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Density of periodic sources in the boundary of a basin of
attraction for iteration of holomorphic maps:
geometric coding trees technique

by

F.Przytyckiand A. Zdunik (Warszawa)

Abstract. We prove that if A is a basin of immediate attraction to a periodic at-
tracting or parabolic point for a rational map f on the Riemann sphere, then the periodic
points in the boundary of A are dense in this boundary. To prove this in the non-simply
connected or parabolic situations we prove a more abstract, geometric coding trees version.

Introduction. Let f : C — C be a rational map of the Riemann sphere
C. Let J(f) denote its Julia set. We say a periodic point p of period m is
attracting (a sink) if |(f™) (p)| < 1, repelling (a source) if |(f™)'(p)| > 1 and
parabolic if (f™)'(p) is a root of unity. We say that A = A,, is an immediate
basin of attraction to a sink or a parabolic point p if A is a component of
C\ J(f) such that f"™|4 — p as n — oo and p € A, for p attracting, and
p € 0A for p parabolic.

We shall prove the following fact, which answers a question posed by
G. Levin:

THEOREM A. If A is a basin of immediate attraction for a periodic at-
tracting or parabolic point for a rational map f : C — C then the periodic
points contained in OA are dense in OA.

The classical Fatou—Julia theorem says that the periodic sources are
dense in J(f). However, these periodic sources could only converge to 0A,
without being in 0A.
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The density of periodic points in Theorem A immediately implies the
density of periodic sources because for every rational map there are only
finitely many periodic points which are not sources and the Julia set has no
isolated points.

We remark that just the existence of some periodic points in JA was
proved by Fatou [F, p. 81] and Pommerenke [Po]. In fact, every periodic
branch of a geometric coding tree in A (see Section 2 for the definition)
converges to a periodic point.

The idea of proving Theorem A using Pesin’s theory and Katok’s proof of
the density of periodic points [K], showing that f~"(B(x,¢)) C B(x,¢) for
some branches of f~", is also too crude. The problem is that the resulting
fixed point for f™ in B(xz,e) could be outside JA. However, this gives a hint
for a correct proof. We shall consider points in 0A together with “tails”,
some curves in A along which these points are accessible. (We say x € 04 is
accessible from A if there exists a continuous curve v : [0,1] — C such that
v([0,1)) € A and (1) = x. We then also say that x is accessible along ~.)

Thus we shall in fact prove something stronger than Theorem A:

COMPLEMENT TO THEOREM A. The periodic points in 0A accessible
from A along f-invariant finite length curves are dense in OA.

If f is a polynomial (or a polynomial-like map) then it follows automat-
ically that these periodic points are accessible along external rays. See [LP]
for the proof and for the definition of external rays in the case where A is
not simply connected.

It is an open problem whether all periodic sources in JA are accessible
from A (see [P3] for a discussion of this and related problems). It was proved
that this is so in case f is a polynomial and A is the basin of attraction to
oo in [EL], [D], and later in [Pe], [P4] in more general situations: for f any
rational function and A a completely invariant (i.e. f~'(A) = A) basin of
attraction to a sink or a parabolic point.

The paper is organized as follows: In Section 1 we shall prove Theorem A
directly for A simply connected and p attracting. In Section 2 we shall
introduce a more general point of view: geometric coding trees, studied and
exploited already in [P1], [P2], [PUZ] and [PS], and formulate and prove
Theorems B and C in the trees setting, which easily yields Theorem A.

1. Theorem A for A simply connected and p attracting. First let
us state a lemma which belongs to Pesin’s theory.

LEMMA 1. Let (X, F,v) be a measure space with a measurable automor-
phism T : X — X. Let u be a probability ergodic f-invariant measure on a
compact set Y in the Riemann sphere, for f a holomorphic mapping from

a neighbourhood of Y to C keeping Y invariant, with positive Lyapunov
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exponent, i.e. X, (f) = [log|f'|du > 0. Let h : X — Y be a measurable
mapping such that hy(v) = p and hoT = foh a.e. Then for v-almost
every x € X there exists r = r(x) > 0 and univalent branches F, of f~"
on B(h(z),r) forn =1,2,... for which F,,(h(z)) = h(T~"(z)). Moreover,
for every A with exp(—x,(f)) < A <1 (not depending on x) and a constant
C=0C(zx)>0,

|[Fy (h(z))]

el <©
for every z € B(h(x),r), n > 0 (distances and derivatives in the Riemann

spherical metric on C).
Moreover, r and C are measurable functions of .

Let R : D — A, be a Riemann mapping such that R(0) = p. Define
g:= R 1o foR onD. We know that ¢ extends holomorphically to a
neighbourhood of cl A and is expanding on JA (see [P2]). (In fact, g is a
finite Blaschke product, because we assume in this section that f is defined
on the whole A; see [P1]. However, we only need the assumption that f is
defined on a neighbourhood of 0A as in [P2].)

For every ¢ € 9D, every 0 < o < 7/2 and every p > 0 consider the cone

Cao(Q) :={z€D:|Arg( — Arg(¢ — 2)[ < a, [( — 2| <o}

In the sequel we shall need the following simple

|F) (h(z))] < CA™ and

LEMMA 2. There exist g9 > 0, C > 0 and 0 < ap < 7/2 such that
for every o < gg, n > 0, ¢ € 0D and every branch G, of g~" on the disc
B((, 00) the following inclusion holds:

Gh({z€D:z=1t(, 1—1t<p}) CCapco(Gn(())-

Remark. Considering an iterate of f and ¢ we can assume that C' =1,
because above we can write in fact Cy, c¢n, for some 0 < & < 1.

Proof of Theorem A for a simply connected basin of
a sink. Keep the notation of this section: A the basin of attraction to a
fixed point, a sink p, R : D — A a Riemann mapping and g the pull-back of
f extended beyond 0D, just a finite Blaschke product.

Consider y := R.(l), where R denotes the radial limit of R and [ is the
normalized length measure on 9. In fact, u is the harmonic measure on A
viewed from p. This measure is ergodic f-invariant and x,(f) = xi(g) > 0
(see [P1, P2]). Also supp p = 0A.

Indeed, for every € > 0, x € JA and xz,, € A such that x,, — r we have
for harmonic measures: w(x,, B(x,c)) — 1 # 0. But the measures w(p, -)
and w(z,,-) are equivalent, hence w(p, B(z,¢)) > 0.

We shall not use the assumption that p is a harmonic measure any more;
we only use the above-mentioned properties.
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From the existence of the nontangential limit R of R a.e. [Du] it follows
easily that for all e > 0, 0 < a < 7/2 and p > 0 there exists K. C 9D such
that [(K.) > 1 —¢ and for all ( € K,

R(z) — R(¢) uniformly as 2 — ¢, 2 € Cq ,(C) .

Namely, for every §; > 0 there exists do > 0 such that for every ¢ € K. if
2 € Ca.5,(¢) then dist(R(z), R(¢)) < 41, distance in the Riemann spherical
metric on C.

Consider the inverse limit (the natural extension in Rokhlin’s terminol-
ogy [Ro]) (511/)), g,ljﬁ) of (0D, B, 1, g). Here B stands for the Borel o-algebra.
Recall [Ro] that the natural extension can be defined as the space of all g-
trajectories ((,),n =...,—1,0,1,... (or equivalently backward trajectories:
n = ...,—1,0) with the shift map g((¢,)) = ((n+1). Define 7;((¢)) = ;.
Then the o-algebra B is defined to be generated by all sets 7rj_1 (A) for A € B.
The measure | satisfies T(FJI(A)) = I(A). (In our case B is just the Borel
o-algebra in the topological inverse limit éTD))

By Lemma 1 applied to (%7337 to the automorphism g, the map
h=Rom, Y = 0A and f our rational map, there exist constants C,r > 0,
this time not depending on z, and a measurable set K c oD such that
I(K) > 1—2¢, K C ny*(K.) and for every g-trajectory (¢,) € K the
assertion of Lemma 1 holds with the constants C' and r.

Let t = t(r) > 0 be such that for every ¢ € K, and z € Cqo+(() we have
(1) dist(R(z), R(¢)) < r/3.

We additionally assume that t < gg from Lemma 2. Also the a is «g
from Lemma 2. N

By the Poincaré Recurrence Theorem for g, for a.e. trajectory (¢,) € K
there exists a sequence n; — oo as j — oo such that

(2) C—nj = Woﬁ_nj ((Cn)) — Co
and 57" ((¢,)) € K, hence
3) (n, € K..

Indeed, we can take a sequence of finite partitions A; of 7r0(l~( ) such that
the maximal diameters of sets of A; converge to 0 as j — co. Almost every

(¢n) € K is in N; 7o '(A;) where A; € A; and there exists n; such that
T ((C) € m (4)).
For a.e. ((,) € K fix N = N(({,)) such that
(4) (-N € B(QO 7t(T) sin O[) )
N arbitrarily large.



Density of periodic sources 69

Denote by Gy the branch of g~ such that G (¢y) = (_n. By Lemma 2,
Gn(1C0) € Cat(Cn) for every 1 —t <7 < 1.
By (4) there exists 1 —t < 79 < 1 such that 70(y € Co t((—n) (see Fig. 1).

1% Cn,,t(c—N)
Fig. 1
By (3) we can apply (1) to ¢ = (_n. Thus by (1) applied to z = 70(o,
¢ = (o and ¢ = (_n we obtain
dist(R(C-n), R(Co)) < 37

So, if N has been taken large enough, we obtain by Lemma 1 for the
branch Fy of f~ appearing in the statement of Lemma 1,

() Fyn(B(R(G) 7)) € B(R(C-n),7/3) € B(R(Co) )
(see Fig. 2).

R(70¢0)
RGN((1—1)¢p)

Fig. 2
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Moreover, Fiy is a contraction, i.e. [(Fn|g(g(cy),m) | < CA\NV < 1.
The interval I joining 79y and Gn((1 —t)(p) is in Co+((—n), hence

R(I) € B(R(¢-n),7/3) C B(R(Co)»7) -
By the definitions of Fiy, Gy we have Ro Gy = Fy o R at (y. To prove this
equality on [(1 — #)(o, (o] we must know that for f= we really have the
branch F. But this is indeed the case because the maps involved are con-
tinuous on the domains under consideration and [(1 — ), (o] is connected.

So
(6) Fn(R(1—1)¢) = RGN ((1—1)Co) -

Let « be the concatenation of the curves R([(1 — t)Co,7(o]) and R([).
By (6) it joins R((1—t)¢p) to Fiy (R((1—t){o)) and lies entirely in B(R((p), ).
Let I" be the concatenation of the curves v, Fyx (7), Fx(7), .. Then one end,
say a, of I' is in OA and I is periodic of period N (I" makes sense by (5)).
Moreover,

length I < Z CA\"lengthvy < 0.
n>0

We have dist(a, R((y)) < r. Because supppu = 9A and ¢ and r can be
taken arbitrarily close to 0, this proves the density of the periodic points

in 0A.

2. Geometric coding trees: completion of the proof of Theo-
rem A. We shall prove a more abstract and general version of Theorem A
here. This will allow us to deduce Theorem A immediately in the parabolic
and non-simply connected cases.

Let U be an open connected subset of the Riemann sphere C. Consider
any holomorphic mapping f : U — C such that f(U) D U and f : U — f(U)
is a proper map. Define Crit f = {z : f’(z) = 0}, the set of critical points
for f. Suppose that Crit f is finite. Consider any z € f(U). Let 2!,..., 24
be some of the f-preimages of z in U where d > 2. Consider smooth curves
7 [0,1] — f(U), 5 =1,...,d, joining 2 to 27 respectively (i.e. v/ (0) = z,
77(1) = 27), such that in U?:1 47 there are no critical values for iterations
of f,ie. 77 N f*(Crit f) = O for every j and n > 0.

Let X4 :={1,... ,d}Z+ denote the one-sided shift space and o the shift
to the left, i.e. 0((aw,)) = (ani1). For every sequence o = ()%, € X4 we
define vp() := y®°. Suppose that for some n > 0, for every 0 < m < n,
and all a € X9 the curves 7,,(a) are already defined. Suppose that for
1 <m < n we have f o Vm(a) = ’)/m_l(O'(Oé)), and ’Ym(a)(o) = Vm—l(a)(l)'

Define the curves 7,41 () so that the previous equalities hold by taking
suitable f-preimages of the curves 7,. For every @ € X and n > 0 set

Zn(a@) = v (a)(1).
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For every n > 0 denote by X, = X% the space of all sequences of
elements of {1,...,d} of length n + 1. Let 7, denote the projection , :
X4 — ¥, defined by 7, (a) = (o, - . ., ). As 2,(a) and 7, () only depend
on (g, ...,q,), we can consider z, and +, as functions on X,.

The graph 7 (z,v,...,~v%) with the vertices z and 2, (c) and edges 7, ()
is called a geometric coding tree with root at z. For every @ € X¢ the
subgraph composed of z, z,(a) and 7, («) for all n > 0 is called a geometric
branch and denoted by b(«). The branch b(«) is called convergent if the
sequence v, () converges to a point in clU. We define the coding map 2z :
D(z00) — clU by zoo () := lim,,_ o0 2n () on the domain D = D(zo,) of all
a’s for which b(«) is convergent.

(This convergence is called in [PS] strong convergence. In the previous
papers [P1], [P2], [PUZ] we mainly considered convergence in the sense that
zn () converges to a point, but here we shall need the convergence of the
edges vp.)

In the sequel we also need the following notation: for each geometric
branch b(«) denote by b,,(«) the part of b(a) starting from z,,(«), i.e.
consisting of the vertices zi(a), k > m, and of the edges vi(a), k > m.

The basic theorem concerning convergence of geometric coding trees is
the following

CONVERGENCE THEOREM. 1. Every branch except branches in a set of
Hausdorff dimension 0 in the standard metric on X¢, is convergent (i.e.
HD(X?\ D) = 0). In particular, for every Gibbs measure vy for a Hélder
continuous function ¢ : X% — R, v,(X4\ D) = 0, so the measure (200)«(Vy)
makes sense.

2. For every z € clU, HD(23'({z})) = 0. Hence for every v, the en-
tropies satisfy h, (o) = h(zoo)*(l,w)(f) > 0 (provided we assume that there
exists a continuous extension f of f to clU).

The proof of this theorem can be found in [P1] and [P2] under some
stronger assumptions (slow convergence of f™(Crit f) to 7% as n — 00). To
obtain the above version one should also rely on [PS] (where even f"(Crit f)
N~ # 0 is allowed).

Recently (see [P4]), a complementary fact was proved. In case f is a
rational map on the Riemann sphere, U is a completely invariant basin of
attraction to a sink or a parabolic periodic point and the condition (i) (see
statement of Theorem C below) is satisfied, this fact can be formulated as
follows:

3. Bvery f-invariant probability ergodic measure w, of positive Lyapunov
exponent, supported by OU is the (zo0)«-tmage of a probability o-invariant
measure on X°.
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Suppose, in Theorems B, C which follow, that the map f extends holo-
morphically to a neighbourhood of the closure of the limit set A of a tree,
A= 20(D(2x)). Then A is called a quasi-repeller (see [PUZ]).

THEOREM B. Let A be a quasi-repeller for a geometric coding tree
T(z,9Y,...,7%) for a holomorphic map f : U — C. Then for every Gibbs
measure v for a Hélder continuous function ¢ on X¢, the periodic points in
A for the extension of f to A are dense in supp(zeo )« (V).

This is all we can prove in the general case. In the next theorem we shall
introduce additional assumptions.
Define

A := {all limit points of the sequences z,(a"), o™ € £, n — oo} .

THEOREM C. Suppose we have a tree as in Theorem B which additionally
satisfies the following conditions for every j =1,...,d:

() 2/ Nl Uy f7(Crit f) =0, |
(ii) there exists a neighbourhood U? C f(U) of v such that

Volf’”(Uj) — 0
where Vol denotes the standard Riemann measure on C.

Then the periodic points in A for f are dense in A

Theorem C immediately follows from Theorem B if we prove the follow-
ing:

LEMMA 3. Under the assumptions of Theorem C (except that we need
not assume that f extends to f), for every Gibbs measure v on X% we have

SUpP(2o0 ) () = A.

Proof. The proof is a minor modification of the proof of the Convergence
Theorem, part 1, but for completeness we give it here.

Let U7 and U be open connected simply connected neighbourhoods of
y9 for j =1,...,drespectively, such that c1U7 C U7, U/NcllY,,» o f"(Crit f)
= () and (ii) holds.

By (ii), e(n) = Volf_"(Uj:1 U7) — 0 as n — oo.

Define ¢’'(n) = supy>,, €(n). We have €’(n) — 0.

Denote the components of f~"(U?) and of f~"(U") containing v, (),
where a,, = j, by U,(a), U] (a) respectively. Similarly to z,(«) and ~,(«)
each such component only depends on the first n + 1 numbers in « so in our
notation we can replace o by m, () = (o, ..., a,) € X,.

Fix arbitrary n > 0, a € X, and § > 0. For every m > n define

B(a,m)={(jo,---,Jm) € Xm : jr=oap for k=0,...,n}
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and
Bs(a,m) ={(jo,---,Jm) € Bla,m) : Vol U, (Jo, - - -, Jm)
< e(m)exp(—(m —mn)d)}.
Set also B(a) = 7, ({a}) c 2.
Since for every j,, all Uy, (jo, ..., Jm) are pairwise disjoint,
(7) 4B(a) — tBs(c,m) < dexp((m — n)5)
By the Koebe distortion theorem for the branches f~™ leading from U’
to Uy, (B) for 8 € X%, B,, = j we have
diam v,,, (8) < diam U’, () < Const(Vol U, (8))'/? < Const(Vol U, (8))*/2.
Thus if § € B(«) and 7,,(8) € Bs(a, m) for every m > mg > n then
length b,,, (3) < Const Z m)Y2 exp(—(m —n)§/2).
m>mo

Now we shall rely on the following property of v true for the Gibbs
measure for every Holder continuous function ¢ on X¢:

There exists 8 > 0 depending only on ¢ such that for every pair of
integers k < m and every 8 € X4,

Zﬁiﬁzﬁ%?<emw4m—kw»
So with the use of (7) we obtain
v(B(a Bs(a, m)
(B(@) \ Mo T (Bs( Z dexp((m —n)d) exp(—(m —n)0d).

v(B(a))

We consider 6 < 6.
As the conclusion we obtain the following

m>mgo

CLAIM. For every r > 0 and 0 < A < 1, if n is large enough then for
every a € X4 there is B’ C B(a) such that
v(B)

V(Bla)

and for every B3 € B,
length b, (8) <.

Indeed, it is sufficient to take B’ = (.5 .. Tm' (Bs(c, m)), where my is
the smallest integer > n such that > dexp((m—n)(0—0)) < 1-A. (Of
course the constant mg—n does not depend on n, «.) Then for every g € B,

length by, (8) < (mg —n)e’(n) + Const e’ (mg)'/? > exp(—(m—n)§/2) <r

m>mgo

if n is large enough.
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The above claim immediately proves our Lemma 3. =

Remark 4. Lemma 3 proves in particular (under the assumptions (i)
and (ii) but without assuming that f extends to f) that cl A = A.

Remark 5. Observe that Lemma 3 without any additional assumptions
about the tree, like (i), (ii), is false. For example take z = p to be the sink,
2t =p, 27 #pforj=2,...,dand y' = p. Then p € Abut p & supp(2e )« (V)
for every Gibbs v.

Observe that if (i) and (ii) are skipped in the assumptions of Theorem C
then its assertion on the density of A or the density of periodic points in Ais
also false. We can take z in a Siegel disc S but z different from the periodic
point in S, z' € S, 29 ¢ S for j =2,....,d.

Here A is not even dense in the set A’ intermediary between A and /T,

A= U Ala)
acxd
where  A(a) := {the set of limit points of z,(a),n — oo}

(because A’ contains a “circle” in the Siegel disc).

A corresponds to the union of impressions of all prime ends and A’ corre-
sponds to the union of all sets of principal points. See [P3] for this analogy.

We do not know whether Lemma 3 or Theorem C are true without the
assumption (i), only with the assumption (ii).

Now we shall prove Theorem B:

Proof of Theorem B. We repeat the same scheme as in the proof
of Theorem A, the case discussed in Section 1. Now (9D, g,!l) is replaced
by (24, 0,v). Its natural extension is denoted by (£%,5,7) (in fact ¥4 =
{1,...,d}%). As in Section 1 we find a set K with 7(K) > 1 — 2¢ so that all
points of K satisfy the assumptions of Lemma 1 with constants C,r. The
map R is replaced by 2o and Y is cl A now.

Condition (1) makes sense along branches (which play the role of cones),
i.e. it takes the form: there exists M = M(r) arbitrarily large such that for

every a € K,
(8) by(a) C B(zoo(),7/3) .

The crucial property we need in order to refer to Lemma 1is x(.__). ) (f)
> (. It holds because by the Convergence Theorem, part 2, we know that

h,(0) =h(..). ) (f) > 0 and by [R], X(z00). ) (f) > %h(zwl*(u)(f) > 0.
As in Section 1, for every o = (.. 01, 00, O, - .) € K there exists N
arbitrarily large such that 3 = moo " (a) € K is close to a. In particular,

,8:(Oé(),O[l,...,OéM,w,Oéo,al,...)
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where w stands for a sequence of N — M — 1 symbols from {1,...,d} and
N > M.
By (8) we have

by (o) C B(zoo(),7/3) and by (B) C B(zeo(8),7/3) .
We also have
zu (o) = z2m(B).-

So v = Ug:]\]/\[/fﬂ Y (B) C B(zoo(), 7). Since Fn(zoo()) = 200(8) we
have, as in Section 1, (6), Fn(2m(a)) = zp4+n5(5), i.e. Fiy maps one end of 7y
to the other. We also have, similarly to (5), Fn(B(2e0 (@), 7)) C B(zoo (), )
and F'y is a contraction.

One end of the curve I' built from v, Fx(7), Fx(7),... is periodic of
period N, is in B(ze(),r) and is the limit of the branch of the periodic
point

(0, ..., w, 0, ... o5 w,...) € X4,

Theorem B is proved. =

Proof of Theorem A (conclusion). Write

Crit™ := | J f"(Crit f|a).
n>0

Let p denote the sink in A or the parabolic point in A attracting A.

Take an arbitrary point z € A\Crit™, z # p. Take an arbitrary geometric
coding tree T(z,~7%,...,7%) in A\ (Crit™ U{p}), where d = deg f|4.

Observe that (i) is satisfied because cl Crit™ = {p} U Crit ™.

Condition (ii) also holds because taking U/ C A we obtain f~"(U7) —
0A, hence there exists N > 0 such that for every n > N we have

T UHNUI =9,

Indeed, if we had Vol f~"¢(U’) > ¢ > 0 for a sequence n; — oo we
could assume that nyy1 —ny > N. We would have f="¢(U7)N f~"=(U7) = ()
for every t # s, hence Vol{J, f~™(U7) = Y, Vol f~™(U7) > >, e = o0, a
contradiction.

Thus we deduce from Theorem C that the periodic points in A are dense
in A. The only thing to be checked is

(9) A=0A.

(If A is completely invariant then Z = |J,~, f " (2) is a subset of A. It
is dense in the Julia set, in particular in JA. In general, however, Z ¢ A
so the existence of a sequence in Z converging to a point in 0A does not
automatically imply the existence of such a sequence in Z N A.)
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It is not hard to find a compact set P C A such that PN(Crit™ U{p}) = 0
and such that for every (s € 0A \ {p} and every ¢ € A close enough to (p,
there exists n > 0 such that f™(¢) € P. The closer ¢ to (g, the larger n.

Cover P by a finite number of topological discs D, C A. There exist
topological discs D/ whose union also covers P such that c1 D, C D,. Join
each disc D, to z by a curve §, without selfintersections disjoint from Crit™
and p. Then for every 7 there exists a topological disc V. C A which is a
neighbourhood of D, U ¢, also disjoint from Crit™ and p.

For every € > 0 there exists ng > 0 such that for every n > ng and every
branch F,, of (f|4)~™ on V,,

diam F,,(D. Ud,) < ¢

by the same reason by which Vol f~"(U’) — 0 and next (by the Koebe
distortion theorem, see proof of Lemma 3), diam f~"(U"7) — 0.

So fix an arbitrary (o € 0A\ {p} and take ¢ € A close to {y. Find N and
7 such that fV(¢) € D.. We can assume N > ng. Let Fyy be the branch of
f~N on V, such that Fx(fN(¢)) = ¢. Then dist(¢, Fx(2)) < e. But Fn(2)
is a vertex of our tree. Letting ¢ — 0 we obtain (9). =

Remark 6. One can apply Theorem C to f a rational mapping on the
Riemann sphere and d = deg f under the assumptions that for the Julia set
J(f) we have Vol J(f) = 0 and the set cl Crit™ does not dissect C. Indeed, in
this case we take z in an immediate basin of a sink or a parabolic point and
curves 77 disjoint from cl Crit™. Then the assumptions (i), (ii) are satisfied,
so the periodic points in A are dense in A. A basic property of J(f) says
that J,,oo f7"(2) is dense in J(f), i.e. A = J(f), hence the periodic points
in A are dense in J(f).

In this case, however, we can immediately deduce the density of the
periodic sources belonging to A in J(f) from the fact that the periodic
sources are dense in J(f) and from the theorem saying that every periodic
source ¢ is the limit of a branch b(a), a € X, converging to it. So ¢ belongs
to A automatically. For details see [P4].

References

[D] A.Douady, informal talk at the Durham Symposium, 1988.
[Du] P. L. Duren, Theory of H? Spaces, Academic Press, New York, 1970.
[EL] A. E. Eremenko and G. M. Levin, On periodic points of polynomials, Ukrain.
Mat. Zh. 41 (1989), 1467-1471 (in Russian).
[F] P. Fatou, Sur les équations fonctionnelles, Bull. Soc. Math. France 48 (1920),
33-94.
[K] A.Katok, Lyapunov exponents, entropy and periodic points for diffeomorphisms,
Publ. Math. IHES 51 (1980), 137-173.



Density of periodic sources 77

[LP] G. Levin and F. Przytycki, Fzternal rays to periodic points, preprint 24
(1992/93), the Hebrew University of Jerusalem.

[Pe] C. L. Petersen, On the Pommerenke—Levin—Yoccoz inequality, Ergodic Theory
Dynamical Systems 13 (1993), 785-806.

[Po] Ch. Pommerenke, On conformal mapping and iteration of rational functions,
Complex Variables 5 (1986), 117-126.

[P1] F.Przytycki, Hausdorff dimension of harmonic measure on the boundary of an
attractive basin for a holomorphic map, Invent. Math. 80 (1985), 161-179.

[P2] —, Riemann map and holomorphic dynamics, ibid. 85 (1986), 439-455.

[P3] —, On invariant measures for iterations of holomorphic maps, in: Problems in
Holomorphic Dynamics, preprint IMS 1992/7, SUNY at Stony Brook.

[P4] —, Accessability of typical points for invariant measures of positive Lyapunov

exponents for iterations of holomorphic maps, Fund. Math., to appear.

[PS] F.Przytyckiand J. Skrzypczak, Convergence and pre-images of limit points
for coding trees for iterations of holomorphic maps, Math. Ann. 290 (1991), 425—
440.

[PUZ] F.Przytycki, M. Urbaniskiand A. Zdunik, Harmonic, Gibbs and Hausdor(f
measures for holomorphic maps, Part 1: Ann. of Math. 130 (1989), 1-40; Part 2:
Studia Math. 97 (1991), 189-225.

[Ro] V. A.Rokhlin, Lectures on the entropy theory of transformations with invariant
measures, Uspekhi Mat. Nauk 22 (5) (1967), 3-56 (in Russian); English transl.:
Russian Math. Surveys 22 (5) (1967), 1-52.

[R] D. Ruelle, An inequality for the entropy of differentiable maps, Bol. Soc. Brasil.
Math. 9 (1978), 83-87.

Feliks Przytycki Anna Zdunik
INSTITUTE OF MATHEMATICS INSTITUTE OF MATHEMATICS
POLISH ACADEMY OF SCIENCES WARSAW UNIVERSITY
SNIADECKICH 8 BANACHA 2
00-950 WARSZAWA, POLAND 00-913 WARSZAWA, POLAND
E-mail: FELIKSPQIMPAN.IMPAN.GOV.PL E-mail: ANIAZD@MIMUW.EDU.PL

Received 30 April 1993;
in revised form 28 September 1993



