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Abstract: We study the thermodynamic formalism of a complex rational map f of
degree at least two, viewed as a dynamical system acting on the Riemann sphere. More
precisely, for a real parameter r we study the existence of equilibrium states of f for
the potential —¢ In | |, and the analytic dependence on ¢ of the corresponding pressure
function. We give a fairly complete description of the thermodynamic formalism for
a large class of rational maps, including well known classes of non-uniformly hyper-
bolic rational maps, such as (topological) Collet-Eckmann maps, and much beyond. In
fact, our results apply to all non-renormalizable polynomials without indifferent peri-
odic points, to infinitely renormalizable quadratic polynomials with a priori bounds, and
all quadratic polynomials with real coefficients. As an application, for these maps we
describe the dimension spectrum for Lyapunov exponents, and for pointwise dimensions
of the measure of maximal entropy, and obtain some level-1 large deviations results. For
polynomials as above, we conclude that the integral means spectrum of the basin of
attraction of infinity is real analytic at each parameter in R, with at most two exceptions.
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1. Introduction

The purpose of this paper is to study the thermodynamic formalism of a complex rational
map f of degree at least two, viewed as a dynamical system acting on the Riemann
sphere C. More precisely, for a real parameter 7 we study the existence of equilibrium
states of f for the potential —7 In | Vil | and the (real) analytic dependence on ¢ of the
corresponding pressure function. Our particular choice of potentials is motivated by the
close connection between the corresponding pressure function and various multifractal
spectra. In fact, we give applications of our results to rigidity, multifractal analysis of
dimension spectrum for Lyapunov exponents and for pointwise dimensions, as well as
level-1 large deviations. See [BS96,BS05,Eré91] for other applications of the thermo-
dynamic formalism of rational maps to complex analysis.

For t < 0 and for an arbitrary rational map f, a complete description of the ther-
modynamic formalism was given by Makarov and Smirnov in [MS00]. They showed
that the corresponding transfer operator is quasi-compact on a suitable Sobolev space,
see also [Rue92]. For + = 0 and a general rational map f, there is a unique equilib-
rium state of f for the constant potential equal to 0 [Lju83,FLMS83]. To the best of our
knowledge it is not known if for a general rational map f the pressure function is real
analytic on a neighborhood of + = 0. For r > 0 the only results on the analyticity of
the pressure function that we are aware of, are for generalized polynomial-like maps
without recurrent critical points in the Julia set. For such a map the analyticity properties
of the pressure function were studied in [MS03,SUO03], using a Markov tower extension
and an inducing scheme, respectively.

Under very weak hypotheses on a rational map f, we show that the pressure function
is real analytic at each parameter ¢ in R, with at most two exceptions. In other words, the
pressure function can have at most two phase transitions and thus at most three phases.
It turns out that the parameter ¢+ = 0 is always contained in one of the phases, which is
characterized as the only phase where the measure theoretic entropy of an equilibrium
state can be strictly positive. We show that for every parameter in this phase there is a
unique equilibrium state that has exponential decay of correlations and that satisfies the
Central Limit Theorem.

Our results apply to well-known classes of non-uniformly hyperbolic rational maps.
Furthermore our results apply to all non-renormalizable polynomials without indifferent
periodic points, to infinitely renormalizable quadratic polynomials with a priori bounds,
and to all quadratic polynomials with real coefficients.

The main ingredients in our approach are the distinct characterizations of the pressure
function given in [PRLS04] and the inducing scheme introduced in [PRLO7], which we
develop here in a more general setting. It is worth noticing that to study a rational map
with a recurrent critical point in the Julia set, it is usually not enough to consider an
induced map defined with the first return time. The induced maps considered here are
constructed with higher return times, which makes the estimates more delicate. As in
[PRLO7], our key estimates are based on controlling a discrete version of conformal
mass. However, the “density” introduced in [PRLO7] for this purpose does not work in
the more general setting considered here. We thus introduce a different technique, based
on a Whitney type decomposition.
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There have been several recent results on the thermodynamic formalism of multi-
modal interval maps with non-flat critical points, by Bruin and Todd [BT08,BT09] and
Pesin and Senti [PS08]. Besides [BT08, Theorem 6], that gives a complete description of
the thermodynamic formalism for ¢ close to 0 and for a general topologically transitive
multimodal interval map with non-flat critical points, all the results that we are aware
of are restricted to non-uniformly hyperbolic maps. It is possible to apply the approach
given here to obtain a fairly complete description of the thermodynamic formalism of
a general topologically transitive multimodal interval map with non-flat critical points.
We obtain in particular that the pressure function of such a map is real analytic at each
parameter in R, with at most two exceptions.! We are in the process of writing these
results.

After reviewing some general properties of the pressure function in §1.1, we state
our main result in §1.2. The applications to rigidity, multifractal analysis, and level-1
large deviations are given in Appendix B.

Throughout the rest of this Introduction we fix a rational map f of degree at least
two, we denote by Crit(f) the set of critical points of f and by J(f) the Julia set of f.

1.1. The pressure function and equilibrium states. We give here the definition of the
pressure function and of equilibrium states, see §2 for references and precise formula-
tions.

Let .# (f) be the space of all probability measures supported on J(f) that are
invariant by f. We endow . ( f) with the weak™® topology. For each u € .Z (f), denote
by h, (f) the measure theoretic entropy of i, and by x,.(f) := [In ’f’| du the Lyapu-
nov exponent of w. Given a real number ¢ we define the pressure of f|;(y) for the
potential —t In |f’| by

P@t) = sup {hu(f) — txu(f) | 0 € A ()} (1.1)

For each 7 € R we have P(r) < +00,2 and the function P : R — R so defined will be
called the pressure function of f.1Itis convex, non-increasing and Lipschitz continuous.
An invariant probability measure p supported on the Julia set of f is called an equi-
librium state of f for the potential —t In | f'{, if the supremum (1.1) is attained for this
measure.
The numbers,

Xint () :=inf {xu(f) | w € A ()},

Xsup(f) := sup {X/L(f) | ne j/(f)} )

will be important in what follows. We call
t_:=inf{t € R| P(t) + 1t xsup(f) > 0} (1.2)
1y :=sup{t € R | P(t) + 1t xinf (f) > 0} (1.3)

1 Recently Iommi and Todd [IT09] have shown similar results for transitive multimodal maps with non-flat
critical points as those presented here, but only obtaining that the pressure function is continuous differentiable,
and without statistical properties of the equilibrium states.

2 Whent < 0,the number P (¢) coincides with the topological pressure of f/|;( r) for the potential —7 In | 'l
defined with (n, ¢)-separated sets. However, these numbers do not coincide when 7 > 0 and there are critical
points of f in J(f). In fact, since In }f / \ takes the value —oo at each critical point of f, in this case the
topological pressure of f| ;s for the potential —7 In | f | is equal to +oo.
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the condensation point and the freezing point of f, respectively. We remark that the
condensation (resp. freezing) point can take the value —oo (resp. +00). We have the
following properties (Proposition 2.1):

o - <0<ty
o forallt € R\(z_,ty) we have P(¢) = max{—1 xsup(f), — xint (f)};
o forallt € (z,t;) we have P (1) > max{—7 xint (f), = Xsup(f)}.

1.2. Nice sets and the thermodynamics of rational maps. A neighborhood V of Crit( )N
J(f) is anice set for f, if for every n > 1 we have f"(dV) NV = (4, and if each con-
nected component of V' is simply connected and contains precisely one critical point
of f in J(f). A nice couple for f is a pair of nice sets (V, V) for fsuchthat V C v
and such that for every n > 1 we have f"(dV) N V = (J. We will say that a nice couple
(V V) is small, if there is a small » > 0 such that Vc B(Crit(f)NJ(f),r).

We say that a rational map f is expanding away from critical points, if for every
neighborhood V' of Crit(f) N J(f) the map f is uniformly expanding on the set

{zeJ(f)| foreveryn >0, f"(z) ¢ V'}.

Main Theorem. Let f be a rational map of degree at least two that is expanding away
from critical points, and that has arbitrarily small nice couples. Then the following
properties hold.

Analyticity of the pressure function: The pressure function of f is real analytic on
(t-,ty), and linear with slope —xsup(f) (resp. —xint(f)) on (—oo,t_] (vesp.
[24, +00)).

Equilibrium states: For each tg € (t—, t;) there is a unique equilibrium state of f for
the potential —ty In | f ’|. Furthermore this measure is ergodic and mixing.

We now list some classes of rational maps for which the Main Theorem applies.

e Using [KvS09] we show that each at most finitely renormalizable polynomial with-
out indifferent periodic orbits satisfies the hypotheses of the Main Theorem, see
Theorem C in §A.1.

e Quadratic polynomials with real coefficients satisfy the hypothesis of the Main The-
orem, with two exceptions: Maps with an indifferent periodic point, which are con-
siderably simpler to treat, and maps having a renormalization conjugated to the
Feigenbaum polynomial, for which we show that a slightly more general version of
the Main Theorem applies (Theorem B in §7). In particular our results imply that
the conclusions of the Main Theorem hold for each quadratic polynomial with real
coefficients, see §A.3 for details.

e Topological Collet-Eckmann rational maps have arbitrarily small nice couples
[PRLO7, Theorem E] and are expanding away from critical points. These maps
include Collet-Eckmann rational maps, as well as maps without recurrent critical
points and without parabolic periodic points; see [PR98] and also [PRLS03, Main
Theorem].

e Each backward contracting rational map has arbitrarily small nice couples [RLO7,
Prop. 6.6]. If in addition the Julia set is different from C, such a map is also expanding
away from critical points [RLO7, Coro. 8.3]. In [RLO7, Theorem A] it is shown that
a rational map f of degree at least two satisfying the summability condition with
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exponent I: f does not have indifferent periodic points and for each critical value v
in the Julia set of f we have

i‘) ‘(f”)/ (v)‘_l < +00
n=1

is backward contracting, and it thus has arbitrarily small nice couples. In [Prz98] it is
shown that each rational map satisfying the summability condition with exponent 1
is expanding away from critical points.

Using a stronger version of the Main Theorem (Theorem B in §7), we show that each
infinitely renormalizable quadratic polynomial for which the diameters of the small
Julia sets converge to 0 satisfies the conclusions of the Main Theorem, see §A.2 in
Appendix A. In particular the conclusions of the Main Theorem hold for each infinitely
renormalizable polynomial with a priori bounds; see [KL0O8,McM94] and references
therein for results on a priori bounds.

Remark 1.1. In the proof of the Main Theorem we construct the equilibrium states
through an inducing scheme with an exponential tail estimate, that satisfies some addi-
tional technical properties; see §4.3 for precise statements. The results of [ You99] imply
that the equilibrium states in the Main Theorem are exponentially mixing and that the
Central Limit Theorem holds for these measures. It also follows that these equilibrium
states have other statistical properties, such as the “almost sure invariant principle”, see
e.g. [Gou05,MN05,MNO08, TKO05].

We obtain as a direct consequence of the Main Theorem the following result on the
integral means spectrum.

Corollary 1.2. Let f be a monic polynomial with connected Julia set and degree d > 2,
that is expanding away from critical points and that has arbitrarily small nice couples.
Let

¢:{zeCllz] > 1} = C\J(f)

be a conformal representation that is tangent to the identity at infinity. Then the integral
means spectrum of @,

. In [ ¢/ (r exp(i6))|' d6
Pot) 1= s = — D

3

is real analytic on (t, ty) and linear with slope 1 — xsup(f)/Ind (resp. 1 — xint (f)/Ind)
on (—oo, t_] (resp. [ty, +00)).

This corollary follows directly from the fact that for each t € R we have By (t) =
P(t)/Ind +1t — 1, see for example [BMSO03, Lemma 2].

We will now consider several known results related to the Main Theorem.

As mentioned above, Makarov and Smirnov showed in [MS00] that the conclusions
of the Main Theorem hold for every rational map on (—o0, 0). Furthermore, they char-
acterized all those rational maps whose condensation point 7_ is finite; see §B.1.

For a uniformly hyperbolic rational map we have — = —o0 and #. = +00, and for
a sub-hyperbolic polynomial with connected Julia set we have 7, = +0o0 [MS96]. The
freezing point #, is finite whenever f does not satisfy the Topological Collet-Eckmann
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Condition® (Proposition 2.1). In fact, in this case the freezing point f, is the first zero
of the pressure function. On the other hand, there is an example in [MS03, §3.4] of a
generalized polynomial-like map satisfying the Topological Collet-Eckmann Condition*
and whose freezing point ¢, is finite.

When f is a generalized polynomial-like map without recurrent critical points, the
part of the Main Theorem concerning the analyticity of the pressure function was shown
in [MS00,MS03,SUO03]. Note that the results of [SU0O3] apply to maps with parabolic
periodic points.

Let us also mention that, if f is an at most finitely renormalizable polynomial without
indifferent periodic points and such that for every critical value v in J(f),

Jim | (f7) ()] = +oo,

and if 7o > 0 is the first zero of the pressure function, then the absolutely continuous
invariant measure constructed in [RLS10] is an equilibrium state of f for the potential
—foln |f’ , see also [GS09,PRLO7].

In the case of a general transitive multimodal interval map with non-flat critical
points, a result analogous to the Main Theorem was shown by Bruin and Todd in [BTOS,
Theorem 6] for ¢ in a neighborhood of 0. Similar results for # in a neighborhood of
[0, 1] were shown by Pesin and Senti in [PSO8] for multimodal interval maps with
non-flat critical points satisfying the Collet-Eckmann condition and some additional
properties (see also [BT09, Theorem 2]) and by Bruin and Todd in [BT09, Theorem 1],
for ¢ in a one-sided neighborhood of 1, and for multimodal interval maps with non-flat
critical points and with a polynomial growth of the derivatives along the critical orbits;
see also [BK98].

In [Dob09, Prop. 7], Dobbs shows that there is a quadratic polynomial with real coef-
ficients fp such that the pressure function, defined for the restriction of fo to a certain
compact interval, has infinitely many phase transitions before it vanishes. This behavior
of fo as an interval map is in sharp contrast with its behavior as a complex map: Our
results imply that the pressure function of fy, viewed as a map acting on the (complex)
Julia set of fy, is real analytic before it vanishes.

1.3. Notes and references. See the book [Rue04] for an introduction to the thermody-
namic formalism and [PU02,Zin96] for an introduction in the case of rational maps.

For results concerning other potentials, see [DU91,GW07,Prz90, Urb03] for the case
of rational maps, [Bal00] for piecewise monotone maps, and [BT08,PS08] and refer-
ences therein for the case of multimodal interval maps with non-flat critical points.

For a rational map f satisfying the Topological Collet-Eckmann Condition and for
t = HDnyp(f), the construction of the corresponding equilibrium state given here gives
a new proof of the existence of an absolutely continuous invariant measure, with respect
to a conformal measure. More precisely, it gives a new proof of [PRLO7, Key Lemma].

1.4. Strategy and organization. We now describe the strategy of the proof of the Main
Theorem, and simultaneously describe the organization of the paper. Our results are

3 By [PRLS03, Main Theorem] f satisfies the Topological Collet-Eckmann Condition if, and only if,
Xinf (f) > 0.
4 In fact this map has the stronger property that no critical point in its Julia set is recurrent.
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either well-known or vacuous for rational maps without critical points in the Julia set,
so we will (implicitly) assume that all the rational maps we consider have at least one
critical point in the Julia set.

In §2 we review some general results concerning the pressure function, including
some of the different characterizations of the pressure function given in [PRLS04]. We
also review some results concerning the asymptotic behavior of the derivative of the
iterates of a rational map. These results are mainly taken or deduced from results in
[Prz99,PRLS03,PRLS04].

To prove the Main Theorem we make use of the inducing scheme introduced in
[PRLO7], which is developed in the more general setting considered here in §§3, 4.
In §3.1 we recall the definitions of nice sets and couples, and introduce a weaker notion
of nice couples that we call “pleasant couples”. Pleasant couples will allow us to handle
non-primitive renormalizations, see Remark A.6. Then we recall in §3.2 the definition of
the canonical induced map associated to a nice (or pleasant) couple. We also review the
decomposition of its domain of definition into “first return” and “bad pull-backs” as well
as the sub-exponential estimate on the number of bad pull-backs of a given order (§3.3).
In §3.4 we consider a two variable pressure function associated to such an induced map,
that will be very important for the rest of the paper. This pressure function is analogous
to the one introduced by Stratmann and Urbanski in [SUO3].

In §4 we give sufficient conditions on a nice (or pleasant) couple so that the con-
clusions of the Main Theorem hold for values of ¢ in a neighborhood of an arbitrary
to € (t_, ty) (Theorem A). These conditions are formulated in terms of the two variable
pressure function defined in §3.4. We follow the method of [PRLO7] for the construc-
tion of the conformal measures and the equilibrium states, which is based on the results
of Mauldin and Urbanski in [MUO3]. As in [PS08], we use a result of Zweimiiller in
[Zwe05] to show that the invariant measure we construct is in fact an equilibrium state.
The uniqueness is a direct consequence of the results of Dobbs in [Dob08], generalizing
[Led84]. Finally, we use the method introduced by Stratmann and Urbanski in [SUO3]
to show that the pressure function is real analytic. Here we make use of the fact that the
two variable pressure function is real analytic on the interior of the set where it is finite,
a result shown by Mauldin and Urbanski in [MUO3].

The proof of the Main Theorem is contained in §§5, 6, 7. The proof is divided into
two parts. The first, and by far the most difficult one, is to show that for #y € (¢_, t;) the
two variable pressure associated to a sufficiently small nice (or pleasant) couple is finite
on a neighborhood of (¢, p) = (f9, P(#)). To do this we use the strategy of [PRLO7]:
we use the decomposition of the domain of definition of the induced map associated to
a nice (or pleasant) couple, into first return and bad pull-backs evoked in §3.3. Unfor-
tunately, for values of ¢ such that P(¢) < 0, there does not seem to be a natural way
to adapt the density introduced in [PRLO7] to estimate the contribution of a bad pull-
back. Instead we use a different argument involving a Whitney type decomposition of
a pull-back, which is one of the main technical tools introduced in this paper. Roughly
speaking, we have replaced the “annuli argument” of [PRL0O7, Lemma 5.4] by an argu-
ment involving “Whitney squares”, that allow us to make a direct estimate avoiding an
induction on the number visits to the critical point. The Whitney type decomposition is
introduced in §5 and the estimate on the contribution of a (bad) pull-back is given in §6.
The finiteness of the two variable pressure function is shown in §7.1. The second part
of the proof, that for each ¢ close to 7y the two variable pressure function vanishes at
(t, p) = (¢, P(1)),is givenin §7.2. Here we have replaced the analogous (co-)dimension
argument of [PRLO7], with an argument involving the pressure function of the rational
map.
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Appendix A is devoted to show that the conclusions of the Main Theorem hold for
several classes of polynomials. In §A.1 we show that each at most finitely renormaliz-
able polynomial without indifferent periodic points satisfies the hypotheses of the Main
Theorem (Theorem C). Then in §A.2 we show that each infinitely renormalizable qua-
dratic polynomial for which the diameters of small Julia sets converge to O satisfies the
hypotheses of Theorem B. Finally, §A.3 is devoted to the case of quadratic polynomials
with real coefficients.

In Appendix B we give applications of our main results to rigidity, multifractal anal-
ysis, and level-1 large deviations.

2. Preliminaries

The purpose of this section is to give some general properties of the pressure func-
tion (§§2.2, 2.3), and some characterizations of yint and xsup (§2.4). These results are
mainly taken or deduced from the results in [Prz99, PRLS03,PRLS04]. We also fix some
notation and terminology in §2.1, that will be used in the rest of the paper.

Throughout the rest of this section we fix a rational map f of degree at least two. We
will denote A, (f), x, (f), ... just by hy, X, .. .. For simplicity we will assume that
no critical point of f in the Julia set is mapped to another critical point under forward
iteration. The general case can be handled by treating whole blocks of critical points as
a single critical point; that is, if the critical points co, ..., cx € J(f) are such that ¢; is
mapped to c;+1 by forward iteration, and maximal with this property, then we treat this
block of critical points as a single critical point.

2.1. Notation and terminology. We will denote the extended real line by R := R U
{—o00, +00}.

Distances, balls, diameters and derivatives are all taken with respect to the spherical
metric. For z € C and r > 0, we denote by B(z,r) C C the ball centered at z and with
radius r. . .

For a given z € C we denote by deg s (z) the local degree of f at z, and for V. C C
and n > 0, each connected component of /=" (V) will be called a pull-back of V by f".
When V is clear from the context, for such a set W we put my = n. Whenn = 0 we
obtain that each connected component W of V is a pull-back of V with my = 0. In
the case where f” is univalent on W we will say that W is an univalent pull-back of V
by f. Note that the set V is not assumed to be connected.

We will abbreviate “Topological Collet-Eckmann” by TCE.

2.2. General properties of the pressure function. Given an integer n > 1 let A, :
C x R — R be the function defined by

—t
Mo = > | @
we f~"(z0)
Then for every ¢ € R and every zq in C outside a set of Hausdorff dimension 0, we have

limsup 2 In A, (z0, 1) = P(1), 2.1)

n—+oo

see [Prz99,PRLS04].
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In the following proposition,

HDnyp (f) := sup{HD(X) | X compact and invariant subset of C,
where fis uniformly expanding}.

Proposition 2.1. Given a rational map f of degree at least two, the function
t— P(t) +1txint (resp.t = P(f) + 1 Xsup)s

is convex, non-increasing, and non-negative on [0, +00) (resp. (—o0, 0]). Moreover
t- < 0, and we have t, > HDyyp(f) with strict inequality if, and only if, f satisfies the
TCE condition.

In particular for all t in (t_, t,) we have P(t) > max{—t xinf, —t Xsup}, and for all t
in R\(t_, 1) we have P(t) = max{—t Xinf, — Xsup}-

Proof. For each u € .#(f) the function t +— h,(f) — t(x, — Xinf) (resp. t
hy — t(Xu — Xsup)) is affine and non-increasing on [0, +00) (resp. (—o0, 0]). As by
definition

P(t) =sup{h, —tx, | ne€ A},

we conclude that the function t +— P(t) + f xinr (resp. t +—> P(t) + t xinf) 1S convex
and non-increasing on [0, +00) (resp. (—oo, 0]). It also follows from the definition that
t +— P(t) +txinf (resp. t — P(t) + Xinf) 1S non-negative on this set.

The inequalities 7~ < 0 and 7, > HDyy, () follow from the fact that xi,f is non-neg-
ative and from the fact that the pressure function P is strictly positive on (0, HDpyp (f))
[Prz99]. When f satisfies the TCE condition, then xjnf > 0 [PRLS03, Main Theorem]
and thus 7. > HDpyp(f). When f does not satisfy the TCE condition, then xjr = 0
[PRLS03, Main Theorem] and therefore the equality z, = HDpy,(f) follows from the
fact that HDyyp ( f) is the first zero of the function P [Prz99]. O

2.3. The pressure function and conformal measures. For real numbers ¢ and p we will
say_that a finite Borel measure w is (¢, p)-conformal for f, if for each Borel subset U
of C on which f is injective we have

1(fU)) = exp(p) /U || dpe.

By the locally eventually onto property of f on J(f) it follows that if the topologi-
cal support of a (¢, p)-conformal measure is contained in J(f), then it is in fact equal

to J(f).

Proposition 2.2. Let f be a rational map of degree at least two. Then for each t €
(t—, +00) there exists a (t, P(t))-conformal measure for f supported on J(f), and for
each real number p for which there is a (t, p)-conformal measure for f supported
on J(f) we have p > P(t).

Proof. Whent = 0, the assertions are well known, see for example [DU91, p. 104]. The
case t > 0 is given by [PRLS04, Theorem A]. In the case t € (¢_, 0) the existence is
given by [MS00, §3.5] (see also [PRLS04, Theorem A.7]), and in [PRLS04, Prop. A.11]
it is shown that if for some real number p there is a (¢, p)-conformal measure, then in
fact p = P(t). O
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2.4. Characterizations of Xinf and Xsup. The following proposition gives some charac-
terizations of xinf and xsup, Which are obtained as direct consequences of the results in
[PRLSO3].

For each o > 0 put

Ey = B (f"(Crit(f)), max{ng, n}~%).

In

no

Observe that the Hausdorff dimension of E, is less than or equal to o~ !, It thus follows

that the Hausdorff dimension of the set Eno 1= [ «~0 Eq 18 equal to 0.

Proposition 2.3. For a rational map f of degree at least two, the following properties
hold:

1. Given a repelling periodic point p of f, let m be its period and put x(p) =
% In |((f™) (p)|. Then we have

inf{x (p) | p is a repelling periodic point of f} = Xint,
sup{x (p) | p is a repelling periodic point of f} = Xsup-

lim 1nsup { ‘(fn)/(Z)HZ 6@} = Xsup-

n—+oo

3. For each zg € E\EOo we have

Jim_ 5 Inmin { ‘(f")/ (w)H w e f‘"(zo)} = Xinf: 2.2)
im_ 5 Inmax { ‘(f”)’ (w)H w € f‘”(zo)} = Xsup- (2.3)

Proof. 1. The equality involving xinr was shown in [PRLS03, Main Theorem]. To
prove the equality involving xsup, first note that if p is a repelling periodic point
of f, and if we denote by m its period, then the measure u := ZT;OI Sricpy 18
invariant by f and its Lyapunov exponent is equal to y (p). It thus follows that

sup{x (p) | p repelling periodic point of f} < Xsup.

The reverse inequality follows from the fact, shown using Pesin theory, that for
every ergodic and invariant probability measure © whose Lyapunov exponent is
strictly positive and every ¢ > 0, one can find a repelling periodic point p such that
Ixx — x(p)| < &; see for example [PUO2, Theorem 11.6.1].

2. For each integer n > 1 put

M, := sup { ‘(f”)/(z)Hz c @} .
Note that for integers m, n > 1 we have M4, < My, - My, so the limit

x = lim %lnMn

n—+oo
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exists. The inequality x > xsup follows from part 1. To prove the reverse inequality,
for each integern > 1 let z,, € C be such that |(f")/ (Zn)| = M,, and put

n—1
1 )
= D8
=0

Let (nj)j>0 be a diverging sequence of integers so that u,; converges to a mea-

sure 4, which is invariant by f. Since the function In | f ’| is bounded from above,
the monotone convergence theorem implies that

. l _ l
AETOO max{A,ln|f }}dpb _/ln|f ‘du.
On the other hand, for each real number A we have
/max {A,In|f'|}dpn= lim /max {A.In |f/|}du,,j zlimsup/ln |f/|d,unj.
J =400 Jj—>+00
We thus conclude that

Xsup Z/ln|f’|duzlimsup/ln|f’|d,unj = x.

j—+o0

3. For a point zo € C which is not in the forward orbit of a critical point of f, the
inequalities

limsupilnmin{‘(f")/(w)H w e f_"(zo)} = Xinf,

n—+oo

liminf%Inmax { ‘(f”)/(w)H w e f_"(zo)} > Xsup-

n—+oo

are a direct consequence of part 1 and the following property: For each repelling
periodic point p there is a constant C > 0 such that for every integer n > 1 there
isw e f"(z0) satisfying

C™ expnx(p) = | (") ()| = Cexplux (p)).
Part 2 shows that for each zg € C we have

limsupﬁlnmax { ‘(f”)/(w)H w e f_"(Zo)} < Xsup-

n—+0o0

It remains to show that for every zg € C\ Eoo we have
A(zo) := liminf % In min { ‘(f”)/ (w)H w e f_”(z())} > Xinf-
n—+0o

We observe first that this inequality holds for some point zo in C\Ew. In fact,
let K be a compact subset of J(f) of non-zero Hausdorff dimension on which f
is uniformly expanding. Then for each zp € K\E the above inequality follows
from part 1 and the “specification property” of [PRLS03, Lemma 3.1]. The final
observation is that the function A is constant on C\ E, see [Prz99, §3] or also
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[PRLS03, §1]. To prove this fix z, w € C\Eq and for a given integer join z to w
with a certain number M of discs (U j)ﬁ”: | such that z € Uy, z € Uy and such that
foreach j € {1,..., M — 1} we have U; N Uj;1 # ¥, in such a way that for each
J € {1,..., M} the disc 2U;, with the same center as U; and twice the radius, is
disjoint from (J;_; _, f*(Crit(f)). By Koebe Distortion Theorem it follows that
there is a constant B > 0 such that the absolute value of the ratio of the derivative
of f™ at corresponding points of f~"(z) and f~"(w) is bounded by exp(BM). The
main point, shown in [Prz99, §3], is that there is € € (0, 1) such that for every suf-
ficiently large n such a chain of discs exists for some integer M satisfying M < n®.
In particular, the ratio of these derivatives is sub-exponential with n. This implies
that A(z) = A(w) and completes the proof of the proposition. O

3. Nice Sets, Pleasant Couples and Induced Maps

In §3.1 we recall the definition and review some properties of nice sets and couples. We
also introduce a notion weaker than nice couple, that we call “pleasant couple”. Then
we consider the canonical induced map associated to a pleasant couple in §3.2, as it was
introduced in [PRLO7, §4] for nice couples, and review some of its properties (§3.3).
Finally, we introduce in §3.4 a two variable pressure function associated to a canonical
induced map, that will be important in what follows.

Throughout all this section we fix a rational map f of degree at least two.

3.1. Nice sets, nice couples, and pleasant couples. Recall that a neighborhood V of
Crit(f) N J(f) is a nice set for f,if for every n > 1 we have f"(dV) NV =, and if
each connected component of V' is simply connected and contains precisely one critical
point of f in J(f).

LetV = UceCrit(f)mJ(f) V¢ be a nice set for f. Then for every pull-back W of V
we have either

wnNnv=@p or WcCV.
Furthermore, if W and W' are distinct pull-backs of V, then we have either,
WNnW =¢g, WcWwW o WcCW.

For a pull-back W of V we denote by c(W) the critical point in Crit(f) N J(f) and by
my > 0 the integer such that f™" (W) = V¢WW)_ Moreover we put,

K (V) ={z e C| forevery n > 0 we have f"(z) € V}.

Note that K (V) is a compact and forward invariant set and for each ¢ € Crit(f) N J(f)

the set V¢ is a connected component of C\ K (V). Moreover, if W is a connected com-

ponent of C\ K (V) different from the V¢, then f(W) is again a connected component

of C\K (V). It follows that W is a pull-back of V and that f”"¥ is univalent on W.
Given a nice set V for f and a neighborhood V of V in C we will say that (‘7, V)

is a pleasant couple for f if for every pull-back W of V, the pull-back of V by f™W

containing W is

(i) contained in V if W is contained in V;
(1) disjoint from Crit( f) if W is disjoint from V.
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If (V V) is a pleasant couple for f, then for each ¢ € Crit(f) N J(f) we denote by Ve
the connected component of v _containing ¢ and for each pull-back W of V' we will
denote by W the pull-back of v by f™W that contains W and put my = my and
c(W) := c¢(W). Thus, when W is disjoint from V/, it is shielded from Crit(f) by W by
property (ii). Otherwise, W C V and then the set W may or may not intersect Crit( f).
The latter distinction will be crucial in what follows.

Let (V, V) be a pleasant couple for f and let W be a connected component of
@\K (V). Thenforevery j =0, ..., mwy — 1, the set /(W) is a connected component
of (C\K(V) different from the V‘ Thus f7(W) is disjoint from V and by property (ii)

the set f J(W) is disjoint from Crit(f). It follows that /W is univalent on W

A nice couple for f is a pair (V V) of nice sets for f such that V c V, and such
that for every n > 1 we have frEvyn V =0.1f (V V) is a nice couple for f, then
for every pull-back W of V we have either

WnvV=¢ o WcV.
It thus follows that each nice couple is pleasant.

Remark 3.1. The definitions of nice sets and couples given here is slightly weaker than
that of [PRLO7,RL0O7]. Foraset V = UceCrit(f)mJ(f) V¢ to be nice, in those papers we

required the stronger condition that for each integer n > 1 we have f*(3V) NV = g,
and that the closures of the sets V are pairwise disjoint. Similarly, for a pair of nice sets
(V, V) to be a nice couple we required the stronger condition that for eachn > 1 we

have f*(0V) N V = ¢. The results we need from [PRLO7] still hold with the weaker
property considered here.

Observe that if (V, V) is a nice couple as defined here, then V is a nice set in the
sense of [PRLO7,RLO7].

The following proposition® sheds some light on the definitions above, although it is
not used later on; compare with the construction of nice couples in §A.1 (Theorem C)
and in [RLO7, §6].

Proposition 3.2. Suppose that for a rational map f there exists a nice set U =
UceCrit(f)mJ(f) U¥€ such that for every integer n > 1,

" EUYNT = 0. 3.1

Suppose furthermore that the maximal diameter of a connected component of f~*(U)
converges to 0 as k — +00. Then there exists a nice set 'V for f that is compactly
contained in U such that (U, V) is a nice couple for f.

Proof. Since U is a nice set each connected component of the set A := C\ f~ (K (U)) is
a pull-back of U. Furthermore, by (3.1) each connected component W of A intersecting
U is compactly contained in U, and my is the first return time to U of points in W.

If the forward trajectory of ¢ visits U, take as V¢ the connected component con-
taining ¢ of A. Since U is a nice set, V¢ is a first return pull-back of U, and by (3.1)
the set V¢ is compactly contained in U. In particular for each integer n > 1 we have
f"(@V)NU = @. For each critical point ¢ € Crit(f) N J(f) whose forward trajectory
never returns to U, take a preliminary disc D compactly contained in U¢. By (3.1) each

5 We owe this proposition to Shen, from a personal communication.
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connected component of A intersecting D is compactly contained in U¢. Let now VEbe
the union of D and all those connected components of A intersecting D. The hypothesis
on diameters of pull-backs implies that V¢ is compactly contained in U, and that each
point in dV¢ is either contained in 8D N (C\A), or in the boundary of a connected
component of A intersecting D (which is a first return pull-back of U). Therefore for
each integern > 1 we have f" (8 V¢)NU = @. Finally let V be the union of V¢ and all

connected components of C\V‘ contained in U¢ (We do this “filling holes” trick since
a priori it could happen that the union of D and one of the connected components of
A, and consequently V¢, might not be simply-connected). We have dV¢ C aV¢, so for
each integer n > 1 we have f* (dV)NU = 0.

Set V.= Ucecrit ynscp) V- We have shown that for each integer n > 1 we have

f"@V)NU =@,so (U, V)isanice couple. O

3.2. Canonical induced map. Let (‘7, V) be a pleasant couple for f. We say that an
integer m > 1 is a good time for a point z in C, if f™(z) € V and if the pull-back of v
by f” to z is univalent. Let D be the set of all those points in V having a good time
and for z € D denote by m(z) > 1 the least good time of z. Then the map F : D — V
defined by F(z) := ™ (z) is called the canonical induced map associated to (V V).
We denote by J (F) the maximal invariant set of F and by © the collection of connected
components of D.

As V is a nice set, it follows that each connected component W of D is a pull-back
of V and that for each z € W we have m(z) = mw . Moreover, f Mw is univalent on W
and by property (i) of pleasant couples we have W C V. Similarly, for each integer
n > 1, each connected component W of the domain of definition of F" is a pull-back
of Vand f™W is univalent on W. Conversely, if W is a pull-back of V strictly contained
in V such that fW is univalent on W then there is ¢ € Crit(f) N J(f) and an integer
n > 1 such that F" is defined on W and F" (W) = V°. Indeed, in this case m is a good
time for each element of W and therefore W C D. Thus, either we have F (W) = V<(W)
and then W is a connected component of D, or F (W) is a pull-back of V strictly con-
tained in V such that f™#W) is univalent on F/(V7) Thus, repeating this argument we
can show by induction that there is an integer n > 1 such that F" is defined on W and
F'(W) = veW),

The following result was shown in [PRLO7] for nice couples. The proof applies
without change to pleasant couples.

Lemma 3.3 ([PRLO7], Lemma 4.1). For every rational map f there is r > 0 such that
if (V V) is a pleasant couple satisfying

max diam (V‘) <r, (3.2)
ceCrit(H)NJI (f)

then the canonical induced map F : D — V associated to (f/\, V) is topologically
mixing on J (F). Moreover there is ¢ € Crit(f) N J(f) such that the set

{mw | W € © contained in VC and such that F(W) = VE} (3.3)
is non-empty and its greatest common divisor is equal to 1.

Remark 3.4. We will apply several results of [MUO3] to the induced map F. However,
most of the results we need from [MUO3] are stated for the associated symbolic space.
The corresponding results for the induced map F can be obtained using Lemma 3.1.3,
Proposition 3.1.4 and Theorem 4.4.1 of [MUO3].
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fmy
Yy =Ve frey)=ve

Fig. 1. On the left, the family associated to a connected component Y of V; on the right, the one associated
to a higher order pull-back Y of v

3.3. Bad pull-backs. We will now introduce the concept of “bad pull-backs” of a pleas-
ant couple. It is an adaptation of the concept with the same name introduced in [PRLO7,
§7.1] for a nice set. N

Given a pleasant couple (V, V) and an integer n > 1, apointy € f~"(V)isa
bad iterated pre-image of order n if for every j € {1, ..., n} such that fli(y) € V the
map f/ is not univalent on the pull-back of V by f/ containing y. In this case every
point y” in the pull-back X of V by f” containing y is a bad iterated pre-image of order
n. We could call X a bad pull-back of V of order n, although this terminology would
not be used in the rest of the paper, see Fig. 1. Furthermore, a connected component ¥
of f~ "(V) is a bad pull-back of V of order n, if it contains a bad iterated pre-image of
order n.

The following two lemmas will be used in the proof of the Main Theorem in §7.
They are adaptations to pleasant couples of part 1 of Lemma 7.4 and of Lemma 7.1 of
[PRLO7]. Given a pleasant couple (V, V) for f we denote by £y the collection of all
the connected components of C\K (V). On the other hand, let ¥ be a pull-back of v
and recall that my > 0 denotes the integer such that ™ (Y) is equal to a connected
component of V. Then we let Dy be the collection of all the pull-backs W of V that
are contained in Y, such that f™W maps the pull-back W of V by f™W containing W
univalently onto VC(W) such that f™ (W) C V and such that f™"*1(W) € £y. See
Fig. 1.

Lemma 3.5 ([PRLO7], Part 1 of Lemma 7.4). Let (\7, V) be a pleasant couple for f
and let ® be the collection of the connected components of D. Then

D C U Dpe | U U Dy

ceCrit(£)NJ (f) Y bad pull-back of V

Proof. LetW € ©.1f f(W) € Ly, thenthereisc € Crit(f)NJ(f)suchthat W € Dy
Suppose now f(W) ¢ Ly, so there is an integer j € {l,...,mw — 1} such that

6 When the pleasant couple (V, V) is nice, it is easy to see that the notion of bad pull-back as defined here
coincides with that of [PRLO7]. See also Remark 3.7.
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fI(W) C V.Letn be the largest such integer, so we have F* (W) e £y and, if we
let Y be the pull-back of V by f”" containing W, then W € Dy. It remains to show that
Y is a bad pull-back of V of order n. Just observe that if we fix ye W CY,then mwy
is the least good time of y, so y is a bad iterated pre-image of f"(y) € f"(W) C V of
order n and Y is a bad pull-back of V of order n. This completes the proof of the lemma.

]

Lemma 3.6 ([PRLO7], Lemma 7.1). Let f be a rational map, let (f/\, V) be a pleasant
couple for f and let L > 1 be such that for every £ € {1, ..., L} the set FYCrit(f) N
J(f)) is disjoint from V. Then for each zo € V and each integer n > 1, the number of
bad iterated pre-images of zo of order n is at most

(2L deg(f)#(Crit(f) N J(/H))"*.

In particular, the number of bad pull-backs of v of order n is at most

#(Crit(f) N J(f)) 2L deg(/H#(Crit(f) N T ()H))"F.

Proof. 1. Given an integer n > 1 and a bad iterated pre-image y of order 7, let
L(y,n) € {0,...,n — 1} be the largest integer such that the pull-back of v by
frto.m contamlng £ (y) intersects Crit(f) N J(f). Using property (ii) of
pleasant couples we obtain that £ (y) € V, and in the case where £(y, n) > 0,
that the point y is a bad iterated pre-image of order £(y, n).

2. Given an integer n > 1 and a bad iterated preimage y of order n, define k > 1 and a
strictly decreasing sequence of non-negative integers (£, . .., £x) by induction as
follows. We put £y = n and suppose that for some integer j > 0 the integer £; is
already defined in such a way that f% (y) € V.If £; = 0 then define k := j and
stop. Otherwise we have f% (y) € V by the induction hypothesis and therefore y
is a bad iterated pre-image of i (y) of order £;. Then we define €1 := £(y, £;).
As remarked above ffi+1(y) = 024 (y) € V, so the induction hypothesis is
satisfied.

3. Fixanintegern > 1.To each bad iterated preimage y of order n we have associated
inPart2 aninteger k > 1 and a strictly decreasing sequence of non-negative integers
(Lo, ..., k). We have €9 = n, £; = 0 and for each j € {1, ..., k} the pull-back of
v by fe, 1=¢j containing f%i (y) contains an element ¢ of Crlt(f) N J(f) and at
most deg (c) elements of f~ (&j-1=¢j) (]”Z (y)) As for each ¢ € Crit(f) N J(f)
and each 1nteger m > 1 there are at most #(Crit(f) N J(f)) connected components
of f=™ (Vc) intersecting Crit(f) N J(f), it follows that there are at most

(deg( fH#(Crit(f) N T (HHDF

bad iterated pre-images of zg of order n whose associated sequence is equal to
(o, -, Lr).

By definition of L foreach j € {1, ..., k} wehave £; | —£; > L. Sok <n/L and
for each integerm € {1, ..., n} thereis at most one integer r € {0 — 1} such that
m +r is one of the £;. Thus there are at most (L + 1)"/% such decreasmg sequences.

We conclude that the number of bad iterated pre-images of zo of order n is at most,

(L + )" E(deg(f)#(Crit(f) N J(FIN"E < (2L deg(f)#(Crit(f) N J(f)"/E.
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Remark 3.7. The purpose of this remark is to show the reverse inclusion of Lemma 3.5.
Although this is not used in the proof of the Main Theorem, we think the argument is
useful to understand bad pull-backs of pleasant couples. As for each ¢ € Crit(f)NJ(f)
we clearly have Dy, C D, we just need to show that for each integer n > 1 and
each bad pull-back Y of v by f" we have ©y C ®. To do this, let y € Y be a bad
iterated pre-image of order n and let k > 1 and ({o, ..., £x) be as in the proof of
Lemma 3.6. An inductive argument using property (ii) of pleasant couples shows that
foreach j € {0, . — 1} theset £4 (Y)N f~=4) (V) is contained in V. In particular,
each element W of Dy is contained in V. On the other hand, observe that the pull-back
of V by f™W~" containing f" (W) is univalent and by property (i) of pleasant couples it
is contained in V. Thus, to show W € D, we just need to show that each element y’ of W
is a bad iterated pre-image of order n. Leti € {1, ..., n} be such that f* () € V and
let j € {0, ..., k — 1} be the largest integer such that £; > i. By property (i) of pleasant
couples it follows that the pull-back of V by £~ containing f' (') is contained in V..
Since the pull-back of v by f% i+ containing fti+! (y’ ) intersects Crit( f), it follows
the pull-back of v by fi~%+ containing f¢i+! (y/ ) intersects Crit( ) and hence that

f' is not univalent on the pull-back of v by f* containing y. This completes the proof
that y’ is a bad iterated pre-image of order n and that W € ©.

3.4. Pressure function of the canonical induced map. Let (V, V) be a pleasant cou-
ple for f and let F : D — V be the canonical induced map associated to (V, V).
Furthermore, denote by ® the collection of connected components of D and for each
¢ € Crit(f) N J(f) denote by D¢ the collection of all elements of ® contained in V¢,
so that ® = | |.ccyiv( fyns () @+ A word on the alphabet D will be called admissible

if for every pair of consecutive letters W, W' € © we have W € ©¢(W)_ Fora given
integer n > 1 we denote by E" the collection of all admissible words of length n. Given
W e ®, denote by ¢w the holomorphic extension to VW) of the inverse of F |w. For
a finite word W = Wy ... W, € E*, putc (E) =c(Wp) andmw = mw, +---+myy,.

Note that the composition

Pw = Qw, o0 dw,

is well defined and univalent on V) and takes images in V.
Foreacht, p e Randn > 1 put

Zu(t, p) = > exp(—mwp) (Sup { ‘¢’E(Z)Hz € VC@})Z.

WeE"

It is easy to see that for a fixed ¢, p € R the sequence (In Z, (¢, p)),>1 is sub-additive,
and hence that we have

P(F.~tn|F'|—pm):= lim_;InZ,(.p)=inf {7 InZy(t.p)|n =1}, (4

see for example Lemma 2.1.1 and Lemma 2.1.2 of [MUO3]. Here m is the function
defined in §3.2, that to each point z € D it associates the least good time of z. The
number (3.4) is called the pressure function of F for the potential — In ]F ’] — pm. It
is easy to see that for every ¢, p € R the sequence (% InZ,(t, p))n>1 is uniformly
bounded from below, so that (3.4) does not take the value —oo. Note however that if D
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has infinitely many connected components and we take + = 0 and p = 0, then we have
P(F,0) = +o0.

When applying the results of [MUO3] to the induced map F' we will use the fact that
the function — In |F ! | defines a Holder function on the associated symbolic space and
hence that for each (¢, p) € R? the same holds for the function —¢ In |F’| — pm.

The following property will be important to use the results of [MUO3].

(*) There is a constant Cp; > 0 such that for every « € (0, 1) and every ball B of C,
the following property holds. Every collection of pairwise disjoint sets of the form

Dy, with W e E*, intersecting B and with diameter at least « - diam(B), has

cardinality at most Cpsx 2.

In fact, F determines a Conformal Graph Directed Markov System (CGDMS) in the
sense of [MUO3], except maybe for the “cone property” (4d). But in [MUO3] the cone
property is only used in [MUO3, Lemma 4.2.6] to prove (*). Thus, when property (*)
is satisfied all the results of [MUO3] apply to F'. In [PRLO7, Prop. A.2] we have shown
that property (*) holds when the pleasant couple (V, V) is nice.

The function,

Z: R? — RU {+o0}
(t,p) > P (F,—tIn|F'| — pm),

will be important in what follows. Notice that if 2 is finite at (¢, p) = (f9, po) € R?,
then by Proposition 2.1.9 the function —fyIn \F ! | — pom defines a summable Holder
potential on the symbolic space associated to the induced map F. Furthermore, it follows
that & is finite on the set

{(t,p)eRzltzto,pzpo}

and, restricted to the set where it is finite, the function & is strictly decreasing on each
of its variables.

Lemma 3.8. Let f be a rational map of degree at least two and let (\7, V) be a pleasant
couple for f satisfying property (*). Then the function & defined above satisfies the
following properties.

1. The function & is real analytic on the interior of the set where it is finite.
2. The function 2 is strictly negative on {(t, p) € R* | p > P(1)}.

Proof. 1. If Z(¢t, p) < +00, then by [MUO3, Prop. 2.1.9] the function —¢ In |F/| —pm
defines a summable Holder potential on the symbolic space associated to F. Thus
the desired result follows from [MUO3, Theorem 2.6.12], see Remark 3.4.

2. Let (to, po) € R? be such that po > P(#p). Then for each point zg € V for which
(2.1) holds, we have

+00 ,
> > exp(—pom(y»‘(Fk) )

—1p

k=1yeF=k(z)
+00
/ —
<> exp(=pon) D (") I < +o0,
n=l1 YEf7(20)

which implies that £ (tg, pgp) < 0. This shows that the function &2 is non-positive
on{(t, p) € (0,+00) xR | p > P(¢)}. That & is strictly negative on this set follows
from the fact that, on this set, &7 is strictly decreasing on each of its variables. O
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4. From the Induced Map to the Original Map

The purpose of this section is to prove the following theorem, which gives us some
sufficient conditions to obtain the conclusions of the Main Theorem.

We denote by Jeon(f) the “conical Julia set” of f, which is defined in §4.1. Recall
that conformal measures were defined in §2.3.

Theorem A. Let [ be a rational map of degree at least two, let (f/\, V) be a pleasant
couple for f satisfying property (*), and let &2 be the corresponding pressure function
defined in §3.4. Then for each ty € (t_, +00), the following properties hold:

Conformal measure: If & vanishes at (t, p) = (to, P(ty)), then there is a unique
(to, P(to))-conformal probability measure for f. Moreover this measure is non-
atomic, ergodic, and it is supported on Jeon(f).

Equilibrium state: If & is finite on a neighborhood of (¢, p) = (to, P(t)), and van-
ishes at this point, then there is a unique equilibrium measure of f for the poten-
tial —tyIn | f | Furthermore, this measure is ergodic, absolutely continuous with
respect to the unique (ty, P(to))-conformal probability measure of f, and its density
is bounded from below by a strictly positive constant almost everywhere. If further-
more (V, V) satisfies the conclusions of Lemma 3.3, then the equilibrium state is
exponentially mixing and it satisfies the Central Limit theorem.

Analyticity of the pressure function: If & is finite on a neighborhood of (t, p) =
(to, P(to)) and for eacht € R close to to we have Z(t, P(t)) = 0, then the pressure
function P is real analytic on a neighborhood of t = 1.

In §85, 6, 7 we verify that, for a map as in the Main Theorem or more generally as
in Theorem B in §7, and for a given 7y € (¢_, t;) the function & corresponding to a
sufficiently small pleasant couple is finite on a neighborhood of (¢, p) = (ty, P(fp)) and
that for each ¢t € R close to typ we have Z(¢t, P(t)) = 0.

After some general considerations in §4.1, the assertions about the conformal mea-
sure are shown in §4.2. The assertions concerning the equilibrium state are shown in
§4.3, and the analyticity of the pressure function is shown in §4.4.

Throughout the rest of this section we fix f, (V, V), F, & as in the statement of the
theorem.

4.1. The conical julia set and sub-conformal measures. The conical Julia set of f,
denoted by Jeon(f), is by definition the set of all those points x in J(f) for which there
exists p(x) > 0 and an arbitrarily large positive integer n, such that the pull-back of the
ball B (f"(x), p(x)) to x by f" is univalent. This set is also called radial Julia set.

We will use the following general result, which is a strengthened version of [McMOO,
Theorem 5.1], [DMNU98, Theorem 1.2], with the same proof. Given 7, p € R we will
say that a Borel measure u is (¢, p)-sub-conformal f, if for every Borel subset U of
C\ Crit(f) on which f is injective we have

exp(p) /U ] di < p(FO)). @.1)

Proposition 4.1. Fix t € (t_, +00) and p € [P(t), +00). If u is a (t, p)-sub-conformal
measure for f supported on Jeon(f), then p = P(t), the measure w is (t, P(t))-confor-
mal, and every other (t, P (t))-conformal measure is proportional to j1. Moreover, every
subset X of C such that f(X) C X and w(X) > 0 has full measure with respect to .

The proof of this proposition depends on the following lemma.
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Lemma 4.2. Let t, p € R and let u be a (t, p)-sub-conformal measure supported on
Jeon(f). Suppose that for some p' < p there exists a non-zero (t, )4 ) -conformal mea-
sure v that is supported on J(f). Then p’ = p and p is absolutely continuous with
respect to v. In particular v(Jeon(f)) > 0.

Proof. For p > 0 put Jeon(f, p) := {x € Jeon(f) | p(x) = p}, so that Jeon(f) =
U =0 Jeon (f, p). For each pp > 0, Koebe Distortion Theorem implies that there is a
constant C > 1 such that for every x € Jeon(f, po) there are arbitrarily small » > 0, so
that for some integer n > 1 we have

w(B(x,5r)) < Cexp(—np)r' and v(B(x,r)) > C~ ' exp (=np’)r'. 4.2)

Given a subset X of Jeon(f, po), by Vitali’s covering lemma, for every ro > 0 we can
find a collection of pairwise disjoint balls (B(x;, 7)) >0 and strictly positive integers
(nj)j>0,such thatx; € X, r; € (0,79), X C Uj>0 B(xj, 5r;) and such that for each
J > 0 the inequalities (4.2) hold for x := x; and r := r; and n = n;. Moreover, for
each integer ng > 1 we may choose r( sufficiently small so that for each j > 0 we have
nj > no. Since by hypothesis p’ < p, we obtain

v(X) = C % exp (no (p = p')) 1(X).

Suppose by contradiction that p’ < p. Choose pg > 0 such that u(Jeon(f, o)) > 0
and set X := Jeon(f, po). As in the inequality above, ng > 0 can by taken arbitrarily
large, we obtain a contradiction. So p’ = p and it follows that u is absolutely continuous
with respect tov. O

Proof of Proposition 4.1. Let v be a (¢, P(t))-conformal measure v for f supported
on J(f). By [PRLS04, Theorem A and Theorem A.7] there is at least one such mea-
sure, see also [Prz99]. So Lemma 4.2 implies that p = P(¢), and that p is absolutely
continuous with respect to v.

In Parts 1 and 2 we show that v is proportional to w. It follows in particular that u
is conformal. In Part 3 we complete the proof of the proposition by showing the last
statement of the proposition.

: /A _ 1 -
1. First note that v’ := ”|(C\ Jeon(f) 18 @ conformal measure for f of the same expo

nent as v. Then Lemma 4.2 applied to v = v’ implies that, if v’ is non-zero, then
V' (Jeon(f)) > 0. This contradiction shows that v’ is the zero measure and that v is
supported on Jeon (f).

2. Denote by g the density o with respect to v. Since v is conformal and p sub-con-
formal, the function g satisfies g o f > g on a set of full v-measure. Let § > O be
such that v({g > 6}) > 0. As v is supported on Jeon(f), there is a density point of
{g > 8} for v that belongs to J.on(f). Going to large scale and using g o f > g, we
conclude that {g > 5} contains a ball of definite size, up to a set of v-measure 0. It
follows by the locally eventually onto property of f on J(f) that the set {g > §} has
full measure with respect to v. This implies that g is constant v-almost everywhere
and therefore that v and p are proportional. In particular p is conformal.

3. Suppose that X is a Borel subset of C of positive measure with respect to y and such
that f(X) C X. Then the restriction u|x of u to X is a (¢, P(t))-sub-conformal
measure supported on the conical Julia set. It follows that p|x is proportional to p,
and thus that ;|x = p and that X has full measure with respectto u. O
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4.2. Conformal measure. Givent, p € R we will say that a measure p supported on the
maximal invariant set J (F) of F is (¢, p)-conformal for F if for every Borel subset U
of a connected component W of D we have

W(F (U)) = exp(pmw) /U |F'[" dp.

In view of [MUO3, Prop. 2.1.9], the hypothesis that
P(F, —tyIn |F'| — P(t9)m) = P (1o, P(ty)) =0

implies that —zp In |F /| — P (tp)m defines a summable Holder potential on the symbolic
space associated to F'. Furthermore, by Theorem 3.2.3 and Proposition 4.2.5 of [MUO03]
it follows that the induced map F admits a non-atomic (o, P(#))-conformal measure
supported on J(F). Therefore the assertions in Theorem A about conformal measures
are a direct consequence of Proposition 4.1 and of the following proposition.

Proposition 4.3. Let F' be the canonical induced map associated to a pleasant cou-
ple (V V) for f that satisfies property (*). Then for every t € (t—,+00) and p €
[P(1), +00), each (t, p)-conformal measure of F is in fact (¢, P (t))-conformal, and it is
the restriction to V of a non-atomic (t, p)-conformal measure of [ supported on Joon (f).

Proof. The proof of this proposition is a straightforward generalization of that of
[PRLO7, Prop. B.2]. We will only give a sketch of the proof here.

Since t > t_ there is a (¢, P(t))-conformal measure /& for f whose topological
support is equal to the whole Julia set of f (Proposition 2.2). Let £y be the collec-
tion of connected components of C\K (V). Notice that for each W € £y we have
(W) ~ exp(—mw P(t)) diam(W)!, for an implicit constant independent of W.

Let u be a (¢, p)-conformal measure for F. For each W € Ly denote by ¢w :
VeW) s W the inverse of f™W |, and let ;1 be the measure supported on W, defined
by

pw (X) = exp(—m p) by | dis.
frW(XNW)
Clearly the measure ZWG gy MW is supported on Jcon(f), non-atomic, and for each
W e £y we have uw(C) ~ exp(—mw p) diam(W)’. Since we also have (W) ~
exp(—my P(t)) diam(W), and p > P(t), it follows that the measure ZWeQV Lw 18
finite. In view of Proposition 4.1, to complete we just need to show that >y, g, Uw is

(t, p)-sub-conformal for f. The proof of this fact is similar to what was done in [PRLO7,
Prop.B.2]. O

4.3. Equilibrium state. The following are crucial estimates.

Lemma 4.4. Suppose that the pressure function 22 is finite on a neighborhood of
(t, p) = (to, P(tp)) and that it vanishes at this point. If W is the unique (to, P(tp))-con-
formal measure of F, then the following properties hold:

1. Forevery (t, p) e R>and y > 0,

/|t1n|F/| +pm|” dp < +oo.
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2. There is g9 > 0 such that for every sufficiently large integer n we have

> (W) < exp(—eon).
W connected component of D
my=>n
In particular
Z mwyu (W) < +o0.

W connected component of D

We have stated Part 1 for every (¢, p) € R?, although we will only use it for (¢, p) close
to (to, po)-

Proof. Since the function &7 is finite on a neighborhood of (¢, p) = (t, P(ty)), there
is &9 > 0 such that Z(ty — g, P(t9) — €09) < +00. By [MUO3, Prop. 2.1.9] this implies
that,

Z exp(—(P(to) — go)mw) sup {|F’(z)|_(t°_8°) |z € W} < +00.

W connected component of D

As for each connected component W of D we have
i(W) = Coexp(—Ptoym) sup {|[F')| ™ |z € W,
we obtain the conclusion of Part 1 holds for each (¢, p) € R? and that

C|:= > w(W) exp(eomy) < +00.

W connected component of D

So for each n > 1 we have

exp(eon) > (W) < Ci.

W connected component of D
mwy=n

This proves Part 2 of the lemma. O

Existence. It follows from standard considerations that F has an invariant measure p
that is absolutely continuous with respect to the (¢y, P (tp))-conformal measure u of F,
and that the density of p with respect to  is bounded from below by a strictly positive
constant almost everywhere. This result can be found for example in [Gou04, §1], by
observing that F|;(r) is a “Gibbs-Markov map”. For a proof in a setting closer to ours,
but that only applies to the case when V is connected, see [MUO3, §6].

The measure

my —1

pi= Z Z folw

W connected component of D j=0

is easily seen to be invariant by f and Part 2 of Lemma 4.4 implies that it is finite. Fur-
thermore this measure is absolutely continuous with respect to the (¢y, P (fp))-conformal
measure 1 of f, and its density is bounded from below by a strictly positive constant
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on a subset of V of full measure with respect to u = t|y. It follows from the locally
eventually onto property of Julia sets that the density of p with respect to it is bounded
from below by a strictly positive constant almost everywhere; see for example [PRLO7,
§8] for details. As 1t is ergodic (Proposition 4.1) it follows that p is also ergodic.

We will show now that the probability measure o proportional to p is an equilibrium
state of f for the potential —7y In | I | We first observe that by Part 1 of Lemma 4.4
and [MUO3, Theorem 2.2.9] the measure p is an equilibrium state of F for the potential
—foln !F/| — P(tg)m, see also Remark 3.4. That is, we have

P (F,—toIn |F'| — P(to)m) = h,(F) —/zo In|F'| + P(to)m dp,

which is equal to 0 by hypothesis. By the generalized Abramov’s formula [Zwe05,
Theorem 5.1], we have h,(F) = hz(f)p(C), and by definition of p we have [mdp =
p(C). We thus obtain,

h5(f) = P©C) ™ 'hy(F) = (BC) ™! / toIn|F'| + P(to)m dp
= (P(C) 1o / In|f'|dp+ P(to) = 1o / In|f'[dp + P(to).
This shows that p is an equilibrium state of f for the potential —zo In | f |

Uniqueness. In view of [Dob08, Theorem 8], we just need to show that the Lyapunov
exponent of each equilibrium state of f for the potential —zy In ] f ’| is strictly positive;
see also [Led84].

Let o’ be an equilibrium state of f for the potential —fyIn | f ’|. If f satisfies the
Topological Collet-Eckmann Condition then it follows that the Lyapunov exponent of
o is strictly positive, as in this case we have xiyr > 0. Otherwise we have xjn¢ = 0, and
then P(#p) > 0 by Proposition 2.1. It thus follows that 4z (f) > 0, and therefore that
the Lyapunov exponent of g is strictly positive by Ruelle’s inequality.

Statistical properties. When F satisfies the conclusions of Lemma 3.3, the statistical
properties of p can be deduced from the tail estimate given by Part 2 of Lemma 4.4,
using Young’s results in [You99]. In the case when there is only one critical point in
the Julia set one can apply these results directly, and in the general case one needs to
consider the first return map of F to the set V¢, where ¢ is the critical point given by the
conclusion of Lemma 3.3, as it was done in [PRLO7, §8.2]. In the general case one could
also apply directly the generalization of Young’s result given in [Gou04, Théoréme 2.3.6
and Remarque 2.3.7]. We omit the standard details.

4.4. Analyticity of the pressure function. By hypothesis for each ¢ close to #y we have
P(t, P(t)) = 0. Since the function £ is real analytic on a neighborhood of (#y, P (y))
(Lemma 3.8), by the implicit function theorem it is enough to check that % P10, P(t0)) 7
0. By Part 1 of Lemma 4.4 and [MUO3, Prop. 2.6.13] this last number is equal to the inte-
gral of the (strictly negative) function —m against p, see also Remark 3.4. It is therefore
strictly negative.
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5. Whitney Decomposition of a Pull-back

The purpose of this section is to introduce a Whitney type decomposition of a given
pull-back of a pleasant couple. It is used to prove the key estimates in the next section.

5.1. Dyadic squares. Fix a square root i of —1 in C and identify C with R & iR. For
integers j, k and £, the set

o J+l k  k+l1
{x+ly|x€[27,27] y€[27,27]],

will be called dyadic square. Note that two dyadic squares are either nested or have
disjoint interiors. We define a quarter of a dyadic square Q as one of the four dyadic
squares contained in Q and whose side length is one half of that of Q.

Given a dyadic square Q, denote by Q the open square having the same center as Q,
sides parallel to that of O, and length twice that of Q. Note in particular that for each
dyadic square Q the set Q\Q is an annulus whose modulus is independent of Q; we
denote this number by m;.

5.2. Primitive squares. Let f be a rational map of degree at least two. We fix r; > 0
sufficiently small so that for each critical value v of f in the Julia set of f there is a
univalent map ¢, : B(v, 9r1) — C whose distortion is bounded by 2.

We say that a subset Q of C is a primitive square, if there is v € CV(f) N J(f)
such that Q is contained in the domain of ¢, such that ¢, (Q) is a dyadic square, and
such that ¢, (Q) is contained in the image of ¢,. In this case we put v(Q) := v and
@ = gav’l (goU(Q)). We say that a primitive square Qg is a quarter of a primitive
square Q, if Qo C Q and if ¢,()(Qo) is a quarter of ¢,(0)(Q). Note that each primi-
tive square has precisely four quarters. Furthermore, each primitive square Q contained
in B(CV, ry) is contained in a primitive square Q’ such that Q is a quarter of Q’.

Definition 5.1. Fix A € (0, r). The Whitney decomposition associated to (the com-
plement of) a subset F of(C is the collection W (F) of all those primitive squares Q such
that diam(Q) < A, Q N F = ¥, and that are maximal with these properties.

By definition two distinct elements of % (F) have disjoint interiors, and each point
in B(CV(f) N J(f),9r1)\F is contained in an element of # (F).

Lemma 5.2. Let A € (0,r1), and let F be a finite subset of C. Then the following
properties hold:

1. Let Q¢ be a primitive square contained in B(CV(f) N J(f),r1) and such that
diam(Qg) < A. Then either Qy is contained in an element of W (F), or it contains
an element Q of W (F) such that

diam(Q) > $(2+3V#F)™" diam(Qo).

2. For each n > 2 the number of those Q € W (F) contained in B(CV(f) N J(f),r1)
and such that diam(Q) € [2~ DA, 27" A] is less than 2599 (#F).
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Proof. 1. Letn > 2 be the least integer such that (2" — 2)? > 9(#F), so that 2" <
2 (2 + 3«/#F). Put Q6 = @y(0)(Qo) and denote by £y the side length of Q(). For
each element a of F in Qy, choose a dyadic square O, whose side length is equal
to 27""¢y and that contains ¢y(p)(a). As there are (2" — 2)2 squares of side length

equal to 27""¢o contained in the interior of Qf, and at most 9#F) < (2" — 2)2
of them intersect one of the squares | J wcr Qa» we conclude that there is at least
one square Q' of side length equal to 27"¢q that is contained in the interior Q,

and such that (p;(]Q) (@) is disjoint from F. It follows that the primitive square
0 = gov_(lQ) (Q/) is contained in an element of 7 (F). As,

diam(Q) > 127" diam(Qo) > (2 +3#vF)~! diam(Qo),

the desired assertion follows.

2. Let Q be an element of # (F) contained in B(CV(f) N J(f), r1), and let Q' be
a primitive square such that Q is a quarter of Q’. Then either diam (Q’) > A
or Q’ intersects F'. So, if diam(Q) < lA then there is @ € F contained in Q/
and therefore diam(Q) >3 dlst(Q, a). So, if we let n > 2 be an integer such that
diam(Q) € [27"*DA, 2_”A], then Q C B (a,5-27"A). Since the area of Q is
greater than or equal to % diam(Q)? > %4_”A2 and the area of B (a,5-27"A) is
less than 2574~ " A2, we conclude that there are at most 25 - 327 (#F) < 2599(#F)
elements Q of % (F) satisfying diam(Q) € [2_(”+1)A, 27" A]. m|

5.3. Univalent squares. For an integer n > 0 we will say that a subset Q of C is a
univalent square of order n, if there is a primitive square Q' such that Q is a connected
component of f~+D (Q ) and such that f"*! is univalent on the connected compo-
nent of f~+D (Q ) containing Q. In this case we denote this last set by 0, and note
that Q\Q is an annulus of modulus equal to m . It thus follows that there is a constant
Ko > 1 such that for every univalent square Q of order n andevery j = 1,...,n+1,
the distortion of f J on Q is bounded by K.

Let (V V) be a pleasant couple for f such that f(V) C B(CV(f)NJ(f),r). For
a pull-back ¥ of V denote by £(Y) the number of those j € {0, ..., my} such that
flY) c V. Moreover, let W (Y) be the collection of all those unlvalent squares Q that
are of order my, such that Q C Y, such that f (Q) intersects V, and that are maximal
with these properties. Note that for Q € #'(Y) we have v(Q) = f(c(Y)). By definition
every pair of distinct elements of % (Y) have disjoint interiors. On the other hand, every
point in f™Y |_ (VC(Y)) \ Crit (f’"Y+1) is contained in an element of % (Y), and for

each Q € 7/ (Y) the set Q is disjoint from Crit (me+1)

Proposition 5.3. Let f be a rational map of degree at least two and let (V,V) bea
pleasant couple for f. Then there is a constant Co > 0 such that for every & € (0, 1)
the number of those Q € W (Y) such that

diam (f"771(Q)) = & diam ( f (V<))
is less than

2600 deg ( f)1Y) (co + Le() log, €(Y) + £(Y) log, (s*‘)) .
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Proof. Putc = c(Y) and v = f(c), and let § € (0, 1) be sufficiently small so that for
each z € V¢ the connected component of f~! (B ( f(2), § diam (f (VC)))) contain-

ing z is contained in Ve Put F = fmr+l (Y N Crit (me+1)) , A := &y diam (f (V"))
and consider the Whitney decomposition % (F'), as defined in §5.2. Note that #F < £(Y).

1. We prove first that for every Q € #/(Y) the primitive square f™**1(Q) c f (\7‘) C
B(v, r1) contains an element Q' of % (F) such that

diam (Q') > (80\/#E(Y)) &, diam ( el (Q)) .
Let Qg be a primitive square contained in ™Y +1(Q) such that
Lo diam (£77*1(0)) < diam(Qy) < A.

By Part 1 of Lemma 5.2 there is an element Q' of %/ (F) that either contains Qg, or
that it is contained in Qg and

diam (Q') > 1 (2+ 3\/4&1%_1?)71 diam(Qo)

v

& (2+3VAF) " gy diam (1797 (0)).

As #F < £(Y) and £(Y) > 1, we just need to show that Q’ is in fact contained in
F™*1(Q). Suppose by contradiction that this is not the case. Then it follows that O’
contains f™7*1(Q) strictly. Let Q' be the connected component of £~ (Q")

containing Q. By definition of &y we have that f™Y (a) is contained in V¢ , SO

@7 is contained in Y. On the other hand f™Y (a) intersects V¢, because it con-
tains [ (Q) and this set intersects V. As by definitigr\l of W (F) the set @ is
disjoint from F, it follows that F™r*1 is univalent on ’QV’ Thus, by definition of
# (Y), the univalent square Q' is contained in an element of %/ (¥). But Q € %/ (Y)
is strictly contained in Q’, so we get a contradiction. This shows that Q’ is in fact
contained in f™**1(Q) and completes the proof of the assertion.

2. Foreach Q € # (Y) choose an element Q of # (F) satisfying the property described
in Part 1. Note that for each Q) € #/(F) the number of those Q € #/(Y) such that

Q' = Qy is less than or equal to deg(f)‘"). As the area of a primitive square Q' is
greater than or equal to % diam (Q’ )2, it follows that for each & € (0, 1) the number
of those Q € ¥/ () satisfying diam (Q’) > & diam (f (V)) is less than or equal to
8rg 2 deg(f)"™).

Let £ € (0, 3—@0) be given and let nop be the least integer n > 2 such that

£ > 27"80/L(Y), so that £ < 270~DRO/I(Y). If Q € #/(Y) is such that
diam (f™*1(Q)) > & diam (V°), then we have

diam (Q') > (80\/5(1/))71 o diam ("7*1(0)) = 27"y diam (V).

So Part 2 of Lemma 5.2 implies that for each n > 2 the number of those Q € #(Y)
such that

diam (Q') € [2‘““”50 diam (f (V¢)), 27" & diam (f (VC))] :
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is less than 2599(#F) deg(f)*Y) < 2599¢(Y) deg(f)*Y). So we conclude that the
number of those Q € # (Y) such that diam (f’"Y“(Q)) > & diam (V ) is less than
£0Y) 1\ 72
deg(f) (871 (beo) 7+ (no — 2)2599K(Y))
-2 _
< deg(f)1) (87‘[ (Lg0) ™2 +2599¢(7) (log2 (g 1) +1log,(80) + 4 1og2(£(y)))) .

This completes the proof of the lemma. O

6. The Contribution of a Pull-back

Fix a rational map f of degree at least two, and a pleasant couple (\7 V) for f. Recall
that £y is the collection of all the connected components of (C\K (V) and that for a
pull-back Y of V we denote by Dy the collection of all the pull-backs W of V that are
contained in Y, such that f™¥ (W) C V, such that f"**! is univalent on W and such
that f™r+1 (W) e Ly; see §3.3. Furthermore, we denote by £(Y) the number of those
j €{0,...,my} suchthat f/(Y) C V.

The purpose of this section is to prove the following.

Proposition 6.1 (Key estimates). Let f be a rational map of degree at least two that is
expanding away from critical points. Then for each sufficiently small pleasant couple
(V, V) for f the following properties hold.

1. For every ty € R, and every (¢, p) € R2 sufficiently close to (ty, P(ty)), we have

> exp(—pmy) diam(W)' < +oo. 6.1)
wWely

2. Lett, p € R be such that (6.1) holds and such that
p > max{—1Xinf, — Xsup}-
Then for every ¢ > 0 such that
ltle < p — max{—1Xinf, —1 Xsup}

there is a constant C1 > 0 such that for each pull-back Y of V we have

Z exp(—pmy) diam(W)’
WeDy

< Ci(deg(f) + D" exp (—my (p — max{~1 Xint, —t xsup) — 116)) -
To prove this proposition we start with the following lemma.

Lemma 6.2. Let f be a rational map that is expanding away from critical points. Then
for every compact and forward invariant subset K of the Julia set of f that is disjoint
from the critical points of f and every t > 0 we have

P (flk,—tln|f']) < P(1).
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Proof. By hypothesis f is uniformly expanding on K. Enlarging K if necessary we may
assume that the restriction of f to K admits a Markov partition, see [PU02, Theorem 3.5.2
and Remark 3.5.3],7 so that there is at least one equilibrium state 1 for f|x with potential
—tIn|f'].

We| enilarge K with more cylinders to obtain a compact forward invariant subset K’
of J(f), so that f restricted to K’ admits a Markov partition and so that the relative
interior of K in K’ is empty. It follows that u cannot be an equilibrium measure for f|g-
for the potential — In | 1,

P(flg,—tIn|f']) =hu(f) —t/Kln|f’|dM <P (flg, —tIn|f'|) < P().
]

To prove Proposition 6.1, let f be a rational map of degree at least two, and let (\7, V)
be a pleasant couple for f. We will define a constant ro > 0 as follows. If xj;r = 0
we put ro = dist(dV, Crit(f) N J(f)). Suppose that xinf > 0. Then by [PRLS03,
Main Theorem)] there exists r;, > 0 such that for every z¢ in J(f), every ¢ > 0, every
sufficiently large integer n, and every connected component W of f—" (B (zO, r(/))) we
have

diam(W) < exp(—n(Xint — €))-

Then we put ryp = min {r(’), dist(aV, Crit(f) N J(f))}.

Given a subset Q of C we define ng € {0,1,...,+00} as follows. If there are infi-
nitely many integers n such that diam (" (Q)) < ro, then we put ng = +00. Otherwise
we let ng be the largest integer n > 0 such that diam (f"(Q)) < ro.

Lemma 6.3. Let f be a rational map of degree at least two. Then for every & > 0 there
is a constant C(g) > 1 such that for each connected subset Q of C that intersects the
Julia set of f we have,

C(e) ™" exp(—ng(xsup + &) < diam(Q) < C(e) exp(—n g (Xint — &))

Proof. The inequality on the right holds trivially when xins = 0, and when xjnr > O it
is given by the definition of ro > 0. The inequality on the left is a direct consequence
of Part 2 of Proposition 2.3. O

Proof of Proposition 6.1. Letr; > 0 be as in the definition of primitive squares in §5.2,
and let (V V) be a pleasant couple for f such that f(V) C B(CV(f)NJ(f),rr).Fur-
thermore, let A1 > 0 and K| > 1 be given by Koebe Distortion Theorem in such a way
that for each pull-back W of V such that /™" is univalent on W we have diam(W) <
Aq dist(W, W), and such that for each j = 1, , mw the distortion of ff on W is
bounded by K.

1. Note that it is enough to show that there are r < #y and p < P (#y) for which (6.1)
holds.
Let V' be a sufficiently small neighborhood of Crit(f) N J(f) contained in V, so
that for each ¢ € Crit(f) N J(f) the set

K'={ze€J(f)| foreveryn >0, f"(z) ¢ V'}

7 An analogous result in the case of diffeomorphisms is shown in [Fis06].
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2.1.

intersects V<. By Lemma 6.2 we have P (f|x, —toIn|f’|) < P(to). Let t < 1o
and p < P(t) be sufficiently close to 7y and P(zp), respectively, so that p >
P (flg, —tIn|f']).

For each ¢ € Crit(f) N J(f) choose a point z(c¢) in K’ N V¢. Given a univalent pull-
back W of V let zy be the unique pointin f "W (z(c(W))) contained in W. Note that
when W € £y we have zw € K’. On the other hand, there is a distortion constant
C > 0 such that for each pull-back W of V such that f" maps a neighborhood of
W univalently onto a component of Ve, we have diam(W) < C |(f’"W)/ (zw) |_1.
Since by hypothesis the restriction of f to K’ is uniformly expanding, we have

—t
limsuprllln Z ‘(f")/(ZW)‘
n—+00 Wedy

my=n

< limsup 1 In Z Z ‘(f”)/(z)‘_t

n—>+00 ceCrit(f)NJ (f) zeK'Nf~(z(c))

<P (flx.—tln|f]).

hence
Cri= D exp(—mywp)diam(W)’
WeLy
—t
<ch exp(—mwp)‘(fmw)/(zw) < +00.
wely
Put

C3 == min {dist (z(c), 3V°) / diam(V°) | ¢ € Crit(f) N J(f))}

and observe that for each pull-back W’ of V such that W’ is a univalent pull-back
of V, we have dist (zy, dW') > C3K]71 diam (W'). We will show that for each

pull-back Y of V, for each Q € #(Y),and each W € Dy such that zyw € Q, we
have

diam (f’"Y” (W)) < 8C; 'K, diam (me” (Q)) :

Put Q' = f™*(Q) and W = f™*1(W), and suppose by contradiction that
diam (W') > 8C; 'K diam (Q’). Observe that Q' is a primitive square contained
in B(f(c(Y)), r)andthat W' € L£y. So there is a primitive square Q(, such that 0’
is a quarter of Q;,. We have

diam (@0) < 8diam (Q') < C3K1_l diam (W') < dist (zy, dW') .

Since by hypothesis zw_€ Q, we have zy = ey e Q' C @0, so the last
inequality implies that Q' ¢ W’. But f™r*! is univalent on W, so the connected
component Qg of f~(mr+D (Qg)) containing Q is a univalent square of order my

satisfying Qo C Y, that contains Q strictly. This contradicts the hypothesis that
Qew).
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WeAwill now show that there is a constant C4 > 0 such that for each pull-back Y
of V and each Q € # (Y) we have

Z exp (—pmy) diam(W)" < C4exp (—png) diam(Q)". (6.2)
WeDy
weQ

Let Y be a pull-back of V and let Q e #(Y).Put Q' = f™*(Q),and let B be a
ball whose center belongs to Q' and of radius equal to (SC; 'K+ 1) diam (Q’).

By Part 2.1, for each W € Dy such that zy € Q we have f™"*!(W) C B. Since
the distortion of f”7*! is bounded by K¢ on Q, and by K on each element of
9y, we obtain,

> exp(—pmy) diam(W)’

WeDy
zweQ
diam(Q) \'
3 e ——2=" ) .
< exp(—p(my + 1))(KoK1) (diam (Q/))
. Z exp (—pmy) diam (W')".
wely
W'cB

If there is no W € Dy such that zw € Q, then there is nothing to prove. So
we assume that there is an element Wy of ©y such that zyw, € Q. Then Q’, and
hence B, intersects K’, as it contains the point z fmy+l(w,)- Since by hypothesis

the restriction of f to K’ is uniformly expanding, there is ng > 0 independent of
Y, such that ng < np + ng and such that there is an integer n’y > 0 satisfying

n’B —n B| < ng, such that f "% is univalent on B and has distortion bounded by 2
on this set. We have }n o — n’B} < 2ny, so there is a constant Cs5 > 0 independent

of B such that diam (f"i‘f (B)) > Cs. So, if we put

7]
Ce := exp(|p|2n0) (2C;‘2 (sc;‘Kl + 1)) s,
then we have

Z exp (— pmyy) diam (W')'

Wely
W'CB
t
di B
< exp (—pnf) 21 _ diam(B) ) Z exp (—pmyy~) diam (W”)t
. nl
diam ( 17 (B)) Wiee
WC "B (B)

||
<exp (—png) exp(—|p|2no) (2C5_1) t diam(B)'C»
< Cgexp (—png) diam (Q')" .

Inequality (6.2) with constant C4 := Ce(KoK DI, is then a direct consequence of
the last two displayed (chains of) inequalities.
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2.3. We will now complete the proof of the proposition. For each Q € #(Y) put
Q' = f™*l(Q). Let Q € #(Y) be such that there is W € Dy satisfying
zw € Q. As this last point is in the Julia set of f, by Lemma 6.3 we have

diam(Q)" = C(&)" exp (no (max{—1 xsup, —t xint} + I116)) -
Since the elements of #/(Y) cover Y\ Crit (f™¥*1), if we put
y = exp(—p + max{—1 xsup, —1 Xinf} + |2]€) € (0, 1),

then by summing over Q € #(Y) in (6.2) we obtain

Z exp(—pmy) diam(W)’

WeDy
<SCiCle) D, y'O=CiCley™* D e
Qe (Y) Qe (Y)
oNJ(f)#0 oNJ(f)#Y

To estimate this last number, observe that by Lemma 6.3, for each Q € #/(Y)
intersecting the Julia set of f we have

diam (Q') > C(e) " exp (—ng (Xoup +€)) -

In2 ~
So, if we put y = yXwt (C; = ylogCE-logdiam(V'") 4nq for each
Q € W (Y) we put & (Q') = diam (Q') / diam(V")), then we have y"¢' <

Cry e (2. so Proposition 5.3 implies that
oy <c > ylni@)
Qe (Y) Qe (Y)
ONJ(NH#Y NI (NH#9

+00
< 2600C7 deg(f)*Y) (Co + 3L(Y) logy £(Y) + £(Y) D )7") )
n=0

This completes the proof of the proposition. O

7. Proof of the Main Theorem

The purpose of this section is to prove the following version of the Main Theorem for
pleasant couples. Recall that each nice couple is pleasant and satisfies property (*),
see §3.4.

Theorem B. Let f be a rational map of degree at least two that is expanding away from
critical points, and that has arbitrarily small pleasant couples having property (*). Then
following properties hold:

Analyticity of the pressure function: The pressure function of f is real analytic on
(t—,ty), and linear with slope — xsup(f) (resp. —xint(f)) on (—o0,t_] (resp.
[£+, +00)).
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Equilibrium states: For each ty € (t—, ty) there is a unique equilibrium state of f for
the potential —tyIn | f ’|. Furthermore this measure is ergodic and mixing.

Throughout the rest of this section we fix a rational map f and 79 € (f_, ;) as
in the statement of the theorem. Recall that by Proposition 2.1 we have P(f)) >

max{—7o Xinf, —%0 Xsup}. Put
Y0 = exp (— % (P(to) — max{—1 Xinf, —tfoXsup})) € (0, 1),

and choose L > 0 sufficiently large so that

(2L deg(f)(deg(f) + D#(Crit(f) N J(HINEpo < 1. (7.1)

Let (V V) be a pleasant couple for f that is sufficiently small so that for each ¢ €
{1, , L} the set f E(Crit( )N J(f)) is disjoint from v (recall that our standing con-
Ventlon is that no critical point of f in its Julia set is mapped to a critical point under
forward iteration.) We assume furthermore that (V V) has property (*). By Lemma 3.6
it follows that for each integer n > 1 and each zp € V the number of bad iterated
pre-images of zg of order n is at most

(2L deg(f)#(Crit(f) N J (HNE,

and that the number of bad pull-backs of V of order n is at most

#(Crit(f) N J ()L deg(fH#(Crit(f) N J(FH))"E.

We show in §7.1 that the pressure function & of the canonical induced map associ-
ated to (V V), defined in §3.4, is finite on a neighborhood of (¢, p) = (t, po). In §7.2
we show that for each ¢ close to fg the function &2 vanishes at (¢, p) = (¢, P(¢)). Then
Theorem B follows from Theorem A.

7.1. The function & is finite on a neighborhood of (t, p) = (ty, P(tp)). By the consid-
erations in §3.4, to show that & is finite on a neighborhood of (¢, p) = (¢9, po) we just
need to show that there are t < 79 and p < P() such that

> exp(—pmw) diam(W)' < +oc. (7.2)
we®

Lett < tpand p < P(p) be given by Part 1 of Proposition 6.1. Taking # and p closer
to tp and P (fp), respectively, we assume that there is ¢ > 0 sufficiently small so that

P — max{—1 Xinf, — Xsup} — |tle > %(P(to) — max{—7o Xinf, =10 Xsup})
and put
y = exp(—p + max{—1 xinf, — Xsup} + |£1€) € (0, y0).

For each ¢ € Crit(f) N J(f) we have, by applying Part 2 of Proposition 6.1 to
Y = V€,

> exp(—pmy)diam(W)" < C(deg(f) +1). (7.3)
WeDype
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Since for each pull-back Y of V we have £(Y) < n/L+1,using Part 2 of Proposition 6.1
again and letting C» = C1(deg(f) + D#(Crit(f) N J(f)) we obtain

Z z exp(—pmy) diam(W)’

Y bad pull-back of vV WeDy

<C D (deg(f)+ DIy
Y bad pull-back of V

+00
<Gy, ((2L deg(f)(deg(f) + D#(Crit(f) N J(fH)N'/* - y)

n=1

As y € (0, y), we have by (7.1) that the sum above is finite. Then (7.2) follows from
(7.3) and Lemma 3.5.

7.2. Foreach t close to ty we have 22 (t, P(t)) = 0. Recall that for a given 19 € (7—, 1)
we have fixed a sufficiently small pleasant couple (V, V), and that we denote by & the
corresponding pressure function defined in §3.4. Furthermore, in §7.1 we have shown
that the function &7 is finite on a neighborhood of (#y, P (tp)). We will show now that for ¢
close to f the function &2 vanishes at (¢, P(t)), thus completing the proof of Theorem B.

In view of Lemma 3.8 we just need to show that for each ¢ close to 7y we have
P(t, P(t)) > 0. Suppose by contradiction that in each neighborhood of 7o we can find ¢
such that Z(t, P(t)) < 0. As & is finite on a neighborhood of (¢, p) = (f9, P(tp)), it
follows that &2 is continuous at this point (Lemma 3.8). Thus there are

te€ (-, 1) and p € (max{—1xinf, —1 Xsup}> P (1)),

such that Z(t, p) < 0, and such that the conclusion of Part 1 of Proposition 6.1 holds
for these values of # and p. However, this contradicts the following lemma.

Lemma 7.1. Let t € (t_, 1) and p > min{—t xinf, —t Xsup} be such that Z(t, p) < 0
and such that the conclusion of Part 1 of Proposition 6.1 holds for these values of t
and p. Then p > P(t).

Proof of Proposition 6.1. Fix zg € V such that all, (2.1), (2.2), and (2.3) hold. To prove
the lemma we just need to show that

Sexp—pm > () o)
n=1

YefT(20)

—t
< +0Q.

1. Given an integer n > 1 an element y € f~"(V) is a univalent iterated pre-image
of order n if the pull-back of V by f” containing y is univalent. Recall that for an
integer n > 1 an element y of f~" (V) is a bad iterated pre-image of zo of order n if
forevery j € {1, ..., n}suchthat f/(y) € V the pull-back of V by f” containing y
is not univalent.

For y € f7"(zp) there are three cases: y is univalent, bad, or thereis m € {1, ...,
n — 1} such that f™(y) € V, such that f™(y) is a bad iterated pre-image of zo of
order n —m and such that y is a univalent iterated pre-image of f”*(y) of order m. In
fact,if y € f 7" (zo) isnotbad, thenthereism € {1, ..., n—1}suchthat f"(y) € V
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and such that y is a univalent iterated pre-image of ™ (y). If m is the largest integer

with this property, then there are two cases. Either m = n and then y is a univalent

iterated pre-image of zg, or m < n and then f"(y) is a bad iterated pre-image of zg.
Therefore, if for each w € V we put

+00
—t
Uw) =1+ exp(—pn) > ‘(f”)/ (y)‘ :
n=1 ye f~"(w), univalent
then we have

L+ exp(=pn) . ‘(f”)/

n=1 yef"(zo)

=U(zg) + Z exp(—pn) Z ‘(fn)/ (w)‘_t U(w). (7.4)

n=1 we f"(20), bad

As p > max{—? Xinf, —1 Xsup}, by Lemma 3.6 and (7.1) it follows that

Seppn > ()
n=1

we f~"(zp), bad

So by (7.4), to prove the lemma it is enough to prove that the supremum
sup,ey U(p, w) is finite.

2. Denote by Ly the first entry map to V, which is defined on the set of points y € C\V
having a good time, by Ly (y) = ™) (y). Note that for each wy € V, each integer
n > 1 and each univalent iterated pre-image y € f~" (wq) of wq of order n, we have
that m(y) < n and that Ly (y) € V is a univalent iterated pre-image of wg of order
n — m(y). Moreover, note for each k > 1, each element of F ¥ (wy) is a univalent
iterated pre-image of wy. Conversely, for each univalent iterated pre-image y of wg
there is an integer k > 1 such that F* is defined at y and Fk(y) = wo (see §3.2).
Therefore, if for z € V we put

’

Lz):=1+ > exp(—pm(y)) ‘(fm(y))/

yeLy' (zo)

then we have,

—t
L(y). (7.5)

Uwo) = Lwo)+ >, > exp(—pm(y))'(Fk)/

k=1 ye F=*(wo)

Since by hypothesis (¢, p) < 0, for each w € V the double sum

T (w) —Z > exp(- pm(y))’ F" <y>‘

k=1 yeF~ k(w)

is finite.
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On the other hand, since the conclusion of Part 1 of Proposition 6.1 holds, for each
z € V the sum L(z) is finite. By bounded distortion it follows that

C':=sup L(z) < +00.
zeV

Thus, by (7.5) foreachw € V we have U (p, w) < C'Tp(w) < +00, and by bounded
distortion sup,,c.y U(p, w) < +oo. This completes the proof of the lemma. O

Acknowledgements. We are grateful to Weixiao Shen and Daniel Smania for their help with references,
Weixiao Shen again and Genadi Levin for their help with the non-renormalizable case and Henri Comman for
his help with the large deviations results. We also thank Neil Dobbs, Godofredo Iommi, Jan Kiwi and Mariusz
Urbanski for useful conversations and comments. Finally, we are grateful to Krzysztof Baranski for making
Fig. 1 and the referee for his suggestions and comments that helped to clarify some of the concepts introduced
in the paper.

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncommercial
License which permits any noncommercial use, distribution, and reproduction in any medium, provided the
original author(s) and source are credited.

Appendix A. Puzzles and Nice Couples

This Appendix is devoted to showing that several classes of polynomials satisfy the
conclusions of the Main Theorem. In §A.1 we consider the case of at most finitely
renormalizable polynomials without indifferent periodic points, in §A.2 we consider the
case of some infinitely renormalizable quadratic polynomials, and finally in §A.3 we
consider the case of quadratic polynomials with real coefficients.

A.l. Atmost finitely renormalizable polynomials. The purpose of this section is to prove
the following result. We thank Weixiao Shen for providing the main idea of the proof.

Theorem C. Every at most finitely renormalizable complex polynomial without indiffer-
ent periodic points has arbitrarily small nice couples. Furthermore, these nice couples
can be formed by nice sets that are finite unions of puzzle pieces.

See [CLO9, Prop. 5] for a somewhat similar result in the case of multimodal maps.

The proof relies on the fundamental result that diameters of puzzles tend uniformly
to 0 as their depth tends to oo [KvS09]; see also [QY09] for the case when the Julia set
is totally disconnected.

Let f be an at most finitely renormalizable polynomial, and consider the puzzle
construction described in [KvS09, §2.1]. Given an integer n > 0 we denote by Y, the
collection of all puzzles of depth n, which are by definition open sets. For P € Y, and
p € P we put P,(p) := P. We will assume that every critical point of f in J(f) is
contained in a puzzle piece. It is always possible to do the puzzle construction with this
property. This follows from the fact that in each periodic connected component of J (/)
that is not reduced to a single point, there are infinitely many separating periodic points,
see for example [LS09, §A.1]. We remark that the main technical results of [KvS09],
including the “complex a priori bounds”, are stated for “complex box mappings”, and
they are thus independent of the periodic points used to construct the puzzle pieces.

Forz € Cput Of(z) = U,,~; f"(2), and put

50 := min {dist (c, o; (c’)) le,d € Crit(f)NI(f).c ¢ OF (c’)} .
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Let np > 1 be a sufficiently large integer so that the diameter of each puzzle piece of
depth ny is strictly smaller than §p/2. Furthermore, let n; > ng be a sufficiently large
integer such that for each ¢ € Crit(f) N J(f) we have P,,(c) C Py,(c), and such that
for distinct ¢, ¢ € Crit(f) N J(f) we have Py, (c) N Py, (¢’) = @. The following is a
straightforward consequence of our choice of n;.

Lemma A.1. For each c, ¢’ € Crit(f) N J(f) such that ¢ & Oy (c), and eachn > 1,
m > 1,n" > n; we have
fT@Pu(e) N Py () = 0.
Given a subset % of Crit(f) N J(f) and a function v : ¥ — N, we put

P) = Puo(©.
ce€

We will say that v is nice (resp. strictly nice) if for every ¢ € ¢ we have v(c) > ny, and
if for every integer m > 1, we have

fMOPO)NPWL) =@ (resp. fM(OP () N PW) =0).
The following lemma is Part 2 of Lemma 2.2 of [KvS09].

Lemma A.2. For every recurrent critical point c in J (f) there is a strictly nice function
defined on {c}.

Proof. Let £y > 0 be a sufficiently large integer so that Py, (c) C Py(c), and note that
for every m > { the set f™ (8 Py, (c)) is disjoint from Py(c) by the puzzle structure,
and hence it is disjoint from Py, (c).

Define inductively a strictly increasing sequence of integers (£x)x>1 as follows. Sup-
pose that for some k > 0 the integer ¢ is already defined. Then we denote by my the
least integer such that f"*(c) € Py, (c), and put £ = € + my.

Clearly the sequence (£x ) x>0 is strictly increasing, sodiam( Py, (c)) — Oask — +oo,
and therefore my — 400 as k — +00. Let k > 1 be sufficiently large so that m; > £y,
and so that for every m € {1, ..., £o} the sets " (P, (c)) and Py, (c) have disjoint clo-
sures. We will show that for each m > 1 the set f™ (9 (Py,(c))) and Py, (c) are disjoints,
which shows that the function v : {c} — N defined by v(c) = ¢ is strictly nice. Sup-
pose by contradiction that for some m > 1 the set f (8 Py, (c)) intersects Py, (¢). This

implies that f%%—¢o+m (8 Py, (c)) = fm (8 Py, (c)) intersects f %o (ng (c)) = Py, (c).
By our choice of k we have m > £, so we get a contradiction with our choice of n. 0O

For a strictly nice function v : ¥ — N, denote by D, the set of those points z € C
for which there is an integer m > 1 such that f"(z) € P(v), and for each z € D,
denote by m, (z) the least such integer, and by ¢, (z) the critical point ¢ in € such that
f™@(z2) € Py (c). Furthermore we denote by &, : D, — P (v) the map defined by

(@) = [ ().
For a subset & of Crit(f) N J(f) we put

N = {c € € such that O(c) N € = 0}.

For a strictly nice function v defined on & let Zv : €'\ 4% — N be the function defined
by

Zv(c) = v(cy(c)) +my(c).
By definition, Pg, () (c) is the pull-back of Py, ) (cv(c)) by f my (€) containing c.
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Now we shall prove the key technical lemma which provides the inductive step to

construct nice couples starting from the existence of “nice couples” around a single
recurrent critical point. This procedure resembles the procedure to build ‘complex box
mappings’ in [KvS09] or t-nice sets in [CL09, Proposition 5] (in the multimodal interval
setting).

Lemma A.3. For a subset € of Crit(f) N J(f) the following properties hold.

1.

Let v : €\ Ny — N be a strictly nice function. Then for each sufficiently large
integer n the function v : ¢ — N defined by V|s\ 4, = v and v i) = My, is
strictly nice.

Let v : € — N be strictly nice. Then for each sufficiently large integer n > nj the

functionv' : € — N defined by (v’)_l (n) = N, and V'lg\ g, = RV is strictly
nice, we have P (V') C P(v), and for each integer m > 1 we have

™ @P(V)NPw =0

Let ¢ € Crit(f) N J(f) not in €, be such that Oy (¢) N€C # V. If there is a strictly
nice function defined on €, then there is also one defined on € U {c}.

Proof. 1. Putk = max{v(c) | ¢ € €\ ANy} > ny, let n > k be a sufficiently large

integer so that for all ¢ € A4 we have P,(c) C Pi(c), and consider the func-
tion v defined as in the statement of the lemma for this choice of n. Then for each
¢ € €\ Ny and m > 1 we have

™ (3P5e(0)) NP (D) = 0.

On the other hand, since n > k > n1, by Lemma A.1 the same property holds for
each ¢ € M.

Letn > nj be a sufficiently large integer such that for all ¢ € A4 we have P,(c) C
Py (c), and let V" be the function defined in the statement of the lemma for this
choice of n.

Since v is strictly nice we have Py, (¢'\ %) C P,(%€). So, by our choice of n we
have P,/ (%) C P,(%). On the other hand, by the definition of ZVv it follows that for
each ¢ € ¢\ A% and each m > 1 the set f™ (8 Pay(e) (c)) is disjoint from P, (%),
and hence from P,/ (%). Finally, by Lemma A.1, for each ¢ € 4% and each m > 1
the set (9 P,(c)) is disjoint from P, (%), and hence from P,/ (%).

Let vp : € — N be a strictly nice function. By Part 2 there is a sequence of
strictly nice functions (vx)x>1 defined on ¢, such that for each k > 1 we have
Vilg\ 4oy = #Vi—1, and P(v) C P(vg—1).

Put L = #Crit(f) N J(f), and let ¢ be the critical point defined as follows.?
If &, (¢) & €, thenput ¢ := ¢, v := &, (¢), and £ = 0. Otherwise we let
¢ e{l,..., L} be the largest integer such that for all j € {0, ..., ¢ — 1} we have

&y _jo-r08y (C) €T,
and then put

=8y _y 008, (), and V:=6, , (8) .

8 The proof of this part is simpler in the case when the forward orbit of ¢ is disjoint from Crit( f). We advise
to restrict to this case on a first reading, taking L = 0 and ¢ = ¢.
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By definition we have 0 € P (vp_¢),but v & €. Letk > L — ¢ be the largest integer
such that 0 € P(vx), and note that m,, (6) =my,_, ( ) and ¢y, (c) =Cy_, (c)
Put

n = v(ey, (f))) +my, (13) +m,, (6) ,
so that P; (¢) is the pull-back of P(vg) by % ()+my.(¢) containing é.

3.1. We will show now that for every m > 1 the set f” (8 P; (6)) is disjoint from
P (vis1). We will use several times the fact that vy is strictly nice. By definition of 7
the image of P; (¢) by ™% (@)+my(9) i5 a connected component of P (vg). So for
eachm > m,, (f)) +my, (5) the set /(9 P; (6)) is disjoint from P (v;), and hence
from P (vis1). Since My, (f)) is the first entry time of 0 to P (v), it follows that the
same property holds for each m € {m,, (¢)+1,...,m,, (0)+m, (¢) —1}. On
the other hand, by definition of  the set £ (©) (P (€)) is the pull-back of P (vy)
by f™v ®) containing 0, and by definition of k we have v € P (vg)\ P (Vit1). As v
is strictly nice, it follows that the sets f © (P;, (6)) and P (vi+1) have disjoint
closures. Finally, since m,, (é) is the first entry time of ¢ to P (vg), it follows that
forallm € {1,...,m, (¢) — 1} the sets f™ (P; (¢)) and P(vi4+1) have disjoint
closures.

3.2. We will show now that for each integer m > 1 the set f™ (3P (vk+1)) is disjoint

from P; ( ) Suppose by contradiction that there is an integer m > 1 and ¢ € €
such that f™ (3 Py, ¢ (c)) intersects P; ( ¢). Then the set £ O+ (3P, (y(c))

intersects the closure of £ (%) (P (€)). This last set is a first return domain
of P(vx), and it is thus compactly contained in the open set P (v;), because vy is

strictly nice. We conclude that the set [ (@)m (3 Py, (o) (0)) intersects the open
set P(vi). However, this contradicts the fact that Py, () (c) is a first return domain
of P(vg).

3.3. If ¢ = ¢, then the properties shown in Parts 3.1 and 3.2 imply that the function
V:% U{c} - Ndefined by b (¢) = 71 and V| = vi41 is strictly nice.

If ¢ # ¢, then we let i be the integer such that £ (@) = vy 008y (0),
so that Py.; (€) is the pull-back of P; (¢) by &,,_,_,, o+ -+ 0 &, . Then we define
V:¢U{c} > Nby D (¢) = i+, and V| = vg4e. The properties shown in Parts
3.1 and 3.2 imply that v is strictly nice. O

Proof of Theorem C. In view of Part 2 of Lemma A.3 it is enough to show that there is
a strictly nice function defined in all of Crit(f) N J(f).

Let us say a critical point ¢ € Crit(f) N J(f) is corresponded if for each ¢’ €
Crit(f) N J(f) such that ¢’ € Oy(c) we have ¢ € Oy (¢’). Denote by %y the set of
corresponded critical points in J (). Note that for each critical point ¢ in J(f) that is
not corresponded, the set O ¢ (c) intersects %p. So, using Part 3 of Lemma A.3 induc-
tively, it follows that to show the existence of a strictly nice function defined in all of
Crit(f) N J(f) it is enough to show the existence of a strictly nice function defined
on %y.

Let ~ be the relation on %y defined by ¢ ~ ¢’ if ¢ = ¢’ or ¢ € Oy (¢). It follows
from the definition of % that ~ is an equivalence relation. Let 4] be a subset of %)
containing a unique element in each equivalence class of ~. Thus for each ¢ € %p the
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set Or(c) intersects 6. Using Part 3 of Lemma A.3 inductively it follows that to show
that there is a strictly nice function defined on %p, it is enough to show that there is one
defined on %7.

By definition of %) for each ¢ € %) the set O (c) is disjoint from %7 \{c}. Thus the
set 4 defined as in the statement of Lemma A.3 for 4 = %, is equal to the set of
those ¢ € % such that ¢ € Oy (c). Equivalently, .#% is the set of those non-recurrent
critical points in %). Thus, by Part 1 of this lemma we just need to show that there is a
strictly nice function defined on 6 := €1\ A%, .

For each ¢ € 6, let v, be a strictly nice function defined on {c}, given by Lemma A.2.
Letv : 2 — Nbe defined for each ¢ € %3 by v(c) = vc(c). As foreach ¢ € 6> we have
Oy(c) N (€2\{c}) = @, by Lemma A.1 the function v is strictly nice. This completes
the proof of the theorem. O

A.2. Infinitely renormalizable quadratic maps. The purpose of this section is to show
that each infinitely renormalizable polynomial or polynomial-like map whose small crit-
ical Julia sets converge to 0 satisfy the hypotheses of Theorem B. This includes the case
of infinitely renormalizable quadratic maps with a priori bounds; see [KL08,McM94]
and references therein for results on a priori bounds.

The post-critical set of a rational map f is by definition

P(f) = | fr(crit()).

n=1

If f is an infinitely renormalizable quadratic-like map, then P(f) does not contain
pre-periodic pionts [McM94, Theorem 8.1].

Lemma A4. Let f be a rational map and let 'V be a nice set for f such that 0V is
disjoint from the post-critical set of f. Then for every neighborhood 1% of V there is
V C V such that (V V) is a pleasant couple.

Proof. We will assume that P(f) contains at least three points; otherwise f is conju-
gated to a power map [McM94, Theorem 3.4] and then the assertion is vacuously true.
We will denote by distnyp the hyperbolic distance on C\ P(f) and by | f'| the derivative
of f with respect to it. Then by Schwarz lemma we have || f || > 1on C\f~1(P(f))
(cf., McM94, Theorem 3.5]). Furthermore, for z € @\P( f) and r > 0 we denote by
Bhyp(z, r) the ball corresponding to the hyperbolic metric on C\P(f).

Let & > 0 be sufficiently small such that Bpy,(dV, 2¢) C V and put

V=V UBpyp(dV, &).

By construction Visa neighborhood of V in C and the set V\V is disjoint from P (f).
So for each pull-back W of V the set W\W is disjoint from Crit(f). We thus have
WﬂCrlt(f) = hwhen WNV = . On the other hand, since ||f || > 1onC\ f~1(P(f)),
when W C V we have

disthyp(3W, VAP (f)) < disthyp(dW, dW) < distpyp(dV, dV) < &.

Hence W C V. This shows that (V, V) is a pleasant couple for f. O
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In what follows we shall use some terminology of [McM94] and [ALOS, §2.4,
App. Al.

Proposition A.5. Let f be an infinitely renormalizable quadratic-like map for which the
diameters of small critical Julia sets converge to 0. Then f is expanding away from crit-
ical points and has arbitrarily small pleasant couples having property (¥). In particular
the conclusions of Theorem B hold for f.

Proof. We will show that there are arbitrarily small puzzles containing the critical point
whose boundaries are disjoint from the post-critical set. Then Lemma A.4 implies that
there are arbitrarily small pleasant couples. That each of these pleasant couples satisfies
property (¥) is a repetition of the proof of [MUO3, Lemma 4.2.6], using the fact that
each puzzle is a quasi-disk and thus that it has the “cone property” of [MUO3, §4.2] with
“twisted angles”.

Let SR(f) be the set of all integers n > 2 such that f” is simply renormalizable and
let J, be the corresponding small critical Julia set. Then J,, is decreasing with n. For
each k > 1 we denote by m (k) the k™ element of SR(f).

We consider the usual puzzle construction with the «-fixed point of f. Then for each
£ > 1 there is a puzzle of depth ¢, that we denote by P;, whose closure contains Jy,(1).
We have ();25 P¢ = Ji(1). More generally, by induction it can be shown that if for a
given s > | we consider the puzzle construction with the a-fixed points of the renormal-
izations of (), fm@ M) then for each £ > 1 there is a puzzle of depth £ that
contains J,,(5). We will denote it by Ps . Thus P; ¢ is bounded by a finite number of arcs
in an equipotential line and by the closure of some pre-images of external rays landing
at the a-fixed points of the renormalizations of f”(1) M@ = #m) In particular
the intersection of d P ¢ with the Julia set is a finite set of pre-periodic points and it is
thus disjoint from P (f) by [McM94, Theorem 8.1]. Furthermore we have

+00
ﬂ PS,E = Jm(s),
=1

and hence

lim lim diam(Ps¢) = 0.
§—+00 {—+00
This completes the proof that f has arbitrarily small pleasant couples having property
().

To show that f is expanding away from critical points we just need to show that for
eachs > 1and ¢ > 1 the map f is uniformly expanding on K (Ps,¢) N Jy(s). As this setis
compactly contained in C\ P (f), it is enough to show that the derivative || f! || of f with
respect of the hyperbolic metric on this set is strictly larger than 1 on C\ f~'(P(f)).
Since f~'(P(f)) contains P(f) strictly, this is a consequence of Schwarz lemma. O

A.3. Quadratic polynomials with real coefficients. In this section we show that each
quadratic polynomial satisfies the conclusions of the Main Theorem.

If f is at most finitely renormalizable without indifferent periodic points, then by
Theorem C the map f satisfies the hypotheses of the Main Theorem. If f is infinitely
renormalizable, then it has a priori bounds by [McM94], so the diameters of the small
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Julia set converge to 0 and then the assertion follows from Proposition A.5. See also
Remark A.6.

It remains to consider the case when f has an indifferent periodic point. Fix 7y €
(t—, t+). Since f has real coefficients it follows that f has a parabolic periodic point,
and since f is quadratic it follows that f does not have critical points in the Julia set.
Therefore the function In ’ f | is bounded and Hoélder continuous on J(f), and since
the measure theoretic entropy of f is upper semi-continuous [FLM83,Lju83], there is
an equilibrium state p of f for the potential —7g In | Vi | Since f has a parabolic peri-
odic point it follows that 7. is the first zero of P, so we have P(#y)) > 0 and therefore
the Lyapunov exponent of p is strictly positive. Since by [PRLS04, Theorem A and
Theorem A.7] there is a (y, P (fy))-conformal measure of f (see also [Prz99]), [Dob08,
Theorem 8] implies that p is in fact the unique equilibrium state of f for the potential
—1oln | f! | The analyticity of P att = 1y is given by [MS00] when #y < 0 and when
to > 0 the fact that P is analytic at + = #y can be shown in an analogous way as in
[SUO3], using an induced map defined with puzzles pieces.

Remark A.6. We will now explain why we have introduced pleasant couples to deal with
infinitely renormalizable quadratic-like maps as in Proposition A.5 and with quadratic
polynomials with real coefficients in particular. Following [McM94] we call a renor-
malization of a quadratic-like map primitive if the corresponding small Julia sets are
pairwise disjoint. If the first renormalization of a quadratic-like map f is primitive, then
the usual puzzle construction produces a puzzle piece P containing the small critical
Julia set, in such a way that the first return puzzle Py to P containing the critical point is
compactly contained in P. These puzzle pieces form a nice couple (P, Py) for f. Since
the puzzle P can be made arbitrarily close to the small critical Julia set, a slightly more
general argument shows that a map as in Proposition A.5 having infinitely many primi-
tive renormalizations admits arbitrarily small nice couples. The Feigenbaum quadratic
polynomial is an example of an infinitely renormalizable quadratic map having no prim-
itive renormalization and it is possible to show that as such it does not have arbitrarily
small nice couples. However, the Feigenbaum polynomial does have arbitrarily small
pleasant couples by Proposition A.5.

Appendix B. Rigidity, Multifractal Analysis, and Level-1 Large Deviations

The purpose of this Appendix is to prove that, apart from some well-known exceptional
maps, the pressure function of each of the maps considered in this paper is strictly convex
on (t_, ty). We derive consequences for the dimension spectrum for Lyapunov exponents
(§B.1) and for pointwise dimensions of the maximal entropy measure (§B.2), as well
as some level-1 large deviations results (§B.3). See [Pes97,Mak98] for background in
multifractal analysis, and [DZ98] for background in large deviation theory.

In what follows by a power map we mean a rational map P (z) € C(z) such that for
some integer d we have P(z) = 2.

Theorem D. Let f be a rational map satisfying the hypotheses of Theorem B. If f is not
conjugated to a power, Chebyshev or Lattés map, then for every t € (t—, ty) we have
P"(t) > 0. In particular

Xing =1inf {=P'(t) | 1 € (t_, 1)} < Xawp = sup {—P'(1) | t € (1—,15)}.

Itis well known that for a power, Chebyshev or Lattés map, . = +00 and the pressure
function P is affine on (_, +00); in particular in this case we have x;r. = xs*up. For a
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general rational map f and for 79 € (¢—, 0), a result analogous to Theorem D was shown
by Makarov and Smirnov in [MS00, §3.8].

Proof. Suppose that for some #g € (r_, t,) we have P”(1y) = 0. Let (V,V)be apleasant
couple as in §7, so that the corresponding pressure function &7 is finite on a neighborhood
of (¢, p) = (t9, P(ty)), and such that for each t € R close to g we have & (t, P(t)) = 0,
see §3.4 for the definition of &. Then the implicit function theorem implies that the
function,

po(t) = & (t() +71, P(ty) + ‘L’P/(t()))
= P (F,—toIn|F'| = P(to)m — 7 (In|F'| + P'(t9)m))

defined for T € R in a neighborhood of ¢t = 0, satisfies pg 0) =0.
Let p be the equilibrium measure of F' for the potential —# In |F ! | — P(tp)m and

puty = —1In |F/| — P/(tp)m. Since for each ¢ close to 1y we have Z(t, P(t)) = 0, the
implicit function theorem gives p((0) = 0. Thus, by Part 1 of Lemma 4.4 and [MUO03,
Prop. 2.6.13] we have

/wdp = / —In[F'| = P'(to)mdp = py(0) = 0,

see also Remark 3.4. On the other hand, by Part 1 of Lemma 4.4 and [MUO3, Prop. 2.6.14]

+00 2
0=pg0) = ( WOF"~1/fdp—( dfdp) )
jo=>(/ /

is the asymptotic variance of i with respect to p, see also Remark 3.4. By Part 1 of
Lemma 4.4 and [MUO3, Lemma 4.8.8] it follows that there is a measurable function
u:J(F)— Rsuchthat Y = u o F — u, see also Remark 3.4. Put

J:={zeC\K(V) | f"@ () e J(F)}
and extend u to a function defined on J, , that for each z € J \J(F) it is given by,

u@ =u(f"9@) - b3l (-m s (r@)| - Preo).

j=0

An argument similar to the construction of the conformal measure given in _the proof
of Proposition 4.3, shows that we have In |f/| = —P/'(tp) +u o f —u on J; see also
[PRLO7, Prop. B.2]. By construction this last set has full measure with respect to the
equilibrium state of f for the potential —zy In | f” | , ¢f- §4.3. Thus, an argument similar to
the proof of [Zdu90, §§5-8] (see also [MS00, §3.8] or [May02, Theorem 3.1]) implies
that f is a power, Chebyshev or Lattes map. O
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B.1. Dimension spectrum for Lyapunov exponents. Let f be a rational map of degree
at least two. For z € C we define

1 ,
x(@) = tim —In|(f")' @

whenever the limit exists; it is called the Lyapunov exponent of f at z. The dimension
spectrum for Lyapunov exponents is the function L : (0, +00) — R defined by,

L(a) :=HD ({z € J(f) | x(2) = a}).

Following [MS96] we will say that f is exceptional if there is a finite subset £ of C
such that

)

I @M\ Crit(f) = =, (B.1)

see also [MSO00, §1.3]. A rational map f is exceptional if and only if 7~ > —oo. Fur-
thermore, in this case there is a set X s containing at most four points such that (B.1)
is satisfied with ¥ = X, and such that each finite set X satisfying (B.1) is contained
in X . Power, Chebyshev and Lattes maps are all exceptional. See [MS96] for other
examples of exceptional rational maps.

It has been recently shown in [GPROS, Theorem 2] that if f is not exceptional, or
if f is exceptional and Xy N J(f) = ¥, then for each o € (0, +00) we have

L(x) = éinf{P(l) +at |t € R}

Equivalently, the functions « +— —a L(«) and s — P(—s) form a Legendre pair. Note
that a Chebyshev or a Lattes map f is exceptional and X  intersects J (f).
The following is a direct consequence of Theorem D.

Corollary B.1. Let f be a rational map satisfying the hypotheses of Theorem B. Sup-
pose furthermore that f is not conjugated to a power map, and that either f is not
exceptional, or that f is exceptional and Xy is disjoint from J (f). Then the dimension
spectrum for Lyapunov exponents of f is real analytic on (X%, Xs*up)'

B.2. Dimension spectrum for pointwise dimension. Let pg be the unique measure of
maximal entropy of f. Then for z € J(f) we define

Inpo(B(z, 1))

o(z) := lim
r—0% Inr

whenever the limit exists; it is called the pointwise dimension of po at z. The dimension
spectrum for pointwise dimensions is defined as the function

D(a) :=HD({z € J(f) | a(z) = a}).

When f is a polynomial with connected Julia set we have P’(0) = — Indeg(f), so
by [MSO00, §5] it follows that for &« < 1 we have,

Indeg(f)

Equivalently, the function § +— —BD (%) on B > 1 and the function s +>

D(a):inf[t+a&|t§0}.

(Indeg(f))~'P(—s) ons > 0 form a Legendre pair. So the following is a direct conse-
quence of Theorem B and Theorem D.
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Corollary B.2. Let f be a polynomial with connected Julia set satisfying the hypotheses
of Theorem B. If f is not a power or Chebyshev map, then the dimension spectrum for
pointwise dimensions of the maximal entropy measure of f is real analytic on a < 1.

Remark B.3. In the uniformly hyperbolic case one has
D(a) = L(Indeg(f)/). (B.2)

This also holds when the set of those z € J(f) for which x(z) exists and satisfies
X (z) < 0 has Hausdorff dimension equal to 0, like for rational maps satisfying the TCE
condition [PRLO7, §1.4]. In fact, it is easy to see that for z € J(f) belonging to the
“conical Julia set” and for which both «(z) and x (z) exists, and x(z) > 0, we have
«(z) = Indeg(f)/x(z). Then (B.2) follows from [GPROS, Prop. 3], that the set of those
z € J(f) that are not in the conical Julia set and x(z) > 0 has Hausdorff dimension
equal to 0.

B.3. Large deviations. The purpose of this section is to present a sample application
of Theorem D to level-1 large deviations, using the characterizations of the pressure
function given in [PRLS04]. See [CRLO8] and references therein for some level-2 large
deviation principles for rational maps.

Corollary B.4. Let f be a rational map satisfying the hypotheses of Theorem B, and
that is not conjugated to a power, Chebyshev, or Lattés map. Fix ty € (1—, t1) and let py,
be the equilibrium state of f for the potential —tyIn |f’|. Fix xo € J(f) such that (2.1)
holds, and for each n > 1 put

ny/ —10
o= Y ™ @) R
X€ 7" (x0) 2 e fr(xo) (™ )|

Givene € (O, —P'(19) — Xi*;lf), lett(e) € (t_, ty) be determined by P'(t(¢)) = P’ (tp)—e.
.1 1
Iim —Inw,{x € J(f)|—In
n n

Then we have,
AN/
n—+00 (f]) (x) >/1H|f/|d,0,0 +<9]

= P(t(e)) — P(to) — (t(e) — 1) P'(¢(e)) < 0.

Similarly, given & € (0, Xeup + P’(t())) let i(¢) € (to, t+) be determined by P’ (i(¢)) =

P’(ty) + €. Then we have,
(fj)/(x) </1n|f’}dp,0 —8]

= P (i(e)) — P(10) — (i(e) — 19) P' (i(e)) < O.

For a rational map satisfying the TCE condition, or the weaker “Hypothesis H” of
[PRLSO04], a similar result can be obtained for periodic points. See [Com(09] and ref-
erences therein for analogous statements in the case of uniformly hyperbolic rational
maps, and [KN92] for similar results in the case of Collet-Eckmann unimodal maps
and g near 1.

n—+oQ

1 1
lim —Inw, [x € J(f)’—ln
n n
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Proof. First observe that by the choice of xq, for each s € R we have

1 1 o ( n)/ (X) —to+s
lim _ln/exp (S ln’(f”)/‘) dw, = lim —1In erf (x0) | A / | .
n—+oo n n—+oo n zyef*”(xo) |(fn) (y)|

= P(to —s) — P(t0).

We will apply the theorem in p. 343 of [PS75] to the space J := [[;2 J(f) endowed
with the probability measure P := @)} w,. Furthermore for each n > 1 we take the

random variable W,, : J — Ras W, (szol xj) :=1n |(fn)/ (Xn)| .Soforeachs € R
we have

/exp(sWn)dP = /exp (S In ‘(fn)/

and by the computation above,

)dwn,

1

lim — ln/exp(sWn)dP = P(tp —s) — P(1p).
n—+00

Using that ['In |(f")'|dps, = — P’ (to) and that the function s — P (to — s) — P(to) is

real analytic and strictly convex on (#y — 4, fop — 7—) by Theorem D, we obtain by the

theorem in p. 343 of [PS75] that

lim llnwn[%ln‘(f”)/‘ >/1n((f")"dp,o+s}

n—+oo p
= P(1(¢)) — P(to) — (t(e) — 10) P'(t(e)).

The second assertion is obtained analogously with W, replaced by the function
[175 xj = —In|[(f" ()| O
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