Let n > n. Assume that fP* is satellite and doubling,
i.e., Bn = au_1 and the rotation number of a,_1 is equal to 1/2
(in particular, p, = 2p,_1). For some 1 < j < p,_1, denote J :=
fi(Jn1). Let J' := fi(J,), JO = fitP=1(],) be the two small
Julia sets of the next level n which are contained in J (note that
JO contains the critical point and J' contains the critical value of
the map F = fPr=1 . J — J). Let x € J' N E, be such that all

its 5 forward iterates xy,, , = F*(x) € E., k = 1,2,3,4,5. Then

there exist two simple semi-open curves F,ll/Q(a:), F}/Q(x) consisting

of arcs of rays and equipotentials that satisfy essentially conclusions
of the previous lemma where n is replaced by n — 1, i.e.:

(i) F}Lﬁ(:z:),f‘}/Q(:z:) C B(x,3/2p), moreover, arguments of points
of I‘}/2(x) lie in one "window’ of s,_1,, () while arguments of
points of f‘,ll/Q(a:) lie in another window’ of sp,_1j, ()

(1) F}/Q(:ﬁ) and film(x) converge to a common point B i
which is a fized point of fPr=1: fI(Jp_1) = fI(Ju1) (iee., Bt (@)
is either the non-separating fized point 3,1 j._,(x) or the separating
fized point co,_1 4, (a)

(iti) start points of F}lm(x), f}l/2(x) have equal Green level which
1s bigger than Cs,

(V) Thp,y = B 15, @) = 0, 0 <k <3 asn — oo uniformly in
x.

Remark 4.9. Condition F¥(x) € E., 0 < k < 5, is equivalent to the
following: = € f~P-1(E,,, ,6)-

Proof. To fix the idea let’s replace fPr=t : fI(J,_1) — f/(Ju_1),
using a conjugacy with a quadratic polynomial, by a quadratic
polynomial (denoted also by F') so that now F : J — J where
J = J(F) and F? is satellite with two small Julia sets J° J' that
meet at the a-fixed point of ' and rays of arguments 1/3, 2/3 land
at « . Here 0 € J°, F(0) € J', F : J' — JY is a homeomorphism
while F' : J° — J' is a two-to-one map. If a ray R, of F has its
accumulation set in J! then ¢ € [1/3,5/12] U [7/12,2/3] and if R,
accumulates in J° then ¢ € [1/6,1/3]U[2/3,5/6]. This implies that
if R; lands at x € J! and ¢ lies in one of the two 'windows’ [0,1/2),
(1/2,1] then R, lands at J° where o(t) must be in a different
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'window’ (in other words, points of J° are 'unfriendly’). Coming
back to fPr—! this means that, for x € J!, ¢(x),t(F(x)) are always
in different components (where by ’component’ we mean a compo-
nent of s,_1;). Besides, for y € J N J, y and F(y) are always in
different J¢, i = 0, 1. This leaves us with the only possibilities:

(i) t(F(x)),t(F?(z)) are in different components; this implies that
t(x),t(F(x)) are in different components and ¢t(F(z)),t(F?(x)) are
in different components, that is, points F?(z), F%(z), F(z) are all
unfriendly;

(ii) t(F(z)),t(F?(z)) are in the same components; there are two
subcases:

(ii") t(F3(x)), t(F*(x)) are in different components, i.e., (i) holds
with x replaced by F?(z) which implies that F°(z), F4(x), F?(x)
are all unfriendly;

(ii”) t(F3(x)),t(F*(z)) are in the same component which then
means that F?(z) and F*(z) are both friendly.

In the case (i) and (ii’), apply Lemma {4.7| with n — 1 instead of
n to z = F3(z) and to 2 = F?(x), respectively, letting Fi/Q(m) =
WAF@), Tal(@) = 3,5(F(@) and T (@) = 25(F (),
/2 (z) = %11/_ 2 (F5(z)), respectively. In the case (ii”), apply Lemma
Ewith Pno1,q=1,i=0,5 =0, first, to the point F?(x) and then
to the point F(z) letting Th/*(z) = 4, ,1.01(F2(2)), TV (z) =
Von-r,1,01 (F4()). O

5. PROOF OF THEOREM [I.1]

Every invariant probability measure with positive Lyapunov ex-
ponent has an ergodic component with positive exponent. So let
1 be such an ergodic f-invariant measure component supported in
Jso. First, we have the following general

Remark 5.1. Given x € J_ such that 7(z) > 0 as in Proposition
and given n, the set J,, = fi@(J,) cannot be covered by
B(z,7(x)) because otherwise the branch g,, : B(z,7(z)) — C of
f7P», which sends = to z_,, € J,, meets the critical value along
the way so cannot be well-defined. Thus diam J,, , > 7(z), for each
n, and diam K, = limdiam J, , > 7(x). In particular, diam J,, , >
r(e) for all z € E, and n.

We need to prove that f has finitely many satellite renormaliza-
tions. Assuming the contrary, let S be an infinite subsequence such
that fP~ is a satellite renormalization of f for each n € S.
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We arrive at a contradiction by considering, roughly speaking,
two alternative situations. In the first one, we find a point x € FE,
n, and two curves in BN A(oo) where B := B(z,7(z)) that tend to
the (-fixed points of .J, , such that another ends of the curves can
be joined by an arc of equipotential in B thus ’surrounding’ J,, ,
by a ’triangle’ in B which would be a contradiction as in Remark
The second situation is when the first one does not happen.
Then we use several curves to 'surround’ J, , by a 'quadrilateral’
in B, ending by the same conclusion. The curves we use have been
constructed in Lemmas [£.5] [4.8]

The first situation happens in cases A and B1, and the second
one in B2.

Case A: S contains an infinite sequence of indices of non-doubling
renormalizations. Passing to a subsequence one can assume that
fPr is satellite not doubling for every n € S.

Fix ( = 1/4. By Lemma for each n € § and each 7 =
1, ,[¢ps), the map o/~! : S, ; — S, ; is a homeomorphism and
the length |5, ;| — 0 as n — oo uniformly in j. Fix N such that
|Snj| <0 foreachn >N, neS. ForneS, let

Co = {F/(J)IL <5 < [Cpul}-
Let n,m € S, m < n. Denote p = pp, P = pn, ¢ = pn/Pm-
The intersection C, N C,, contains all f7T%(J,) with 1 < j < [(p],
j + kp < [CP]. Hence,
(¢p] :
#(CaNCn) 2 Y (¢ =) > (o~ (e >
j=1

(p—1¢¢—1 ¢
pi 1l Sy ep
p q q
as p,q — oo. Therefore, fixing x = (?/2=1/8, there are my, ky such

that for each n,m € S, m > mg, n > m + ko,
w(C,NCp) > K.

Fix such n,m, assume also that m > max{N,n.} where n, is de-
fined in Lemma [4.5] and recall the set

Xn = Ee,pn,4 N Eﬁ:pn—l:Q = m’?zofip" (EG) mg;ol fkpn_l (Ee)
Since u(X,) > 1—(Q +4)e > 1 — kK, there is x € X,, NC, NCy,
and, by the choice of n, the assumption (II) of Lemma holds
for x. Therefore, there exist two simple semi-open curves y(x) and

7(z) that satisfy the following properties: 7(z) and §(z) tend to
Brjn(z), V@), 7(x) C B(x, p) N A(co) and y(x),¥(x) consist of arcs
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of equipotentials and external rays; the start point b; of v(x) and
the start point b; of 7(z) have equal levels which is at least C'/4;
(@), ¥(x) C Up—1,_,(); finally, being completed by their common
limit point 3, j, () and arcs of rays from b; € y(x) to oo and from
b € A(z) to oo, they split the plane into two domains such that
one of them contains I := J,, ;.\ fB,,(») and another one contains all
other iterates fkPn-1(I), 1 < k < ¢, — 1. Now, since Un—1jn_1(z) C
Un,jm() and by the choice of m, the distance between arguments
of the points b; and b, inside of Sn—1jn_1(z) 18 less than ¢. By the
definition of 8, by and b; can be joined by an arc A,, of equipotential
inside of B(x, p) N Up—1,_,(z). Consider a Jordan domain Z,, with
the boundary to be the arc A, and semi-open curves v(z), 5(z)
completed by their common limit point /3, ;,(»). Then Z,, C B(x, p).
By the properties of the curves , Z, U3, j,(») contains either .J, , or
its iterate f*»=1(J,,), for some 1 < k < g, — 1, in a contradiction
with Remark 5.1l

Complementary to A is

Case B: for all big n, every satellite renormalization fP* is dou-
bling, i.e., B8, = a,_1 and p,, = 2p,,_; for every n € S.

LetY, = E.,, ,¢andY,_, = f~1(Y,_,;). Note that u(Y,_,) =
(Y1) > 1 — 6e.

For every n € S, let

1 —212%¢

Ly =40 <j < poalp(f(Joo1) NYoy) > p—}-
n—1

As (Y1) > 1 — 6e, it follows,

#L, > (1—-3/2"p, 1.

Since we are in case B, each f7(.J,,_;) contains precisely two small
Julia sets f7(.J,), f”p" 1(J,) of the next level n each of them of
measure 1/(2p,_1). Hence, the measure of intersection of each of

these small Julia sets with Y,_; is bigger than (1/2—2'%)/p,_; > 0.
By Lemma 4.8 choosing for every j € L,, a point z; € f7(J,,—1) N

Y, 1 we get a pair of curves I'/> (z;), ry? (x;) consisting of arcs of
rays and equipotentials as follows: (i) Fn/Q(xj), f,lz/Q(xj) C B(zj,3/2p),
. 1/2 s I )
moreover, arguments of points of I'y/“(z;) lie in one 'window’ of
Sn—1,; while arguments of points of I 2(:vj) lie in another "window’

of s, 1, (i) Tw*(z;) and T'/*(z;) converge to a common point
Br_1; which is a fixed point of fP»=t : fi(J,_1) = fi(Juo1) (ie.,
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o is either the non-separating fixed point 3,_;; or the sepa-

n—1,5
rating fixed point a,_1 ;, (iil) start points of Fiﬂ(a:j), F}@/Z(:cj) have

equal Green level which is bigger than Cj, (iv) zj— fry; — 0
as n — oo uniformly in j and x;. We add one more property as

follows. Let
Ty =102 () U By U2 (ay).
Then: (v) I',; is a simple curve; the level of z € T',; \ {8}, ;} is

positive and decreases (not strickly) from Cj to zero along T/ 2(arj)

and then increases from zero to Cj along I 2(:L’j); moreover, if
J1,J2 € Ly, j1 # J2, then I'y 1, Iy ;, are either disjoint or meet
at the unique common point 3,_1; = Bn-1,, and then disjoint
with all others 7,1, j # Jj1,j2. This is because, by property (i),
[, ; C U, where (by (C), Sect |2) any two U,y 5, U, 5, j # 7,
are either disjoint or meet at 8 := f8,-1; = f,_;; in which case
fPr—1 is satellite. In the considered case, any satellite is doubling

0 3 # Bn_1, for all i different from j, .

We assign, for the use below, a 'small’ Julia set I, ; to each I, ;
as follows: by the construction, 8;_, ; is either the [-fixed point of
f?(Jy—1), or the a-fixed point of f7(J,_1). In the former case, let
I.; = f7(Ju-1), and in the latter case, I, ; = f7(.J,,) (one of the two
small Julai sets of the next level n that are contained in f7(J,_1).
Observe that I, ; N[,y ; = {B;_; ;} and is disjoint with any other
I, ; provided I, j, I',, j» are disjoint.

There are two subcases B1-B2 to distinguish depending on whether
arguments of end points of I, ; become close or not. If yes, then
one can join the end points of some I',, ; by an arc of equipotential
inside of B(xz;,2p) D I'y, ; to surround a small Julia set as in case A,
which would lead to a contradiction. If no, the construction is more
subtle: we build a domain ('quadrilateral’) in B(x;,2p) bounded by
two disjoint curves as above completed by two arcs of equipotential
that join ends of different curve, so that the obtained quadrilateral
again contains a small Julia set.

B1: lim infnGS,jELn |Sn,17j’ < 0.

By property (i) listed above and the definition of 4, there are a
sequence (ny) C S, jy € Ly, and z;, as above, such that two ends
of each curve I, ;, can be joined inside of B(z;,,p) by an arc A*
of equipotential of fixed level Cy such that all arguments of points
in A* belong to S,, 1. Then we arrive at a contradiction as in
case A.

B2: [S,,_1| >0 for all bign € S and all j € L,




28 GENADI LEVIN AND FELIKS PRZYTYCKI

FIGURE 1. Top: Case A and Case B1, bottom: Case B2

Fix n,m € 8, m —n > 3. Define a subset of L,, as follows:
1 — 2%
Pn—1

Ly = {0 <J< pn—1|ﬂ(fj(Jn—1) N (an—l N f/m—l)) > }

As (Y1 N Ypy) > 1 — 12,

#L™ > (1-3/2"p, ;.
For each j € L] we define further

, - - 1 — 216¢
szj ={0<k< pn—llfk<‘]m—1) - f](Jn—l)aM(fk(Jm—l)m<Yn—lﬂYm—l)) > p—}
m—1
Then
# Lo 25

as otherwise #L;"; < 4 and, therefore, (1 —2"¢)/p,_1 < 4/pm_1 +
(pm—l/pn—l - 4)(]— - 2166)/pm—1 = 218€/pm—1 + (1 - 2165)/]%—1; i‘e’a
Pm—1/Pn1 < 2186/(2'% — 22¢) = 4/(1 — 27%) < 8, a contradiction
because py,_1/pp_1 > 2™ > 23,

Fix j € L. Thus L}, contains 5 pairwise different indices k;,
1< k<5 As L} C Ly, we find 5 curves I'y,_14,. By property
(v), if two of them meet, they are disjoint with all others. Therefore,
there are at least 3 of them denoted by I';,_1,., ¢ = 1,2, 3, which
are pairwise disjoint. Let w;, w,,; be two ends of I',,_1 ,,.

For each ¢ = 1,2, 3, arguments of points of wy, ;, W, ; lie in dif-
ferent 'windows’ of s,,_1,,. On the other hand, by the choice of
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Js Sm—1r C Sp—1,; C Sp—1;. As n is big enough, lengths of 'win-
dows’ of s,,_1,; are less than J. But since we are in case B2, the
length of S,,_; ; is bigger than J. One can assume, therefore, that,
for i = 1,2,3, arguments of w,,; lie in one window of s,_; ; while
arguments of w,,; are in another window. Therefore, differences
of arguments of all w,,; tend to zero as m — oo, and the same
for @y, ;. As all wy,;, Wy,; € E, this implies by Lemma that
Maxi<; <3 |Wm,i — Wi, — 0. This along with property (iv) implies
that v,—1,, C B(wm1,2p), ¢ = 1,2,3, for all big m. Since, for
big m, differences of arguments of all w,,; are less than J, and the
same for wm i, one can joint all wy,, i by an arc D™ of equipotential
of level Cs and all Wi by an arc D™ of equipotential of the same
level C5 such that D™, D™ C B(wy,2p). Let the end points of D™
be, say, wy,1 and wy, 3, so that w,,» € D™ is in between. Since all
3 curves I'y,_1,,, © = 1,2,3, are pairwise disjoint, the end points
of D™ have to be then W1 and Wy, 3, so that w,,» € D™ is in
between. Therefore, we get a 'big’ quadrilateral 112, C B(w,y, 1,2p)
bounded by D™, D™ L, r m,3- The curve I',, o splits II,,, into two
‘small’ quadrllaterals 1! 112, with a common curve T, 5 in their
boundaries. Recall now that the curve I';, o comes with a small
Julia set I,,5 of level either m — 1 or m, such that I,,o NIy
is a single point while I,, 5 is disjoint with I';, 1, I';, 3. Therefore,
Lo CII, C B(wp1,2p), a contradiction with Remark .

6. PROOF OF COROLLARIES [1.IHI.2l
Corollary [1.1] follows directly from the following

Proposition 6.1. Let f be an infinitely renormalizable quadratic
polynomial. Then conditions (1)-(4) are equivalent:

(1) f : Jo — Ju has no invariant probability measure with
positive exponent,

(2) for every meighborhood W of P and every o € (0,1) there
exist mgo and ng such that, for each m > mg and x € orb(J,)
with n > ng,

#{i|0 < i <m, fi(x) e W} -

m

I

additionally, f : P — P has no invariant probability mea-
sure with positive exponent,

(3) every invariant probability measure of f : Jo — Joo 1S, in
fact, supported on P and has zero exponent,



30 GENADI LEVIN AND FELIKS PRZYTYCKI

(4) for every invariant probability ergodic measure p of f on the
Julia set J of f, either supp(u) N Joo = 0 and its Lyapunov
exponent x(p) > 0, or supp(u) C P and x(u) = 0.

Proof. (1)=(2). Assume the contrary. Let £ = C\ W. Since
W is a neighborhood of a compact set P, the FEuclidean distance
d(E,P) > 0. By a standard normality argument, as all periodic
points of f are repelling, there are A > 1 and ky > 0 such that
|(f*)(y)| > X whenever y, f¥(y) € E and k > ko. As (2) does not
hold, find « € (0, 1), a sequence ny — oo, points xy € orb(.J,, ) and
a sequence my — oo such that, for each k,

#{Z 0 <01 < my, f’(xk) S E}
my,

>p:=1-—a.

Fix a big k such that fmy > 3k and consider the times 0 < z'f <
i% < ..if < my where ly/my > B such that fi(z;) € E. Let

s

2 = 1 (x4) so that z; € ENorb(J,). Therefore, by the choice of A
and ko, |(f™ %) (z5)| = A™ > ™~ where A = A% > 1. In this

way we get a sequence of measures p, = m ZZ’“O_zlf_l 0 fi(z,) such
that the Lyapunov exponent of puy is at least log A > 0. Passing
to a subsequence one can assume that {u;} converges weak-* to
a measure g. Then p is an f-invariant probability measure on
Jso = Norb(J,,) with the exponent at least log A > 0, a contradiction
with (1).

(2)=(3), by the Birkhoff Ergodic Theorem along with [22].

(3)=>(4): let u be as in (4) and U N P = ) for some open set U
with u(U) > 0. Let F : U — U be the first return map equipped
with the induced invariant measure py. By the Birkhoftf Ergodic
Theorem and by an argument as in (1)=-(2), the exponent xr(uy)
of F w.r.t. py is strictly positive. Hence, x(u) = w(U)xr(pv) is
positive too. This proves the implication.

And (4) obviously implies (1). O

Proof of Corollary[1.3 If Y(x) were strictly positive, for some x €
Jo, that would imply, by a standard argument (see the proof of
Corollary, the existence of an f-invariant measure with positive
exponent supported in w(z) C Ju, with a contradiction to Theorem

This proves (1.1). By [14], liminf, . +log|(f")'(¢)| = 0. On
the other hand, by (1.1]), X(¢) < 0, which proves (|1.2)). O
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