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Introduction

This book is an introduction to the theory of iteration of expanding and non-
uniformly expanding holomorphic maps and topics in geometric measure theory
of the underlying invariant fractal sets. Probability measures on these sets yield
information on Hausdorff and other fractal dimensions and properties. The
book starts with a comprehensive chapter on abstract ergodic theory followed by
chapters on uniform distance expanding maps and thermodynamical formalism.
This material is applicable in many branches of dynamical systems and related
fields, far beyond the applications in this book.

Popular examples of the fractal sets to be investigated are Julia sets for
rational functions on the Riemann sphere. The theory which was initiated by
Gaston Julia [Julia 1918] and Pierre Fatou [Fatou 1919-1920] has become very
popular since appearence of Benoit Mandelbrot’s book [Mandelbrot 1982] with
beautiful computer made pictures. Then it has become a field of spectacular
achievements by top mathematicians during the last 30 years.

Consider for example the map f(z) = z? for complex numbers z. Then
the unit circle S' = {|z| = 1} is f-invariant, f(S') = S* = f~1(S!). For
c~0,c#0and f.(2) = 2% + ¢, there still exists an f-invariant set J(f.) called
the Julia set of f., close to S', homeomorphic to S' via a homeomorphism h
satisfying equality f o h = ho f.. However J(f.) has a fractal shape. For large
¢ the curve J(f.) pinches at infinitely many points; it may pinch everywhere to
become a dendrite, or even crumble to become a Cantor set.

These sets satisfy two main properties, standard attributes of “conformal
fractal sets”:

1. Their fractal dimensions are strictly larger than the topological dimension.

2. They are conformally “self-similar”, namely arbitrarily small pieces have
shapes similar to large pieces via conformal mappings, here via iteration of f.

To measure fractal sets invariant under holomorphic mappings one applies
probability measures corresponding to equilibria in the thermodynamical for-
malism. This is a beautiful example of interlacing of ideas from mathematics
and physics.

The following prototype lemma [Bowen 1975, Lemma 1.1], resulting from
Jensen’s inequality applied to the function logarithm, stands at the roots of the
thermodynamical formalism

Lemma 0.0.1. (Finite Variational Principle) For given real numbers ¢1, ..., ¢n

7



8 Introduction

the quantity

n n
Fpi,...pn) = Y —pilogpi + Y _ pits
i=1 i=1
has mazimum value P(¢1,...¢n) = logd i, e®" as (p1,...,pn) ranges over the
simplex {(p1,...,pn) : pi > 0,21 p; = 1} and the mazimum is attained only

at a N
pr=e? (3 e?)
=1

We can read ¢;,p;,i = 1,...,n as a function (potential), resp. probability
distribution, on the finite space {1,...,n}. The proof follows from the strict
concavity of the logarithm function.

Let us further follow Bowen [Bowen 1975]: The quantity

n
S=Y —pilogp;

i=1
is called entropy of the distribution (p1,...,p,). The maximizing distribution
(D1, ., Pn) 18 called Gibbs or equilibrium state. In statistical mechanics ¢; =
—pBE;, where § = 1/kT, T is a temperature of an external “heat source” and k
a physical (Boltzmann) constant. The quantity E = Y. | p;F; is the average
energy. The Gibbs distribution maximizes thus the expression

1
—BE=8-—E
§—PE=5- =

or equivalently minimizes the so-called free energy E — kT'S. The nature prefers
states with low energy and high entropy. It minimizes free energy.

The idea of Gibbs distribution as limit of distributions on finite spaces of con-
figurations of states (spins for example) of interacting particles over increasing
to infinite, bounded parts of the lattice Z¢, introduced in statistical mechan-
ics first by Bogolubov and Hacet [Bogolyubov & Hacet 1949] and playing there
a fundamental role was applied in dynamical systems to study Anosov flows
and hyperbolic diffeomorphisms at the end of sixties by Ja. Sinai, D. Ruelle
and R. Bowen. For more historical remarks see [Ruelle 1978] or [Sinai 1982].
This theory met the notion of entropy S borrowed from information theory and
introduced by Kolmogorov as an invariant of a measure-theoretic dynamical
system.

Later the usefulness of these notions to the geometric dimensions has become
apparent. It was present already in [Billingsley 1965] but crucial were papers by
Bowen [Bowen 1979] and McCluskey & Manning [McCluskey & Manning 1983].

In order to illustrate the idea consider the following example: Let T; : I — I,
i=1,...,n > 1, where [ = [0,1] is the unit interval, T;(z) = \;z + a;, where
i, a; are real numbers chosen in such a way that all the sets T;(I) are pairwise
disjoint and contained in I. Define the limit set A as follows

A:ﬁ U Tiyo--oT; (I)= U lim T;,0---0T;, (x),

) . oo k—oo
k=0 (io,...,ix) (i0,i1.-.)
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the latter union taken over all infinite sequences (ig,i1,...), the previous over
sequences of length k£ + 1. By our assumptions |A;| < 1 hence the limit exists
and does not depend on z.
It occurs that its Hausdorff dimension is equal to the only number « for
which
M|+ A =1

A is a Cantor set. It is self-similar with small pieces similar to large pieces with
the use of linear (more precisely, affine) maps (T}, o---07T;,)~!. We call such a
Cantor set linear. We can distribute measure p by setting p(T;,0---0T;, (1)) =
(Nig - - )\ik)a. Then for each interval J C I centered at a point of A its diameter
raised to the power « is comparable to its measure p (this is immediate for the
intervals T;, o -+ o T;, (I)). (A measure with this property for all small balls
centered at a compact set, in a Euclidean space of any dimension, is called a
geometric measure.) Hence Y (diam J)® is bounded away from 0 and oo for all
economical (of multiplicity not exceeding 2) covers of A by intervals J.

Note that for each k the measure p restricted to the space of unions of
T;,0---oT;, (I), each such interval viewed as one point, is the Gibbs distribution,
where we set ¢((io, - - ., ik)) = ¢al(ios--- k) = D1 @log ;. The number
« is the unique 0 of the pressure function P(a) = k%_l 1083 (0 i) e®al(io,-ik))

In this special affine example this is independent of k. In general non-linear case
to define pressure one passes with k& to oo.

The family T; and compositions is an example of very popular in recent years
Iterated Function Systems [Barnsley 1988]. Note that on a neighbourhood of
each T;(I) we can consider 7' := T,"!. Then A is an invariant repeller for the
distance expanding map 7.

The relations between dynamics, dimension and geometric measure theory
start in our book with the theorem that the Hausdorff dimension of an expanding
repeller is the unique 0 of the adequate pressure function for sets built with the
help of C1'*¢ usually non-linear maps in R or conformal maps in the complex
plane C (or in R% d > 2; in this case conformal maps must be Mobius, i.e.
composition of inversions and symmetries, by Liouville theorem).

This theory was developed for non-uniformly hyperbolic maps or flows in
the setting of smooth ergodic theory, see [Katok & Hasselblatt 1995], Mané
[Mané 1987]. Let us mention also [Ledrappier & Young 1985]. See [Pesin 1997]
for recent developments. The advanced chapters of our book are devoted to
this theory, but we restrict ourselves to complex dimension 1. So the maps are
non-uniformly expanding and the main technical difficulties are caused by crit-
ical points, where we have strong contraction since the derivative by definition
is equal to 0 at critical points.

A direction not developed in this book are Conformal Iterated Function
Systems with infinitely many generators T;. They occur naturally as return
maps in many important constructions, for example for rational maps with
parabolic periodic points or in the Induced Expansion construction for polynomi-
als [Graczyk & Swiatek 1998]. See also the recent [Przytycki & Rivera-Letelier 2007).
Beautiful examples are provided by infinitely generated Kleinian groups. For a
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measure theoretic background see [Young 1999].

The systematic treatment of Iterated Function Systems with infinitely many
generators can be found in [Mauldin & Urbanski 1996] and [Mauldin & Urbanski 2003],
for example. Recently this has been intensively explored in the iteration of entire
and meromorphic functions.

Below is a short description of the content of the book.

Chapter 0 contains some introductory definitions and basic examples. It is
a continuation of Introduction.

Chapter 1 is an introduction to abstract ergodic theory, here T' is a probabil-
ity measure preserving transformation. The reader will find proofs of the funda-
mental theorems: Birkhoff Ergodic Theorem and Shannon-McMillan—Breiman
Theorem. We introduce entropy, measurable partitions and discuss canonical
systems of conditional measures in Lebesgue spaces, the notion of natural exten-
ston (inverse limit in the appropriate category). We follow here Rohlin’s Theory
[Rohlin 1949], [Rohlin 1967], see also [Kornfeld , Fomin & Sinai 1982]. Next to
prepare to applications for finite-to-one rational maps we sketch Rohlin’s theory
on countable-to-one endomorphisms and introduce the notion of Jacobian, see
also [Parry 1969]. Finally we discuss mixing properties (K-propery, exactness,
Bernoulli) and probability laws: Central Limit Theorem (abbr. CLT), Law of
Iterated Logarithm (LIL), Almost Sure Invariance Principle (ASIP) for the se-
quence of functions (random variables on our probability space) ¢ o T™ n =
0,1,....

Chapter 2 is devoted to ergodic theory and termodynamical formalism for
general continuous maps on compact metric spaces. The main point here is the
so called Variational Principle for pressure, compare the Finite Variational Prin-
ciple lemma, above. We apply also functional analysis in order to explain Legen-
dre transform duality between entropy and pressure. We follow here [Israel 1979]
and [Ruelle 1978]. This material is applicable in large deviations and multifrac-
tal analysis, and is directly related to the uniqueness of Gibbs states question.

In Chapters 1, 2 we often follow the beautiful book by Peter Walters [Walters 1982].

In Chapter 3 distance expanding maps are introduced. Analogously to Ax-
iom A diffeomorphisms [Smale 1967], [Bowen 1975] or endomorphisms, [Przytycki 1976]
and [Przytycki 1977], we outline a topological theory: spectral decomposition,
specification, Markov partition, and start a “bounded distortion” play with
Hélder continuous functions.

In Chapter 4 termodynamical formalism and mixing properties of Gibbs
measures for open distance expanding maps T and Holder continuous poten-
tials ¢ are studied. To large extent we follow [Bowen 1975] and [Ruelle 1978].
We prove the existence of Gibbs probability measures (states): m with Jacobian
being exp —¢ up to a constant factor, and T-invariant u = pgs equivalent to m.
The idea is to use the transfer operator Ls(u)(z) = 32, cr-1(,) w(y) exp d(y)
on the Banach space of Holder continuous functions u. We prove the expo-
nential convergence §~" L% (u) — ([ udm)ug, where & is the eigenvalue of the
largest absolute value and wug the corresponding eigenfunction. One obtains
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ugy = dm/dp. We deduce CLT, LIL and ASIP, and the Bernoulli property for
the natural extension.

We provide three different proofs of the uniqueness of the invariant Gibbs
measure. The first, simplest, follows [Keller 1998], the second relies on the
Finite Variational Principle, the third one on the differentiability of the pressure
function in adequate function directions.

Finally we prove Ruelle’s formula

d*>P(¢ + tu + sv)/dt ds|j—s—o =
1

i L /(g /u%)) . (g /UM o

=0 =0

This expression for u = v is equal to ¢ in CLT for the sequence u o T™ and
measure fie.

(In the book we use the letter T to denote a measure preserving trans-
formation. Maps preserving an additional structure, continuous, smooth or
holomorphic for example, are usually denoted by f or g.)

In Chapter 5 (Section 5.1) the metric space with the action of a distance
expanding map f is embedded in a smooth manifold and it is assumed that the
map extends smoothly (or only continuously) to a neighbourhood. Similarly
to hyperbolic sets [Katok & Hasselblatt 1995] we discuss basic properties. The
intrinsic property of f being an open map on X occurs equivalent to X being
repeller for the extension.

We call the repeller X with the smoothly extended dynamics: Smooth Ez-
panding Repeller, abbr. SER.

If an extension is conformal we say (X, f) is a Conformal Expanding Repeller,
abbr. CER. In Section 5.2 we discuss some distortion theorems and holomor-
phic motion to be used later in Section 5.4 and in Chapter 8 to prove analytic
dependence of “pressure” and Hausdorff dimension of CER on parameter.

In Section 5.3 we prove that for CER the density uy = dm/dp for measures
of harmonic potential is real-analytic (extends so on neighbourhood of X). This
will be used in 9 for the potential being —log|f’|, in which case p is equivalent
to Hausdorff measure in maximal dimension (geometric measure).

In Chapter 6 we provide in detail D. Sullivan’s theory classifying C"*¢ line
Cantor sets via scaling function, sketched in [Sullivan 1988] and discuss the real-
ization problem [Przytycki & Tangerman 1996]. We also discuss applications for
Cantor-like closures of postcritical sets for infinitely renormalizable Feigenbaum
quadratic-like maps of interval. The infinitesimal geometry of these sets occurs
independent of the map, which is one of famous Coullet—Tresser—Feigenbaum
universalities.

In Chapter 7 we provide definitions of various ”fractal dimensions”: Haus-
dorff, box and packing. We consider also Hausdorff measures with gauge func-
tions different from t“. We prove “Volume Lemma” linking, roughly speaking,
(global) dimension with local dimensions.



12 Introduction

In Chapter 8 we develop the theory of Conformal Expanding Repellers and
relate pressure with Hausdorff dimension.

Section 8.2 provides a brief exposition of multifractal analysis of Gibbs mea-
sure 4 of a Holder potential on CER X. We rely mainly on [Pesin 1997]. In
particular we discuss the function F),(a) := HD(X,(«)), where X, (a) :={z €
X :d(z) = a} and d(z) := lim,_olog u(B(z,r))/logr. The decomposition
X =, (X,(a)) U X, where the limit d(z), called local dimension, does not
exist for z € X, is called local dimension spectrum decomposition.

Next we follow the easy (uniform) part of [Przytycki, Urbanski & Zdunik 1989)
and [Przytycki, Urbanski & Zdunik 1991]. We prove that for CER (X, f) and
Hoélder continuous ¢ : X — R, for k = HD(u,), Hausdorff dimension of the
Gibbs measure py (infimum of Hausdorff dimensions of sets of full measure),
either HD(X) = k the measure pg is equivalent to A, the Hausdorff measure
in dimension s, and is a geometric measure, or g is singular with respect to
A, and the right gauge function for the Hausdorff measure to be compared to
e is ®(k) = t"exp(cy/log1/tlogloglog1/t). In the proof we use LIL. This
theorem is used to prove a dichotomy for the harmonic measure on a Jordan
curve 0, bounding a domain €2, which is a repeller for a conformal expanding
map. Either 0 is real analytic or harmonic measure is comparable to the Haus-
dorff measure with gauge function ®(1). This yields an information about the
lower and upper growth rates of |R'(r¢)|, for r 1, for almost every ¢ with
[¢| = 1 and univalent function R from the unit disc |z| < 1 to Q. This is a
dynamical counterpart of Makarov’s theory of boundary behaviour for general
simply connected domains, [Makarov 1985].

We prove in particular that for f.(2) = 22 +¢, ¢ # 0, ¢ ~ 0 it holds
1 <HD(J(f.)) < 2.

We show how to express in the language of pressure another interesting
function: [, [R'(rQ)["|d¢| for r /1.

Finally we apply our theory to the boundary of von Koch “snowflake” and
more general Carleson fractals.

Chapter 9 is devoted to Sullivan’s rigidity theorem, saying that two non-
linear expanding repellers (X, f), (Y, g) that are Lipschitz conjugate (or more
generally there exists a measurable conjugacy that transforms a geometric mea-
sure on X to a geometric measure on Y, then the conjugacy extends to a con-
formal one. This means that measures classify non-linear conformal repellers.
This fact, announced in [Sullivan 1986] only with a sketch of the proof, is proved
here rigorously for the first time.

(This chapter was one of the eldest chapters in this book; we made it available
already in 1991. Many papers have been following it later on.)

In Chapter 10 we start to deal with non-uniform expanding phenomena. A
heart of this chapter is the proof of the formula HD(u) = h,(f)/x.(f) for an
arbitrary f-invariant ergodic measure p of positive Laypunov exponent x, :=
[ log || dp.

(The phrase “non-uniform expanding” is used just to say that we consider
(typical points of) an ergodic measure with positive Lyapunov exponent. In
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higher dimension one uses the name non-uniform hyperbolic for measures with
all Lyapunov exponents non-zero.)

It is so roughly because a small disc around z, whose n-th image is large, has
diameter of order |(f™)'(z)| ! & exp —ny,, and measure exp —n h,,(f) (Shannon-
McMillan—Breiman theorem is involved here)

Chapter 11 is devoted to conformal measures, namely probability measures
with Jacobian Constexp —¢ or more specifically |f’|* in a non-uniformly ex-
panding situation, in particular for any rational mapping f on its Julia set J.
It is proved that there exists a minimal exponent &(f) for which such a measure
exists and that §(f) is equal to each of the following quantities:

Dynamical Dimension DD(J) := sup{HD(u)}, where p ranges over all
ergodic f-invariant measures on J of positive Lyapunov exponent.

Hyperbolic Dimension HyD(J) := sup{HD(Y)}, where Y ranges over all
Conformal Expanding Repellers in J, or CER’s that are Cantor sets.

It is an open problem whether for every rational mapping HyD(J) = HD(J) =
box dimension of J, but for many nonuniformly expandig mappings these equal-
ities hold. It is often easier to study the continuity of 6(f) with respect to a
parameter, than directly Hausdorff dimension. So one obtains an information
about the continuity of dimensions due to the above equalities.

The last Section 11.5 presents a recent approach via pressure for the potential
function —tlog|f’|, yielding a simple proof of the above equalities of dimensions,
see [Przytycki, Rivera—Letelier & Smirnov 2004].

A large part of this book was written in the years 1990-1992 and was lec-
tured to graduate students by each of us in Warsaw, Yale and Denton. We
neglected finishing writing, but recently unexpectedly to us the methods in
Chapter 11, relating hyperbolic dimension to minimal exponent of conformal
measure, were used to study the dependence on ¢ of the dimension of Julia set
for 22 + 1/4 + ¢, for ¢ — 0 and other parabolic bifurcations, by A. Douady, P.
Sentenac and M. Zinsmeister in [Douady, Sentenac Zinsmeister 1997] and by C.
McMullen in [McMullen 1996]. So we decided to make final efforts. Meanwhile
nice books appeared on some topics of our book, let us mention [Falconer 1997,
[Zinsmeister 1996], [Boyarsky & Géra 1997], [Pesin 1997], [Keller 1998], [Baladi 2000]
but a lot of important material in our book is new or was hardly accessible, or
is written in an unconventional way.

Acknowledgements. We are indebted to Krzysztof Baranski for a help with
figures and Pawel Goéra for the Figure 1.1. The first author acknowledges
a support of consecutive Polish KBN and MNiSW grants; the recent one is
N201022233.
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Chapter 0

Basic examples and
definitions

Let us start with definitions of dimensions. We shall come back to them in a
more systematic way in Chapter 7.

Definition 0.2. Let (X, p) be a metric space. We call by upper (lower) box
dimension of X the quantity

log N(r)

BD(X) (or BD(X)) := limsup(liminf),_ “Togr

where N(r) is the minimal number of balls of radius r which cover X.

Sometimes the names capacity or Minkowski dimension or boz-counting di-
mension are used. The name box dimension comes from the situation where
X is a subset of a euclidean space R?. Then one can consider only r = 27"
and N(27™) can be replaced by the number of dyadic boxes [Qk_ln , kgi}] X oo X
[QIidn,, ké’i}], k; € Z intersecting X.

If BD(X) = BD(X) we call the quantity bor dimension and denote it by
BD(X).

Definition 0.3. Let (X,p) be a metric space. For every x > 0 we define
Ap(X) = lims_oinf{d> 7, (diam U;)"}, where the infimum is taken over all
countable covers (U;,i = 1,2,...) of X by sets of diameter not exceeding 9.
A, (Y) defined as above on all subsets Y C X is called k-th outer Hausdorff
measure.

It is easy to see that there exists kg : 0 < kg < oo such that for all K : 0 <
k< ko Neo(X)=o00andforall k:ky <k Ag(X) = 0. The number o is called
the Hausdorff dimension of X.

Note that if in this definition we replace the assumption: sets of diameter
not exceeding § by equal 4, and lims_o by liminf or limsup, we obtain box
dimension.

15
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A standard example to compare both notions is the set {1/n,n=1,2,...}
in R. Tts box dimension is equal to 1/2 and Hausdorff dimension is 0. If one
considers {27 "} instead one obtains both dimensions 0. Also linear Cantor sets
in Introduction have Hausdorff and box dimensions equal. The reason for this
is self-similarity.

Example 0.4. Shifts spaces. For every natural number d consider the space
4 of all infinite sequences (ig,i1,...) with i, € {1,2,...,d}. Consider the
metric

o0
n=0
for an arbitrary 0 < A < 1. Sometimes it is more comfortable to use the metric
p((i0y i1, ), (10,17, --+)) = A~ min{n:in i, }

equivalent to the previous one. Consider o : ¢ — ¢ defined by o((ig,i1,...) =
(i1,...). The metric space (X%, p) is called one-sided shift space and the map o
the left shift. Often, if we do not specify metric but are interested only in the
cartesian product topology in X% = {1,..., d}Z+, we use the name topological
shift space.

One can consider the space S¢ of all two sides infinite sequences
(...,i-1,%0,%1,...). This is called two-sided shift space.

BEach point (ig, i1, ...) € ¢ determines its forward trajectory under o, but is
equipped with a Cantor set of backward trajectories. Together with the topology
determined by the metric >2°° ___AI"|i,, — 4/ | the set ¢ can be identified with
the inverse limit (in the topological category) of the system --- — %% — %4
where all the maps — are o.

Note that the limit Cantor set A in Introduction, with all A; = X is Lip-
schitz homeomorphic to 3¢, with the homeomorphism h mapping (i, i1,...)
to N, Tiy © -+ o T3, (I). Note that for each z € A, h~!(z) is the sequence of
integers (ig,i1,...) such that for each k, T%(x) € T;, (I). Tt is called a coding
sequence. If we allow the end points of T;(I) to overlap, in particular A = 1/d
and a; = (i —1)/d, then A = I and h=Y(z) = >_;2 (i — 1)d~*1.

One generalizes the one (or two) -sided shift space, called sometimes full
shift space by considering the set ¥4 for an arbitrary d x d - matrix A = (a;;
with a;; = 0 or 1 defined by

Ya = {(io,i1,...) €1 a5, =1 forevery t =0,1,...}.

By the definition o(¥X4) C ¥ 4. ¥4 with the mapping o is called a topological
Markov chain. Here the word topological is substantial, otherwise it is customary
to think of a finite number of states stochastic process, see Example 0.10.

Example 0.5. adding machine A complementary dynamics on X¢ above, is
given by the map T'((ig,i1,...)) = (1,1,...,1ix+1,ix + 1,...), where k is the
least integer for which ix, < d. Finally (d,d,d,...)+ 1 = (1,1,1,...). (This
is of course compatible with the standard adding, except here the sequences
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are infinite to the right and the digits run from 1 to d, rather than from 0 to
d — 1.) Notice that unlike in the previous example with abundance of periodic
trajectories, here each T-trajectory is dense in X¢ (such dynamical system is
called minimal).

Example 0.6. Iteration of rational maps. Let f : C — C be a holomorphic
mapping of the Riemann sphere C. Then it must be rational, i.e. ratio of two
polynomials. We assume that the topological degree of f is at least 2. The Julia
set J(f) is defined as follows:

J(f) =1{2€C:VU 3> z ,U open, the family of iterates f* = fo---o fly, n
times, for n = 1,2,... is not normal in the sense of Montel }.

A family of holomorphic functions f; : U — C is called normal (in the
sense of Montel) if it is pre-compact, namely from every sequence of functions
belonging to the family one can choose a subsequence uniformly convergent (in
the spherical metric on the Riemann sphere C) on all compact subsets of U.

z € J(f) implies for example, that for every U > z the family f™(U) covers
all C but at most 2 points. Otherwise by Montel’s theorem {f"} would be
normal on U.

Another characterization of J(f) is that J(f) is the closure of repelling
periodic points, namely those points z € C for which there exists an integer n
such that f"(z) =z and |(f™)'(2)] > 1.

There is only a finite number of attracting periodic points, |(f*)(z)| < 1;
they lie outside J(f), which is an uncountable “chaotic, expansive (repelling)”
Julia set. The lack of symmetry between attracting and repelling phenomena is
caused by the non-invertibility of f.

It is easy to prove that J(f) is compact, completely invariant: f(J(f)) =
J(f) = f7X(J(f)), either nowhere dense or equal to the whole sphere (to prove
this use Montel’s theorem).

For polynomials, the set of points whose images under iterates ™, n =
1,2,..., tend to oo, basin of attraction to co, is connected and completely in-
variant. Its boundary is the Julia set.

Check that all these general definitions and statements are compatible with
the discussion of f(z) = f.(z) = 22 + ¢ in Introduction. As an introduction to
this theory we recommend for example the books [Beardon 1991], [Carleson & Gamelin 1993],
[Milnor 1999] and [Steinmetz 1993].

Below are computer pictures exhibiting some Julia sets: rabbit, basilical
and Sierpinski’s carpet of their mating, see [Bielefeld ed. 1990].

A Julia set can have Hausdorff dimension arbitrarily close to 0 (but not 0)
and arbitrarily close to 2 and even being exactly 2 (but not the whole sphere).
More precisely: Julia set is always closed and either the whole sphere or nowhere
dense. Recently examples have been found of quadratic polynomials f. with
Julia set of positive Lebesgue measure (with ¢ in the cardioid, Example 5.1.10),
see [Buff & Cheritat 2008]. See also

1The name was proposed by Benoit Mandelbrot [Mandelbrot 1982] impressed by the Basil-
ica San Marco in Venice plus its reflection in a flooded Piazza.
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Figure 1: Douady’s rabbit. Here f(z) = 22 + ¢, where ¢ ~ —0.123 + 0.749i,
is a root of ¢® 4+ 2¢? + ¢+ 1 = 0, see [Carleson & Gamelin 1993]. The three
distinguished points constitute a period 3 orbit. The arrows hint the action of
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Figure 2: Basilica. For decreasing c this shape appears at ¢ = —3/4 with thicker
components. f(z) = z? — 1. The critical point 0 is attracting of period 2

Figure 3: The (outer) basilica mated with the rabbit. Here f(z) = 22 EC where

22—1
c= HTH Black is attracted to a period 3 orbit, white to period 2. Julia set
is the boundary between black and white.
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Example 0.7. Complex linear fractals. The linear Cantor set construction
in R described in Introduction can be generalized to conformal linear Cantor
and other fractal sets in C:

Let U C C be a bounded connected domain and T;(z) = A\;z + a;, where
i, a; are complex numbers, i = 1,...,n > 1. Assume that closures cl7;(U) are
pairwise disjoint and contained in U. The limit Cantor set A is defined in the
same way as in Introduction.

In Chapter 9, Example 9.2.8 we shall note that it cannot be the Julia set for
a holomorphic extension of 7' = T, ! on T;(U) for each i, to the whole sphere
C.

If we allow that the boundaries of T;(U) intersect or intersect QU we obtain
other interesting examples

Sj 4,
Sy gy Sy ,f“ug
by od & = By d

v ? oot

3

B E Bw‘"zw o

Figure 4: Sierpinski gasket, Sierpinski carpet & the boundary of von Koch
snowflake

Example 0.8. Action of Kleinian groups. Beautiful examples of fractal
sets arise as limit sets of the action of Kleinian groups on C.

Let Ho be the group of all homographies, namely the rational mappings of
the Riemann sphere of degree 1, i.e. of the form z — fzz_tg where ad — bc # 0.
Every discrete subgroup of Ho is called Kleinian group. If all the elements of
a Kleinian group preserve the unit disc D = {|z| < 1}, the group is called
Fuchsian.

Consider for example a regular hyperbolic 4n-gon in D (equipped with the
hyperbolic metric) centered at 0. Denote the consecutive sides by al,i =
1,...,m,7 =1,...,4 in the lexicographical order: ai,...a},ad,.... Each side
is contained in the corresponding circle C7 intersecting 0D at the right angles.
Denote the disc bounded by €7 by D?.

It is not hard to see that the closures of Dg and Dg *2 are disjoint for each
tand j =1,2.
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Figure 5: Regular hyperbolic octagon

Let gf ,j = 1,2 be the unique homography preserving D mapping ag to ag +2
and D! to the complement of ¢l D!™. Tt is easy to see that the family {g’}
generates a Fuchsian group G. For an arbitrary Kleinian group G, the Poincaré
limit set A(G) = |Jlimg— 00 gi(2), the union taken over all sequences of pairwise
different g € G such that g;(z) converges, where z is an arbitrary point in C.
It is not hard to prove that A(G) does not depend on z.

For the above example A(G) = dD. If we change slightly gg (the circles Cij
change slightly), then either A(G) is a circle S (all new C7 intersect S at the
right angle), or it is a fractal Jordan curve. The phenomenon is similar to the
case of the maps z +— 22+ ¢ described in Introduction and in more detail in Sec-
tion 8.5. For details see [Bowen 1979], [Bowen & Series 1979], [Sullivan 1982].
We provide a sketch of the proof in Chapter 8.

If all the closures of the discs Dg,i =1,...,n,7=1,...,4 become pairwise
disjoint, A(G) becomes a Cantor set (the group is called then a Schottky group
or a Kleinian group of Schottky type).

Example 0.9. Higher dimensions. Though the book is devoted to 1-dimensional
real and complex iteration and arising fractals, Chapters 1-3 apply to general
situations. A basic example is Smale’s horseshoe. Take a square K = [0, 1]x]0, 1]
in the plane R? and map it affinely to a strip by squeezing in the horizontal di-

rection and stretching in the vertical, for example f(z,y) = (%x—l— .3y — %) and

1
bend the strip by a new affine map ¢ which maps the rectangle [%,4%] x 1, 2] to
[%, %] X [—%, 1]. The resulting composition T'= g o f maps K to a “horseshoe”,
see [Smale 1967, p.773]

The map can be easily extended to a C*°-diffeomorphism of C by mapping
a “stadium” extending K, to a bent “stadium”, and its complement to the
respective complement. The set AX of points not leaving K under action of
T n=...,—1,0,1,... is the cartesian product of two Cantor sets. This set is
T-invariant, “uniformly hyperbolic”. In the horizontal direction we have con-
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=

Figure 6: Horseshoe, stadium extension

traction, in the vertical direction uniform expansion. The situation is different
from the previous examples of 3¢ or linear Cantor sets, where we had uniform
expansion in all directions.

Smale’s horseshoe is a universal phenomenon. It is always present for an
iterate of a diffeomorphism f having a transversal homoclinic point q for a
saddle p. The latter says that the stable and unstable manifolds W#(p) := {y :
f"(y) = ph, W (p) :={y: f~™(y) — p} as n — oo, intersect transversally at q.
For more details on hyperbolic sets see [Katok & Hasselblatt 1995]. Compare
heteroclinic intersections in Chapter 3, Exercise 3.8.

Figure 7: Homoclinic point

Note that T'|yx is topologically conjugate to the left shift o on the two-sided
shift space %2, namely there exists a homeomorphism h : AX — %2 such that
hoT = o oh. Compare h in Example 0.4. T on AX is the inverse limit of
the mapping T on the Cantor set described in Introduction, similarly to the
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inverse limit $2 of ¢ on ©2. The philosophy is that hyperbolic systems appear
as inverse limits of expanding systems.

A partition of a hyperbolic set A into local stable (unstable) manifolds:
We(z) ={y € A: (Vn > 0)p(f™(x), f"(y)) < e(x)} for a small positive mea-
surable function e, is an illustration of an abstract ergodic theory measurable
partition £ such that f(€) is finer than &, f™(£),n — oo converges to the par-
tition into points and the conditional entropy H,(f(£)|¢) is maximal possible,
equal to the entropy h,(f); all this holds for an ergodic invariant measure p.

The inverse limit of the system --- — S' — S! where all the maps are z
22, is called a solenoid. It has a group structure: (...,2z_1,20) - (-..,2"1,2) =
(...y2-1-2" 9,20 - 2}), which is a trajectory if both factors are, since the map
z + 22 is a homomorphism of the group S*. Topologically the solenoid can be
represented as the attractor A of the mapping of the solid torus D x S' into
itself f(z,w) = (32 + 3w, w?). Its Hausdorff dimension is equal in this special
example to 1 + HD(A N {w = wo}) = 1 4 1222 for an arbitrary wy, as Cantor

log 3
sets AN {w = wp} have Hausdorfl dimensions igig

sets discussed in Introduction.

These are linear Cantor

Especially interesting is the question of Hausdorff dimension of A if z +— %z
is replaced by z +— ¢(z) not conformal. But this higher dimensional problem
goes beyond the scope of our book.

If the map z — 22 in the definition of solenoid is replaced by an arbitrary
rational mapping then if f is expanding on the Julia set, the solenoid is locally
the cartesian product of an open set in J(f) and the Cantor set of all possible
choises of backward trajectories. If however there are critical points in J(f) (or
converging under the action of f™ to parabolic points in J(f)) the solenoid (in-
verse limit) is more complicated, see [Lyubich & Minsky 1997] and more recent
papers for an attempt to describe it, together with a neighbourhood composed

of trajectories outside J(f). We shall not discuss this in our book.

Example 0.10. Bernoulli shifts and Markov chains. For every positive
numbers p1,...,pq such that Zle p; = 1, one introduces on the Borel subsets
of 2% (or id) a probability measure u by extending to the o-algebra of all Borel
sets the function p(Ciyiy....i,) = Pob1 - --Dt, where Cyo 4 i, = {(i5,7),...) :
i', =i for every s=0,1,...,t}. Each such C is called a finite cylinder.

The space %% with the left shift ¢ and the measure p is called one-sided
Bernoulli shift.

On a topological Markov chain ¥4 C %¢ with A = (a;;) and an arbitrary
d x d matrix M = p;; such that Z;.l:lpij =1foreveryi=1,...,d, pij >0
and p;; = 0 if a;; = 0, one can introduce a probability measure p on all Borel
subsets of X4 by extending 1(Ci 4y,....i,) = PioPigis - - - Pis_1i,- Here (p1,...,04d)
is an eigenvector of M*, namely > . p;p;j = pj, such that p; > 0 for every
i=1,...,dand Y1 =1.

The space X4 with the left shift o and the measure p is called one-sided
Markov chain.
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Note that p is o-invariant. Indeed,

M(U(Ci,io,...,z‘t)) = PiPiioPiois - Pie_vis = PioPiois -+ Piv_rie = H(Clg,...2.)-
7

i

As in the topological case if we consider 4 rather than £¢, we obtain two-
sided Bernoulli shifts and two-sided Markov chains.

Example 0.11. Tchebyshev polynomial. Let us consider the mapping 7T :
[~1,1] — [~1,1] of the real interval [—1,1] defined by T'(z) = 22% — 1. In
the co-ordinates z — 2z it is just a restriction to an invariant interval of the
mapping z — z? — 2 discussed already in Introduction. The interval [—1,1] is
Julia set of T'.

Notice that this map is the factor of the mapping z — z“ on the unit circle
{|z] = 1} in C by the orthogonal projection P to the real axis. Since the length
measure [ is preserved by z — 22 its projection is preserved by T'. Its density
with respect to the Lebesgue measure on [—1,1] is proportional to (dP/dl)~!,

after normalization is equal to % \/1177 This measure satisfies many properties

2

of Gibbs invariant measures discussed in Chapter 4, though 7" is not expanding;
it has a critical point at 0. This T is the simplest example of a non-uniformly
expanding map to which the advanced parts of the book are devoted. See also
Figures 1.1 and 1.2 in Section 1.2.
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CHAPTER 0. BASIC EXAMPLES AND DEFINITIONS



Chapter 1

Measure preserving
endomorphisms

1.1 Measure spaces and martingale theorem

We assume that the reader is familiar with the basics elements of measure and
integration theory. For a complete treatment see for example [Halmos 1950] or
[Billingsley 1979]. We start with some basics to introduce notation and termi-
nology.

A family F of subsets of a set X is said to be a o-algebra if the following
conditions are satisfied:

X e }"7 (111)
AeF = A°cF (1.1.2)

and -
{A}2,cF = (JAieF (1.1.3)

i=1

It follows from this definition that () € F, that the o-algebra F is closed under
countable intersections and under subtractions of sets. If (1.1.3) is assumed
only for finite subfamilies of F then F is called an algebra. The elements of the
o-algebra F will be frequently called measurable sets.

Notation 1.1.1. For any family Fo of subsets of X, we denote by o(Fy) the
least o-algebra that contains Fo and we call it the o-algebra generated by Fy.

A function on a g-algebra F, u : F — [0, 00], is said to be o-additive if for
any countable subfamily {A4;}5°; of F consisting of mutually disjoint sets, we

have
N( U Ai) = u(A) (1.1.4)
i=1 i=1

25
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We say then that p is a measure. If we consider in (1.1.4) only finite families of
sets, we say pu is additive. The two notions: of additive and of o-additive, make
sense for a o-algebra as well as for an algebra, provided that in the case of an
algebra one considers only families {A;} C F such that | A; € F. The simplest
consequences of the definition of measure are the following:

p(0) = 0; (1.1.5)
if A,B e F and A C B then u(A) < pu(B); (1.1.6)
if Ay C Ay C ... and {4;}$2, C F then

u( U Ai) = sgpu(Ai) = lim p(49). (1.1.7)

We say that the triple (X, F, u) with a o-algebra F and p a measure on F is
a measure space. In this book we will always assume, unless otherwise stated,
that u is a finite measure that is p : F — [0,00). By (1.1.6) this equivalently
means that pu(X) < oco. If u(X) = 1, the triple (X, F, u) is called a probability
space and p a probability measure.

We say that ¢ : X — R is a measurable function, if ¢=1(.J) € F for every
interval J C R, equivalently for every Borel set J C R, (compare Section 1.2).
We say that ¢ is p-integrable if [ |¢|du < oo. We write ¢ € L*(u). More
generally, for every 1 < p < oo we write ([ |¢|P du)'/? = ||¢||, and we say that
¢ belongs to LP(u) = LP(X, F, p). If inf,(my=o supx\ g [¢] < o0, we say ¢ € L>
and denote the latter expression by ||¢||s. The numbers ||¢||,, 1 < p < oo are
called LP-norms of ¢. We usually identify in this chapter functions which differ
only on a set of p-measure 0. After these identifications the linmear spaces
LP(X,F,u) become Banach spaces with the norms ||@|| .

We say that a property ¢(z), x € X, is satisfied for p almost every x € X
(abbr: a.e.), or p-a.e., if p({z : ¢(z) is not satisfied}) = 0. We can consider ¢ as
a subset of X with u(X \ ¢) =0.

We shall often use in the book the following two facts.

Theorem 1.1.2 (Monotone Convergence Theorem). Suppose ¢1 < ¢ < ... s
an increasing sequence of integrable, real-valued functions on a probability space
(X, F,p). Then ¢ =limy, oo ¢y exists a.e. andlim, oo [ ¢pdp = [ ddu. (We
allow +00’s here.)

and

Theorem 1.1.3 (Dominated Convergence Theorem). If (¢,)5%, is a sequence
of measurable real-valued functions on a probability space (X, F,u) and |¢,| <
g for an integrable function g, and ¢, — ¢ a.e., then ¢ is integrable and
limy, oo [ ¢ndp= [@dp.

Recall now that if F’ is a sub-co-algebra of F and ¢ : X — R is a pu-

integrable function, then there exists a unique (mod 0) function, usually denoted
by E(¢|F’), such that E(¢|F’) is F'-measurable and

[ B du= [ oau (1.1.8)
A A
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for all A € F'. E(¢|F') is called conditional expectation value of the function
¢ with respect to the o-algebra F’'. Sometimes we shall use for E(¢|F’) the
simplified notation ¢ .

For F, generated by a finite partition A (cf. Section 1.3), one can think of
E(¢lo(A)) as constant on each A € A equal to the average [, ¢ du/u(A).

The existence of E(¢|F") follows from the famous Radon-Nikodym theorem,
saying that if v < u, both measures defined on the same o-algebra F’ (where
v < pu means that v is absolutely continuous with respect to p, i.e. u(A) =0=
v(A) =0 for all A € F'), then there exists a unique (mod 0) F’-measurable,
p-integrable function ® = dv/dy : X — RT such that for every A € F

/A<I>d,u = v(A).

To deduce (1.1.8) we set v(A) = [, ¢dp for A € F'. The trick is that we restrict
w from F to F’'. namely we apply Radon-Nikodym theorem for v < u|z.

If ¢ € LP(X,F,u) then E(¢|F') € LP(X,F', ) for all o-algebras F’ with
LP? norms uniformly bounded. More precisely the operators ¢ — E(¢|F’) are
linear projections from LP(X,F,u) to LP(X,F’, u), with LP-norms equal to 1
(see Exercise 1.7).

For a sequence (F,,))22, of o-algebras contained in F denote by \/,_, F,
the smallest o-algebra containing (J)7 ; 7, The latter union is usually not
a o-algebra, but only an algebra. According to Notation 1.1.1, \/7 7| F, =
o(U,; Fn). Compare Section 1.6 where complete o-algebras of this form are
considered in Lebesgue spaces.

We end this section with the following version of the Martingale Conver-
gence Theorem.

Theorem 1.1.4. If (F,, : n > 1) is either an ascending or descending sequence
of o-algebras contained in F, then for every ¢ € LP(u), 1 < p < oo, we have
lim E(¢|F,) = E(¢|F'), a.e andin LP,

n—oo
where F' is either equal to \/,_, Fn or to (., Fn respectively.

Recall that a sequence of u-measurable functions ¢, : X — R, n=1,2,...
is said to converge in measure p to 1 if for every £ > 0, lim, oo p({z € X :
(@) — ()| = €}) = 0.

In this book we denote by 1l 4 the indicator function of A, namely the func-
tion equal to 1 on A and to 0 outside of A.

Remark 1.1.5. For the existence of F’ and the convergence in LP in Theo-
rem 1.1.4, no monotonicity is needed. It is sufficient to assume that for every
A € F the limit lim F(1l 4|F,,) in measure y exists.

We shall not provide here any proof of Theorem 1.1.4 in the full generality,
(see though Exercise 1.5). Let us provide however at least a proof Theorem 1.1.4
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(and Remark 1.1.5 in the case lim E(1L 4|F,,) = 1 4) for the L2-convergence for
functions ¢ € L2(u). This is sufficient for example to prove the important
Theorem 1.8.6 (proof 2) later on in this chapter.

For any ascending sequence (F,,) we have the equality

L(X, 7' p) = JL2(X, F, 1) (1.1.9)

Indeed, for every B,C € F write B+ C = (B\C)U(C'\ B), so-called symmetric
difference of sets B and C'. Notice that for every B € F’ there exists a sequence
B, € Fn, n > 1, such that u(B + B,,) — 0.

This follows for example from Carathéodory’s argument, see the comments
after the statement of Theorem 1.7.2. We have p(B) equal to the outer measure
of B constructed from y restricted to the algebra [ J.2 | F,,. In the Remark 1.1.5
case where we assumed lim E(1 4|F,,) = 1 4, this is immediate.

Hence L*(X,F,,p) > 1, — 1p in L?(X,F, u). Finally, to get (1.7.2), use
the fact that every function f € L?(X,F’, ) can be approximated in the space
L?(X,F',p) by the step functions, i.e. finite linear combinations of indicator
functions.

Therefore, since E(¢|F,) and E(p|F’) are orthogonal projections of ¢ to
L*(X,Fn, ) and L?(X,F', ) respectively (exercise) we obtain FE(¢|F,) —
E(¢|F") in L%

For a decreasing sequence F,, use the equality L?(X, F’, u) =, L*(X, Fn, 1)

1.2 Measure preserving endomorphisms, ergod-
icity

Let (X, F,u) and (X', F',1’) be measure spaces. A transformation 7' : X —

X’ is said to be measurable if T~'(A) € F for every A € F'. If moreover

p(T~1H(A)) = p/(A) for every A € F', then T is called measure preserving. We

write p/ = po T~ or ' = Ti(p).

We call (X', F', 1) a factor (or quotient) of (X,F,u), and (X,F,u) an
extension of (X, F, ).

If a measure preserving map 7 : X — X' is invertible and the inverse 7!
is measurable, then clearly 77! is also measure preserving. Therefore T is an
isomorphism in the category of measure spaces.

If (X, F,pu) = (X', F', 1) we call T a measure preserving endomorphism; we
will say also that the measure p is T—invariant, or that 7" preserves u. In the
case of (X, F,p) = (X', F', 1) an isomorphism T is called automorphism.

If T and 7" are endomorphisms of (X, F,u) and (X', F', ') respectively
and S : X — X’ is a measure preserving transformation from (X,F,u) to
(X', F', i) such that F' o S = So F, then we call 77 : X — X' a factor of
T:X — X and T:X — X an extension of T : X’ — X',

For every p-measurable ¢ we define Up(¢) = ¢poT.
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Ur is sometimes called the Koopman operator. We have following easy

Proposition 1.2.1. For ¢ € LY (X', F', 1i') we have [ poTdu = [¢dpoT~1.
Moreover for each p the adequate restriction of the Koopman operator Urp :
LP( X' F p) — LP(X, F, 1) is an isometry to the image, surjective iff T is an
isomorphism.

The isometry operator Ur has been widely explored to understand measure
preserving endomorphisms 7. Especially convenient has been Ur : L?(u) —
L?(u), the isometry of the Hilbert space L? (). Notice that it is an isomorphism
(that is unitary) if and only if T is an automorphism. For more properties see
Exercise 1.23.

We shall prove now the following very useful fact in which the finitness of
measure is a crucial assumption.

Theorem 1.2.2 (Poincaré Recurrence Theorem). If T : X — X is a (finite !)
measure preserving endomorphism, then for every mesurable set A

p({z e A:T(x) € A for infinitely many n’s}) = p(A).

Proof. Let
N=NT,A)={zxecA:T"(x) ¢ AVn >1}.

We shall first show that u(N) = 0. Indeed, N is measurable since N = AN
Ny T7M(X\A). If 2 € N, then T"(z) ¢ A for all n > 1 and, in particular,
T"(x) ¢ N which implies that z ¢ T-"(N), and consequently NNT~"(N) = ()
for all n > 1. Thus, all the sets N, T=Y(N), T~2(N),... are mutually disjoint
since if n1 < ng, then

T~ (N)AT™"(N) = T~ (N AT~ (N)) = 0.

Hence

5 > g (U T-"<N>> =3 W) = 3 ).

n=0

Therefore u(N) = 0. Fix now k > 1 and put
Ny={zx€A:T"(x) ¢ AVn > k}.

Then Ny C N(T*, A) and therefore from what have been proved above it follows
that p(Ng) < u(N(T*, A)) = 0. Thus

u({x € A:T"(xz) € A for only finitely many n’s}) =0.
The proof is finished. &

Definition 1.2.3. A measurable transformation 7' : X — X of a measure space
(X, F,u) is said to be ergodic if for any measurable set A

w(THA)+~A)=0 = p(A)=0o0r u(X\A4)=0.
Recall the notation B+ C = (B\ C) U (C'\ B).
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Note that we did not assume in the definition of ergodicity that p is T-
invariant (neither that p is finite). Suppose that for every E of measure 0
the set T~1(FE) is also of measure 0. (In Chapter 4 we call this property of u
with respect to T, backward quasi-invariance. In the literature the name non-
singular is also being used). Then in the definition of ergodicity one can replace
w(T71(A) + A) =0 by T71(A) = A. Indeed having A as in the definition, one
can define A" = (2 U>>_, T~ ™(A). Then pu(A’) = p(A) and T-*(A") = A'.
If we assumed that the latter implies pu(A’) = 0 or u(X \ A’) =0, then u(A) =0
or (X \ A) =0.

Remark 1.2.4. If T is an isomorphism then T is ergodic if and only if 77! is
ergodic.

Let ¢ : X — R be a measurable function. For any n > 1 we define
Snp=¢+¢poT+...+¢oT" " (1.2.1)

Let T = {A € F: u(T7'(A) = A) = 0}. We call Z the o-algebra of T-
invariant (mod 0) sets. Note that every ¢ : X — R, measurable with respect
to Z, is T-invariant (mod 0), namely 1) o T' = 1 on the complement of a set of
measure p equal to 0.

Indeed let A = {z € X : ¥(x) # ¢ o T(x)}, and suppose u(A) > 0. Then
there exists a € R such that either AT = {z € A: ¢(z) < a,voT(x) > a} or
A ={x € A:¢(z) > a,¢ o T(x) < a} has positive y-measure. In the case of
AT we have p o T > a on T~ !(A}). We conclude that ¢ > a and 1 < a on
AT NT~1(AF) simultaneously, which contradicts A}f N T~ (A}) = u(A}) > 0.
The case of A~ can be dealt with similarly.

Theorem 1.2.5 (Birkhoff’s Ergodic Theorem). If T : X — X is a measure
preserving endomorphism of a probability space (X, F,u) and ¢ : X — R is an
integrable function, then

lim lanb(x) = E(¢|Z) for p-a.e. € X .

n—oo 1

If, in addition, T is ergodic, then

lim lané(x) = /(bd,u, for p-a.e. x (1.2.2)

n—oo n

We say that the time average exists for p-almost every x € X. If T is ergodic,
we say that the time average equals the space average.

If ¢ = 14, the indicator function of a measurable set A, then we deduce
that for p-a.e. x € X the frequency of hitting A by the forward trajectory of x
equals to the measure (probability) of A, namely

Jim #{0<j<n: T7(z) € AY/n = u(A). (1.2.3)
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This means for example that if we choose a point in X being a bounded
invariant part of Euclidean space at random its sufficiently long forward trajec-
tory fills X with the density being approximately the density of p with respect
to the Lebesgue measure, provided p is equivalent to the Lebesgue measure.

On the figure below, Figure 1.1, for a randomly chosen x € [—1,1] the
trajectory T7(x),j = 0,1,...,n, for T(x) = 222 — 1 is plotted. See Example
0.9. The interval [—1,1] is divided into & = 100 equal pieces. The computer
calculated the number of hits of each piece for n = 500000. The resulting graph
indeed resembles the graph of %\/1 — 22, Figure 1.2, which is the density of the
invariant probability measure equivalent to the length measure. Twice bigger
vertical extension of Figure 1.1 than 1.2 results from the vertical scaling giving
integral equal to 2.

Figure 1.1: The plotted density of an invariant measure for 7'(x) = 222 — 1.

-1 -0.5 0.5 1

Figure 1.2: The density of an invariant measure for T'(z) = 222 — 1.

As a corollary of Birkhoff’s Ergodic Theorem one can obtain von Neumann’s
Ergodic Theorem. It says that if ¢ € LP(u) for 1 < p < oo, then the convergence
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to E(¢|Z) holds in LP. It is not difficult, see for example [Walters 1982].

Proof of Birkhoff’s Ergodic Theorem. Let f € L'(u) and F,, = max{zf;ol fo
Ti:1<k<n}, forn=1,2,.... Then for every x € X, F,,41(z) — F,,(T(z)) =
f(x) —min(0, F,,(T'(z))) > f(x) and is monotone decreasing, since Fj, is mono-
tone increasing. The two cases under min are illustrated at Figure 1.3

BN\
1 2 \/k 1K/ k

Case 1 Case 2
Figure 1.3: Graph of k — Zf;ol foT!x),k=1,2,.... Case 1. F,11(z) = f(z)
(i.e. Fo(T(x)) <0). Case 2. Fryq1(x) = f(z)+ Fo(T(z)). (e F,(T(z)) >0).

Define .
A= {x : sngf(Tz(x)) = oo}.
i=0

Note that A € Z. If © € A, then F,,11(x) — F,,(T(x)) monotonously decreases
to f(x) as n — oco. The Dominated Convergence Theorem implies then, that

0< /A(Fn+1 —F,)dp= /A(Fn+1 —F,oT)dp— /Afdu. (1.2.4)

(We thus get that [ 4 Jdp > 0, which is a variant of the so-called Maximal
Ergodic Theorem, see Exercise 1.3. )
Notice that % EZ;& foT* < F,/n; so outside A, we have

n—1
1
lim sup — § T+ <0. 1.2.5
im sup — foT" < ( )

Therefore, if the conditional expectation value fz of f is negative a.e., that is
if [, fdp= [, fzdp <0 for all C € T with u(C) > 0, then, as A € 7, (1.2.4)
implies that p(A) = 0. Hence (1.2.5) holds a.e. Now if we let f = ¢ — ¢7 — ¢,
then fr = —e < 0. Note that ¢z oT' = ¢7 implies that

n—1 n—1
ML COMELU R
k=0 k=0
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So (1.2.5) yields

n—1

1
limsup — Z¢0Tk < o7 +¢ ae.
n—oo N
k=0
Replacing ¢ by —¢ gives
1 n—1
liminf — k> o7 —¢ ae.
1nrri1£fnz¢oT > ¢r —e a.e
k=0
Thus lim,, %Z?;g poTF = o7 ae. &

Recall that at the end opposite to the absolute continuity (see Section 1.1)
there is the notion of singularity. Two probability measures pq and pe on a
o-algebra F are called mutually singular, u1 L ps if there exist disjoint sets
X1, X0 F with ,uz(Xz) =1fori= 1,2.

Theorem 1.2.6. IfT : X — X is a map measurable with respect to a o-algebra
F and if p1 and po are two different T-invariant probability ergodic measures
on F, then p1 and pe are mutually singular.

Proof. Since p; and uo are different, there exists a measurable set A such that

p1(A) # p2(A) (1.2.6)

By Theorem 1.2.5 (Birkhoff’s Ergodic Theorem) applied to p; and ps there
exist sets X1, Xo € F satisfying p;(X;) = 1 for ¢ = 1,2 such that for every
e X;
1
lim =S, 4(x) = ui(A).

n—oo N

Thus in view of (1.2.6) the sets X; and X are disjoint. The proofis finished. &

Proposition 1.2.7. If T : X — X is a measure preserving endomorphism of a
probability space (X, F,v), then v is ergodic if and only if there is no T-invariant
probability measure on F absolutely continuous with respect to v and different
from v.

Proof. Suppose that v is ergodic and p is a T-invariant probability measure on
F with p < v. Then p is also ergodic. Otherwise there would exist A € F such
that T71(A4) = A and p(A), u(X \ A) > 0 so v(A),v(X \ A) > 0; thus v would
not be ergodic. Hence, by Theorem 1.2.6, u = v.

Suppose in turn that v is not ergodic and let A € F be a T-invariant set
such that 0 < v(A) < 1. Then the conditional measure on A is also T-invariant
but simultaneously it is distinct from v and absolutely continuous with respect
to v. The proof is finished. &

Observe now that the space M (F) of probability measures on F is a convex
set i.e. the convex combination ap+ (1 —a)r, 0 < a < 1, of two such measures
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is again in M(F). The subspace M(F,T) of M(F) consisting of T-invariant
measures is also convex.

Recall that a point in a convex set is said to be extreme if and only if
it cannot be represented as a convex combination of two distinct points with
corresponding coefficient 0 < o < 1. We shall prove the following.

Theorem 1.2.8. The ergodic measures in M(F,T) are exactly the extreme
points of M(F,T).

Proof. Suppose that j, pi1, pi2 € M(F,T), p1 # p2 and p = apr + (1 — a)ps
with 0 < @ < 1. Then p; # p and p; < p. Thus, in view of Proposition 1.2.7,
the mesure p is not ergodic.

Suppose in turn that p is not ergodic and let A € F be a T-invariant set such
that 0 < p(A) < 1. Recall that given B € F with u(B) > 0, the conditional
measure A — p(A|B) is defined by u(A N B)/u(B). Thus the conditional
measures p(-]A) and p(-|A°) are distinet, T-invariant and p = p(A)u(-|A4) +
(1 — p(A)p(-|A¢). Consequently p is not an extreme point in M (F,T). The
proof is finished. L)

In Section 1.8 we shall formulate a theorem on decomposition into ergodic
components, that will better clarify the situation. This will correspond to the
Choquet Theorem in functional analysis, see Section 2.1.

1.3 Entropy of partition

Let (X, F, ) be a probability space. A partition of (X, F, pu) is a subfamily (a
priori may be uncountable) of F consisting of mutually disjoint elements whose
union is X.

If A is a partition and = € X then the only element of A containing x is
denoted by A(x) or, if z € A € A, by A(x).

If A and B are two partitions of X we define their join or joining

AvB={ANB:AcA BechB}

We write A < B if and only if B(z) C A(z) for every x € X, which in other
words means that each element of the partition B is contained in an element of
the partition A or equivalently AV B = B. We sometimes say in this case, that
B is finer than A or that B is a refinement of A.

Now we introduce the notion of entropy of a countable (finite or infinite)
partition and we collect its basic elementary properties. Define the function
k :[0,1] — [0, o] putting

—t1 f 1
k(1) = tlogt ortf(O, ] (13.1)
0 fort =0

Check that the function k is continuous. Let A = {A; : 1 < i < n} be a
countable partition of X, where n > 1 is a finite integer or oco. In the sequel we
shall usually write co.
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The entropy of A is the number

Z —u(A4;) log u(A Zk (1.3.2)

=1

If A is infinite, H(.A) may happen to be infinite as well as finite.
Define
I(z) = I(A)(x) = —log u(A(z)). (1.3.3)
This is called an information function. Intuitively I(z) is an information on
an object x given by the experiment A in the logarithmic scale. Therefore the
entropy in (1.3.2) is the integral (the average) of the information function.

Note that H(A) = 0 for A = {X} and that if A is finite, say consists of
n elements, then 0 < H(A) < logn and H(A) = logn if and only if u(A4;) =
w(A2) = ... = p(A4,) = 1/n. This follows from the fact that the logarithmic
function is strictly concave.

In this Section we deal only with one fixed measure p. If however we need
to consider more measures simultaneously (see for example Chapter 2) we will
rather use the notation H,,(A) for H(A). We will use also the notation I,,(z) for
I(x).

Let A= {A4;:i>1} and B={Bj : j > 1} be two countable partitions of
X. The conditional entropy H(A|B) of A given B is defined as

= = A ﬁB w(A; N By)
HAIB) =2 n(B)) )~ g W(B;)
: =1

—Z (A; N By) g%jfj) (1.3.4)

The first equality, defining H(A|B), can be viewed as follows: one considers
each element B; as a probability space with conditional measure p(A|B;) =
w(A)/pu(Bj) for A C B; and calculates the entropy of the partition of the set
Bj into A; N B;. Then one averages the result over the space of B;’s. (This will
be generalized in Definition 1.8.3)

For each x denote — log u(A(z)|B(x)) = — log %ﬂ) by I(x) or I(A|B)(z).

The second equality in (1.3.4) can be rewritten as
H(A|B) = / T(AB) dp. (1.3.5)
X

Note by the way that if B is the o-algebra consisting of all unions of ele-
ments of B (i.e. generated by B, then I(x) = —logu((A(x) N B(x))|B(z)) =
—log E(1Laay|B) (), cf. (1.1.8).

Note ﬁnally that for any countable partition A we have

H(A|{X}) = H(A). (1.3.6)

Some further basic properties of entropy of partitions are collected in the
following.
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Theorem 1.3.1. Let (X, F, u) be a probability space. If A, B and C are count-
able partitions of X then:

—
&

H(AV B|C) = H(AC) + H(BJAV C)

)
H(AV B) = H(A) + H(B|A) (b)
A< B = H(AIC) <H(B|C) (c)
B<C = H(AB) > H(A[C) (d)
H(A Vv B|C) < H(A|C) + H(B|C) (e)
H(A|C) < H(A|B) + H(B|C) (f)

Proof. Let A = {A, :n > 1}, B={B, :m > 1}, and C = {C; : | > 1}.
Without loss of generality we can assume that all these sets are of positive
measure.

(a) By (1.3.4) we have

w(A; N B; N CY)

AV B|C) = AN B;NCy)L
H( IC) ZM %) log 1(Cr)

1,7,k

But
wA,NB;NCy)  w(AiNB;NCk) (A NCk)

w(Cl) AN Gy) w(Cl)

unless p(A; N Cy) = 0. But then the left hand side vanishes and we need not
consider it. Therefore

w(A; N C)
uCr)
w(A; N B; NCY)

w(A; N Cy)

H(AVBIC) = =Y pu(AiN B; N Cy) log &
i,5,k

— Z M(Ai N Bj N Ck) log
1,7,k

== u(AiNCy)log RTTARE +H(BJAVC)

=H(A|IC)+ H(B|AV()

(b) Put ¢ = {X} and apply (1.3.6) in (a).
(c) By (a)

H(B|C) = H(AV B|C) = H(A|C) + H(B|AV C) > H(A[C)

(d) Since the function k defined by (1.3.1) is strictly concave, we have for every
pair 4, j that

M(Cl ﬁB A mCl N Cl ﬁB N(Ai mCl)
k(zl: 1(B;) ) Z ( 1(Ch) ) (5.0



1.4. ENTROPY OF AN ENDOMORPHISM 37

But since B < C, we can write above C; N B; = (7, hence the left hand side

equals to k (%) and we conclude with

k( (A ﬂB ) ZMCIQB <M(Aiﬂcl)>.
(B 1(Cr)
(Note that till now we have not used the specific form of the function k).

Finally, multiplying both sides of (1.3.7) by n(B;) using the definition of k
and summing over 7 and j we get

(A ﬁB (Aiﬁcl) M(Aiﬁcl)
ANl w2 - D omein B Gy s e
w(A; ﬂC]) w(A; NGy
Z”C’ cy % e

or equivalently H(A|B) > H(A|C).
Formula (e) follows immediately from (a) and (d) and formula (f) can proved
by a straightforward calculation (its consequences are discussed in Exercise 1.17).

&

1.4 Entropy of an endomorphism

Let (X, F, 1) be a probability space and let T : X — X be a measure preserving
endomorphism of X. If A = {4;};c; is a partition of X then by T~ A we denote
the partition {7'7'(A4;)};cr. Note that for any countable A

H(T™'A) = H(A) (1.4.1)

For all m > m 2 0 denote the partition \/|_ T A = AVT HA)V---V

T-"(A) =V, T (A) by A". For m = 0 we shall sometimes use the notation
A"
Lemma 1.4.1. For any countable partition A,
H(A™) = H(A) + Y H(AJA)) (1.4.2)
j=1

Proof. We prove this formula by induction. If n = 0, it is a tautology. Suppose
it is true for n — 1 > 0. Then with the use of Theorem 1.3.1(b) and (1.4.1) we
obtain

H(A™) = H(A? v A) = H(AD) + H(AJAD)
— H(A™Y) + HALAY) = H(A) + 3 H(ALAD)

j=1

Hence (1.4.2) holds for all n. &
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Lemma 1.4.2. The sequences n%rl H(A™) and H(A|A?T) are monotone decreas-
ing to a limit h(T, A).

Proof. The sequence H(A|A?), n = 0,1,... is monotone decreasing, by The-
orem 1.3.1 (d). Therefore the sequence of averages is also monotone decreas-
ing to the same limit, furthermore it coincides with the limit of the sequence
—5 H(A") by (1.4.2). &

The limit %_H H(A™) whose existence has been shown in Lemma 1.4.2. is
known as the (measure—theoretic) entropy of T with respect to the partition A
and is denoted by h(T',.A) or by h, (T, A) if one wants to indicate the measure
under consideration. Intuitively this means the limit rate of the growth of aver-
age (integral) information (in logarithmic scale), under consecutive experiments,
for the number of those experiments tending to infinity.

Remark. Write aj, := H(A*~!). In order to prove the existence of the limit
n+r1 H(A™), instead of relying on (1.4.2) and the monotonicity, we could use the
estmate

Ungrm = H(An+m71) < H(Anfl) _’_H(AZerfl) =a, _’_H(Amfl) = a, + an,.
following from Theorem 1.3.1 (e) and from (1.4.1), and apply the following

Lemma 1.4.3. If{a,}>2 is a sequence of real numbers such that antm < a,+
ap, for alln,m > 1 (any such a sequence is called subadditive) then lim,,_ ~ ap
exists and equals inf,, a,/n. The limit could be —oo, but if the a,’s are bounded
below, then the limit will be nonnegative.

Proof. Fix m > 1. Each n > 1 can be expressed as n = km + 1 with 0 < i < m.

Then
An _ Gitkm _ G Okm _ @i kam 6 am

n i+ km — km km — km km  km m

If n — oo then also k — oo and therefore limsup, % < Thus
limsup,, ., %= < inf 2. Now the inequality inf = < liminf,, .. %* finishes

the proof. &

1S

Notice that there exists a subadditive sequence (a,)22; such that the cor-
responding sequence a,/n is not eventually decreasing. Indeed, it suffices to
observe that each sequence consisting of 1’s and 2’s is subadditive and to con-
sider such a sequence having infinitely many 1’s and 2’s. If for an n > 1 we have
an =1 and a, 11 = 2 we have % < (Zi“ll

One can consider a,, + Cn for any constant C' > 1 making the example
strictly increasing.

Exercise. Prove that Lemma 1.4.3 remains true under the weaker assump-
tions that there exists ¢ € R such that apy, < an + ay, + ¢ for all n and
m.

The basic elementary properties of the entropy h(T, A) are collected in the
next theorem below.
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Theorem 1.4.4. If A and B are countable partitions of finite entropy then

h(T,A) <H(A) (a)
h(T, AV B) < h(T, A) + (T, B) (b)
A<B = (T, A) <h(T,B) (c)
h(T, A) < h(T,B) + H(A|B) (d)
h(T, T '(A)) = h(T, A) (e)
If k> 1 then h(T, A) = h(T, A") (£)
k
If T is invertible and k > 1, then h(T, A) = h(T, \/ T'(A)) (g)
i=—k

The standard proof (see for example [Walters 1982]) based on Theorem 1.3.1
and formula (1.3.2) is left for the reader as an exercise. Let us prove only item

().
(T, A) = Tim L HA™) = lim & (H(A"—1|B"—1) + H(B"—l))
’ n—oo n, n—oo n,
1= 1
. —j n—1 : n—1

< Jm 5 2 HEZAIBT + Jim, 2 HE™)
1 n—1

< Jim — > H(T™(A)|T7(B)) +h(T,B) < H(A|B) + h(T, B).

Here is one more useful fact, stronger than Theorem 1.4.4(c):

Theorem 1.4.5. If T : X — X is a measure preserving endomorphism of a
probability space (X, F,u), A and By,,m = 1,2, ... are countable partitions with
finite entropy, and H(A|B,,) — 0 as m — oo, then

h(T, A) < liminf h(T, B,,).

In particular, for By, := B™ = \/7", T=7(B), one obtains h(T, A) < h(T, B).
Proof. By Theorem 1.4.4(d), we get for every positive integer m, that
(T, A) <H(A|B,,) +h(T, B.).

Letting m — oo this yields the first part of the assertion. If B,, = B™, then
h(T,B™) = h(T,B), by Theorem 1.4.4(f), and the second part of the theorem
follows as well. &

The (measure-theoretic) entropy of an endomorphism T : X — X is defined
as
h,(T) =h(T) = sup{h(T, A)} (1.4.8)
A
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where the supremum is taken over all finite (or countable of finite entropy)
partitions of X. See Exercise 1.21.

It is clear from the definition that the entropy of T' is an isomorphism in-
variant.

Later on (see Th. 1.8.7, Remark 1.8.9, Corollary 1.8.10 and Exercise 1.18)
we shall discuss the cases where H(A|B,,) — 0 for every A (finite or of finite
entropy). This will allow us to write h,(T) = lim,,—c h(T,B,,) or h(T) =
h(T, B).

The following theorem is very useful.

Theorem 1.4.6. If T : X — X is a measure preserving endomorphism of a
probability space (X, F,u) then
h(T*) = kh(T) for all k> 1,
If T is invertible then h(T) = h(T). (b)

—
&
Ny

Proof. (a) Fix k > 1. Since

1 n—1 k—1 k nk—1
nler;OEH(v R\ T A)) —T}er;on—H (\ T7'A) = k(T A)
=0 i=0 i=0

we have h(T*, \/k ‘T T—'A) = kh(T, A). Therefore

k-1
EhW(T)=Fk sup h(T,A)= suph (7", \/ T7'A) < suph(Tk B) = h(T*)
A finite i=0

(1.4.3)
On the other hand, by Theorem 1.4.4(c), we get h(T*, A) < h(T*, \/f:o1 T7'A) =
kh(T,A), and therefore, h(T*) < kh(T). The result follows from this and
(1.4.3).
(b) In view of (1.4.1) for all finite partitions .4 we have

n—1
\/ T'A) = H(T~ "~V \/ T°A) =H(\/ T™'A)
=0

=0

This finishes the proof. &

Let us end this Section with the following theorem to be used for example
in Section 2.6.

Theorem 1.4.7. If u and v are two probability measures on (X,F) both pre-
served by an endomorphism T : X — X. Then for everya:0 < a <1 and the
measure p = apu + (1 — a)v we have

h,(T) = ah,(T) + (1 — a)v(T).

In other words the mapping p — h,, is affine.
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The proof can be found in [Denker, Grillenberger & Sigmund 1976, Prop.10.13]
or [Walters 1982, Th.8.1]. We leave it to the reader as an exercise.
Hint: Prove first that for every A € F we have

0 < k(p(A))—ak(p(A))=(1-a)k(v(A)) < —(aloga)u(A)=((1-a)log(1-a))v(A),

using the concavity of the function k(t) = —tlogt, see (1.3.1). Summing it up
over A € A for a finite partition .4, obtain

0<H,(A) —aH,(A) —(1—-a)H,(A) <log2.
Apply this to partitions A™ and use Theorem 1.4.6(a).

Remark. This theorem can be easily deduced from the ergodic decomposition
theorem (Theorem 1.8.11) for Lebesgue spaces, see Exercisel.16. In the setting
of Chapter 2, for Borel measures on a compact metric space X, one can refer
also to Choquet’s Theorem 2.1.11.

1.5 Shannon—Mcmillan—Breiman theorem

Let (X, F,u) be a probability space, let T': X — X be a measure preserving
endomorphism of X and let A be a countable finite entropy partition of X.

Lemma 1.5.1 (Maximal inequality). For each n =1,2,... let f, = I(AA})
and f* = sup,,>q fn. Then for each A € R and each A € A

p({x € A: f*(x) > A}) <e (1.5.1)

Proof. For each A € Aandn = 1,2,... let f2 = —log E(14|A}). Of course
fo =2 seaLaf. Denote

Bl ={x e X: f{{(x),.... fili(x) <X fil(x) > AL,

Since B2 € F(A7}), the o-algebra generated by A7,

u(BnA) = [ ad= [ BQAD di= [ e s ),
BA BA B2
Therefore
iz e A: @) > A = S (BN A) < e S u(BA) < e
n=1 n=1

Corollary 1.5.2. The function f* is integrable and [ f*dp < H(A) + 1.
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Proof. Of course pu({z € A: f* > A}) < u(A), so u({x € A: f*(z) > A\}) <
min{u(A),e"*}. So, by Lemma 1.5.1,

/Xf*dlt:Z/Af*duzZ/mu{xeA:f*(x)>)\}d)\

AcA Ac A 0
< C>Omin{ (A), e} dx
L, mnt
—log u(A) 0 . d}\)
= A) d\ .
,4;4(‘/0 M( ) +~/—logu(A)
= (—M(A)(logu(A)) + u(A)) = H(A) + 1.
AcA

&

Note that if A is finite, then the integrability of f* follows from the inte-
grability of f*|4 for each A, following immediately from Lemma 1.5.1. The
difficulty with infinite A is that there is no u(A) factor on the right hand side
of (1.5.1).

Corollary 1.5.3. The sequence (f,)%; converges a.e. and in L.

Proof. E(14|A}) is a martingale to which we can apply Theorem 1.1.4. This
gives convergence a.e., hence convergence a.e. of each fZ', hence of f,. Now
convergence in L' follows from Corollary 1.5.2 and Dominated Convergence
Theorem. &

Theorem 1.5.4 (Shannon-McMillan-Breiman). Suppose that A is a countable
partition of finite entropy. Then there exist limits

n—1
f= Jirr;o I(AJAY) and fr(z) = nllrréo % ; f(T'(x)) for a.e. x

and
lim_ 1I(A”)=fz a.e. and in L' (1.5.2)
Furthermore
1
h(T = 1i HA™) = = . 1.5.
(TA) =t BAY = [ frdu= [fdu (153

The limit f will gain a new interpretation in (1.8.6), in the context of
Lebesgue spaces, where the notion of information function I will be general-
ized.
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Proof. First note that the sequence f,, = I(A|A}),n =1,2,... converges to an
integrable function f by Corollary 1.5.3. (Caution: though the integrals of f,
decrease to the entropy, Lemma 1.4.2; it is usually not true that f,, decrease.)
Hence the a.e. convergence of time averages to fz holds by Birkhoff’s Ergodic
Theorem. It will suffice to prove (1.5.2) since then (1.5.3), the second equality,
holds by integration and the last equality by Birkhoff’s Ergodic Theorem, the
convergence in L'.

(In fact (1.5.3) follows already from Corollary 1.5.3. Indeed lim,, oo %—H H(A™) =
limy, oo H(A|AT) = limy, oo [ T(AJAY) dp = [limy, oo I(AJAY) dp = [ fdp.)

Let us establish now some identities (compare Lemma 1.4.1). Let {4, : n >
0} be a sequence of countable partitions. Then we have

I(\_n/ A) = 1A {/Ai) +1(\ 4)

i=1

3

- I(AOI \n/ Ai) + I(A1| \n/ Ai) o I(A).
i=1 =2

In particular, it follows from the above formula that for A; = T*A, we have

I(A™) = I(AJAY) + (TP AJA) + ...+ [(T"A)
= I(AJAY) + T(AJAY D oT + ... I(A) o T
=fot foc10T + faa0T?+ ...+ foo T,

where fi, = I(AJAY), fo = I(A). Now

n

1 ) )
< |— E i oT" — T
T in+1 j:()(fl ’ Ie )

1
n+1

I(A") — f1

1 < ,
- T —
+n—|—1jz:;fo fr

Since by Birkhoff’s Ergodic Theorem the latter term converges to zero both
almost everywhere and in L', it suffices to prove that for n — oo

1 " )
P Zg"*i oT" =0 a.e. and in L. (1.5.4)
i=0

where g = |f — fxl.
Now, since T is measure preserving, for every i > 0

/gn—i o Tid,u = /gn—id,u'

Thus L 30 [ gn—ioTidpu = 37" [ gn—idp — 0, since f — f in L' by
Corollary 1.5.3. Thus we established the L' convergence in (1.5.4).

Now, let Gy = sup,,~ y gn- Of course Gy is monotone decreasing and since
gn — 0 a.e. (Corollary 1.5.3) we get Gy \, 0 a.e.. Moreover, by Corollary 1.5.2,
Go <sup,, fn + [ € L1.
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For arbitrary N < n we have

n n—N-—1 n
1 . 1 . 1 .
nio 1" = n—i 0T+ —— n—ioT"
i1 e T =y 2 e T D gui
i=0 i=0 i=n—N
1 n—N-—1 1 n
< GnoT" Y GooT'.
Tntl i=0 v +n+1i*n—N "

Hence, for Ky = Go+GooT + ...+ GooTVN

- , 1
lmoup 227 2 anmi 0T S (G +limsup Sop Ky o T = Gz o

where (Gn)7 = lim, o n%rl >t o Gn o T* by Birkhoff’s Ergodic Theorem.
Now (G )z decreases with N because Gy decreases, and

/(GN)I dp = /GNdM -0

because G are non-negative uniformly bounded by Gy € L' and tend to 0 a.e.
Hence (Gn)z — 0 a.e. Therefore

1 — ,
lim sup —— _;0oT"—=0 a.e.

establishing the missing a.e. convergence in (1.5.4). &

As an immediate consequence of (1.5.2) and (1.5.3) for T ergodic, along with
fz = [ frdu, we get the following:

Theorem 1.5.5 (Shannon-McMillan—Breiman, ergodic case). If T : X — X
is ergodic and A is a countable partition of finite entropy, then

1
lim —I(A" ') (z) = h,(T,A). forae v€X
n—oo N,
The left hand side expression in the above equality can be viewed as a local
entropy at x. The Theorem says that at a.e. x the local entropy exists and is
equal to the entropy (compare comments after (1.3.2) and Lemma 1.4.2).

1.6 Lebesgue spaces, measurable partitions and
canonical systems of conditional measures

Let (X, F, 1) be a probability space. We consider only complete measures (prob-
abilities), namely such that every subset of a measurable set of measure 0 is
measurable. If a measure is not complete we can always consider its comple-
tion, namely to add to F all sets A for which there exists B € F with A + B
contained in a set in F of measure 0.



1.6. LEBESGUE SPACES 45

Notation 1.6.1. Consider A, an arbitrary partition of X, not necessarily
countable nor consisting of measurable sets. We denote by A the sub o-algebra
of F consisting of those sets in F that are unions of whole elements (fibres)

of A.

Note that in the case where A C F, we have A D o(A), the latter defined
in Notation 1.1.1, but the inclusion can be strict. For example, if A C F is the
partition of X into points, then o(A) consists of all countable sets and their
complements in X, and A = F. Obviously A > {0, X }.

Definition 1.6.2. The partition A is called measurable if it satisfies the follow-
ing separation property.

There exists a sequence B = (B,,)22; of subsets of A such that for any
two distinct A1, Ay € A there is an integer n > 1 such that either

A1 C B, and AQCX\Bn

or

Ay C B, and Ay C X\ B,,.

Since each element of the measurable partition A can be represented as an
intersection of countably many elements B,, or their complements, each element
of A is measurable. Let us stress however that the measurability of all elements
of A is not sufficient for A to be a measurable partition (see Exercise 1.7). The
sequence B is called a basis for A.

Remark 1.6.3. A popular definition of an uncountable measurable partition A
is that there exists a sequence of finite partitions (recall that this means: finite
partitions into measurable sets) A,,n = 0,1,..., such that A =\/7~ ; A,. Here
(unlike later on) the join \/ is in the set-theoretic sense, i.e. as {A,, N Ay, N--+:
A, € Ayt = 1,...}. Clearly it is equivalent to the separation property in
Definition 1.6.2.

Notice that for any measurable map T : X — X’ between probability mea-
sure spaces, if A is a measurable partition of X', then T~!(A) is a measurable
partition of X.

Now we pass to the very useful class of probability spaces: Lebesgue spaces.

Definition 1.6.4. We call a sequence B = (B,,)5; of subsets of F, basis of
(X, F, ) if the two following conditions are satisfied:

(i) B assures the separation property in Definition 1.6.2 for A = ¢, the
partition into points, (i.e. B is a basis for );

(ii) for any A € F there exists a set C' € o(B) such that C D A and
uw(C\ A)=0.

(Recall again, Notation 1.1.1, that o(B) denotes the smallest o-algebra con-
taining all the sets B,, € B. Rohlin used the name Borel o-algebra.)
A probability space (X, F, 1) having a basis is called separable.
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Now let ¢ = +1 and BYY) = B, ife = 1 and BYY) = X\ B, ife = —1.
To any sequence of numbers €,,,n = 1,2, ... there corresponds the intersection
N, BE. By (i) every such intersection contains no more than one point.

A probability space (X, F, ) is said to be complete with respect to a basis
B if all the intersections () -, BE™ are non-empty. The space (X, F, u) is said
to be complete (mod 0) with respect to a basis B if X can be included as a
subset of full measure into a certain measure space (X, F, 1) which is complete
with respect to its own basis B = (B,,) satisfying B,, N X = B,, for all n.

It turns out that a space which is complete (mod 0) with respect to one basis
is also complete (mod 0) with respect to its every other basis.

Definition 1.6.5. A probability space (X, F, u) complete (mod 0) with respect
to one of its bases is called a Lebesgue space.

Exercise. If (X1, Fi,pu1) and (Xa, Fa, uo) are two probability spaces with com-
plete measures, such that X; C Xa, p2(Xo \ X1) = 0 and F; = Falx,, 1 =
p2|7 (where Fo|x, := {ANX; : A€ Fy}), then the first space is Lebesgue if
and only if the second is.

It is not difficult to check that (see Exercise 1.9) (X, F,u) is a Lebesgue
space if and only if (X, F, u) is isomorphic to the unit interval (equipped with
classical Lebesgue measure) together with countably many atoms.

Theorem 1.6.6. Assume that T : X — X' is a measurable injective map from
a Lebesgue space (X, F, p) onto a separable space (X', F', u') and pre-images of
the sets of mesure 0 (or positive) are of measure 0 (resp. positive). Then the
space (X', F' i) is Lebesgue and T~ is a measurable map.

Remark that in particular a measurable, measure preserving, injective map
between Lebesgue spaces is an isomorphism. If X = X'/ F D F/|F # F' and
X', F', 1t is separable, then the above implies that (X, F, ) is not Lebesgue.

Let now (X, F,u) be a Lebesgue space and A be a measurable partition of
X. We say that a property holds for almost all atoms of A if and only if the
union of atoms for which it is satisfied is measurable, and of full measure. The
following fundamental theorem holds:

Theorem 1.6.7. For almost all A € A there exists a Lebesgue space (A, Fa, j1a)
such that the following conditions are satisfied:

(1) If B€ F, then BN A€ Fa for almost all A € A.

(2) F-measurable for all B € F, where A(x) is the element of A containing
z.

3)
H(B) = [ 1eaco(B 0 Aw) duta) (1.6.1)
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Remark 1.6.8. One can consider the quotient (factor) space (X/A, Fa,pa)
with X/A being defined just as A and with F4 = p(A), see Notation 1.6.1
for tilde, and p4(B) = u(p~'(B)), for the projection map p(xr) = A(zx). It
can be proved that the factor space is again a Lebesgue space. Then x —
pa(x)(BNA(z)) is Fa-measurable and the property (1.6.1) can be rewritten in
the form

u(B) = /X 1B A () (16.2)

Remark 1.6.9. If a partition A is finite or countable, then the measures 4 are
just the conditional measures given by the formulas 4 (B) = p(4A N B)/u(A).

Remark 1.6.10. (1.6.1) can be rewritten for every u-integrable function ¢, or
non-negative u-measurable ¢ if we allow +oo-ies, as

/¢dM= /X(/A(w)ﬁﬁu(x) dMA(m)> du(z). (1.6.3)

This is a version of Fubini’s Theorem.

The family of measures {4 : A € A} is called the canonical system of
conditional measures with respect to the partition A. It is unique (mod 0) in
the sense that any other system g/, coincides with it for almost all atoms of A.

The method of construction of the system 4 is via conditional expectations
values with respect to the o-algebra A. Having chosen a basis (B,,) of the
Lebesgue space (X, F, 1), for every finite intersection

B=BS" (1.6.4)

one considers ¢p = E(]lB|/~l), that can be treated as a function on the factor
space X /A, unique on a.e. A € A, and such that for all Z € A

WBNZ) = / L Es A ()

Clearly (B, N A)2, is a basis for all A. It is not hard to prove that for a.e. A,
for each B from our countable family (1.6.4), ¢p(A) as a function of B generates
Lebesgue space on A, with 4 (B) := ¢5(A). Uniqueness of ¢ yields additivity.

Theorem 1.6.11. If T : X — X' is a measurable map of a Lebesque space
(X, F, ) onto a Lebesgue space (X', F', ('), then the induced map from (X/¢, Fe, pi¢)
for ¢ =T Y(e), to (X', F', /') is an isomorphism.

Proof. This immediately follows from the fact that the factor space is a Lebesgue
space and from Theorem 1.6.6. &

In what follows we consider partitions (mod 0), i.e. we identify two partitions
if they coincide, restricted to a measurable subset of full measure. For these
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classes of equivalence we use the same notation <, > as in Section 1.3. They
define a partial order. If A, is a family of measurable partitions of a measure
space (unlike in previous Sections the family may be uncountable), then by its
product A = \/_A. we mean the measurable partition A determined by the
following two conditions.

(i) A > A, for every T;

(i) if A’ > A, for every 7 and A’ is measurable, then A" > A.

Similarly, replacing > by <, we define the intersection A A-.

The product and intersection exist in a Lebesgue space (i.e. the partially
ordered structure is complete). They of course generalize the notions dealt with
in Section 1.4. Clearly for a countable family of measurable partitions A, the
above \/ and the set-theoretic one coincide (the assumption that the space is
Lebesgue and the reasoning (mod 0) is not needed). In Exercise 1.13 we give
some examples.

There is a natural one-to-one correspondence between the measurable parti-
tions (mod 0) of a Lebesgue space (X, F, 1) and the complete o-subalgebras of
F, i.e. such o-algebras F' C F that the measure p restricted to F’ is complete.
This correspondence is defined by assigning to each A the o-algebra F(A) of
all sets which coincide (mod 0) with the sets of A (defined at the beginning of
this Section). To operations on the measurable partitions (mod 0) there corre-
spond operations on the corresponding o-algebras. Namely, if A, is a family of
measurable partitions (mod 0), then

FNA)=VFA),  FN\A) = \FA).

Here A\ F(A;) =), F(A,) is the set-theoretic intersection of the o-algebras,
while \/ F(A,) is the set-theoretic intersection of all the o-algebras which con-
tain all F(A;).

For any measurable partition .4 and any p-integrable function ¢ : X — R
write

E(IA)@) = [ flaw diac v (1.6.5)

Notice that by the definition of canonical system of conditional measures and
by the definition of conditional expectation value, for any measurable partition
A we get the identity

E(flA) = E(f|F(A)). (1.6.6)

A sequence of measurable partitions A, is called (monotone) increasing or
ascending if for all n; < ng we have A,, < A,,. It is called (monotone)
decreasing or descending if for all ny < ny we have A,, > A,,.

For a monotone increasing (decreasing) sequence of measurable partitions
A, and A=V, A, (A=A, A, respect.) we write A, /A (or 4, \, A). In
the language of measurable partitions of a Lebesgue space, due to (1.6.6), the
Martingale Theorem 1.1.4 can be expressed as follows:



1.7. ROHLIN NATURAL EXTENSION 49

Theorem 1.6.12. If A, " A or A, \, A, then for every integrable function
f, E(flAn) — E(f|A) 1 a.s.

1.7 Rohlin natural extension

We shall prove here the following very useful

Theorem 1.7.1. For every measure preserving endomorphism T' of a Lebesgue
space (X, F, ) there exists a Lebesgue space (X, F, i) with measure preserving
transformations ©, : X — X,n < 0 satisfying T o mp—1 = my,, which is an

inverse limit of the system - - - Lx 2Ty, R o
Moreover there exists an automorphisms T of (X, F, ) satisfying

TnoT =Tom, (1.7.1)

for every n <0

Recall that in category theory [Lang 1970, Ch. I}, for a sequence (system) of

. . My, - " . . .
objects and morphisms - -~ Op_1 My My Op an object O equipped with

morphisms 7, : O — O, is called an inverse limit if M,,om,,_1 = 7, and for every
other O" equipped with morphisms #/, : O’ — O, satisfying M,, o7),_; = 7,
there exists a unique morphism M : O’ — O such that 7, o M = 7/, for every
n <0.

In particular, if all O,, are the same (= Op) and additionally M; : Oy — Oq
is chosen, then for 7/, :== My41 07, : O — Op, n < 0 there exists M : O — O
such that 7, o M = x/, = M,,41 o m, for every n. It is easy to see that M is an
automorphism.

In Theorem 1.7.1, the objects are probability spaces or probability spaces
with complete probabilities, and morphisms are measure preserving transforma-
tions or measure preserving transformations up to sets of measure 0. (We have
thus multiple meaning of Theorem 1.7.1.)

Thus the first part of Theorem 1.7.1 produces T' satisfying (1.7.1) automati-
cally, via the category theory definition. The automorphism 7T is called Rohlin’s
natural extension of T', compare the terminology at the beginning of Section 1.2.

This is a “minimal” extension of T' to an automorphism.

: Tn-1 Ty Thnia . T T
One can consider --- 5 X, 2 X, 2 ... inplaceof --- =5 X = X

for all n € Z in the statement of Theorem 1.7.1. We have chosen a simplified
version with all T;, equal to T' to simplify notation and since only such a version
will be used in this book.

In the proof of Theorem 1.7.1 we shall use the following.

Theorem 1.7.2 (Extension of Measure). Every probability measure v (o-additive)
on an algebra Gy of subsets of a set X can be uniquely extended to a measure
on the o-algebra G generated by Gy
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This Theorem can be proved with the use of the famous Carathéodory’s,
[Carathéodory 1927, Ch. V] construction. We define the outer measure:

ve(A) =inf{v(B) : B € Gy, A C B}

for every A C X.
We say that A is Carathéodory measurable if for every E C X the outer
measure v, satisfies

Ve(E) =v.(ENA)+v.(E\ A).

The family of these sets turns out to be a o-algebra containing Gy, hence con-
taining G.

For a general definition of outer measures and a sketch of the theory see
Chapter 7.

Proof of Theorem 1.7.1. Denote I1 = X%~ the set theory cartesian product of
a countable number of X’s, more precisely the space of sequences (x,,) of points
in X indexed by non-positive integers. For each ¢ < 0 denote by m; : II — X
the projection to the i-th coordinate, m;((zy)nez_) = ;.

We start with producing the inverse limit in the set-theoretic category. Set

X = {(xn)nez_ : T(xn) = Tpi1 Yn < 0}, (1.7.2)

The mappings 7, in the statement of Theorem 1.7.1 will be the restrictions of
the 7,’s defined above, to X.

We shall endow II with a o-algebra Fi1 and probability measure pur, whose
restrictions to X will yield the inverse limit (X,F, ;). The measure py will
occur to be ”supported” on X.

For each n < 0 consider the o-algebra G,, = 71';1 (F). Let Fr o be the smallest
algebra of subsets of II containing all o-algebras G,,. It is easy to see that Fi
consists of finite unions of pairwise disjoint ”cylinders” ﬂ?:n 7 1(Cy)), consid-
ered for arbitrary finite sequences of sets C; € F,i = n,...,0 for an arbitrary
n € Z_. Define

. (O 7 e)) = M(O ) (173

We extend the definition to finite unions of disjoint cylinders Ay, by un (U, Ax) :=

>k i (Ag).-
To assure that py is well defined it is sufficient to prove the compatibility

condition:

un(i@ml(@)) r(( N mte)nmien)

i <i<0,i#]

=Mn(< N w;l(ci))mwgl(cjucg)) (1.7.4)

1:n<i<0,1#j
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for all sequences C; € F,i =mn,...,0 and CJ’- € F disjoint from C;. Fortunately
(1.7.4) follows immediately from (1.7.3) and from the additivity of the measure
M-

The next step is to observe that pyy is o-additive on the algebra Fi,9. For this
end we use the assumption that (X, F, 1) is a Lebesgue space!. We just assume
that X is a full Lebesgue measure subset of the unit interval [0, 1], with classical
Lebesgue measure and atoms, and the o-algebra of Lebesgue measurable sets
F, see Exercise 1.9. Now it is sufficient to apply the textbook fact that for
every Lebesgue measurable set C' C [0,1] and € > 0 there exists a compact set
P C C with u(C\ P) < e. (This is also often being proved by the Lebesgue
measure construction via Carathéodory’s outer measure). Compare the notion
of regularity of measure in Section 2.1.

Consider IT endowed with the product topology, compact by Tichonov’s
Theorem. Then all 7; are continuous and for every € > 0 and for every cylinder
A= ﬂ?:n 7; 1(C;)) we can find a compact cylinder K = ﬂ?:n 7, H(P;)), with
compact P; C Cj, such that um(A\ K) < e. This follows from the definition
(1.7.3) and the T-invariance of pr. The same immediately follows for finite unions
of cylinders.

To prove the o-additivity of s on Fip o it is sufficient to prove that for every

descending sequence of sets A, € Frr0,7=1,2,... if
() Ak = 0 then pri(Ax) — 0. (1.7.5)
k

Suppose to the contrary that there exists e > 0 such that ur(Ag) > € for ev-
ery k. For each k, consider a compact set Ky C Ay such that u(A, \ Ki) <
e2=k=1 Then all L, := Niw, Ki are non-empty, since pr(Ly,) > /2. Hence,
vy Ak D ooy Lk # 0 as (Lg)32, is a descending family of non-empty com-
pact sets. Thus, we have proved that pp is o-additive on Fi 9.
The measure u extends to o-additive measure on a o-algebra generated by
Fi1,0 by Theorem 1.7.2. Set this extension to be our (IL, Fii, fur).
Now we shall prove that the set IT\ X is s-measurable and that g (IT1\ X) =
0. To this end we will take care that the compact sets K = K}, lie in X. Denote

X" = {(x:)iez_ : T(x;) = wiy1 ¥n < i < 0}. (1.7.6)

Let us recall that A = ﬂ?:n 77 1(Cy)). Notice that 7, }(T=0=")(C;)) N X" C
7~Y(C;) but they have the same measure pr, by the formula (1.7.3). Let P, be
a compact subset of C/ := ﬂ?:n T=0=7)(C;) such that up(C’ \ P,) < ¢ and
TJ restricted to P, is continuous for all j = 1,...,n. This is possible by Luzin’s
Theorem.

Then all 77(P,) are compact sets, in particular u-measurable. Hence, each
Qn = N_, 77 H(T"""(P,)) belongs to Fi1o, in particular it is ppy-measurable.

It is contained in X” but need not be contained in X. To cope with this trouble,

IThis is a substantial assumption, being overlooked by some authors, see Notes at the end
of this chapter.
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express A as Ay = ﬂ?:N 7; 1(C;)) for N arbitrarily large, setting C; = X for
i: N < i< n Then find Qy for Ay and g, = £27V~! and finally set
Q = N Qn. The set Q is pp-measurable (even compact), contained in X and
pm(A\ Q) < e. )

For A = II we conclude with pp-measurable @ C X with pup(IT\ Q) < e, for
an arbitrary ¢ > 0. Hence pup(IT\ X = 0.

Notice that the measure ury is complete (i.e. all subsets of measurable sets
of measure 0 are measurable) by Carathéodory’s construction. Now we prove
that it is a Lebesgue space. Let B = (B;){°, be a basis of (X,F,p). Then
clearly the family By := {m,,;1(B;) : { > 1,n < 0} is a basis of the partition ¢ in
I1. The family By generates the o-algebra Fyr in the sense of Definition 1.6.4
(ii)), because B generates F in this sense, and by Carathéodory’s outer measure
construction. The probability space (I, Fir, pr1) is complete with respect to By
since (X, F,u) is complete with respect to B and by the cartesian product
definition.

Finally, let us restrict all the objects to X. In particular F .= {AN X
A € Fu}, it is the restriction of ug to F, and B := {BN X : B € By}. The
resulting probability space (X,F, /i) is complete (mod 0) with respect to B.
Therefore it is a Lebesgue space, see Definition 1.6.5; the extension required by
the definition is just (IT, Fip, prr) with the basis By.

Suppose (X', F', ') is any Lebesgue measure space, with measure preserving
transformations 7, : X’ — X,n < 0 satisfying T o w},_; = m},. Then define
M: X' — X by

M)y =(...7,_(z'), 7 (2), ..., m, (2)). (1.7.7)

ctn—1 v '

We get m, o M = 7/, by definition. We leave the proof of the measurability of
M to the reader.

Uniqueness of M follows from the fact that if M(2') = (...yn,...,y0) for
y; € X, then from m, o M = =], p'-a.e., we get y, = 1, (z') a.e. &

Remark 1.7.3. f( can be interpreted as the space of all backward trajectories
for T. The map T : X — X can be defined by the formula

T((xp)nez_ ) = (.., x_a,x_1, 20, T (x0)). (1.7.8)

X could be defined in (1.7.2) as the space of full trajectories {(z,)nez; T(x,) =
Znt1}. Then (1.7.8) is the shift to the left.

The formula (1.7.8) holds because T defined by it, satisfies (1.7.1), and
because of uniqueness of maps T satisfying (1.7.1)

Remark 1.7.4. Alternatively to compact sets in X" we could find for all
n <0, sets E,,; D X", with fin(E,,; \ X™) — 0 as i — oo, which are unions of
cylinders ()__ ;!

i=—n "%

(C;). This agrees with the following general fact:

If a sequence of sets ¥ generates a o-algebra G with a mesure v on it (see
Definition 1.6.4 (ii)) then for every A € G there exists C' O A with v(C'\ A) =0
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such that C' € X/ 5, i.e. C is a countable intersection of countable unions of
finite intersections of sets belonging to X or their complements. Exercise: Prove
this general fact, using Carathéodory’s outer measure constructed on measurable
sets.

Remark 1.7.5. Another way to prove Theorem 1.7.1 is to construct F and i
on X already at the beginning. One defines i also by the formula (1.7.3).

More specifically, for the maps m, restricted now to X, consider G, =
7, Y(F). Note that this is an ascending sequence of o-algebras with growing

In| because 7, (A) = 7,1 (T~(A)) for every A € F. Write Fo = |, < Gn-
This is an algebra. For every A € F and n < 0 define fi(m, 1 (A4)) = p(A).
This is well-defined because if C' = 7, 1(A;) = 7,1 (As) for A1, Ay € F and
n < m then Ay = T~(m="(A,). Since T preserves p, we have ju(A;) = p(Asz).
This measure is o-additive on the algebra Fy since we managed to approximate
”from below” each its element by a compact set, see the proof of Theorem 1.7.1.
Hence, we find F and [i on X by Carathéodory’s theory.

Unfortunately the measure space (X' , F, i) is usually not complete with re-
spect to the basis B, constructed in the proof of Theorem 1.7.1. To make it
complete (mod 0) we need to extend it, and the only way we know how to
acomplish this, is to construct the space (IT, Fiy, ).

We end this section with another version of Theorem 1.7.1. First the follow-
ing definition:

Definition 1.7.6. Suppose that 7' is an automorphism of a Lebesgue space
(X,F,u). Let ¢ be a measurable partition. Assume it is forward invariant,
namely T'(¢) > ¢, equivalently T-1(¢) < ¢. Then ( is said to be ezhausting if
\/ngo ™) =e.

Theorem 1.7.7. For every measure preserving endomorphism T of a Lebesque
space (X, F,u) there exist a Lebesgque space (X,JE, @), its automorphism T,
and a forward invariant for T ezhausting measurable partition ¢, such that
(X, F, ) = (X/C, Fe,t/C) the factor space, cf. Remark 1.6.8, and T is factor
of T, namely T op = poT for the projection p : X — X.

Proof. Take (X, F, i) and T from Theorem 1.7.1. Set ¢ := my (¢). By (1.7.1)
and T~ () < e we get T~1(¢) < C.

If & = \/, 5, T"(C) is not the partition of X into points, then T/’ is an
automorphism of (X' /e’ ,.7:'51,/16/). Moreover if we denote by p’ the projection
from X to X/’ then we can write m, = m, o p’ for some maps 7, for every
n < 0. By the definition of inverse limit, p’ has an inverse which is impossible.

The last part, that \/, -, 7™ (¢) is the partition of X into points, has also
an immediate proof following directly from the form of X in (1.7.2). Indeed for
n > 0 the element of T"(¢) containing & = (..., x_9,2_1,x¢ is the n-th image
of the element of ¢ containing T~"(Z) i.e. containing (...,z_, 1,2 ). So it
is equal to {(...,2 a ,,...,axh) € X :a', =ax_,)} Intersecting over

y Y —n—1r%—n
n — oo, we obtain {Z}. &
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1.8 Generalized entropy, convergence theorems

This section contains generalizations of entropy notions, introduced in Sec-
tion 1.3, to the case of all measurable partitions. The triple (X, F, 1) is assumed
to be a Lebesgue space.

Definition 1.8.1. If A is a measurable partition of X then its (generalized)
entropy is defined as follows:

H(A) = o if A is not a countable partition (mod 0);
H(A) =3 4ca —1(A)log u(A) if Ais a countable partition (mod 0).

Lemma 1.8.2. If A, and A are measurable partitions of X and A, /A, then
H(A,) / H(A).

Proof. Write H(A) = [ I(A) du where I(A)(z) = —log u(A(z)) is the informa-
tion function (compare Section 1.4). We set log0 = —oo, hence I(A)(x) = oo
if p(A(z)) = 0. Write the same for A,. As p(A,(z)) \, p(A(x)) for a.e. z,
the convergence in our Lemma follows from the Monotone Convergence Theo-
rem. &

Definition 1.8.3. If A and B are two measurable partitions of X, then the
(generalized) conditional entropy H(A|B) = H,(A|B) of partition A subject to
B is defined by the following integral

048 = [ T (A1) dys () (1.8.1)

where AN B is the partition {ANB : A € A} of B and {up,B € B} forms
a canonical system of conditional measures, see Section 1.7. For the inte-
gral in (1.8.1) to be well-defined, we have to know that the function B
H,,(A|B), B € B is measurable. In order to see this choose a sequence of fi-
nite partitions A,, /A (see Remark 1.6.3). Each conditional entropy function
H,, (A, |B) is measurable as a function of B in the factor space (X/B, Fi, us),
hence of course as a function on (X, F, i), since it is a finite sum of measurable
functions
B~ —pup(AnB)logup(ANB) for A € A.

Since A,,|B /* A|B for a.e. B, we obtain, by using Lemma 1.8.2, that H,,, (A,|B) —
H,,(A|B). Hence H,,, (A|B) is measurable, so our definition of H,, (A|B) makes
sense (we allow oo’s here).

Of course (1.8.1) can be rewritten in the form

[ e (AB(@) du(o), (1.8.2)

with H,,, (A|B) understood as constant function on each B € B (compare (1.6.1)
versus (1.6.2)). As in Section 1.3 we can write

H, (A|B) = /X I(A|B) dy, (1.8.3)
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where I(A|B) is the conditional information function:
I(AIB)(x) = — log (o) (A(x) N B(x)).

Indeed I(.A|B) is non-negative and p-measurable as being equal to lim,, o 1(A,,|B)
(a.e.), so (1.8.3) follows from (1.6.3).

Lemma 1.8.4. If {A, :n > 1} and A are measurable partitions, A, \, A and
H(A;) < oo then H(A,) \, H(A).

Proof. The proof is similar to Proof of Lemma 1.8.2. &

Theorem 1.8.5. If A, B are measurable partitions and {A, : n > 1} is an
ascending (descending and H(A;|B) < o0) sequence of measurable partitions
converging to A, then

lim H(A,|B) = H(A|B) (1.8.4)

n—oo

and the convergence is respectively monotone.

Proof. Applying Lemmas 1.8.2 and 1.8.4 we get the monotone convergence
H,,(A,|B) — H,,(A|B) for almost all B € X/B. Thus the integrals in the
Definition 1.8.3 converge by the Monotone Convergence Theorem. &

Theorem 1.8.6. If A,B are measurable partitions and {B, : n > 1} is a
descending (ascending and H(A|By) < oo0) sequence of measurable partitions
converging to B, then

lim H(A[B,) = H(A|B) (1.8.5)

n— oo

and the convergence is respectively monotone.

Proof 1. Assume first that A is finite (or countable with finite entropy). Then
the a.e. convergence I(A|B,) — I(A|B) follows from the Martingale Conver-
gence Theorem (more precisely from Theorem 1.6.12), applied to f = 1 4, the
indicator functions of A € A.

Now it is sufficient to prove that sup, I(A|B,) € L' in order to use the
Dominated Convergence Theorem (compare Corollary 1.5.3) and (1.8.3). One
can repeat the proofs of Lemma 1.5.1 (for ascending B,,) and Corollary 1.5.2.

The monotonicity of the sequence H(A|B,,) relies on Theorem 1.3.1(d). How-
ever for infinite B,, one needs to approximate B, by finite (or finite entropy)
partitions. For details see [Rohlin 1967, Sec. 5.12].

For A measurable, represent A as lim; ., A; for an ascending sequence of
finite partitions A;,7 = 1,2,...; then refer to Theorem 1.8.5. In the case of
descending sequence B,, the proof is straightforward. In the case of ascending
B, use

H(A[B)-H(A;|B,) = H(A|(A;VB,)) < H(A|(A;VB1)) = H(A|B1)—H(A;|B1).

This implies that the convergence as j — oo is uniform with respect to n, hence

in the limit H(A|B,) — H(A|B). &
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Proof 2. For A finite (or countable with finite entropy) there is a simpler way
to prove (1.8.5). By Theorem 1.1.4, for every A € A, the sequence E(1 4|F(B,))
converges to E(14|F(B)) in L?. Hence, for every A € A, the sequence puz, (5 (AN
By(z)) converges to pip ;) (ANB(x)) in measure p. By continuity of the function
k(t) = —tlogt, compare Section 1.3, this implies the convergence

k1B, @) (AN Bn(2))) = k(kp@) (AN B(x)))

in measure p (we do not assume z € A here). Summing over all A € A
we obtain the convergence H,,; . (A[Bn(z)) — Hpu(0)(A|B(z)) in measure p.
These functions are uniformly bounded by log#.A ( or by H(A) ) and non-
negative, hence we get the convergence in L' and in consequence, due to (1.8.2),
we obtain (1.8.5). (Note that we have not used the a.e. convergence coming
from Theorem 1.1.4, but only the convergence in L? which has been proved
there.) &

Observe that we can rewrite now the definition of the entropy h,, (T, A) from
Section 1.5 as follows

h, (T, A) =H(AJA™), where A™ := {7 T7"(A). (1.8.6)

A countable partition B is called a countable (one-sided) generator for an
endomorphism of a Lebesgue space if B " . Due to Theorem 1.8.6 we obtain
the following facts useful for computing the entropy for concrete examples.

Theorem 1.8.7. (a) If B, is a sequence of finite partitions of a Lebesgue
space, such that B, /' €, then, for any endomorphism T : X — X, h(T) =
lim;,,— 00 W(T, B,y,).

(b) If B is a countable one-sided generator with finite entropy for an endo-
morphism T of a Lebesgue space, then h(T) = h(T, B).

Proof. By Theorem 1.8.6 for every finite partition .4 we have lim,,, ..o H(A|B,,) =
H(Ale) = 0. Hence in view of Theorem 1.4.5, h(T') = lim,;, oo h(T, B,;,). This
proves (a). Theorem 1.4.5 together with the definition of generator prove also

(b). *

Remark 1.8.8. For T being an automorphism, one considers two-sided count-
able (in particular finite) generators, i.e. partitions of B for which \/72___ T™(B) =
e. Then, as in the one-sided case, finitness of H(B) implies that h(T") = h(T, B).

Remark 1.8.9. In both Theorem 1.8.6 and Theorem 1.8.7(a), the assumption
of monotonicity of B,,, can be weakened. Assume for example that A is finite and
B,, — ¢ in the sense that for every measurable set Y, E(1y|B,,) — 1y in mea-
sure, as in Remark 1.1.5. Then H(A|B,,) — 0, hence h(T") = lim, oo H(T, B,,).

Indeed for H(A|B,,) — 0 just repeat Proof 2 of Theorem 1.8.6. The con-
vergence in measure p of pup, (z)(A N By(x))) to pie(z)(A Ne(x))) means that
E(14|B,) — 14, which has just been assumed.
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Corollary 1.8.10. Assume that X is a compact metric space and that F is the
o-algebra of Borel sets (generated by open sets). Then if supgcp (diam(B)) —
0 as m — oo, then h(T) = lim,,— oo H(T, By)-

Proof. 1t is sufficient to check E(1l4|B,,) — 14 in measure. First note that for
every § > 0 there exist an open set U and closed set K such that K C A C U
and p(U \ K) < ¢§. This property is called regularity of our measure p and is
true for every finite measure on the o-algebra of Borel sets of a metric space
(compactness is not needed here). It can be proved by Carathéodory’s argument,
compare the proof of Theorem 1.1.4. Namely, we construct the outer measure
with the help of open sets, as in the sketch of the proof of theorem 1.7.2 (where
we used Gp) and we notice that since each closed set is an intersection of a
descending sequence of open sets, we will have the same outer measure if in the
construction of outer measure we use the algebra generated by open sets. Now
we can refer to Theorem 1.7.2.

Now, due to compactness of X, hence K, for m large enough the set A’ :=
U{B € By, : BNK # 0} contains K and is contained in U, hence u(A+A’) < 4.
This implies that

/ E(La|Byn) — La|dpt =
X

/ E(1L4|B,y) dyu+ / (14| B)— 14| dpit / 1= B(14|Bn) du
X\ (AUAY) As A/ ANA/

Y ’ ,U(AﬂA/) ,
< N\ (AUA) +a (1 - W)M(AQA) < 35.
Hence p{z : [E(14|By) — La| > V36} < V34. Iy

For a simpler proof, omitting Theorem 1.8.6, see Exercise 1.18.

We end this Section with the ergodic decomposition theorem and the ade-
quate entropy formula. Compare this with Choquet Representation Theorem:
Theorem 2.1.11 and Theorem 2.1.13.

Let T be a measure preserving endomorphism of a Lebesgue space. A mea-
surable partition A is said to be T-invariant if T(A) C A for almost every
A € A. The induced map Ty = T|a : A — A is a measurable endomorphism of
the Lebesgue space (A, Fa,pa). One calls T4 a component of T

Theorem 1.8.11. (a) There exists a finest measurable partition A (mod 0) into
T-invariant sets (called the ergodic decomposition). Almost all of its components
are ergodic.

(b) h(T) = [y, h(Ta) dpa(A).

Proof. The part (a) will not be proved. Let us mention only that the ergodic
decomposition partition corresponds (see Section 1.6) to the completion of Z,
the o-subalgebra of F consisting of T invariant sets in F (compare Theorem
1.2.5).
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To prove the part (b) notice that for every T-invariant measurable partition
A, for every finite partition ¢ and almost every A € A, writing £4 for the
partition {sN A : s € £}, we obtain

W(Ta,€4) = H(EalE]) = /A Ly (E41€3) dpia.

Notice next that the latter information function is equal a.e. to I,(¢]{~ V A)
restricted to A. Hence

[ nmana) = [ dia [ Leale) dia =
X/A X/A A

[ tele v Ay = (el v A) = (g

The latter equality follows from an approximation of A by finite T-invariant
partitions  /* A and from

H(Ele™ V) = H(EVnle™ V™) = lim TH((EVy)") =

lim H(E" V) = lim L H(E) = H(T,0).

n—oo N,
Let now &, be a sequence of finite partitions such that &, . Then
W(T, &) / h(T) and h(Ta, (§n)a) /" h(Ta). SoW(T, &) = [/ 4 1(Ta; &) dpa(A)
and Lebesgue monotone convergence theorem prove (b) &

1.9 Countable to one maps, Jacobian and en-
tropy of endomorphisms

We start with a formulation of

Theorem 1.9.1 (Rohlin’s fundamental theorem of cross-sections). Suppose that
A and B are two measurable partitions of a Lebesque space (X, F,p) such that
AN B (see Definition 1.8.3) is countable (mod 0 with respect to up) for almost
every B € B. Then there exists a countable partition v = {v1,72,...} of X
(mod 0) such that each vy; € v intersects almost every B at not more than one
point, which is then an atom of pp, in particular

AV B=~VB (mod 0).

Furthermore, if H(A|B) < oo, then v can be chosen so that

H(y) < H(A|B) + 3\/H(A|B) < oc.

Definition 1.9.2. Let (X, F,u) be a Lebesgue space. Let T : X — X be
a measurable endomorphism. We say that T is essentially countable to one if
the measures p 4 of a canonical system of conditional measures for the partition
A =T~ 1(g) are purely atomic (mod 0 with respect to p4), for almost all A € A.



1.9. COUNTABLE TO ONE MAPS 99

Lemma 1.9.3. If T is essentially countable to one and preserves u then there
exists a measurable set Y C X of full measure such that T(Y) CY and

1. T=Yx) NY is countable for every x € Y, i.e. T|y is countable to one.
Moreover for almost every x € Y T~ Y(x) NY consists only of atoms of the
conditional measure jip-1(z);

2. T(B) is measurable if B CY is measurable;

3. Tly is forward quasi-invariant, namely u(B) = 0 for B C Y implies
W(T(B)) = 0.

Proof. Let Y’ be the union of atoms mentioned in Definition 1.9.2.. We can
write, due to Theorem 1.9.1, Y’ = Uj v, 80 Y’ is measurable. Set ¥ =
Moo T~"(Y"). Denote the partition 77 (¢) in Y by ¢. Property 1. follows from
the construction. To prove 2. we use the fact that (Y/¢, F¢, p¢) is a Lebesgue
space and the factor map T¢ : Y — X is an automorphism (Th. 1.6.11). So,

for measurable B C Y, the set
{Ae(:pa(BNA)£0t={Ae(: AnB#0} (1.9.1)

is measurable by Theorem 1.6.7(2) and therefore its image under T¢, equal to
T(B), is measurable. If y(B) = 0, then the set in (1.9.1) has measure pc equal
to 0, hence, as T¢ is isomorphism, we obtain that T'(B) is measurable and of
measure 0. &

The key property in the above proof is the equality (1.9.1). Without as-
suming that p4 are purely atomic there could exist B of measure 0 with
C:={Ae(:pua(BNA)+#0} not measurable in F.

To have such a situation just consider a non-measurable C' C Y/{. Consider
the disjoint union D := C'UY and denote the embedded C' by C’. Finally,
defining measure on D, put 4(C’") = 0 and p on the embedded Y. Define T'(¢') =
T(c) for C' 3 ¢ and ¢’ being the image of ¢ under the abovementioned embedding.
Thus C’ is measurable, of measure 0, whereas T'(C’) is not measurable because
C' is not measurable and T¢ is isomorphism.

Definition 1.9.4. Let (X, F, ) and (X', F', i) be probability measure spaces.
Let T : X — X'’ be a measurable homomorphism. We say that a real, nonneg-
ative, measurable function J is a weak Jacobian if there exists E of measure
0 such that for every measurable A C X \ F on which T is injective, the set
T(A) is measurable and u(T(A)) = [, Jdu. We say J is strong Jacobian, or
just Jacobian, if the above holds without assuming A C X \ E.

We say that T" is forward quasi-invariant if (u(A) = 0) = (/' (T(A)) = 0).
Notice that if T" is forward quasi-invariant then automatically a weak Jacobian
is a strong Jacobian.

Proposition 1.9.5. Let (X, F, ) be Lebesque space and T : X — X be a mea-
surable, essentially countable to one, endomorphism. Then there exists a weak
Jacobian J = J,,. It is unique (mod 0). For T restricted to Y (Lemma 1.9.83) J
is a strong Jacobian.
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Proof. Consider the partition v = {y1,72,...} given by Theorem 1.9.1 with
A=¢and B=T7"(¢). Then for each j the map T'|,,ny is injective. Moreover
by Lemma 1.9.3, T'|,,ny maps measurable sets onto measurable sets and is
forward quasi-invariant. Therefore J exists on each v; N'Y by Radon—-Nikodym
theorem.

By the presentation of each A C Y as U;’;l A N ~; the function J satisfies
the assertion of the Proposition. The uniqueness follows from the uniqueness of
Jacobian in Radon-Nikodym theorem on each v; NY. &

Theorem 1.9.6. Let (X,F,v) be a Lebesgue space. Let T : X — X be a
v preserving endomorphism, essentially countable to one. Then its Jacobian
Jy, strong on Y defined in Lemma 1.9.3, weak on X, has logarithm equal to
L,(e|T7(g)). (We do not need to assume here T(Y) C Y. I stands for the
information function, see Sections 1.4 and 1.8 ).

Proof. Consider already T restricted to Y. Let Z C Y be an arbitrary measur-
able set such that 7" is 1-to—1 on it. For each y € Y denote by A(y) the element
of ¢ = T~!(e) containing y. We obtain

W(1(2) = (77 (02) = | (i) L)

- /T*1 (T(Z)) (/A(y) ﬂZ(m)/VA(y){x}) dVA(y)(x)> v

- / (L2 (y) /vae){y}) du(y) = / (1fvag () dv(y).
7-1(1(2)) z

Therefore J, (y) = 1/vag,){y}) and its logarithm equal to I, (e|T~*(e))(y).
&

Theorem 1.9.6 gives rise to the so called Rohlin formula:

Theorem 1.9.7. Let (X,F,u) be a Lebesque space. Let T : X — X be a
measure p-preserving endomorphism, essentially countable to one. Suppose that
on each component A of the ergodic decomposition (cf. Theorem 1.8.11) the
restriction T'a has a countable one-sided generator of finite entropy. Then

(1) = BT ) = [ LT @) d = [ 1ogJ,d

Proof. The third equality follows from Theorem 1.9.6, the second one is the
definition of the conditional entropy, see Sec. 8. To prove the first equality
we can assume, due to Theorem 1.8.11, that T is ergodic. Then, for (, a
countable one-sided generator of finite entropy, with the use of Theorems 1.8.5
and 1.8.7(b), we obtain

H(e|T7 () = H(e|¢™) = lim H(¢"[¢T) = H(¢[CT) =h(T,¢) = h(T).



1.10. MIXING PROPERTIES 61

Remark. The existence of a countable one-sided generator, without demanding
finite entropy, is a general, not very difficult, fact, namely the following holds:

Theorem 1.9.8. Let (X, F,u) be Lebesque space. Let T : X — X be a u-
preserving aperiodic endomorphism, essentially countable to one. Then there
exists a countable one-sided generator, namely a countable partition ¢ such that
(V™ =¢ (mod 0).

Aperiodic means there exists no B of positive measure and a positive in-
teger n so that T"|p = id. For the proof see [Rohlin 1967, Sec. 10.12-13] or
[Parry 1969]. To construct ¢ one uses the partition v ascribed to ¢ and T (¢)
according to Theorem 1.9.1 and so-called Rohlin towers.

The existence of a one-sided generator with finite entropy is in fact equivalent
to H(ele™) = h(T') < oco. The proof of the implication to the right is contained
in Proof of Th. 1.9.7. The reverse implication, the construction of the partition,
is not easy, it uses in particular the estimate in Th. 1.9.1.

The existence of a one-sided generator with finite entropy is a strong prop-
erty. It may fail even for ezact endomorphisms, see Sec. 10 and Exercise 1.22.
Neither its existence implies exactness, Exercise 1.22. To the contrary, for au-
tomorphisms, two-sided generators, even finite, always exist, provided the map
is aperiodic.

1.10 Mixing properties

In this section we examine briefly some mixing properties of a measure pre-
serving endomorphism that are stronger than ergodicity. A measure preserving
endomorphism is said to be weakly mixing if and only if for every two measurable
sets A and B

Tim LS (T (B) 0 4) — p(A)u(B)| = 0
=0

To see that a weakly mixing transformation is ergodic, suppose that T-1(B) =
B. Then T~%(B) = B for all k > 0 and consequently for every n,

n—1
% DT (B) N B) = w(B)u(B)| = |u(B) — u(B)*| — 0.
j=0

Thus u(B) — p(B)? = 0 and therefore p(B) = 0 or 1.
A measure preserving endomorphism is said to be mizing if and only if for
every two measurable sets A and B
Jim p(T7"(B) N A) = w(A)p(B) =0

Clearly, every mixing transformation is weakly mixing. The property equivalent
to the mixing property is the following: for all square integrable functions f and



62 CHAPTER 1. MEASURE PRESERVING ENDOMORPHISMS

Jim f(goT”)du=/fdu/gdu-

Indeed, the former property follows from the latter if we substitute the indicator
functions 1 4, 11 g in place of f, g respectively. To prove the opposite implication
notice that with the help of Holder inequality it is sufficient to restrict our
considerations to simple functions f =}, a; 14, and g = >_; a;14;, where (4;)
and (B,) are arbitrary finite partitions. Then

‘/f(goT")du—/fdM/gd/“
= Zaibj(u(AmT’”(Bj))—u(sz)u(Bj)) —0

because every summand converges to 0 as n — 0o.

In the sequel we will deal also with stronger mixing properties. An endomor-
phism is called K-mizing if for every measurable set A and every finite partition
A

lim  sup  |u(AN B) - p(A)u(B) =0,

N0 BEF(AX)
Recall that F(AS°) for n > 0 means the complete o-algebra assigned to the par-
tition A® = \/7Z,, T=7(A). The following theorem provides us with alternative
definitions of the K-mixing property in the case when 7' is an automorphism.

Theorem 1.10.1. Let (X,F,u) be a Lebesque space and T : X — X be its
measure-preserving automorphism. Then the following conditions are equiva-
lent:

(a) T is K-mizing.

(b) For every finite partition A Tail(A) := N\o"o Vrepn T F(A) is equal to the
trivial partition v = {X} (mod 0).

(¢c) For every finite partition A # v, h,(T, A) > 0 (T has completely positive
entropy)

(d) There exists a forward invariant ezhausting measurable partition « (i.e.
satisfying T~ (o) < a, T™(a) /" €, see Definition 1.6.4) such that T~"(a) \, v.

The property Tail(A) = v is a version of the 0-1 Law . An automorphism
satisfying (d) is usually called: K-automorphism. The symbol K comes from
the name: Kolmogorov. Each partition satisfying the properties of o in (d) is
called K-partition.

Remark. the properties (a)—(c) make sense for endomorphisms and they are
equivalent (proofs are the same as for automorphisms). Moreover they hold for
an endomorphism iff they hold for its natural extension.
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Proof. (a part of) To show the reader what Theorem 1.10.1 is about let us prove
at least some implications:

(a)=>(b) Let A € F(Tail(A)) for a finite partition A. Then for every n > 0,
A e F(\V2, T7*(A)). Hence, by K-mixing, u(AN A) — u(A)p(A) = 0 and
therefore u(A) = 0 or 1.

(b)=-(c) Suppose (b) and assume h(T', A) = 0 for a finite partition 4. Then
H(A|A™) =0, hence I(A|A~) =0 a.s. (see Section 1.8), hence A < A~. Thus,

§7 Tk A) = (7 T=*(A) and (7 THA) = \/ T7H(A)
k=0 k=1 k=m )

for every m,n > 0. Sov = A\o2, Vi, T75(A) = /72, T *(A) > A. So
A = v the trivial partition. Thus, for every non-trivial partition A4 we have

(T, A) > 0.
(b)=(d) (in case there exists a finite two-sided generator B, meaning that
Vo T™(B) =¢). Notice that o = \/ T;2,T~"(B) is exhausting. &

Let us finish the Section with the following useful:

Definition 1.10.2. A measure preserving endomorphism is said to be ezxact if
o0
A TE) =,
n=0

(Remind that e is the partition into points and v is the trivial partition {X}.)

Exercise. Prove that exactness is equivalent to the property that u.(7"(A)) —
1 for every A of positive measure (i, is the outer measure generated by p), or
to the property that u(7T™(A)) — 1 provided u(A) > 0 and the sets T™(A) are
measurable.

The property of being exact implies the natural extension to be a K-automorphism
(in Theorem 1.10.1(d) set for « the lift of £). The converse is of course false.
The automorphisms of spaces not being one atom spaces, are not exact. Ob-
serve however that if 7' is an automorphism and « is a measurable partition
satisfying (d), then the factor map 7'/« on X/« is exact.

Exercise. Prove that 7' is the natural extension of T'/«.

Recall finally (Section 1.9) that even for exact endomorphisms, h(e|T~1(¢))
can be strictly less than h(7").
1.11  Probability laws and Bernoulli property

Let (X,F,un) be a probability space and, whenever it is needed, a Lebesgue
space, and let T': X — X be an endomorphism preserving u. Let f and g be
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real-valued square-integrable functions on X. For every positive integer n, the
n-th correlation of the pair f, g, is the number

Cu(f,9) :=/f-(goT")du—/fdﬂ/gdu-

provided the above integrals exist. Notice that due to T-invariance of p we can
also write

Culfog) = / (f - Ef)((g — Eg) o T") dp,

where Ef = [ fdp and Eg = [ gdp.
Keep g : X — R a square-integrable function. The limit

n—1
1 . 2
0% =0%(g) = lim —/(E goT’ —nEg) du (1.11.1)
=0

n—oo n

is called asymptotic variance or dispersion of g, provided it exists. Write g9 =
g — Eg. Then we can rewrite the above formula as

n—1
1 N2
2 .
=1 — (E TJ) dys. 1.11.2
g nl—r>rolon/ j:()goo ! ( )

Another useful expression for the asymptotic variance is the following.
a*(g) :/93 dﬂ‘f'QZ/QO'(QOOTj)du. (1.11.3)
j=1

The convergence of the series of correlations C,(g,g) in (1.11.3) easily implies
that 02(g) from this formula is equal to o2 defined in (1.11.1), compare the
computation in the proof of Theorem 1.11.3 later on.

We say that the Law of Iterated Logarithm, LIL, holds for g if 02(g) exists
(i.e. the above series converges) and

n—1 i
rgoTV —nkE
lim sup 2i=09 g _ 202 p- almost surely . (1.11.4)

n—oo vnloglogn
w almost surely, (a.s.), means p almost everywhere, (a.e.). This is the language
of probability theory.

We say that the Central Limit Theorem, CLT, holds, if for all » € R, in the
case 02 #£ 0,

n—1 1

o goTV —nkE 1 r

1t <{a: €eX: 2i=0 9 NG < r}) - — / e~"/29% gt (1.11.5)
g T J—0c0

and in the case 02 = 0 the convergence holds for 7 # 0 with 0 on the right hand
side for » < 0 and 1 for r > 0.
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The LIL and CLT for 02 # 0 are often, and this is the case in Theorem
1.11.1 below, a consequence of the Almost Sure Invariance Principle, ASIP,
which says that the sequence of random variables g, go T, goT?, centered at the
expectation value i.e. if Eg = 0, is ”approximated with the rate n'/2=¢” with
some ¢ > 0, depending on § in Theorem 1.11.1 below, by a martingale difference
sequence and a respective Brownian motion.

Theorem 1.11.1. Let (X, F, u) be a probability space and T an endomorphism
preserving . Let G C F be a o-algebra. Write G := \/J . T79(G) (notation
from Section1.6) for all m < n < oo, and suppose that the following property,
called ¢p-mixing, holds:

There exists a sequence ¢p(n),n =0,1,... of positive numbers satisfying

Z 12(n) < o, (1.11.6)

such that for every A € GJ* and B € G°, 0 < m < n we have
(AN B) — p(A)pu(B)| < ¢(n —m)u(A). (1.11.7)
Now consider a G5° measurable function g : X — R such that
/|g|2+‘5 dp < oo for some § > 0,
and that for all n > 1

/|h — E(h|GH 7Y du < Kn™%, for K >0, s> 0 large enough. (1.11.8)

(A concrete formula for s, depending on &, can be given.)
Then g satisfies CLT and LIL.

LIL for 0% # 0 is a special case, for ¥(n) = y/2loglogn, of the following
property for a square integrable function ¢ : X — R for which o2 exists, provided
J gdu = 0: for every real positive non-decreasing function ¢ and one has,

pwlszeX: Z g(T9(x)) > 1(n)Vo2n for infinitely many n =0orl
7=0
according as the integral fl ¥t exp( 29%(t)) dt converges or diverges.

As we already remarked, thls Theorem, for 02 # 0, is a consequence of ASIP
and similar conclusions for the standard Brownian motion. We do not give the
proofs here. For ASIP and further references see [Philipp, Stout 1975, Ch. 4
and 7]. Let us discuss only the existence of o2. It follows from the following
consequence of (1.11.7): For «, 8 square integrable real-valued functions on X,
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o measurable with respect to GJ* and 3 measurable with respect to G;°, we
have

[ (@5~ BaBB) da < 2600 - m) a3l (1.11.9)

The proof of this inequality is not difficult, but tricky, with the use of Holder
inequality, see [Ibragimov 1962] or [Billingsley 1968]. It is sufficient to work
with simple functions o = 3. a;14,,8 = Ej a;jll 4, for finite partitions (A4;)
and (B;), as in dealing with mixing properties in Section 1.10. Note that if
instead of (1.11.7) we have stronger:

(AN B) — p(A)u(B)| < ¢(n —m)u(A)u(B), (1.11.10)

as will be the case in Chapter 3, then we very easily obtain in (1.11.9) the
estimate by ¢(n — m)||a|[1]|5]l1, by the computation the same as for mixing in
Section 1.10.

We may assume that ¢ is centered at the expectation value. Write g =

i + 10 = B(g|G5""") + (9 — B(g]G5""). We have

‘/g(goT")du‘ <

‘/kn(kn,OT") du‘—l—‘/k‘n(rnOT") du‘—!—‘/rn(kn,OT") du‘—l—‘/rn(rn oT™) d,u‘ <

2(¢(n — [n/2) 2 |lknll3 + 20l kallzlirnllz2 + a3 <
2(¢(n — [n/2) "2 (lknll3 + 2K[10/2) " |[Knl2 + K[n/2) 2,

the first summand estimated according to (1.11.9). For s > 1 we thus obtain
convergence of the series of correlations.

Let us go back to the discussion of the ¢-mixing property. If G is associated to
a finite partition that is a one-sided generator, ¢-mixing with ¢(n) — 0 as n —
oo (that is weaker than (1.11.6)), implies K-mixing (see Section 1.10). Indeed
B is the same in both definitions, whereas A in K-mixing can be approximated
by sets belonging to G*. We leave details to the reader.

Intuitively both notions mean that any event B in remote future weakly
depends on the present state A, i.e. |u(B) — p(B|A)| is small.

In applications G will be usually associated to a finite or countable partition.

In Theorems 1.11.1, the case 02 = 0 is easy. It relies on Theorem 1.11.3
below. Let us first introduce the following fundamental

Definition 1.11.2. Two functions f,g: X — R (or C) are said to be cohomol-
ogous in a space K of real (or complex) -valued functions on X (or f is called
cohomologous to g), if there exists h € I such that

f—g=hoT—h. (1.11.11)

If f, g are defined mod 0, then (1.11.11) is understood a.s. This formula is called
a cohomology equation.
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Theorem 1.11.3. Let f be a square integrable function on a probability space
(X, F, 1), centered at the expectation value. Assume that

Zn|/f-(foT")du| < 0. (1.11.12)
n=0

Then the following three conditions are equivalent:

(a) *(f)=0;

(b) All the sums S, = S, f = Z;lz_ol foT7 have the norm in L? (the space
square integrable functions) bounded by the same constant;

(c) f is cohomologous to 0 in the space H = L>.

Proof. The implication (c¢)=-(a) follows immediately from (1.11.1) after substi-
tuting f = hoT — h. Let us prove (a)=(b). Write C; for the correlations
[ f-(foT?)dpu,j=0,1,.... Then

[ 18uf2 du=nCE + 23 n - )5

j=1

:n(Cg+2iCJ)—2n i Cj—2§n:j~0j:n02—fn—lfn.

j=n+1 7j=1

Since I,, — 0 and I1,, stays bounded as n — oo and 02 = 0, we deduce that all
the sums S,, are uniformly bounded in L2.

(b)=(c): f = hoT — h for any h, a limit in the weak topology, of the
sequence %Sn bounded in L?(u). We leave the easy computation to the reader.
(This computation will be given in detail in the similar situation of Bogolyubov—
Krylov Theorem, in Remark 2.1.14.). &

Now Theorem 1.11.1 for 02 = 0 follow from (c), which gives Z;:Ol foTl =
hoT™ — h, with the use of Borel-Cantelli lemma.

Remark. Theorem 1.11.1 in the two-sided case: where g depens on G; = TI (9)
for j = ...,—1,0,1,... for an automorphism 7', also holds. In (1.11.8) one
should replace Gg by G”,,.

Given two finite partitions A and B of a probability space and ¢ > 0 we
say that B is e-independent of A if there is a subfamily A’ C A such that
p(JA) >1—¢ and for every A € A’

D

BeB

n(AN B)
1(A)

—u(B)| <e. (1.11.13)

Given an ergodic measure preserving endomorphism 7" : X — X of a
Lebesgue space, a finite partition A is called weakly Bernoulli (abbr.‘ WB)
if for every ¢ > 0 there is an N = N(¢) such that the partition \/5_, T~/ (A) is
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e-independent of the partition \/;ﬁ:o T=I(A) for every 0 < m < n < s such that
n—m > N.

Of course in the definition of e-independence we can consider any measur-
able (maybe uncountable) partition A and write conditional measures p4(B)
in (1.11.13). Then for T' an automorphism we can replace in the definition of
WB VL, T3 (A) by Vi T3(A) and /™ T3(A) by V7" T-9(A) and
set n = co,n —m > N. WB in this formulation becomes one more version of
weak dependence of present (and future) from remote past.

If ¢ = 0 and N = 1 then all partitions 777(A) are mutually independent
(recall that A, B are called independent if u(A N B) = p(A)u(B) for every
A€ A, B e B.). We say then that A is Bernoulli. If A is a one-sided generator
(two-sided generator), then clearly T on (X,F, u) is isomorphic to one-sided
(two-sided) Bernoulli shift of #.4 symbols, see Chapter 0, Examples 0.10. The
following famous theorem of Friedman and Ornstein holds.

Theorem 1.11.4. If A is a finite weakly Bernoulli two-sided generating parti-
tion of X for an automorphism T, then T is isomorphic to a two-sided Bernoulli
shift.

Of course the standard Bernoulli partition (in particular the number of its
states) in the above Bernoulli shift can be different from the image under the
isomorphism of the WB partition.

Bernoulli shift above is unique in the sense that all two-sided Bernoulli shifts
of the same entropy are isomorphic [Ornstein 1970].

Note that ¢-mixing in the sense of (1.11.10), with ¢(n) — 0, for G associated
to a finite partition A, implies weak Bernoulli property.

Central Limit Theorem is a much weaker property than LIL. We want to
end this Section with a useful abstract theorem that allows us to deduce CLT
for g without specifying G. This Theorem similarly as Theorem 1.11.1 can be
proved with the use of an approximation by a martingale difference sequence.

Theorem 1.11.5. Let (X,F,u) be a probability space and T : X — X an
automorphism preserving u. Let Fo C F be a o-algebra such that T~(Fo) C Fp.
Denote F,, =T~ "(Fo) for all integern = ...,—1,0,1,... Let g be a real-valued
square integrable function. If

> IE(91F) = Egllz + lg — E(glF-n)ll2 < o, (1.11.14)
n>0

then g satisfies CLT.
Exercises

Ergodic theorems, ergodicity
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1.1. Prove that for any two o-algebras F O F’ and ¢ an F-measurable function,
the conditional expectation value operator LP(X,F,u) > ¢ — E(¢|F') has
norm 1 in LP, for every 1 < p < 0.

Hint: Prove that E((9o|¢|)|F") > Yo E((|¢|)|F’) for convex ¥, in particular
for t — tP.
1.2. Prove that if S : X — X’ is a measure preserving surjective map for
measure spaces (X, F, u) and (X', F', 1’) and there are measure preserving en-
domorphisms 7' : X — X and 7”7 : X' — X’ satisfying SoT =T"0 S, then T
ergodic implies T’ ergodic, but not vice versa. Prove that if (X, F, 1) is Rohlin’s
natural extension of (X', F', ), then (X', F', u’) implies (X, F, ) ergodic.
1.3. (a) Prove Maximal Ergodic Theorem: Let f € L'(u) for T a measure
preserving endomorphism of a probability space (X, F, ). Then for A := {x :
Sup,, >0 2oio f(T*(x)) > 0} it holds [, f > 0.
(b) Note that this implies the Maximal Inequality for the so-called maximal
function f* :=sup,,~; %Z?’:_Ol f(Ti(x)):

1
pw{f*>a} < —/ fdu, for every real a.
@ J{fr>a}

(¢) Deduce Birkhoff’s Ergodic Theorem .

Hint: One can proceed directly. Another way is to prove first the a.e. con-
vergence on a set D of functions dense in L'. Decomposed functions in L? in
sums g = h1 + hs , where hy is T invariant in the case T is an automorphism
(i.e. hy =hyoT) and ha = —goT + g). Consider only g € L. If T is not an
automorphism, hy = U*(hy) for U* being conjugate to the Koopman operator
U(f) = foT, compare Sections 4.2 and 4.7. To pass to the closure of D use
the Maximal Inequality. One can also just refer to the Banach Principle below.
Its assumption sup,, |15, f] < oo a.e. for T, f = % ZZ;& foT*, follows from
the Maximal Inequality. See [Petersen 1983].

1.4. Prove the Banach Principle: Let 1 < p < oo and let {7, } be a sequence of
bounded linear operators on LP. If sup,, |1, f| < oo a.e. for each f € LP then
the set of f for which T}, f converges a.e. is closed in LP.
1.5. Let (X,F,u) be a probability space, let 7y C Fo C .-+ C F be an
increasing to F sequence of o-algebras and ¢ € LP, 1 < p < oco. Prove
Martingale Convergence Theorem in the version of Theorem 1.1.4, saying that
¢n = E(¢|F,) — E(P|F) a.e. and in LP.

Steps:

1) Prove: p{max;<, ¢; > a} < éf{maXKn i) Pn dpt- (Hint: decompose
X =Up_, Ar where Ay, := {max;<j ¢; < o < ¢} and use Tchebyshev inequal-
ity on each Ay. Compare Lemma 1.5.1).

2) Use Banach Principle checking first the convergence a.e. on the set of
indicator functions on each F,,.
1.6. For a Lebesgue integrable function f : R — R the Hardy-Littlewod maxi-

mal function is .

Mf(t)zsupQi F(t+ 5)| ds.
e>0 4€ J_¢
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(a) Prove the Maximal Inequality of F. Riesz m({zx € R : M f(z) > a}) <
21| f|l1, for every a > 0, where m is the Lebesgue measure.
(b) Prove the Lebesgue differentiation theorem: For a.e. ¢

Jim / F(t+8)|ds = £(2).

e—02e J_,

Hint: Use Banach Principle (Exercise 1.4) using the fact that the above
equality holds on the set of differentiable functions, which is dense in L'.
(c) Generalize this theory to f : RY — R, d > 1; the constant 2 is then replaced
by another constant resulting from Besicovitch covering theorem, see Chapter
7.

Lebesgue spaces, measurable partitions

1.7. Let T be an ergodic automorphism of a probability non-atomic measure
space and A its partition into orbits {T"(x),n = ...,—1,0,1...}. Prove that
A is not measurable.

Suppose we do not assume ergodicity of T. What is the largest measurable
partition, smaller than the partition into orbits? (Hint: Theorem 1.8.11.)

1.8. Prove that the following partitions of measure spaces are not measurable:

(a) Let T : S' — S be a mapping of the unit circle with Haar (length)
measure defined by T'(z) = e2™®2 for an irrational a. P is the partition into
orbits;

(b) T is the automorphism of the 2-dimensional torus R?/Z?, given by a
hyperbolic integer matrix of determinant 1. Let P be the partition into stable,
or unstable, lines (i.e. straight lines parallel to an eigenvector of the matrix);

(¢c) Let T :S! — S! be defined by T'(z) = 22. Let P be the partition into
grand orbits, i.e. equivalence classes of the relation x ~ y iff 3m,n > 0 such
that T™(xz) = T"(y).

1.9. Prove that every Lebesgue space is isomorphic to the unit interval equi-
pped with the Lebesgue measure together with countably many atoms.

1.10. Prove that every separable complete metrisable (Polish) space with a
measure on the o-algebra containing all open sets, minimal among complete
measures, is Lebesgue space.

Hint: [Rohlin 1949, 2.7].

1.11. Let (X,F,u) be a Lebesgue space. Then Y C X, ue(Y) > 0 is mea-
surable iff (Y, Fy,uy) is a Lebesgue space, where p. is the outer measure,

Fy ={ANY : AcF}and py(A) = L0050,

Hint: If B=(B,,) is a basis for (X, F, ), then (B],) = (B, NY) is a basis for
(Y, Fy,pny). Add to Y one point for each sequence (B],"") whose intersection
is missing in Y and in the space Y obtained in such a way generate complete
measure space (Y, F, i) from the extension B of the basis (By,). Borel sets with

respect to B in X correspond to Borel sets with respect to B and sets of u
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measure 0 correspond to sets of £ measure 0. So measurability of Y implies
a(Y\Y)=0.
1.12. Prove Theorem1.6.6.

Hint: In the case when both spaces are unit intervals with standard Lebesgue
measure, consider all intervals J’ with rational endpoints. Each J = T~1(.J’) is
contained in a Borel set By with u(By\ J) = 0. Remove from X a Borel set of
measure 0 containing (J (B \ J). Then T becomes a Borel map, hence it is a
Baire function, hence due to the injectivity it maps Borel sets to Borel sets.

1.13. (a) Consider the unit square [0, 1]x [0, 1] equipped with Lebesgue measure.
For each z € [0,1] let A, be the partition into points (2/,y) for #’ # x and the
interval {«} x [0,1]. What is A, A, ? Let B, be the partition into the intervals
{2’} x [0,1] for " # x and the points {(z,y) : y € [0,1]}. What is \/, B, ?

(b) Find two measurable partitions A, A’ of a Lebesgue space such that their
set-theoretic intersection (i.e. the largest partition such that A, A" are finer than
this partition) is not measurable.

1.14. Prove that if FF : X — X is an ergodic endomorphism of a Lebesgue
space then its natural extension is also ergodic.
Hint: See [Kornfeld , Fomin & Sinai 1982, Sec.10.4].

1.15. Find an example of T : X — X an endomorphism of a probability space

(X, F, ), injective and onto, such that for the system - - - Lx 2% X, natural
extension does not exist.

Hint: Set X to be the unit circle and 7" irrational rotation. Let A be a set
consisting of exactly one point in each T-orbit. Set B = (J;5, T7(A). Notice
that B is not Lebesgue measurable and that the outer measure of B is 1 (use
unique ergodicity of T, i.e. that (1.2.2) holds for every x)

Let F be the o-algebra consisting of all the sets C' = BN D for D Lebesgue
measurable, set p(C') = Leb(D), and for C C X \ B, set u(C) = 0. Note
that ),~,7™(B) = 0 and in the set-theoretic inverse limit the set 7_, (B) =

n

7y (T (B)) would be of measure 1 for every n > 0.

Entropy, generators, mixing

1.16. Prove Theorem 1.4.7 provided (X, F, p) is a Lebesgue space, using The-
orem 1.8.11 (ergodic decomposition theorem) for p.

1.17. (a) Prove that in a Lebesgue space d(A,B) := H(A|B) + H(B|A) is a
metric in the space Z of countable partitions (mod 0) of finite entropy. Prove
that the metric space (Z,d) is separable and complete.

(b) Prove that if T is an endomorphism of the Lebesgue space, then the
function A — h(T,.A) is continuous for A € Z with respect to the above metric
d.

Hint: |h(7T, A) — h(T, B)| < max{H(A|B),H(B|A)}. Compare the proof of
Th. 1.4.5.

1.18. (a) Let do(A, B) := >, u(A; + B;) for partitions of a probability space
into 7 measurable sets A ={4;,i=1,...,r} and B={B;,i =1,...,r}. Prove
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that for every r and every d > 0 there exists dg > 0 such that if A, B are
partitions into r sets and do(A, B) < dp, then d(A, B) < d

(b) Using (a) give a simple proof of Corollary 1.8.10. (Hint: Given an
arbitrary finite A construct B < B,, so that dy(A, B) be small for m large. Next
use (a) and Theorem 1.4.4(d)).

1.19. Prove that there exists a finite one-sided generator for every 7', a con-
tinuous positively expansive map of a compact metric space (see the definition
of positively expansive in Ch.2, Sec.5).

1.20. Compute the entropy h(T") for Markov chains, see Chapter 0.

1.21. Prove that the entropy h(7") defined either as supremum of h(7', A) over
finite partitions, or over countable partitions of finite entropy, or as sup H(£|£ ™)
over all measurable partitions ¢ that are forward invariant (i.e. T-1(§) <€), is
the same.

1.22. Let T be an endomorphism of the 2-dimensional torus R?/Z?2, given by
an integer matrix of determinant larger than 1 and with eigenvalues A1, A2 such
that [A;] < 1 and |A2| > 1. Let S be the endomorphism of R?/Z? being the
Cartesian product of S;(z) = 2z (mod 1) on the circle R/Z and of Sz (y) = y+«
(mod 1), the rotation by an irrational angle . Which of the maps T, S is exact?
Which has a countable one-sided generator of finite entropy?

Answer: T does not have the generator, but it is exact. The latter holds be-
cause for each small parallelepiped P spanned by the eigendirections there exists
n such that 7™ (P) covers the torus with multiplicity bounded by a constant not
depending on P. This follows from the fact that A; are algebraic numbers and
from Roth’s theorem about Diophantine approximation. S is not exact, but it
is ergodic and has a generator.

1.23. (a) Prove that ergodicity of an endomorphism 7' : X — X for a proba-
bility space (X, F, u) is equivalent to the non-existence of a non-constant mea-
surable function ¢ such that Up(¢) = ¢, where Ur is Koopman operator, see
1.2.1 and notes following it.

(b) Prove that for an automorphism 7', weak mixing is equivalent to the
non-existence of a non-constant eigenfunction for Uz acting on L?(X,F, ).

(c) Prove that if T' is a K-mixing automorphism then L?©constant functions
decomposes in a countable product of pairwise orthogonal Ur-invariant sub-
spaces H; each of which contains h; such that for each i all UJ.(h;),j € Z are
pairwise orthogonal and span H;. (This property is called: countable Lebesgue
spectrum.)

Hint: use condition (d) in 1.10.1

1.24. Prove that if the definition of partition A e-independent of partition B
is replaced by >_ 4c 4 pep (AN B) — pu(A)u(B)|, then the definition of weakly
Bernoulli is equivalent to the old one. (Note that now the expression is sym-
metric with respect to A, B.)
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more advanced theory. In Exercises 1.3-1.6 we again took the idea to rely on
Banach Principle from [Petersen 1983].

Standard proofs of Birkhoff’s Ergodic Theorem also use the idea of maximal
function. This concerns in particular the extremaly simple proof in Section 1.2,
which has been taken from [Katok & Hasselblatt 1995]. Tt uses famous Garsia’s
proof of the Maximal Ergodic Theorem.

Koopman’s operator was introduced by Koopman in the L? setting in [Koopman 1931].

For the material of Section 1.6 and related exercises see [Rohlin 1949]. Tt is
also written in an elegant and a very concise way in [Cornfeld, Fomin & Sinai 1982].

The consideration in Section 1.7 leading to the extension of the compati-
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Chapter 2

Ergodic theory on compact
metric spaces

In the previous chapter a measure preserved by a measurable map 7' was given
a priori. Here a continuous mapping 7' of a topological compact space is given
and we look for various measures preserved by 7. Given a real continuous
function ¢ on X we try to maximize the functional measure theoretical entropy
+integral, i.e. h,(T)+ [ ¢du. Supremum over all probability measures on the
Borel o-algebra turns out to be topological pressure, similar to P in the Fi-
nite Variational Principle or P(a) for ¢, on the Cantor set, discussed in the
Introduction. We discuss equilibria, namely measures on which supremum is
attained. This chapter provides an introduction to the theory called thermody-
namical formalism, which will be the main technical tool in this book. We will
continue to develop the thermodynamical formalism in more specific situations
in Chapter 4.

2.1 Invariant measures for continuous mappings

We recall in this section some basic facts from functional analysis needed to
study the space of measures and invariant measures. We recall Riesz Represen-
tation Theorem, weak™ topology, Schauder Fixed Point Theorem. We recall also
Krein—Milman theorem on extremal points and its stronger form: Choquet rep-
resentation theorem. This gives a variant of Ergodic Decomposition Theorem
from Chapter 1.

Let X be a topological space. The Borel o-algebra B of subsets of X is
defined to be generated by open subsets of X. We call every probability measure
on the Borel g-algebra of subsets of X, a Borel probability measure on X. We
denote the set of all such measures by M (X).

Denote by C(X) the Banach space of real-valued continuous functions on
X with the supremum norm: sup |¢| := sup,¢ x |¢(z)|- Sometimes we shall use
the notation ||¢||s, introduced in Section 1.1 in L*°(u), though it is compatible

(6]
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only if u is positive on open sets, even in absence of .
Note that each Borel probability measure @ on X induces a bounded linear
functional F, on C'(X) defined by the formula

Fu(0) = [ odu (2.1.1)

One can extend the notion of measure and consider o-additive set functions,
known as signed measures. Just in the definition of measure from Section 1.1
consider p : F — [—00,00) or p : F — (—00, 00] and keep the notation (X, F, i)
from Ch.1. The set of signed measures is a linear space. On the set of finite
signed measures, namely with the range R, one can introduce the following total

variation norm:
v(p) = sup {Z |M(Ai)|} :
i=1

where the supremum is taken over all finite sequences (4;) of disjoint sets in F.
It is easy to prove that every finite signed measure is bounded and that it
has finite total variation. It is also not difficult to prove the following

Theorem 2.1.1 (Hahn—Jordan decomposition). For every signed measure p
on a o-algebra F there exists A, € F and two measures p* and p~ such that
p=put —p",u is zero on all measurable subsets of A, and p~ is zero on all
measurable subsets of X \ A,,.

Notice that v(p) = pT(X) + p= (X).

A measure (or signed measure) is called regular, if for every A € F and e > 0
there exist By, Fs € F such that E; C A C IntE, and for every C' € F with
C C Es\ Eq, we have |u(C)| < e.

If X is a topological space, denote the space of all regular finite signed mea-
sures with the total variation norm, by rca(X). The abbreviation rca replaces
regular countably additive.

If 7 = B, the Borel g-algebra, and X is metrizable, regularity holds for
every finite signed measure. It can be proved by Carathéodory’s outer measure
argument, compare the proof of Corollary 1.8.10.

Denote by C(X)* the space of all bounded linear functionals on C(X). This
is called the dual space (or conjugate space). Bounded means here bounded
on the unit ball in C(X), which is equivalent to continuous. The space C(X)*
is equipped with the norm ||F|| = sup{F(¢) : ¢ € C(X),|¢| < 1}, which makes
it a Banach space.

There is a natural order in rca(X): v1 < vg iff o — 17 is a measure.

Also in the space C'(X)* one can distinguish positive functionals, similarly
to measures amongst signed measures, as those which are non-negative on the
set of functions CT(X) := {¢ € C(X) : ¢(x) > 0 for every x € X}. This gives
the order: F' < G for F,G € C(X)* iff G — F is positive.

Remark that F' € C(X)* is positive iff ||F|| = F(11), where 1 is the function
on X identically equal to 1. Also for every bounded linear operator F' : C'(X) —
C(X) which is positive, namely F(C*(X)) C CT(X), we have ||F|| = |F(1)|.
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Remark that (2.1.1) transforms measures to positive linear functionals.

The following fundamental theorem of F. Riesz says more about the trans-
formation p — F), in (2.1.1) (see [Dunford & Schwartz 1958, pp. 373,380] for
the history of this theorem):

Theorem 2.1.2 (Riesz representation theorem). If X is a compact Hausdorff
space, the transformation p — F), defined by (2.1.1) is an isometric isomor-
phism between the Banach space C(X)* and rca(X). Furthermore this isomor-
phism preserves order.

In the sequel we shall often write p instead of F), and vice versa and (o)
or u¢ instead of F,(¢) or [ ¢dpu.

Notice that in Theorem 2.1.2 the hard part is the existence, i.e. that for
every F' € C(X)* there exists p € rca(X) such that F' = F},. The uniqueness is
just the following:

Lemma 2.1.3. If p and v are finite regular Borel signed measures on a compact
Hausdorff space X, such that [ ¢du = [ ¢dv for each ¢ € C(X), then p=v.

Proof. This is an exercise on the use the regularity of p and v. Let n := p—v =
nt —n~ in the Hahn-Jordan decomposition. Suppose that that p # v. Then
n* (or n7) is non-zero, say n*(X) = nT(4,) = ¢ > 0, where A, is the set
defined in Theorem 2.1.1. Let E; be a closed set and E5 be an open set, such
that By C A, C E2, n~ (E2\ Ay,) < ¢/2 and n* (A, \ E1) < €/2. There exists
¢ € C(X) with values in [0, 1] identically equal 1 on E;y and 0 on X \ Ey. Then

/¢dn= ¢>dn+/ ¢>dn+/ ¢>dn+/ o dn
E A \Ey Ex\A, X\E3

— [t [ sat— [ odr
El An\El EZ\A’I]

> 77+(E1)_/ Gdn~

E2\An
>e—¢e/2>0. (2.1.2)

&

The space C(X)* can be also equipped with the weak® topology. In the
case where X is metrizable, i.e. if there exists a metric on X such that the
topology induced by this metric is the original topology on X, weak™ topology is
characterized by the property that a sequence {F,, : n = 1,2,...} of functionals
in C(X)* converges to a functional F' € C'(X)* if and only if

lim F,(¢) = F(9) (2.1.3)

for every function ¢ € C'(X).
If we do not assume X to be metrizable, weak™ topology is defined as the
smallest one in which all elements of C'(X) are continuous on C'(X)* (recall that
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¢ € C(X) acts on F € C(X)* by F(¢)). One says weak® to distinguish this
topology from the weak topology where one considers all continuous functionals
on C(X)* and not only those represented by f € C(X). This discussion of
topologies concerns of course every Banach space B and its dual B*.

Using the bijection established by Riesz representation theorem we can move
the weak* topology from C'(X)* to rca(X) and restrict it to M (X). The topol-
ogy on M(X) obtained in this way is usually called the weak* topology on the
space of probability measures (sometimes one omits * to simplify the language
and notation but one still has in mind weak*, unless stated otherwise). In view
of (2.1.3), if X is metrizable, this topology is characterized by the property that
a sequence {u, : n = 1,2,...} of measures in M(X) converges to a measure
w € M(X) if and only if

lim 1 (6) = 1(6) (2.1.4)

n— oo

for every function ¢ € C'(X). Such convergence of measures will be called weak*
convergence or weak convergence and can be also characterized as follows.

Theorem 2.1.4. Suppose that X is metrizable (we do not assume compactness
here). A sequence {u, : n = 1,2,...}, of Borel probability measures on X
converges weakly to a measure p if and only if lim,_ o pn(A) = u(A) for every
Borel set A such that u(0A) = 0.

Proof. Suppose that u, — p and p(0A) = 0. Then there exist sets Fq C IntA
and Ey D A such that (B \ E1) = ¢ is arbitrarily small. Indeed metrizability
of X implies that every open set, in particular intA, is the union of a sequence
of closed sets and every closed set is the intersection of a sequence of open sets.
For example IntA = (J;” {2 € X : inf, g p(z, 2) > 1/n} for a metric p.

Next, there exist f,g € C(X) with range in the unit interval [0, 1] such that
f is identically 1 on Eq, 0 on X \ intA, g identically 1 on cl A and 0 on X \ Fs.
Then pun(f) — p(f) and py(g) — p(g). As p(Er) < p(f) < plg) < p(E2) and
fin(f) < pin(A) < pin(g) we obtain

u(EY) < plf) = T p(f) < liminf g, (A)

< limsup g (A) <l pin(g) = p(g) < p(E2)-

As also u(Ey) < p(A) < p(Es), letting € — 0 we obtain limy, o pin (A) = p(A).

Proof in the opposite direction follows from the definition of integral: ap-
proximate uniformly an arbitrary continuous function f by simple functions
Zle g;lp, where E; = {z € X : &; < f(x) < €441}, for an increasing sequence
i,i=1,...,k such that e; — g;_1 < e and pu(f~'({&:})) =0, with ¢ — 0. It is
possible to find such numbers ¢; because only countably many sets f~!(a) for
a € R can have non-zero measure.

Example 2.1.5. The assumption pu(0A) = 0 is substantial. Let X be the
interval [0, 1]. Denote by ¢, the Dirac delta measure concentrated at the point
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x, which is defined by the following formula:

55(A) = 1, ifzeA
00, ifzg A

for all sets A € B .
Consider non-atomic probability measures p,, supported respectively on the
ball B(z, %) The sequence p,, converges weakly to d, but does not converge on

{z}.
Of particular importance is the following
Theorem 2.1.6. The space M(X) is compact in the weak™ topology.

This theorem follows immediately from compactness in weak™ topology of
any subset of C'(X)* closed in weak* topology, which is bounded in the standard
norm of the dual space C(X)* (compare for example [Dunford & Schwartz 1958,
V.4.3], where this result is proved for all spaces dual to Banach spaces). M (X)
is weak*-closed since it is closed in the dual space norm and convex, by Hahn—
Banach theorem. (Caution: convexity is a substantial assumption. Indeed,
the unit sphere in an infinite dimensional Banach space for example, is never
weak*-closed, as 0 is in its closure.

It turns out (see [Dunford & Schwartz 1958, V.5.1]) that if X is compact
metrizable, then every weak*-compact subset of the space C(X)* with weak*
topology is metrizable, hence in particular M (X) is metrizable. (Caution:
C(X)* itself is not metrizable for infinite X. The reason is for example that it
does not have a countable basis of topology at 0.)

Let now T : X — X be a continuous transformation of X. The mapping
T is measurable with respect to the Borel o-algebra. At the very beginning
of Section 1.2 we have defined T-invariant measures p to satisfy the condition
p = poT~1 It means that Borel probability T-invariant measures are exactly
the fixed points of the transformation 7 : M(X) — M(X) defined by the
formula T, (p) = po T

We denote the set of all T-invariant measures in M (X) by M(X,T). This
notation is consistent with the notation from Section 1.2. We omit here the
o-algebra F because it is always the Borel o-algebra B.

Noting that [¢d(poT™) = [¢oTdu for any p € M(X) and any inte-
grable function ¢ (Proposition 1.2.1), it follows from Lemma 2.1.3 that a Borel
probability measure p is T-invariant if and only if for every continuous function
¢: X —-R

/mm: /qSonu. (2.1.5)

In order to look for fixed points of T, one can apply the following very general
result whose proof (and the definition of locally convex topological vector spaces,
abbreviation: LCTVS) can be found for example in [Dunford & Schwartz 1958]
or [Edwards 1995].
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Theorem 2.1.7 (Schauder-Tychonoff Theorem [Dunford & Schwartz 1958, V.10.5]).
If K is a non-empty compact convex subset of an LCTVS then any continuous
transformation H : K — K has a fixed point.

Assume from now on that X is compact and metrizable. In order to
apply the Schauder—Tychonoff theorem consider the LCTVS C(X)* with weak*
topology and K C C(X)*, being the image of M(X) under the identification
between measures and functionals, given by the Riesz representation theorem.
With this identification we can consider T, acting on K. Notice that T is
continuous on M (X) (or K) in the weak* topology. Indeed, if u,, — p weakly*,
then for every continuous function ¢ : X — R, since ¢ o T' is continuous, we
get f1n(60 T) — p(é 0 T), ie. Tu(n)(6) — Tu(u)(@), hence T (in) — T ()
weakly*.

We obtain

Theorem 2.1.8 (Bogolyubov—Krylov theorem [Walters 1982, 6.9.1]). If T :
X — X is a continuous mapping of a compact metric space X, then there exists
on X a Borel probability measure p invariant under T'.

Thus, our space M (X,T) is non-empty. It is also weak* compact, since it is
closed as the set of fixed points for a continuous transformation.

As an immediate consequence of this theorem and Theorem 1.8.11 (Ergodic
Decomposition Theorem), we get the following:

Corollary 2.1.9. If T': X — X is a continuous mapping of a compact metric
space X, then there exists a Borel ergodic probability measure u invariant under
T.

We shall use the notation M. (X, T) for the set of all ergodic measures in
M(X,T). Write also £(M (X, T)) for the set of extreme points in M(X,T).

Thus, because of Theorem 1.2.8 and Corollary 2.1.9, we know that M. (X,T) =
EM(X,T)) #0.

In fact Corollary 2.1.9 can be obtained in a more elementary way without
using Theorem 1.8.11. Namely it now immediately follows from Theorem 1.2.8
and the following

Theorem 2.1.10 (Krein—Milman theorem on extreme points [Dunford & Schwartz 1958,
V.8.4]). If K is a non-empty compact convex subset of an LCTVS then the set

E(K) of extreme points of K is nonempty and moreover K is the closure of the

convex hull of E(K).

Below we state Choquet’s representation theorem which is stronger than
Krein—Milman theorem. It corresponds to the Ergodic Decomposition The-
orem (Theorem 1.8.11). We formulate it in C'(X)* with weak® topology as
in [Walters 1982, p. 153]. The reader can find a general LCTVS version in
[Phelps 1966]. For example it is sufficient to add to the assumptions of the
Krein—-Milman theorem, the metrizability of K.

We rely here also on [Ruelle 1978, Appendix A.5], where the reader can find
further references.
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Theorem 2.1.11 (Choquet representation theorem). Let K be a nonempty
compact convex set in M (X) with weak* topology, for X a compact metric space.

Then for every i € K there exists a “mass distribution” i.e. measure oy, €
M(E(K)) such that

p= [ mda(m).

This integral converges in weak®™ topology which means that for every f € C(X)

u() = [ mip)da(m). (2.1.6)

Notice that we have had already the formula analogous to (2.1.6) in Remark
1.6.10.

Notice that Krein—-Milman theorem follows from Choquet representation the-
orem because one can weakly approximate cy, by measures on £(K) with finite
support (finite linear combinations of Dirac measures).

Exercise. Prove that if we allow ¢, to be supported on the closure of £(K),
then the existence of such «,, follows from the Krein-Milman theorem.

Example 2.1.12. For K = M(X) we have £(K) = {Dirac measures on X }.
Then o, {0, : © € A} = pu(A) for every A € B defines a Choquet representation
for every p € M(X). (Exercise)

Choquet’s theorem asserts the existence of o, satisfying (2.1.6) but does not
claim uniqueness, which is usually not true. A compact closed set K with the
uniqueness of «,, satisfying (2.1.6), for every p € M(K) is called simplex (or
Choquet simplex).

Theorem 2.1.13. the set K = M(X) or K = M(X,T) for every continuous
T:X — X is a simplex.

A proof in the case of K = M(X) is very easy, see Example 2.1.12. A
proof for K = M (X,T) is not hard either. The reader can look in [Ruelle 1978,
A.5.5]. The proof there relies on the fact that two different measures 1, ug €
E(M(X,T)) are singular (see Theorem 1.2.6). Observe that ||pu; — p2|| = 2. One
proves in fact that for every pi, o € M(X,T), |lap, — au,ll = |1 — p2ll-

Let us go back to Schauder—Tychonoff theorem (Th 2.1.7). We shall use it
in this book later, in Section 4.2, for maps different from 7. Just Bogolyubov—
Krylov theorem proved above with the help of Theorem 2.1.7, has a different
more elementary proof due to the fact that 7. is affine. A general theorem on
the existence of a fixed point for a family of commuting continuous affine maps
on K is called Markov—Kakutani theorem, [Dunford & Schwartz 1958, V.10.6],
[Walters 1982, 6.9]).

Remark 2.1.14. An alternative proof of Theorem 2.1.8. Take an arbi-
trary v € M(X) and consider the sequence

1 n—1 )
/‘n:/‘n(’/):ﬁ T!(v)
7=0
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In view of Theorem 2.1.4, it has a weakly convergent subsequence, say {fin, :
k=1,2,...}. Denote its limit by p. We shall show that p is T-invariant.
We have

i) =T - 2_: 1) = (o bl 7270 )

Jj=0

So for every ¢ € C(X) we have

() — Ti(pu(9))| =

i (e (6) — T2 (100 )(9)) | <

c— OO

2
lim = |u(6) = T (0)(¢)] < Jlim ~{[6]]oc = 0.
—o00 N

k—oo N

This in view of Lemma 2.1.3 finishes the proof.

Remark 2.1.15. If in the above proof we consider v = J,, a Dirac measure,
then TY(0,) = O7i () and pn(¢) = %E;:ol ¢(T?(x)). If we have a priori u €
M(X,T) then

n—1
1
j=0

is weakly convergent for u-a.e. z € X by Birkhoff’s Ergodic Theorem.

Remark 2.1.16. Recall that in Birkhoft’s Ergodic Theorem (Chapter 1), for
w € M(X,T) for every integrable function ¢ : X — R one considers
lim,, o0 %Z;L;ol #(T7(z)) for a.e. x. This “almost every” depends on ¢. If X is
compact, as it is the case in this chapter, one can reverse the order of quantifiers
for continuous functions.

Namely there exists A € B such that u(A) =1 and for every ¢ € C(X) and
z € A the limit limy, oo £ Z;:()l #(T7(x)) exists.

Remark 2.1.17. We could take in Remark 2.1.14 an arbitrary sequence v,, €
M (X) and take p,, := pi,, (v,). This gives a general method of constructing mea-
sures in the space M(X,T), see for example the proof of Variational Principle
in Section 2.5. This point of view is taken from [Walters 1982].

We end this Section with the following lemma useful in the sequel.

Lemma 2.1.18. For every finite partition P of the space (X, B, u), with X a
compact metric space, B the Borel o-algebra and p € M (X, T'), if Y 4cp (0A) =
0, then the entropy H,(P) is a continuous function of v € M(X,T) at u. The
entropy h, (T, P) is upper semicontinuous at p.

Proof. The continuity of H, (P) follows immediately from Theorem 2.1.4. This
fact applied to the partitions \/?;11 T—'P gives the upper semicontinuity of
h, (T,P) being the limit of the decreasing sequence of continuous functions
LH, (V72 T~7P). See Lemma 1.4.3. &
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2.2 Topological pressure and topological entropy

This section is of topological character and no measure is involved. We introduce
and examine here some basic topological invariants coming from thermodynamic
formalism of statistical physics.
Let U = {A;}ier and V = {B,}jecs be two covers of a compact metric space
X. We define the new cover U V V putting
Uvy={A;nNB;: iel, jeJ} (2.2.1)
and we write
U<y VjeJEquBj C A; (2.2.2)
Let, as in the previous section, T': X — X be a continuous transformation of
X. Let ¢ : X — R be a continuous function. In the context of this book such a
function is often called potential. Let U be a finite, open cover of X. For every
integer n > 1, we set
U =UNT I U)v...vT~ "= D),

for every set Y C X,

Spo(Y) = sup{nz:lgbo TF(z) :z € Y},

k=0
and for every n > 1,
Zn(o,U) = igf{z exp Sngb(U)} (2.2.3)
Uey

where V ranges over all covers of X contained (in the sense of inclusion) in U".
The quantity Z,(¢,U) is sometimes called the partition function.

Lemma 2.2.1. The limit P(p,U) = lim,,— oo %log Zn(9,U) exists and moreover
it is finite. In addition P(¢,U) > —||d]|oc-

Proof. Fix m,n > 1 and consider arbitrary covers V C U™, G C U™ of X. If
UeV and V €G then

and thus

exp(Smind(UNT~™(V))) < exp Spd(U) exp Spo(V)

Since UNT~™(V) € VV T ™G) C U™V T~ ™U"™) = U™, we therefore
obtain,

Zimin (@) < 323 exp(San f(U N T (V)))

Uey Veg

< Z Z exp S d(U) exp Spo(V)

Uey veg

= expSnp(U ZexpS DV (2.2.4)

Uey
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Ranging now over all V and G as specified in definition (2.2.3), we get Z,, 1, (¢, U) <
Zon(6,U) - Z(,U). This implies that

108 Zim0(0,U) < log Zn(¢,U) + log Zy, (9, U).

Moreover, Z,(¢,U) > exp(—n||¢||eo). S0, log Zp(p,U) > —nl|¢||. Now to
finish the proof we apply Lemma 1.4.3. &

Notice that, although in the notation P(¢,U), the transformation T' does
not directly appear, however this quantity depends obviously also on T'. If we
want to indicate this dependence we write P(T, ¢,U) and similarly Z,, (T, ¢,U)
for Z,,(¢,U). Given an open cover V of X let

osc(¢, V) = sup (sup{|¢(z) — d(y)| : 2,y € V}).
vey

Lemma 2.2.2. IfU and V are finite open covers of X such that U =V, then
P(¢au) > P(¢7 V) - OSC(¢) V)

Proof. Take U € U™. Then there exists V = i(U) € V" such that U C V. For
every x,y € V we have |S,o(z) — Sp,d(y)| < osc(¢,V)n and therefore
Snod(U) > Spod(V) — osc(o, V)n (2.2.5)

Let now G C U™ be a cover of X and let G ={i(U):U eU™}. The family G is
also an open finite cover of X and G C V™. In view of (2.2.5) and (2.2.3) we get

Z exp Spd(U) > Z exp Sp(V)e 05c@Vn > gmosc(@VInz (4 V),
Ueg Veg

Therefore, applying (2.2.3) again, we get Z,,(¢,U) > exp(— osc(p, V)n) Zp (6, V).

Hence P(¢,U) > P(¢p, V) — osc(o, V). L)

Definition 2.2.3 (topological pressure). Consider now the family of all se-
quences (V,,)22; of open finite covers of X such that

lim diam(V,) =0, (2.2.6)

n—oo

and define the topological pressure P(T, ¢) as the supremum of upper limits

lim sup P(¢, V),

taken over all such sequences. Notice that by Lemma 2.2.1, P(T, ¢) > —||¢||co-

The following lemma gives us a simpler way to calculate topological pressure,
showing that in fact in its definition we do not have to take the supremum.

Lemma 2.2.4. If (U,)2 is a sequence of open finite covers of X such that
lim,, . diam(U,) = 0, then the limit lim, o, P(¢,U,) exists and is equal to

P(T, ¢).
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Proof. Assume first that P(T, ¢) is finite and fix ¢ > 0. By the definition of
pressure and uniform continuity of ¢ there exists VW, an open cover of X, such
that

osc(d, W) < % and P(¢, W) > P(T, ¢) — % (2.2.7)
Fix now ¢ > 1 so large that for all n > ¢, diam(l,,) does not exceed a Lebesgue
number of the cover W. Take n > ¢. Then U,, > W and applying (2.2.7) and
Lemma 2.2.2 we get

€ E €
Hence, letting ¢ — 0, liminf, . P(¢,U,) > P(T,$). This finishes the proof
in the case of finite pressure P(7), ¢). Notice also that actually the same proof
goes through in the infinite case. &

= P(T,¢) —e. (2.2.8)

Since in the definition of numbers P(¢, ) no metric was involved, they do
not depend on a compatible metric under consideration. And since also the
convergence to zero of diameters of a sequence of subsets of X does not depend
on a compatible metric, we come to the conclusion that the topological pressure
P(T, ¢) is independent of any compatible metric (depends of course on topology).

The reader familiar with directed sets will notice easily that the family of
all finite open covers U of X equipped with the relation ”<" is a directed set
and topological pressure P(7T, ¢) is the limit of the generalized sequence P(¢,U).
However we can assure him/her that this remark will not be used anywhere in
this book.

Definition 2.2.5 (topological entropy). If the function ¢ is identically zero,
the pressure P(T), ¢) is usually called topological entropy of the map T and is
denoted by hiop(T"). Thus, we can define

. 1 .
hiop(T') = SB{p llrrlrisolip - log (ulnnjv #V).
Notice that, due to ¢ = 0, we could replace limgjam)—o P(¢,U) in the definition
of topological pressure, by sup;, here, and V being a subset of U™ by U™ < V.

In the rest of this section we establish some basic elementary properties of
pressure and provide its more effective characterizations. Applying Lemma 2.2.2,
we obtain

Corollary 2.2.6. If U is a finite, open cover of X, then P(T,¢) > P(o,U) —
osc(o,U).

Lemma 2.2.7. P(T", Sp,¢) = nP(T, ¢) for everyn > 1. In particular hyop(T™) =
nhmp(T).

Proof. Put g = S,¢. Take U, a finite open cover of X. Let U =U VT~ (U) Vv
.V T~(=D(). Since now we actually deal with two transformations 7" and
T™, we do not use the symbol U™ in order to avoid possible misunderstandings.
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For any m > 1 consider an open set U € UV T HU) V...V T-(rm=D ) =
UNVT UV ...V T~™"=D(f). Then for every x € U we have

mn—1

m—1
ZgﬁoTk ZgoT"k
k=0

and therefore, Spp,d(U) = S,g(U), where the symbol S, is considered here
with respect to the map 7. Hence Z,,,(T,¢,U) = Zn(T", g,U), and this
implies that P(T", g,U) = nP(T, ¢,U). Since given a sequence (Uy)?, of open
covers of X whose diameters converge to zero, the diameters of the sequence of
its refinements U}, also converge to zero, applying now Lemma 2.2.4 finishes the
proof. &

Lemma 2.2.8. If T : X — X and S : Y — Y are continuous mappings of
compact metric spaces and w : X — Y is a continuous surjection such that
Som=moT, then for every continuous function ¢ : Y — R we have P(S, ¢) <

P(T,¢pom).
Proof. For every finite, open cover U of Y we get
P(S,6,U) =P(T,pom,m *(U)). (2.2.9)
In view of Corollary 2.2.6 we have
P(T,pom)>P(T,¢pom a t(U)) —osc(pom, 7 (U))
=P(T,¢pom, 7 (U)) — osc(p,U). (2.2.10)

Let (U,)52 4, be a sequence of open finite covers of ¥ whose diameters converge
to 0. Then also lim,_,o 0sc(¢,Uy)) = 0 and therefore, using Lemma 2.2.4,
(2.2.9) and (2.2.10) we obtain

P(S,6) = lim P(S,6,Uy) = lim P(T,¢om 7 Uy)) < P(T,d07)
The proof is finished. &

In the sequel we will need the following technical result.

Lemma 2.2.9. If U is a finite open cover of X then P(¢,U*) = P(¢,U) for
every k > 1.

Proof. Fix k > 1 and let v = sup{|Si—1¢(x)| : * € X}. Since Spin_16(x) =
Snd(x) + Sk—10(T"(x)), for every n > 1 and z € X, we get

Snp(x) =7 < Skyn-10(z) < Snd(x) +
Therefore, for every n > 1 and every U € (*+7—1,
Snd(U) =7 < Skan-10(U) < Spd(U) +
Since (U*)™ = UkT"1  these inequalities imply that
€ Zn(0,U) < Zpnin—1(d,U) < €7 Zn(p,U").

Letting now n — oo, the required result follows. &
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2.3 Pressure on compact metric spaces

Let p be a metric on X. For every n > 1 we define the new metric p, on X by
putting
pn(x,y) = max{p(T7(z), T’ (y)) : j =0,1,...,n — 1}.

Given r > 0 and = € X by B, (z,r) we denote the open ball in the metric p,
centered at x and of radius r. Let ¢ > 0 and let n > 1 be an integer. A set I' C X
is said to be (n, e)-spanning if and only if the family of balls { B, (x,¢) : x € F'}
covers the space X. A set S C X is said to be (n,e)-separated if and only if
pn(z,y) > € for any pair x,y of different points in S. The following fact is
obvious.

Lemma 2.3.1. Every maximal, in the sense of inclusion, (n,e)-separated set
forms an (n,e)-spanning set.

We would like to emphasize here that the word maximal referring to sep-
arated sets will be in this book always understood in the sense of inclusion
and not in the sense of cardinality. We finish this section with the following
characterization of pressure.

Theorem 2.3.2. For every ¢ > 0 and every n > 1 let F,(¢) be a maximal
(n,e)-separated set in X. Then

P(T, ¢) = lim lim sup 1 log Z exp S, o(x)

£20 n—oo z€F,(¢)

1
= lim lim inf — log Z exp Spd(x).

e—0 n—oo N
-TEFIL(E)

Proof. Fix € > 0 and let U(e) be a finite cover of X by open balls of radii £/2.
For any n > 1 consider U, a subcover of U ()™ such that

Zn(¢,U()) =Y exp S (U),
vel

where Z,,(¢,U(e)) was defined by formula (2.2.3). For every x € F, (¢) let U(x)
be an element of U containing z. Since F,(¢) is an (n,e)-separated set, we
deduce that the function x — U(x) is injective. Therefore

Zn(0,U(€) =Y expSpud(U) > Y expSpp(U(x) > D expSnd(a).
veu

z€F, () z€F,(g)

Thus by Lemma 2.2.1,

P(¢,U(e)) > limsup ! log Z exp Spd(x).

n
oo 2€F, ()
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Hence, letting ¢ — 0 and applying Lemma 2.2.4 we get

P(T, ¢)>hmbuphmbup log Z exp Spd(x). (2.3.1)

e=0 neo z€F, (¢g)

Let now V be an arbitrary finite open cover of X and let § > 0 be a Lebesgue
number of V. Take ¢ < §/2. Since for any £k = 0,1,...,n — 1 and for every
x € Fy(e),

diam(Tk By (z,€))) < 2e <6,

(
we conclude that for some Ug(z) € V,
T*(By(x,¢€)) C Up(x).

Since the family {B,(x,¢) : © € F,,(¢)} covers X (by Lemma 2.3.1), it implies
that the famlly {U(z ) € F,(e)} € V™ also covers X, where U(z) = Up(z) N
T Uy(z))N...nT==(U,_(x)). Therefore,

Zn(0,V) < Y expSpd(U(x)) < explosc(s, V)n) Y expSud(x).

zE€F, () zEF, (g)

Hence

1
- N
P(¢,V) <osc(o,V) + hnrrilgf - log E exp Spé(x),

zEFy, (5)
and consequently

P(¢,V) —osc(p,V) < 11m 161f lim inf 1 log Z exp Spd(x).

n—oo N
-TEFIL(E)

Letting diam(V) — 0 we get

P(T,¢) < liminf lim mf —log Z exp Spd(x).

e—0 n—oo n
zEF,(g)

Combining this and (2.3.1) finishes the proof. &

Frequently we shall use the notation

— 1
P(T,¢,e) := limsup - log Z exp Spd(x)

nmee z€F, ()

and 1
P(T, ¢,¢) := liminf — log Z exp S, o(x)
n—oo n
z€F, ()
Actually these limits depend also on the sequence (F), (€))% ; of maximal (n,€)-
separated sets under consideration. However it will be always clear from the
context which sequence is being considered.
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2.4  Variational Principle

In this section we shall prove the theorem called Variational Principle. It has
a long history and establishes a useful relationship between measure-theoretic
dynamics and topological dynamics.

Theorem 2.4.1 (Variational Principle). If T : X — X is a continuous trans-
formation of a compact metric space X and ¢ : X — R is a continuous function,
then

P(T, ¢) = sup {h,,(T) + [oduine M(T)} ,

where M (T) denotes the set of all Borel probability T-invariant measures on X .
In particular, for ¢ =0,

hiop(T) = sup{hu(T) : p € M(T)}.

The proof of this theorem consists of two parts. In the Part I we show that
by, (T)+ [ ¢ dp < P(T, ¢) for every measure o € M (T') and the Part I is devoted
to proving inequality sup{h,(T) + [¢dp: p € M(T)} > P(T, $).

Proof of Part I. Let p € M(T). Fix ¢ > 0 and consider a finite partition
U ={A,...,As} of X into Borel sets. One can find compact sets B; C A;,
i=1,2,...,s, such that for the partition V = {By,...,Bs, X \ (B1U...UBy)}
we have

HH(U|V) S &

where the conditional entropy H,(U|V) has been defined in (1.3.3). Therefore,
as in the proof of Theorem 1.4.4(d), we get for every n > 1 that
H,(U") <H,(V") + ne. (2.4.1)

Our first aim is to estimate from above the number H, (V") + [ S,¢dpu.
Putting b, = 3 5y €xp S, ¢(B), keeping notation k(x) = —rlogx, and using
concavity of the logarithmic function we obtain by Jensen inequality,

H, (V") + / Suddu < S u(B)(Suo(B)  log u(B)

Beyn

= > w(B)log(e5 P /u(B))

Beyn

< log( Z eS”‘z’(B)). (2.4.2)
Beyn

(Compare the Finite Variational Principle in the Introduction).
Take now 0 < § < 3 inf{p(B;,B;): 1 <i# j < s} > 0 so small that

lo(z) — d(y)| <e (2.4.3)
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whenever p(z,y) < ¢. Consider an arbitrary maximal (n, §)-separated set E,,(9).
Fix B € V™. Then, by Lemma 2.3.1, for every x € B there exists y € E,(9)
such that = € B, (y,0), whence |S,¢(x) — S,d(y)| < en by (2.4.3). Therefore,
using finiteness of the set E, (), we see that there exists y(B) € E,(J) such
that

Snd(B) < Snd(y(B)) + en (2.4.4)

and

B0 Ba(y(B),6) # 0.
The definitions of § and of the partition V imply that for every z € X,
#{B€V:BNBi(z,0) A0} <2.

Thus

#{B e V": BN B,(z,0) #0} <2™
Therefore the function V" 3 B +— y(B) € E,(0) is at most 2™ to 1. Hence,
using (2.4.4),

2n Z exp S, o(y) > Z exp(Sn¢(B) —en) =e " Z exp S, ¢(B).

yeE,(5) Beyn Bevn

Taking now the logarithms of both sides of this inequality, dividing them by n
and applying (2.4.2), we get

Y

log2 + %1og ( Z exp ané(y)) —e+ % log ( Z exp Sn¢(B))

YEEL(5) Beyn

H, (V") + /S(bdu—&

I \/

So, by (2.4.1),

g (3 expSu6() = T HWY + [ odu— (2 +log2).

YELE,(J)

In view of the definition of entropy h, (T, U), presented just after Lemma 1.4.2,
by letting n — oo, we get

P(T,¢,6) > h,(T.U) + /(bd,u — (2e + log2).

Applying now Theorem 2.3.2 with § — 0 and next letting ¢ — 0, and finally
taking supremum over all Borel partitions U lead us to the following



2.4. VARIATIONAL PRINCIPLE 91

And applying with every n > 1 this estimate to the transformation 7™ and to
the function S, ¢, we obtain

PT",5,0) = by(T") + [ Su0dn — log?

or equivalently, by Lemma 2.2.7 and Theorem 1.4.6(a)

nP(T,¢) > nh,,,(T)—Fn/géd,u—log?

Dividing both sides of this inequality by n and letting then n — oo, the proof
of Part I follows. &

In the proof of part IT we will need the following two lemmas.

Lemma 2.4.2. If pu is a Borel probability measure on X, then for every e > 0
there exists a finite partition A such that diam(A) < e and p(0A) = 0 for every
Ac A

Proof. Let E = {x1,...,x5} be an £/4-spanning set (that is with respect to the
metric p = p1) of X. Since for every i € {1,...,s} the sets {z : p(x, z;) = 7},
e/4 < r < g/2, are closed and mutually disjoint, only countably many of them
can have positive measure pu. Hence, there exists £/4 < t < £/2 such that for
every i € {1,...,s}

uw({x: pla,x;) =t}) = 0. (2.4.5)

Define inductively the sets Ay, Aa, ..., A putting 41 = {x : p(x,x1) < t} and
for every i =2,3,...,s

A; = {xp(x,xl) St}\(Al UAQU...UAifl).

The family U = {4;,..., A} is a partition of X with diameter not exceeding
e. Using (2.4.5) and noting that generally 9(A\ B) C AU OB, we conclude by
induction that u(0A;) =0 for every i = 1,2,...,s. &

Proof of Part II. Fixe > 0andlet E,(¢), n = 1,2, ..., be asequence of maximal
(n,e)-separated set in X. For every n > 1 define measures

2weB,(e) Oz XD Sno ()
> we By (e) ©XP Snd(2)

1 n—1
L = andmn:—ZunOT*k,
n
k=0
where 0, denotes the Dirac measure concentrated at the point x (see (2.1.2)).

Let (n;)$2, be an increasing sequence such that m,,, converges weakly, say to
m and

1 1
lim — = lim sup — . 4.
Jim o log g exp S, o(x) h}q,rfolip - log g exp S, o(x) (2.4.6)
z€EER, (e) z€E,(¢)
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Clearly m € M(T). In view of Lemma 2.4.2 there exists a finite partition ~
such that diam(y) < e and p(0G) = 0 for every G € ~. For any n > 1 put
In = D pep, (c) €XP Snd(2). Since #(GNEy, () < 1 for every G € 4", we obtain

un /S ¢dﬂn = Z (_ 1Ogﬂn(x) + Sn¢(x))ﬂn(x)

z€E, ()
2EBn(e) In 9n
= 0.0 D expSnd(a)(Snd(x) — Sn(x) +loggn)
z€E, ()
= log gn, (2.4.7)

Fix now M € N and n > 2M. For j = 0,1,...,M — 1, let s(j) = E(%=) — 1,
where E(z) denotes the integer part of x. Note that

s(7)
\/ T~ CMIDAM — pin oy T @OMAD=(M-1),
k=0
=T iy ... vT - (OFHME-1),
and
(sG+DM+j—-1<n—j+j-1=n-1
Therefore, setting R; = {0,1,...,5—1,(s(j)+1)M+j,...,n—1}, we can write

s(9)
= S\} T RMEDAM  \ [ iy,

iER;
Hence
ZH” kMJrj) —|—Hun ( \/ T 7)
i€R;
s(J)
< ZHH,LOT—(A:AHJ)( ) + log ( ( \/ T ))
=0 i€R;
Summing now over all j =0,1,..., M — 1, we then get
M—1 s(j)
S H,moT—(kM+j) (’VM) + Z log(#,y#Rj)
j=0 k=0 =
n—1

H/LnoT_" (fyM) + 2M2 IOg #7

agh

VAN
ST
T o

L3 pnoT (YM) + 2M? log #7.
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And applying (2.4.7) we obtain,

Mlog( Z exp ané(x)) <nH,, (*yM) + M / Sp dpin + 2M? log #7.
wEEn(E)

Dividing both sides of this inequality by Mn, we get,

1 1 M
Elog( Z exp S, () < MHm" /(bdm,7 2—10g#*y

z€E, ()

Since 9T ~(A) C T~1(DA) for every set A C X, the measure m of the bound-
aries of the partition 7™ is equal to 0. Letting therefore n — oo along the
subsequence {n;} we conclude from this inequality, Lemma 2.1.18 and Theo-

rem 2.1.4 that .

B(T.6,) < 3 Hu(r™) + [ odm.

Now letting M — oo we get,

P(6.2) <o)+ [odm <sup {0+ [oausne v},

Applying finally Theorem 2.3.2 and letting € \, 0, we get the desired inequality.
&

Corollary 2.4.3. Under assumptions of Theorem 2.4.1

P(T, ¢) = sup{h, (T /mwueM@»

where M (T) denotes the set of all Borel ergodic probability T-invariant mea-
sures on X.

Proof. Let p € M(T) and let {yu, : € X} be the ergodic decomposition of .
Then hy, = [h,, du(z) and [¢dp = [([ ¢dp,)du(z). Therefore

hu+/¢du:/<huw+/¢dm> dp(z)

and consequently, there exists z € X such that h,, + [¢du, > h,+ [ddu
which finishes the proof. &

Corollary 2.4.4. If T : X — X is a continuous transformation of a compact
metric space X, ¢ : X — R is a continuous function and Y is a forward
invariant subset of X (i.e. T(Y) CY), then P(T|y,¢ly) < P(T, ).

Proof. The proof follows immediatly from Theorem 2.4.1 by the remark that
each T'|y-invariant measure on Y can be treated as a measure on X and it is
then T-invariant. &
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2.5 Equilibrium states and expansive maps

We keep in this section the notation from the previous one. A measure u € M(T)
is called an equilibrium state for the transformation 7" and function ¢ if

P(T, ¢) = hy(T) + / b

The set of all those measures will be denoted by E(¢). In the case ¢ = 0 the
equilibrium states are also called mazimal measures. Similarly (in fact even
easier) as Corollary 2.4.4 one can prove the following.

Proposition 2.5.1. If E(¢) # 0 then E(p) contains ergodic measures.

As the following example shows there exist transformations and functions
which admit no equilibrium states.

Example 2.5.2. Let {7, : X,, — X,,}»>1 be a sequence of continuous map-
pings of compact metric spaces X,, such that for every n > 1

hiop(Th) < hiop(Tht1) and sup hyop(T,) < 00 (2.5.1)

The disjoint union €52, X, of the spaces X, is a locally compact space, and let
X ={w}UuaX X, be its Alexandrov one-point compactification. Define the
mapT: X — X by T|x, =T, and T'(w) = w. The reader will check easily that
T is continuous. By Corollary 2.4.4 hiop(75,) < hiop(T") for all n > 1. Suppose
that p is an ergodic maximal measure for 7. Then u(X,,) = 1 for some n > 1
and therefore

htOD (T) = hu(Tn) < ht0p (Tn) < ht0p (TnJrl) < ht0p (T)

which is a contradiction. In view of Proposition 2.5.1 this shows that 7" has no
maximal measure.

A more difficult problem is to find a transitive and smooth example without
maximal measure (see for instance [Misiurewicz 1973]).

The remaining part of this section is devoted to provide sufficient conditions
for the existence of equilibrium states and we start with the following simple
general criterion which will be the base to obtain all others.

Proposition 2.5.3. If the function M(T) 3 p — h,(T) is upper semi-continuous
then each continuous function ¢ : X — R has an equilibrium state.

Proof. By the definition of weak* topology the function M(T) > p — [ ¢du
is continuous. Therefore the lemma follows from the assumption, the weak*-
compactness of the set M (T") and Theorem 2.4.1 (Variational Principle). &

As an immediate consequence of Theorem 2.4.1 we obtain the following.

Corollary 2.5.4. If hio,(T) = 0 then each continuous function on X has an
equilibrium state.
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A continuous transformation 7' : X — X of a compact metric space X
equipped with a metric p is said to be (positively) expansive if and only if

3§ > 0 such that (p(T" (), T"(y)) <6Vn>0) =z =y.

The number § which appeared in this definition is called an expansive constant
for T: X — X.

Although at the end of this section we will introduce a related but different
notion of expansiveness of homeomorphisms, we will frequently omit the word
"positively”. Note that the property of being expansive does not depend on the
choice of a metric compatible with the topology. From now on in this chapter
the transformation 7" will be assumed to be positively expansive, unless stated
otherwise. The following lemma is an immediate consequence of expansiveness.

Lemma 2.5.5. If A is a finite Borel partition of X with diameter not ex-
ceeding an expansive constant then A is a generator for every Borel probability
T-invariant measure @ on X.

The main result concerning expansive maps is the following.

Theorem 2.5.6. If T : X — X is positively expansive then the function
M(T) > p — h,(T) is upper semi-continuous and consequently (by Proposi-
tion 2.5.8) each continuous function on X has an equilibrium state.

Proof. Let § > 0 be an expansive constant of 7" and let p € M(T). By
Lemma 2.4.2 there exists a finite partition A of X such that diam(A) < §
and pu(0A) =0 for every A € A.

Consider now a sequence (p,)22; of invariant measures converging weakly
to p. In view of Lemma 2.5.5 and Theorem 1.8.7(b), we have

h, (T) = h, (T, A)

for every v € M(T), in particular for v = p and v = p, withn = 1,2,....
Hence, due to Lemma 2.1.18

h,(T) =h,(T, A) > limsuph,, (T, A) =limsuph,, (T).

n—oo n—oo
The proof is finished. &
Below we prove three additional interesting results about expansive maps.

Lemma 2.5.7. IfU is a finite open cover of X with diameter not exceeding an
expansive constant of an expansive map T : X — X, then lim,,_,o diam(U") =
0.

Proof. Let U = {Uy,Us,...,Us}. By expansiveness for every sequence (a,)>
of elements of the set {1,2,...,s}

#(OT@) <1
n=0
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and hence
k
lim diam ( TOOT_H(W")) =0.

Therefore, given a fixed € > 0 there exists a minimal finite & = k({a,}) such
that

k
diam (DOT_"(U%)) <e.

Note now that the function {1,2,..., s} 3 {a,} — k({a,}) is continuous, even
more, it is locally constant. Thus, by compactness of the space {1,2,..., s},
this function is bounded, say by ¢, and therefore

diam(U") < e
for every n > t. The proof is finished. &

Combining now Lemma 2.2.4, Lemma 2.5.7 and Lemma 2.2.9, we get the
following fact corresponding to Theorem 1.8.7 b).

Proposition 2.5.8. IfU is a finite open cover of X with diameter not exceeding
an expansive constant then P(T, ¢) = P(T, ¢, U).

As the last result of this section we shall prove the following.

Proposition 2.5.9. There exists a constant 1 > 0 such that Ve > 03n(e) > 1,
such that

p(,y) > € = pne)(z,y) > 1.

Proof. Let U = {Uy,Us,...,Us} be a finite open cover of X with diameter not
exceeding an expansive constant d and let  be a Lebesgue number of U. Fix
e > 0. In view of Lemma 2.5.7 there exists an n(¢) > 1 such that

diam(U™¥)) < e. (2.5.2)
Let p(x,y) > € and suppose that p,)(z,y) < 7. Then,

V(0<j<n(e)—1) 3(Us;, €U) such that T7(z), T (y) € U;

J

and therefore
n(e)—1

x,y € ﬂ T (U;,) € ure)
3=0

Hence diam(U™)) > p(z,y) > € which contradicts (2.5.2). The proof is fin-
ished. &



2.6. FUNCTIONAL ANALYSIS APPROACH 97

As we have mentioned at the begining of this section there is a notion related
to positive expansiveness which makes sense only for homeomorphisms. Namely
we say that a homeomorphism T : X — X is expansive if and only if

36 > 0 such that (p(T"(x), T"(y)) <d Vne€Z) =z =y

We will not explore this notion in our book — we only want to emphasize that
for expansive homeomorphisms analogous results (with obvious modifications)
can be proved (in the same way) as for positively expansive mappings. Of course
each positively expansive homeomorphism is expansive. However if there exists
a positively expansive homeomorhism 7' : X — X for X a compact metric
space, then X is finite. See for example [Coven & Keane 2006].

2.6 Topological pressure as a function on the
Banach space of continuous functions. The
issue of uniqueness of equilibrium states

Let T : X — X be a continuous mapping of a compact topological space

X. We shall discuss here the topological pressure function P : C(X) — R,

P(¢) = P(T,¢). Assume that the topological entropy is finite, hyop(T') < o0.
Hence, the pressure P is also finite, because for example

P(6) < huop(T) + sup 6. (2.6.1)

This estimate follows directly from the definitions, see Section 1.2. It is also an
immediate consequence of Theorem 2.4.1 (Variational Principle) in case X is
metrizable.

Let us start with the following easy

Theorem 2.6.1. The pressure function P is Lipschitz continuous with the Lip-
schitz constant 1.

Proof. Let ¢ € C(X). Recall from Section 2.2 that in the definition of pressure
we have considered the following partition function
Zu(6,U) = inf{ 3" exp S10(U) |,
vev

where V ranges over all covers of X contained in U4™. Now if also ¢ € C(X),
then we obtain for every open cover U and positive integer n that

Zo(,U)e 110701 < 7, (6. U) < Z,, (0, U)oV lln

Taking limits if n 7~ oo we get P(¢)) — ||¢ — ¢[|c < P(¢) < P¥) + [[¢ = ¢l|oo,
hence |[P(¢) — P(¢)| < [[¢ — ¢l[co- L

Theorem 2.6.2. If X is a compact metric space then the topological pressure
function P : C(X) — R is convex.
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We provide two different proofs of this important theorem. One elementary,
the other relying on the Variational Principle (Theorem 2.4.1).

Proof 1. By Hoélder inequality applied with the exponents a = 1/a,b=1/(1 —
a), sothat 1/a+1/b= a+1—«a =1 we obtain for an arbitrary finite set E C X

1 1
_ 1Og Z eSn(Ot(b)JrSn(lfa)w) I log Z easrrz(¢)e(17a)s7z(w)
" E n E
% log (Zesnw))"(zesn(w))l’
E E

1 1
< altl ( sm)) 1—a)=1 (Z snw))
_an og EEe +( a)n og Ee

To conclude the proof apply now the definition of pressure with E = F,(¢) that
are (n, €)-separated sets, see Theorem 2.3.2. &

[e3

IN

Proof 2. Tt is sufficient to prove that the function

P:= sup L,¢ where L,¢ :=h,(T)+ o
nEM(X,T)

(where p¢ abbreviates [ ¢ du, see Section 2.1) is convex, because by the Vari-
ational Principle P(¢) = P(¢).
That is we need to prove that the set

A={(¢,y) € C(X)xR:y > P(¢)}

is convex. Observe however that by its definition A =) peM(X,T) L/‘f, where by
L/‘f we denote the upper half space {(¢,y) : y > L,¢}. Since all the halfspaces
L/‘f are convex, the set A is convex as their intersection. &

Remark 2.6.3. We can write L,¢ = u¢ — (=h,(T)). The function P(¢) =
sup,en(r) L@ defined on the space C'(X) is called the Legendre-Fenchel trans-
form of the convex function p +— —h,(T) on the weakly*-compact convex
set M(T). We shall abbreviate the name Legendre-Fenchel transform to LF-
transform. Observe that this transform generalizes the standard Legendre trans-
form of a strictly convex function h on a finite dimensional linear space, say R,

y — sup {(z,y) — h(z)},
ESIING

where (x,y) is the scalar (inner) product of x and y.

Note that —h,(T') is not strictly convex (unless M (X,T) is a one element
space) because it is affine, see Theorem 1.4.7.

Proof 2 just repeats the standard proof that the Legendre transform is con-
vex.

In the sequel we will need the so called geometric form of the Hahn—Banach
theorem (see [Bourbaki 1981, Th.1, Ch.2.5], or Ch. 1.7 of [Edwards 1995]).
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Theorem 2.6.4 (Hahn-Banach). Let A be an open convex non-empty subset
of a real topological vector space V' and let M be a non-empty affine subset of V
(linear subspace moved by a vector) which does not meet A. Then there exists a
codimension 1 closed affine subset H which contains M and does not meet A.

Suppose now that P : V — R is an arbitrary convex continuous function
on a real topological vector space V. We call a continuous linear functional
F:V — R tangent to P at x € V if

F(y) < Pz +y) - P(a) (26.2)

for every y € V. We denote the set of all such functionals by V,* . Sometimes
the term supporting functional is being used in the literature.

Applying Theorem 2.6.4 we easily prove that for every z the set V. p is non-
empty. Indeed, we can consider the open convex set A = {(x,y) € V xR} :y >
P(z)} in the vector space V' x R with the product topology and the one-point
set M = {x, P(z)}, and define a supporting functional we look for, as having
the graph H — {z, P(z)} in V x R.

We would also like to bring reader’s attention to the following another general
fact from functional analysis.

Theorem 2.6.5. Let V be a separable Banach space and P : V' — R be a convex
continuous function. Then for every x € V the function P is differentiable at
x in every direction (Gateaux differentiable), or in a dense in the weak topology
set of directions, if and only if V. p is a singleton.

Proof. Suppose first that P is not differentiable at some point x and direction
y. Choose an arbitrary F' € Vi p Non-differentiability in the direction y € V
implies that there exist £ > 0 and a sequence {t, },>1 converging to 0 such that

Pz +tyy) — P(x) > t,F(y) + ltn]. (2.6.3)

In fact we can assume that all ¢,,, n > 1, are positive by passing to a subsequence
and replacing y by —y if necessary. We shall prove that (2.6.3) implies the
existence of I' € V' \ {F'}. Indeed, take F;, € V',  p. Then, by (2.6.2)
applied for F, at x + ¢,y and —t,y in place of x and y, we have

P(z) = P(x +toy) > Fu(—tny) (2.6.4)
The inequalities (2.6.3) and (2.6.4) give

Hence
(F, — F)(y) > e. (2.6.5)

In the case when P is Lipschitz continuous, and this is the case for topological
pressure see (Theorem 2.6.1), which we are mostly interested in, all F},’s, n > 1,
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are uniformly bounded. Indeed, let L be a Lipschitz constant of P. Then for
every z € V and every n > 1,

Fo(2) < Pz +tay + 2) — P(z + tay) < L|2|

So, || Fy|| < L for every n > 1. Thus, there exists F' = lim,, o F},, a weak*-limit

of a sequence {F), },>1 (subsequence of the previous sequence). We used here the

fact that a bounded set is metrizable in weak*-topology, (compare Section 2.1).
By (2.6.5) (F — F)(y) > e. Hence F # F. Since

P(x+tyy+v)— Pz +tyy) > Fy(v) forall n and veV

passing with n to co and using continuity of P, we conclude that Fe Vip

If we do not assume that P is Lipschitz continuous, we restrict Fj, to the
1-dimensional space spanned by y i.e. we consider F,|r,. In view of (2.6.5) for
every n > 1 there exists 0 < s, < 1 such that F),(s,y) — F(spy) = €. Passing to
a subsequence, we may assume that lim, . $, = s for some s € [0, 1]. Define

fr = snFalry + (1 — 5n) Flry.

Then fn(y) — F(y) = € hence [|fn — Flry|| = g7 for every n > 1. Thus the
sequence { fy, }r>1 is uniformly bounded and, consequently, it has a weak-* limit
f: Ry — R. Now we use Theorem 2.6.4 (Hahn-Banach) for the affine set M
being the graph of f translated by (z, P(z)) in V' x R. We extend M to H and
find the linear functional /' € V' p whose graph is H — (z, P(z)), continuous
since H is closed. Since F(y) — F(y) = f(y) — F(y) = ¢, F # F.

Suppose now that V.’ contains at least two distinct linear functionals, say
F and F. So, F(y)— F‘(y) > 0 for some y € V. Suppose on the contrary that P
is differentiable in every direction at the point . In particular P is differentiable
in the direction y. Hence

P _
o Platty) — Pla) _
t—0 t t—0 —t

and consequently

P P(x — ty) — 2P
lim (z +ty) + (:“ ty) ()

On the other hand, for every ¢t > 0, we have P(x +ty) — P(z) > F(t) = tF(y)
and P(z —ty) — P(x) > F(—ty) = —tF(y), hence

=0.

T P(x +ty) + P(x — ty) — 2P(x)

o o
it ; > F(y) = F(y) >0,

a contradiction.

In fact F(y) — F(y) =& > 0 implies F(y') — F'(y/) > /2 > 0 for all y' in the
neighbourhood of ¥ in the weak topology defined just by {3 : (F — F)(y —y/) <
€/2}. Hence P is not differentiable in a weak™-open set of directions.
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Let us go back now to our special situation:

Proposition 2.6.6. If u € M(T) is an equilibrium state for ¢ € C(X), then
the linear functional represented by p is tangent to P at ¢.

Proof. We have
(@) + by = P(9)
and for every ¢ € C(X)

p(@ + ) + by < P(¢ + ).

Subtracting the sides of the equality from the respective sides of the latter
inequality we obtain u(¢) < P(¢ + ¥) — P(¢) which is just the inequality
defining tangent functionals. &

As an immediate consequence of Proposition 2.6.6 and Theorem 2.6.5 we get
the following.

Corollary 2.6.7. If the pressure function P is differentiable at ¢ in every
direction, or at least in a dense, in the weak topology set of directions, then
there is at most one equilibrium state for ¢.

Due to this Corollary, in future (see Chapter 4), in order to prove uniqueness
it will be sufficient to prove differentiability of the pressure function in a weak*-
dense set of directions.

The next part of this section will be devoted to kind of reversing Propo-
sition 2.6.6 and Corollary 2.6.7. and to better understanding of the mutual
Legendre—Fenchel transforms —h and P. This is a beautiful topic but will not
have applications in the rest of this book. Let us start with a characterization
of T-invariant measures in the space of all signed measures C'(X)* formulated
by means of the pressure function P.

Theorem 2.6.8. For every F' € C(X)* the following three conditions are equiv-
alent:

(i) For every ¢ € C(X) it holds F(¢) < P(o).
(ii) There exists C' € R such that for every ¢ € C(X) it holds F(¢) < P(¢)+C.
(i) F is represented by a probability invariant measure pn € M (X, T).
Proof. (iii) = (i) follows immediately from the Variational Principle:
F(¢) < F(¢) + hu(T) < P(¢) for every ¢ € C(X).

(i) = (ii) is obvious. Let us prove that (ii) = (iii). Take an arbitrary non-
negative ¢ € C(X), i.e. such that for every z € X, ¢(x) > 0. For every real
t < 0 we have

F(tp) < P(tg) +C
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Since t¢ < 0 it immediately follows from (2.6.1) that P(t¢) < P(0). Hence
F(tg) < P(0) + C. So,
t|F'(¢) > —(C + P(0)), hence F(¢) > w

Letting ¢ — —oo we obtain F(¢) > 0. We estimate the value of F' on constant
functions ¢. For every ¢t > 0 we have F(t) < P(t) + C < P(0) + ¢ + C. Hence
F) <1+ w. Similarly F(—t) < P(—t) + C = P(0) — t + C and therefore
F(1) > 1 — 2O%C  Tetting t — oo we thus obtain F(1) = 1. Therefore by

t
Theorem 2.1.1 (Riesz Representation Theorem), the functional F is represented

by a probability measure p € M(X). Let us finally prove that y is T-invariant.
For every ¢ € C(X) and every ¢t € R we have by (i) that

F(t(¢oT —¢)) < P(t(¢o T — ) +C.

It immediately follows from Theorem 2.4.1 (Variational Principle) that P(¢(¢ o
T — ¢)) = P(0). Hence

[F(¢0T) - F(¢)| < \M\

t
Thus, letting || — oo, we obtain F(¢ o T) = F(¢), i.e T-invariance of p. &
We shall prove the following.

Corollary 2.6.9. Every functional F' tangent to P at ¢ € C(X), i.e. F €
C(X)%P , is represented by a probability T-invariant measure p € M(X,T).

Proof. Using Theorem 2.6.1, we get for every ¢ € C'(X) that

F(¢) < P(¢p+¢)=P(¢) < P(Y)+|P(o+¢)—P(¢)|=P(¢) < P(¢)+|[0]|c—P(¢)-

So condition (ii) of Theorem 2.6.8 holds, hence (iii) holds meaning that F is
represented by u € M(X,T). &

We can now almost reverse Proposition 2.6.6. Namely being a functional
tangent to P at ¢ implies being an “almost” equilibrium state for ¢.

Theorem 2.6.10. It holds that F € C(X)E’P if and only if F', actually the
measure p = pup € M(X,T) representing F, is a weak*-limit of measures p, €
M(X,T) such that

s+ b, (T) = P(9).

Proof. In one way the proof is simple. Assume that g = lim,,_ o 1, in the weak*
topology and pi,¢+h,,, () — P(¢). We proceed as in Proof of Proposition 2.6.6.
In view of Theorem 2.4.1 (Variational Principle) i, (¢+1) +h,,, (T) < P(¢+1)
which means that p,(¢) < P(¢ + ¢) — (un¢ + by, (T)). Thus, letting n — oo,
we get u(¢) < P(¢ +¢) — P(¢). This means that p € C(X)} p.
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Now, let us prove our theorem in the other direction. Recall again that
the function g — h,(T) on M(X,T) is affine (Theorem 1.4.7), hence concave.
Set h,(T) = lim sup,,_,, hy(T), with v — p in weak*-topology. The function
p + h,(T) is also concave and upper semicontinuous on M (7)) = M (X,T). In
the sequel we shall prefer to consider the function p — —h,(7T') which is lower
semicontinuous and convex.

We need the following.
Lemma 2.6.11 (On composing two LF-transformations.). For every u € M(T)

sup (pd— sup (w9 — (~h,(T)))) = B (7)), (2.6.6)
YeC(X) veM(T)

which, due to the Variational Principle, takes the form

sup (,m - P(ﬁ)) = 1,(T)). (2.6.7)
9EC(X)

Proof. To prove (2.6.6), observe first that for every ¥ € C(X),

= sup (v — (~h, () < pd — (i — (-, (T))) = (7).
veM(T)

Notice that we obtained above —h, (")) rather than merely —h, (7)), by taking
all sequences p,, — p, writing on the right hand side of the above inequality the
expression pt — (up¥ — (=hy, ¥(T))), and letting n — oo. So

sup (ud— sup (w9 — (~h,(T)))) < B (7). (2.6.8)
YeC(X) veM(T)
This says that the LF-transform of the LF-transform of —h,,(T") is less than or
equal to —HM(T). The preceding LF-transform was discussed in Remark 2.6.3.
The following LF-transformation, leading from 9 — P(¥) to v — —(—h,(T)) is
defined by supyec(x) (uﬁ - P(ﬁ)).

Let us prove now the opposite inequality. We refer to the following conse-
quence of the geometric form of Hahn-Banach Theorem [Bourbaki 1981, Ch. I1.§5.
Prop. 5]:

Let M be a closed convex set in a locally convex vector space V. Then
every lower semi-continuous convex function f defined on M is the supremum
of a family of functions bounded above by f, which are restrictions to M of
continuous affine functions on V.

We shall apply this theorem to V' = C*(X) endowed with the weak*-
topology, to f(v) = h,(T). We use the fact that every linear functional con-
tinuous with respect to this topology is represented by an element belong-
ing to C(X). (This is a general fact concerning dual pairs of vector spaces,
[Bourbaki 1981, Ch. I1.§6. Prop. 3]). Thus, for every € > 0 there exists
¥ € C(X) such that for every v € M(T),

(v = )W) < ~hy(T) — (B, () + <. (2.6.9)
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So

pp — sup (v — (=h,(T))) > h,(T) —e.
veM(T)

Letting € — 0 we obtain

sup ()~ sup (vd — (~h,(T))) = (7).
YeC(X) veM(T)

&

Continuation of Proof of Theorem 2.6.10. Fix p = up € C(X)j;’p. From pup <
P(¢+ 1) — P(¢) we obtain

P(¢+0) — (¢ + 1) > P(¢) — pgb for all ¥ € C(X).

So,
inf {P(y) — > P(¢) — po. 2.6.10
Jdnf (P() — i} = P(9) ~ po (2.6.10)
This expresses the fact that the supremum (- infimum above) in the definition
of the LF-transform of P at F' is attained at ¢ at which F' is tangent to P.
By Lemma 2.6.11 and (2.6.10) we obtain

L, > P(¢) — . (2.6.11)

So, by the definition of h,, there exists a sequence of measures y,, € M(T) such
that lim,, o0 pt, = p and lim,, . by, > P(¢) — u¢. The proof is finished. &

Remark 2.6.12. In Lemma 2.6.11 we considered as p = pup an arbitrary p €
M(T); we did not assume that pp is tangent to P, i.e. that F' € C(X)} p.
Then considering € > 0 in (2.6.9) was necessary; without € > 0 this formula
might happen to be false, see Example 2.6.15.

In the proof of Theorem 2.6.10, for p € C(X)j p, we obtain from (2.6.11)
and the inequality h, (T") < P(¢) — v¢ for every v € M(T) that

ho(T) = by, (T) < (k= v)o, (2.6.12)

which is just (2.6.9) with e = 0.

The meaning of this, is that if 4 = up is tangent to P at ¢ then ¢ is tangent
to —h, the LF-transform of P, at p.

Conversely, if 1 satisfies (2.6.12) i.e. 1 is tangent to —h at p € M(T) then,
as in the second part of the proof of Theorem 2.6.10 we can prove the inequality
analogous to (2.6.10), namely that

sup V¢ - (_EN(T)) = P(w) < AW - (—h"(T)).
veM(T)

Hence p is tangent to P at 1

Assume now the upper semicontinuity of the entropy h,,(7) as a function of
1. Then, as an immediate consequence of Theorem 2.6.10, we obtain.
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Corollary 2.6.13. If the entropy is upper semicontinuous, then a functional
F € C(X)* is tangent to P at ¢ € C(X) if and only if it is represented by a
measure which is an equilibrium state for ¢.

Recall that the upper semicontinuity of entropy implies the existence of at
least one equilibrium state for every continuous ¢ : XR, already by Proposi-
tion 2.5.3)

Now we can complete Corollary 2.6.7.

Corollary 2.6.14. If the entropy is upper semicontinuous then the pressure
function P is differentiable at ¢ € C(X) in every direction, or in a set of direc-
tions dense in the weak topology, if and only if there is at most one equilibrium
state for ¢.

Proof. This Corollary follows directly from Corollary 2.6.13 and Theorem 2.6.5.
&

After discussing functionals tangent to P and proving that they coincide
with the set of equilibrium states for maps for which the entropy is upper semi-
continuous as the function on M (T") the question arises of whether all measures
in M(T) are equilibrium states of some continuous functions. The answer given
below is no.

Example 2.6.15. We shall construct a measure m € M(T) which is not an
equilibrium state for any ¢ € C(X). Here X is the one sided shift space 2
with the left side shift map o. Since this map is obviously expansive, it follows
from Theorem 2.5.6 that the entropy function is upper semicontinues. Let m,, €
M (o) be the measure equidistributed on the set Per,, of points of period n, i.e.

1
MM = Z Card Per,, 0a

zePer,

where ¢, is the Dirac measure supported by x. m,, converge weak* to timax, the
measure of maximal entropy: log2. (Check that this follows for example from
the part II of the proof of the Variational Principle.) Let t,,,n = 0,1,2,... be
a sequence of positive real numbers such that Z;O:O t, = 1. Finally define

o0
m = g tn My,
n=0

Let us prove that there is no ¢ € C(X) tangent to h at m. Let p, = Ry fbmax +
Z;lz_ol tymj, where R, = 337 t;. We have of course hy,,(0) =0,n=1,2,....
Therefore, h,,(c) = 0 . This follows for example from Theorem 1.8.11 (er-
godic decomposition theorem) or just from the fact that h is affine on M (o),
Theorem 1.4.7.

Thus, since h is affine,

hy,, () — hy(0) = Ry by, (o) = Ry log?2 (2.6.13)
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and for an arbitrary ¢ € C'(¥?)

(Mn - m)¢ = (Rn,umax — Z tjmj)¢ < Ryen (2614)

j=n

where ¢,, — 0 as n — 00 because m; — [imax. The inequalities (2.6.13) and
(2.6.14) prove that ¢ is not ”tangent” to h at m. More precisely, we obtain
h,, (¢) —hp(0) > (i —m)¢ for n large, i.e.

=y, (0) = (=hm(9)) > (un —m)¥

for ¢ = —¢, opposite to the tangency inequality (2.6.12). So, by Remark 2.6.12,
m is not tangent to any ¢ for the pressure function P.

In fact it is easy to see that m is not an equilibrium state for any ¢ € C(3?)
directly: For an arbitrary ¢ € C(X?) we have pmax¢ < P(¢) because by, (o) >
0. So mp¢ < P(¢) for all n large enough as m,, — pmax. Also m,¢ < P(¢) for
all n’s. So for m being the average of m,,’s we have m¢ = m¢ + h,, (o) < P(¢).
So ¢ is not an equilibrium state.

The measure m in this example is very non-ergodic, this is necessary as will
follow from Exercise 2.15.

Exercises

Topological entropy

2.1. LetT: X — Xand S:Y — Y be two continuous maps of compact metric
spaces X and Y respectively. Show that hiop (T X S) = hiop(T) + hiop(S).

2.2. Prove that T : X — X is an isometry of a compact metric space X, then
htop (T) - O
2.3. Show that if T': X — X is a local homeomorphism of a compact connected
metric space and d = #T~!(z) (note that it is independent of z € X), then
htop(T) Z 10g d.
2.4. Provethatif f : M — M is a C' endomorphism of a compact differentiable
manifold M, then hiop(f) > logdeg(f), where deg(f) means degree of f.

Hint: Look for (n, €)-separated points in f~"(z) for “good” x.
See [Misiurewicz & Przytycki 1977] or [Katok & Hasselblatt 1995].
2.5. Let S' = {2 € C: |z| = 1} be the unit circle and let f; : S — S! be the
map defined by the formula f(z) = 2¢. Show that hp(f4) = logd.
2.6. Let 04 : ¥4 — X4 be the shift map generated by the incidence matrix A.
Prove that hyop(0a) is equal to the logarithm of the spectral radius of A.

2.7. Show that for every continuous potential ¢, P(¢) < hiop(T") 4 sup(¢) (see
(2.6.1)).
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2.8. Provide an example of a transitive diffeomorphism without measures of
maximal entropy.

2.9. Provide an example of a transitive diffeomorphism with at least two mea-
sures of maximal entropy.

2.10. Find a sequence of continuous maps T}, : X,, — X, such that hop(Th41) >
hiop(Ty) and limy, o0 hiop(T75,) < 00.

Topological pressure: functional analysis approach

2.11. Prove that for an arbitrary convex continuous function P : V' — R on a
real Banach space V' the set of tangent functionals: |J,cy V' p is dense in the
norm topology in the set of so-called P-bounded functionals:

{FeV*: (3C e R) such that (Vz € V), F(z) < P(z)+ C}.

Remark. The conclusion is that for P being the pressure function on C(X),
tangent measures are dense in M (X,T) , see Theorem 2.5.6. Hint: This follows
from Bishop — Phelps Theorem, see [Bishop & Phelps 1963] or Israel’s book
[Israel 1979, pp. 112-115], which can be stated as follows:

For every P-bounded functional Fy, for every zp € V and for every € > 0
there exists x € V and F' € V* tangent to P at x such that

1
IF = Foll < & and [lz = 2o ]| < = (Plao) = Folao) + s(0)).

where s(Fp) := sup,/cy{Foz’ — P(z')} (this is —h, the LF-transform of P).
The reader can imagine Fy as asymptotic to P and estimate how far is the
tangency point x of a functional F' close to Fj.

2.12. Prove that in the situation from Exercise 2.11, for every = € V, the set
V. p is convex and weak*-compact.

2.13. Let Ey denote the set of all equilibrium states for ¢ € C(X).

(i) Prove that E, is convex.

(ii) Find an example that Ey is not weak*-compact.

(ili) Prove that extremal points of Ey are extremal points of M (X, T).

(iv) Prove that almost all measures in the ergodic decomposition of an ar-
bitrary p € Ey belong also to Eg. (One says that every equilibrium state has a
unique decomposition into pure, i.e. ergodic, equilibrium states .)

Hints: In (ii) consider a sequence of Smale horseshoes of topological entropies
log 2 converging to a point fixed for T. To prove (iii) and (iv) use the fact that
entropy is an affine function of measure.

2.14. Find an example showing that the point (iii) of Exercise 2.13 is false if
we consider C'(X)7 p rather than Ey.

Hint: An idea is to have two fixed points p, ¢ and two trajectories (), (yn)
such that =, — p,y, — ¢ for n — oo and x,, — ¢, y, — p for n — —o0.
Now take a sequence of periodic orbits v, approaching {p,q} U {z,} U {y,}



108 CHAPTER 2. COMPACT METRIC SPACES

with periods tending to co. Take their Cartesian products with corresponding
invariant subsets Ay’s of small horseshoes of topological entropies less than log 2
but tending to log 2, diameters of the horseshoes shrinking to 0 as k£ — oco. Then,
for ¢ = 0, the set C(X)} p consists of exactly one measure: 2(6p + 64). (One
cannot repeat the proof in Exercise 2.13(iii) with the function h,, instead of the
entropy function h,,, because Hu is no more affine! )

This is Peter Walters” example; for details see [Walters 1992].

2.15. Suppose that the entropy function h, is upper semicontinuous (then for
each ¢ € C(z) C(X)} p = Eg, see Corollary 2.6.13). Prove that

(i) every p € M(T) which is a finite combination of ergodic masures p =
> tym;, m; € M(T), is tangent to P more precisely there exists ¢ € C'(X) such
that p,m; € C(X)(’;’p and moreover they are equilibrium states for ¢.

(ii) if p = fM‘, 1) mda(m) where M (X,T) consists of ergodic measures in
M(X,T) and « is a probability non-atomic measure on M.(X,T), then there
exists ¢ € C(X) which has uncountably many ergodic equilibria in the support
of a.

(iii) the set of elements of C'(X) with uncountably many ergodic equilibria
is dense in C(X).

Hint: By Bishop — Phelps Theorem (Remark in Exercise 2.11) there exists
v € 4 arbitrarily close to p. Then in its ergodic decomposition there are all
the measures p; because all ergodic measures are far apart from each other (in
the norm in C'(X)*). These measures by Exercise 2.13 belong to the same Ey
what proves (i). For more details and proofs of (ii) and (iii) see [Israel 1979,
Theorem V.2.2] or [Ruelle 1978, 3.17, 6.15].

Remark. In statistical physics the occurence of more then one equilibrium
for ¢ € C(X) is called “phase transition”. (iii) says that the set of functions
with “very rich” phase transition is dense. For the further discussion see also
[Israel 1979, V.2].

2.16. Prove the following. Let P : V — R be a continuous convex function on
a real Banach space V' with norm || - ||y. Suppose P is differentiable at z € V' in
every direction. Let W C V' be an arbitrary linear subspace with norm || - ||w
such that the embedding W C V is continuous and the unit ball in (W, || - ||w ) is
compact in (V, || - ||v). Then P|w is differentiable in the sense that there exists
a functional F' € V* such that for y € W it holds

[P(z +y) = P(x) = F(y)| = o(llyllw)-

Remark. In Chapter 3 we shall discuss W being the space of Holder continuous
functions with an arbitrary exponent @ < 1 and the entropy function will be
upper semicontinuous. So the conclusion will be that uniqueness of the equilib-
rium state at an arbitrary ¢ € C(X) is equivalent to the differentiability in the
direction of this space of Holder functions.

2.17. (Walters) Prove that the pressure function P is Frechet differentiable at
¢ € C(X) if and only if P affine in a neighbourhood of ¢. Prove also the
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conclusion: P is Frechet differentiable at every ¢ € C(X) if and only if T is
uniquely ergodic, namely if M (X,T) consists of one element.

2.18. Prove S. Mazur’s Theorem: If P : V' — R is a continuous convex function
on a real separable Banach space V' then the set of points at which there exists
a unique functional tangent to P is dense Gj.

Remark. In the case of the pressure function on C(X) this says that for a
dense G5 set of functions there exists at most one equilibrium state. Mazur’s
Theorem contrasts with the theorem from Exercise 16 (iii).
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Chapter 3

Distance expanding maps

We devote this Chapter to a study in detail of topological properties of distance
expanding maps. Often however weaker assumptions will be sufficient. We
always assume the maps are continuous on a compact metric space X, and we
usually assume that the maps are open, which means that open sets have open
images. This is equivalent to saying that if f(z) = y and y,, — y then there
exist &, — x such that f(z,) =y, for n large enough.

In view of Section 3.6, in theorems with assertions of topological character,
only the assumption that a map is expansive leads to the same conclusions as
if we assumed that the map is expanding. We shall prove in Section 3.6 that
for every expansive map there exists a metric compatible with the topology on
X given by an original metric, such that the map is distance expanding with
respect to this new metric.

Recall that for (X, p), a compact metric space, a continuous mapping 7" :
X — X is said to be distance expanding (with respect to the metric p) if there
exist constants A > 1, 5 > 0 and n > 0, such that for all z,y € X

p(z,y) <2n = p(T" (), T"(y)) > Ip(z,y) (3.0.1)

We say that T is distance expanding at a set Y C X if the above holds for
all z € Y and for every z,y € B(z,7) .
In the sequel we will always assume that n =1 i.e. that

plr,y) <2n = p(T'(x),T(y)) = Ao(x,y), (3.0.2)

unless otherwise stated. One can achieve this in two ways:

(1) If T is Lipschitz continuous (say with constant L > 1), replace the metric
plx,y) by E;:()l p(T7(z), T (y)). Of course then A and i change. As an exercise
you can check that the number 1+(A—1)(£=L) can play the role of A in (3.0.2).

Notice that the ratio of both metrics is bounded; in particular they yield the
same topologies.

For another improvement of p, working without assuming Lipschitz continu-
ity of T', see Lemma 3.6.3.

111
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(2) Work with T™ instead of T
Sometimes, in order to simplify notation, we shall write expanding, instead
of distance expanding.

3.1 Distance expanding open maps, basic prop-
erties

Let us first make a simple observation relating the property of being expanding
and being expansive.

Theorem 3.1.1. Distance expanding property implies forward expansive prop-
erty.

Proof. By the definition of “expanding” above, if 0 < p(z,y) < 27, then
p(T(x), T(y)) > Ap(x,y)...po(T"(x), T"(y)) > A"p(z,y), until for the first time
n it happens p(T™(z), T™(y)) > 2n. Such n exists since A > 1. Therefore T is
forward expansive with the expansivness constant § = 27. &

Let us prove now a lemma where we assume only 7' : X — X to be a
continuous open map of a compact metric space X. We do not need to assume
in this lemma that T is distance expanding.

Lemma 3.1.2. If T : X — X s a continuous open map, then for every n > 0
there exists & > 0 such that T(B(x,n)) D B(T(z),§) for every x € X.

Proof. For every x € X let
&(x) =sup{r > 0:T(B(x,n)) D B(T(z),r)}.

Since T is open, (x) > 0. Since T'(B(x,n)) D B(T'(z),{(x)), it suffices to show
that ¢ = inf{¢(x) : € X} > 0. Suppose conversely that £ = 0. Then there
exists a sequence of points x,, € X such that

&(zp) —0 as n— oo (3.1.1)

and, as X is compact, we can assume that z,, — y for some y € X. Hence
B(zy,n) D B(y, 4n) for all n large enough. Therefore

T8 1) 7 (8 51) ) 5 B0 2) > B (TG0, )

for some € > 0 and again for every n large enough. The existence of £ such
that the second inclusion holds follows from the openness of T'. Consequently
&(zn) > e for these n, which contradicts (3.1.1). &

Definition 3.1.3. If 7' : X — X is an expanding map, then by (3.0.1), for
all x € X, the restriction T'|g(,,,) is injective and therefore it has the inverse
map on T(B(z,n)). (The same holds for expanding at a set Y for all z € Y.)
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If additionally 7' : X — X is an open map, then, in view of Lemma 3.1.2, the
domain of the inverse map contains the ball B(T'(z),£). So it makes sense to
define the restriction of the inverse map,

T, B(T(x),&) — B(x,n) (3.1.2)
Observe that for every y € X and every A C B(y,§)
4= |J T,7'4) (3.1.3)
z€T~1(y)

Indeed, the inclusion D is obvious. So suppose that 2/ € T~1(A). Then 3’ =
T(z') € B(y,¢). Hence y € B(y',€). Let x =T, (y). As T, ! and T, coincide
on y, they coincide on ¢’ because they map 3’ into B(z,n) and T is injective on
B(x,m). Thus 2’ = T, 1(y').

The formula (3.1.3) for all A = B(y, ) implies that T is a so-called covering
map. (This property is in fact a standard definition of a covering map, except
that for general covering maps, on non-compact spaces & may depend on y. We
proved in fact that a local homeomorphism of a compact space is a covering

map)
From now on throughout this Section, wherever the notation 7' appears,
we assume also the expanding property, i.e. (3.0.2). We then get the following.

Lemma 3.1.4. Ifx € X and y,z € B(T(z),§) then
p(T (), T (2) < A7 pl(y, 2)
In particular T, Y(B(T(z),€)) C B(x,\"1¢) C B(x,&) and
T(B(x,\"€)) D B(T(z),&) (3.1.4)
for all £ > 0 small enough (what specifies the inclusion in Lemma 3.1.2).

Definition 3.1.5. For every z € X, every n > 1 and every j =0,1,...,n—1
write ; = T7(x). In view of Lemma 3.1.4 the composition

T, loT, to...oT, !« B(T"(2),&) — X

o Tn—1
is well-defined and will be denoted by 7.

Below we collect the basic elementary properties of maps 7, ™. They follow
immediately from (3.1.3) and Lemma 3.1.4. For every y € X

)= | T (3.1.5)
zeT—"(y)
for all sets A C B(y,£);
P17 (), T () S A7"p(y, 2) for all y,z € B(T"(2),); (3.1.6)
T."(B(T"(x),r)) C B(x,min{n, \~"r}) for every r < ¢. (3.1.7)

Remark. All these properties hold, and notation makes sense, also for open
maps T : X — X expanding at Y C X, provided z,T(x),...,T"(z) € Y.
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3.2 Shadowing of pseudoorbits

We keep the notation of Section 3.1. We consider an open distance expanding
map 7 : X — X with the constants n, A, £.

Let n be a non-negative integer or +oco. Given o > 0 a sequence (z;) is
said to be an a-pseudo-orbit (alternatively called: a-orbit, a-trajectory, a-T-
trajectory) for T : X — X of length n + 1 if for every i =0,...,n—1

p(T(x;),xi11) < a. (3.2.1)

Of course every (genuine) orbit (z,7(z),...,T"(x)), = € X, is an a-pseudo-
orbit for every ae > 0. We shall prove a kind of a converse fact, that in the case
of open, distance expanding maps, each “sufficiently good” pseudo-orbit can
be approximated (shadowed) by an orbit. To make this precise we proceed as
follows. Let 8 > 0. We say that an orbit of x € X, #-shadows the pseudo-orbit
(x;)§ if and only if for every i =0,...,n

p(T(x),z;) < B. (3.2.2)

Definition 3.2.1. We say that a continuous map 7' : X — X has the shadowing
property if for every 5 > 0 there exists a > 0 such that every a-pseudo-orbit of
finite or infinite length can be -shadowed by an orbit.

Note that due to the compactness of X shadowing property for all finite n
implies shadowing with n = cc.

Here comes a simple observation yielding the uniqueness of the shadowing.
Assume only that T' is expansive (cf. Section 2.2).

Proposition 3.2.2. If 203 is less than an expansiveness constant of T (we do
not need to assume here that T is expanding with respect to the metric p) and
(x:)6° is an arbitrary sequence of points in X, then there exists at most one
point x whose orbit F-shadows the sequence (z;)22,.

Proof. Suppose the forward orbits of 2 and y (-shadow (z;). Then for every
n > 0 we have p(T"(x),T™(y)) < 26. Then since 28 is the expansiveness
constant for T" we get x = . &

We shall now prove some less trivial results, concerning the existence of
[-shadowing orbits.

Lemma 3.2.3. Let T : X — X be an open distance expanding map. Let
0<f8<€&,0<a<min{(A—1)5,&}. If (z;)3° is an a-pseudo-orbit, then the
points x; = T, (xi11) are well-defined and

(a) For alli=0,1,2,...,n—1,

T, (B(xis1,0) € B(xi,f)
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and consequently, for alli=0,1,...,n, the compositions

Si :zf%lof;llo...OT;l : Bz, ) = X

Ti_1

are well-defined.
(b) The sequence of closed sets S;(B(zi,3)), i =0,1,...,n, is descending.

(¢) The intersection
n

ﬂ Si(B(xi, B)
i=0

is non-empty and the forward orbits (for times 0,1,...,n) of all the points of
this intersection (-shadow the pseudo-orbit (x;)].

Proof. x are well-defined by o < £. In order to prove (a) observe that by (3.1.7)
and we have

T2 (Blaiss, B)) < B@, 3 18) € Blay, "5+ A1a)
and A13+ A ta < Bas a < (A—1)B. The statement (b) follows immediately
from (a). The first part of (c) follows immediately from (b) and the compactness
of the space X. To prove the second part denote the intersection which appears

in (c) by A. Then T%(A) C B(x;,p) for all i = 0,1,...,n. Thus the forward
orbit of every point in A, 3 shadows (z;). The proof is finished. &

As an immediate consequence of Lemma 3.2.3 we get the following.

Corollary 3.2.4 (Shadowing lemma). Every open, distance expanding map
satisfies the shadowing property. More precisely, for all 3 >0 and o > 0 as in
Lemma 3.2.3 every a-pseudo-orbit (x;)§ can be 3-shadowed by an orbit in X .

As a consequence of Corollary 3.2.4 we shall prove the following.

Corollary 3.2.5 (Closing lemma). Let T : X — X be an expansive map,
satisfying the shadowing property. Then for every B > 0 there exists o > 0 such
that if x € X and p(z, T (z)) < « for some | > 1, then there exists a periodic
point of period | whose orbit (3-shadows the pseudo-orbit (z,T(x),...,T'""1(x)).
The choice of o to B is the same as in the definition of shadowing.

In particular the above holds for every T : X — X an open, distance ex-
panding map.

Proof. We can assume without loss of generality that 23 is less than the expan-
sivness constant for T'. Since p(x, T!(r)) < a, the sequence made up as the infi-
nite concatenation of the sequence (z,7(x),...,T""1(x)) is an a-pseudo-orbit.
Hence, by shadowing with n = oo, there is a point y € X whose orbit S-shadows
this pseudo-orbit. But note that then the orbit of the point 7"(y) also does it
and therefore, by Proposition 3.2.2, T!(y) = y. The proof is finished. &
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Note that the assumption T is expansive is substantial. The adding ma-
chine map, see Example 0.5, satisfies the shadowing property, whereas it has
no periodic orbits at all. In fact the same proof yields the following periodic
shadowing.

Definition 3.2.6. We say that a continuous map 7' : X — X satisfies periodic
shadowing property if for every 5 > 0 there exists a > 0 such that for every
finite n and every periodic a-pseudo-orbit xg,...,xr,_1, that is a sequence of
points o, ..., 2,1 such that p(T(x;), T(;41)(modn)) < @, there exists a point

y € X of period n such that for all 0 <i <n, p(T"(y),z;) < f.

Note that shadowing and periodic shadowing can hold for the maps that
are not expansive. One can just add artificially the missing periodic orbits, of
periods 2™ to the adding machine space. This example appears in fact as the
nonwandering set for any Feigenbaum-like map of the interval, see Section 6.6.

3.3 Spectral decomposition. Mixing properties

Let us start with general observations concerning iterations of continuous map-
pings

Definition 3.3.1. Let X be a compact metric space. We call a continuous
mapping T : X — X topologically transitive if for all non-empty open sets
U,V C X there exists n > 0 such that 7"(U) NV # (). By compactness of X
topological transitivity implies that 7" maps X onto X.

Example 3.3.2. Consider a topological Markov chain 3 4, or Y4 in a one-sided
or two-sided shift space of d states, see Example 0.4. Observe that the left shift
map s on the topological Markov chain is topologically transitive iff the matrix
A is irreducible that is for each 4, j there exists an n > 0 such that the 4, j-th
entry A7, of the n-th composition matrix A™ is non-zero.

One can consider a directed graph consisting of d vertices such that there is
an edge from a vertex v; to v; iff A; ; # 0; then one can identify elements of
the topological Markov chain with infinite paths in the graph (that is sequences
of edges indexed by all integers or nonnegative integers depending on whether
we consider the two-sided or one-sided case, such that each edge begins at
the vertex, where the preceding edge ends). Then it is easy to see that A is
irreducible iff for every two vertices v, v there exists a finite path from v; to
Vj.

A notion stronger than the topological transitivity, which makes a non-trivial
sense only for non-invertible maps 7', is the following

Definition 3.3.3. A continuous mapping 7' : X — X for a compact metric
space X is called topologically exact (or locally eventually onto) if for every open
set U C X there exists n > 0 such that 7" (U) = X.



3.3, SPECTRAL DECOMPOSITION. MIXING PROPERTIES 117

In Example 3.3.2 in the one-sided shift space case topological exactness is
equivalent to the property that there exists n > 0 such that the matrix A™ has
all entries positive. Such a matrix is called aperiodic.

In the two-sided case aperiodicity of the matrix is equivalent to topological
mizing of the shift map. We say a continuous map is topologically mizing if for
every non-empty open sets U,V C X there exists N > 0 such that for every
n > N we have T*(U) NV # (.

Proposition 3.3.4. The following 3 conditions are equivalent:
(1) T : X — X is topologically transitive.

(2) For all non-empty open sets U,V C X and every N > 0 there exists n > N
such that T*(U) NV # (.

(8) There exists x € X such that every y € X is its w-limit point, that is for
every N > 0 the set {T"(x)}>°  is dense in X.

Proof. Let us prove first the implication (1)=-(3). So, suppose T : X — X is
topologically transitive. Then for every open non-empty set V' C X, the set

K(V):={x € X : there exists n > 0 such that T"(z) € V} = U T-"(V)
n>0

is open and dense in X. Let {V4}x>1 be a countable basis of topology of X. By
Baire’s category theorem, the intersection

K:= ) ) ETNW)

k>1N>0

is a dense G subset of X. In particular K is non-empty and by its definition
the trajectory (T (z))% , is dense in X for every x € K. Thus (1) implies (3).

Let us now prove that (3)=-(2). Indeed, if (T"(x)){° is a trajectory satisfying
the condition (3), then for all non-empty open sets U,V C X and N > 0, there
exist n > m > 0,n —m > N such that T™(x) € U and T"(x) € V. Hence
T*™{U) NV # §. Thus (3) implies (2). Since (2) implies (1) trivially, the
proof is complete. &

Definition 3.3.5. A point x € X is called wandering if there exists an open
neighhbourhood V' of  such that VNT"(V) = for all n > 1. Otherwise x is
called non-wandering. We denote the set of all non-wandering points for 7" by
Q or Q(T).

Proposition 3.3.6. ForT : X — X satisfying the periodic shadowing property,
the set of periodic points is dense in the set Q) of non-wandering points.

Proof. Given g > 0 let @ > 0 come from the definition of shadowing. Take
any x € Q(T). Then by the definition of Q(T') there exists y € B(x,/2)
and n > 0 such that T"(y) € B(x,«/2). So p(y,T"(y)) < a. Therefore
(y, T(y),...,T™(y)) can be p-shadowed by a periodic orbit. Since we can take
£ arbitrarily small, we obtain the density of periodic points in Q(7"). &
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Remark 3.3.7. It is not true that for every open, distance expanding map
T : X — X we have Per = X. Here is an example: Let X = {(1/2)" : n =
0,1,2,...}U{0}. Let T((1/2)") = (1/2)" ! for n > 0, T(0) = 0,7(1) = 1. Let
the metric be the restriction to X of the standard metric on the real line. Then
T : X — X is distance expanding but Q(T") = Per(T') = {0} U {1}. See also
Exercise 3.3.

Here is the main theorem of this section. Its assertion holds under the
assumption that 7' : X — X is open, distance expanding and even under weaker
assumptions below.

Theorem 3.3.8 (on the existence of Spectral Decomposition). Suppose that
T: X — X is an open map which satisfies also the periodic shadowing property
and is expanding at the set of nonwandering points Q(T) (equal here to Per(T),
the closure of the set of periodic points, by Proposition 3.3.6). Then Q(T') is the
union of finitely many disjoint compact sets 2,5 =1,...,J, with

(Tlaer) () = Q;

and each T'q; is topologically transitive.
Each ) is the union of k(j) disjoint compact sets Qé“ which are cyclically

permuted by T and such that T*O) | is topologically exact.
J

Proof of Theorem 3.3.8. Let us start with defining an equivalence relation ~ on
Per(T). For z,y € Per(T) we write x ~_, y if for every £ > 0 there exist 2’ € X
and positive integer m such that p(z,2') < ¢ and T (2') = T™(y). We write
x~yifx ~_ yand y ~_ . Of course for every x € Per(T), x ~ x, so the
relation is symmetric.

Now we shall prove it is transitive. Suppose that = ~ y and y ~ z. Let
ky, k. denote periods of y, z respectively.

Let 2’ be close to z and T™(z') = T"(y) = y; an integer n satisfiying the
latter equality exists since we can take an integer so that the first equality holds
and then take any larger integer divisible by k,. Choose n divisible by kyk..
Next, since T' is open, for y' close enough to y, with T™(y') = T"(z) = z for
m divisible by k., there exists z’ close to 2’ such that T™(2"”) = y’. Hence
Tnrm (") = T™(y') = 2z = T" ™ (2), since both m and n are divisible by k..
Thus = ~ z. We have thus shown that ~ is an equivalence relation. This proof
is illustrated at Figure 3.1.

(Figure 3.2 illustrates the transitivity for hyperbolic sets Per(T'), see Exer-
cises or [Katok & Hasselblatt 1995], where & ~ y if the unstable manifold of x
intersects transversally the stable manifold of y. In our expanding case the role
of transversality is played by the openness of T'.)

So far we have not used the expanding assumption.

Observe now that for all z,y € Per(T), p(z,y) < £ implies  ~ y. Indeed, we
can take o/ = T, """ (y) for n arbitrarily large. Then 2’ is arbitrarily close to
x and TPy (') = y = T™*=*v (y). Hence the number of equivalence classes of
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Figure 3.1: Transitivity, the expanding case.

T(y) = T7(2) = 2
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~ is finite. Denote them P, ..., Py. Moreover the sets P, ..., Py are pairwise
disjoint and the distances between them are at least £&. We have T'(Per(T)) =
Per(T), and if  ~ y then T(xz) ~ T(y). The latter follows straight from the
definition of ~. So T" permutes the sets P;. This permutation decomposes into
cyclic permutations we were looking for. More precisely: consider the partition
of Per(T) into the sets of the form

The unions are in fact formed over finite families. It does not matter in which
place the closure is placed in these unions, because X is compact so for every
A C X we have T'(A) = T(A). We consider this partition as a partition into the
Q;’s we were looking for. The Q?’s are the summands 7" (P;) in the unions.

Observe now that 7" is topologically transitive on each €2;.

Indeed, if periodic z,y belong to the same €; there exist 2’ € B(z,§) and
y' € B(y, &) such that T"(2') = T™(y) and T™(y’") = T™°(x) for some natural
numbers n, m and ng < ky, mg < k. For an arbitrary 5 > 0 choose a > 0 from
the definition of periodic shadowing and consider 2, y” such that p(z”,z) <
a, p(y",y) < aand T™ (2") = o/, T™ (y") = ¢ for some natural numbers
ni,m, existing by the expanding property at Per(7"). Then the sequence of
points T'(z"), ..., Tratntke=no (/") T (y"), ... Tmatmtka—mo(y/") is a periodic
a-pseudo-orbit, of period ny +n + ky, — ng + my + m + k; — my, so it can
be (-shadowed by a periodic orbit. Thus, there exists z € Per(T) such that
p(z,2) < B and p(TN(z),y) < B for an integer N > 0. Now take arbitrary open
sets U and V in X intersecting €2; and consider periodic points € ; N U and
TS Qj nv

Take @ such that B(z,3) C U and B(y,3) C V. We find a periodic point
z as above. Note that, provided 3 < £, z ~ o and T™(z) ~ y. We obtain
TN(z) € TN(U N Q;) N (V N Q;) so this set is nonempty. This proves the
topological transitivity of T'|q; .
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Note that by the way we proved that the orbits (their finite parts)
T (") = 2 T () and WY.L T™ (YY) = Y., T™(Y') with
ni,n and my,m arbitrarily large, can be arbitrarily well shadowed by parts of
periodic orbits. This corresponds to the approximation of a transversal homo-
clinic orbit or of cycles of transversal heteroclinic orbits by periodic ones, in the
hyperbolic theory for diffeomorphisms (see also Exercise3.6).

This analogy justifies the name heteroclinic cycle points for the points 2’ and
y', or heteroclinic cycle orbits for their orbits discussed above. Thus we proved

Lemma 3.3.9. Under the assumptions of Theorem 3.3.8 every heteroclinic cy-
cle point is a limit of periodic points.

The following is interesting in itself:

Lemma 3.3.10. T|m 1S an open map.

Proof. Fix z,y € Per(T) and p(T(z),y) < e < &/3. Since T is open, by Lemma
3.1.2, and due to the expanding property at Per(T) there exists § = T, }(y) €
B(z,\"1¢/3). We want to prove that § € Per(T).

There exist 21, z2 € Per(T') such that p(z1,2) < A71¢/3 and p(z22,y) < £/3.
Hence p(T(z1),22) < &, hence T'(z1) ~ 22, hence z; and 2 belong to the same
Q;. Then T, '(z2) is a heteroclinic cycle point, so by Lemma 3.3.9 T, !(22),
hence ¢, are limits of periodic points. &

Continuation of the proof of Theorem 3.3.8. We can prove now the
topological exactness of Tk(j)|91;. So fix Q;C = P; with T*U)(P;) = P;. Let
{z},s=1,...,8 be a & /2-spanning set in P;, where ¢ is a constant having the
properties of ¢ for the map T'|p;, existing by the openness of T|m (Lemma

3.1.2 and 3.3.10). Write k(P,;) = [[5_, k... Take an arbitrary open set U C P
It contains a periodic point x.

Note that for every ball B = B(y,r) in Per(T") with the origin at y € Per(T)
and radius 7 less than 7 and A™*v¢’, we have T+ (B) D B(y, \*»r). Repeating
this step by step we obtain T"*®)(B) > B(y,¢’), see (3.1.7).

Let us go back to U and consider B, = B(x,r) C U with r < \~FF)¢/,
Then TP (B,) is an increasing family of sets for n =0,1,2,. ...

By the definition of ~, the set |, -, 7"*"*) (B,) contains {zs : s = 1,..., 5},
because the points x4 are in the relation ~ with x. This uses the fact proved
above, see Lemma 3.3.9, that 2’ in the definition of ~, such that T (x’) =
T™(z5), belongs to Per(T). It belongs even to P;, since for z € Per(T) close to
2’ we have z ~ x,, with the use of the same 2’ as one of a heteroclinic cycle
points. Hence, by the observation above |J, -, 7"*("*)(B,) contains the ball

B(xs, &) for each s. So it contains P;. Since T"#()(B,) is an increasing family
of open sets in Per(7T') that is compact, just one of these sets covers Per(T'). The
topological exactness and therefore Theorem 3.3.8 is proved. &
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Remark 3.3.11. In Theorem 3.3.8 one can replace the assumption of periodic
shadowing by just Per T = Q(T'). (By analogy to Axiom A diffeomorphisms we
can call an open map 7' : X — X expanding on Q(7") and such that Per(T) =
Q(T), an Aziom A Q distance expanding map.)

Indeed, in Proof of Theorem 3.3.8 we used shadowing only to approximate
heteroclinic cycle points by periodic ones. It is sufficient however to notice
that heteroclinic cycle points are non-wandering, by the openness of T. (In
particular periodic shadowing is not needed in Lemma 3.3.9 to conclude the
non-wandering).

This yields topological transitivity of each T'|q, with the proof similar as
before. We find the periodic point z by Per(T') = Q(T).

We do not know whether expanding on Q(7") implies Q(T") = Per(T'), For
diffeomorphisms hyperbolic on € it does not.

. As a corollary we obtain the following two theorems.

Theorem 3.3.12. Let T : X — X be a continuous mappping for X a compact
metric space. Assume that T is open distance expanding, or at least expanding
at the set Per(T) salisfying the periodic shadowing property. Then, if T is
topologically transitive, or is surjective and its spectral decomposition consists
of just one set 2y = Ulzg QOF, the following properties hold:

(1) The set of periodic points is dense in X, which is thus equal to Q.
(2) For every open U C X there exists N = N(U) such that U;‘V:o Ti(U)=X.
(3) (Yr > 0)(3N)(Vz € X) UL, T9(B(z, 7)) = X.

(4) The following specification property holds: For every 3 > 0 there exists a
positive integer N such that for every n > 0 and every T-orbit (xo,...x,) there
exists a periodic point y of period not larger than n + N whose orbit for the
times 0, ...,n B-shadows (xq,...Ty).

Proof. By the topological transitivity, for every open set U there exists n > 1
such that T™"(U)NU # (), (use the condition (2) in Proposition 3.3.4 for N = 1).
Hence for the set € of the non-wandering points, we have 2 = X. This gives
the density of Per(T") by Proposition 3.3.6.

If we assume only that there is one Q;(= ©Q = Per(T")) in the Spectral
Decomposition, then for an arbitrary z € X we find by the surjectivity of 7" an
infinite backward orbit z_,, of z. Notice then, that z_,, — Q and T"(z) — ,
which follows easily from the definition of 2. So for every a > 0 there exist
wy,wy € Per(T) and natural numbers k, n such that T%(ws) ~ wy, p(wy, z_,) <
a and p(wa,T"(z)) < «. This allows us to find a periodic point in B(z, ),
where > 0 is arbitrarily small and « chosen for § from the periodic shadowing
property.

We conclude that X = U;.le Q;, each ; is T-invariant, closed, and also
open since €2;’s are at least {-distant from each other. So J = 1. Otherwise, by



122 CHAPTER 3. DISTANCE EXPANDING MAPS

the topological transitivity, for j # i there existed n such that 7™ (Q;)NQ; # 0,
what would contradict the T-invariance of €2;.

Thus X = U],:(Zli (QF), and the assertion (2) follows immediately from the
topological exactness of T*(Y) on each set QF, k=1,...,k(1).

The property (3) follows from (2), where given r we choose N = max{N(U)}
associated to a finite cover of X by sets U of diameter not exceeding r/2. Indeed,
then for every B(x,r) the set U containing x is a subset of B(x, ).

Now let us prove the specification property. By the property (3) for every
a > 0 there exists N = N(a) such that for every v,w € X there exists m < N
and z € B(v,«) such that T™(z) € B(w, «).

Consider any T-orbit x, . . . x,,. Then consider an a-pseudo-orbit zg, ... 2, _1,2,...,T™ 1(2)
with m < N and z € B(xy,,a,T™(z)) € B(xg,a). By Corollary 3.2.5 we can
[b-shadow it by a periodic orbit of period n+m < n + N. &

The same proof yields this.

Theorem 3.3.13. Let T satisfy the assumptions of Theorem 3.3.12, and let it
be also topologically mizing, i.e. k(1) = 1. Then

(1) T is topologically exact, i.e. for every open U C X there exists N = N(U)
such that TN(U) = X.

(2) (vr > 0)(AN)(Vz € X) TN(B(z,r)) = X.

3.4 Holder continuous functions

For distance expanding maps, Holder continuous functions play a special role.
Recall that a function ¢ : X — C (or R) is said to be Hélder continuous with
an exponent 0 < o < 1 if and only if there exists C' > 0 such that

lp(y) — d(z)| < Cp(y, x)”

for all z,y € X. All Holder continuous functions are continuous, if & = 1 they
are usually called Lipschitz continuous.

Let C'(X) denote, as in the previous chapters, the space of all continuous,
real or complex-valued functions defined on a compact metric space X and for
¥ : X — C we write ||¢]|oo := sup{|¢»(x)| : © € X} for its supremum norm. For
any a > 0 let Ho(X) denote the space of all Hélder continuous functions with
exponent a > 0. If ¢ € Hq(X) let

Va,e(¥) = Sup{w rx,y €X, £y, plr,y) < 5}
p(y, )
and
Yo (¥) ZSUP{M L2,y EX,x;éy}.
Py, )"
Note that
2|[]] 0o

a(w) < max {20 g, ) |

fa
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The reader will check easily that H,(X) becomes a Banach space when
equipped with the norm

19l = Pa(®) + [[¢]loo-

Thus, to estimate in future ||¢)||, it is enough to estimate ¥4 (1)) and

1] oo-

The following result is a straightforward consequence of Arzela-Ascoli theo-
rem.

Theorem 3.4.1. Any bounded subset of the Banach space H(X) with the
norm || - ||x,, is relatively compact as a subset of the Banach space C(X) with
the supremum norm || - ||oo. Moreover if {tp, : n = 1,2,...} is a sequence of
continuous functions in Ho(X) such that ||x,|n, < C for alln > 1 and some
constant C and if limy, .o ||n —¥||cc = 0 for some ¢ € C(X), then ¢ € Ho(X)
and [l < C.

Now let us formulate a simple but very basic lemma in which you will see a
coherence of the expanding property of 7' and the Hélder continuity property
of a function.

Lemma 3.4.2 (Pre-Bounded Distortion Lemma for Iteration). Let T : X — X
be a distance expanding map and ¢ : X — C be a Hélder continuous function
with the exponent o. Then for every positive integer n and all x,y € X such
that

p(T?(2), T (y)) < 2n forall j=0,1,...,n—1, (3.4.1)

we have, with C(T, ¢) := (fjf@)

|Sn¢(x) - Sn¢(y)| < C(Ta ¢)p(Tn({E), Tn(y))av (342)
where Spd(2) := Z;:_()l ¢oTi(x).
If T is open we can assume x,y € T, ™(B(T"(z2),§) for a point z € X,
instead of (3.4.1). Then in (8.4.2) we can replace Vo by Voc.

The point of (3.4.2) is that the coefficient C(T, ¢) = % does not depend
on z,y nor on M.

Proof. By (3.0.2) we have p(T7(z), T’ (y)) < A== p(T"(y), T"(z)) for every
0 < j <n. Hence

|6(T7 () = S(T ()] < Ia(D)A™ (T (y), T"(2))
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Thus

n—1

1Snd(y) = Snd(2)| < Val@)p(T(y), T™(2))* Y A==

Jj=0
[e'e)

< Vo (@)p(T™ (), T (2))* YA

J=0

The proof is finished. &

For an open distance expanding topologically transitive map we can replace
topological pressure defined in Chapter 2 by a corresponding notion related with
a “tree” of pre-images of an arbitrary point.

Proposition 3.4.3. If T : X — X is a topologically transitive open distance
expanding map, then for every Hoélder continuous potential ¢ : X — R and for
every x € X there exists the limit

P.(T,¢) := lim l1og Z exp S, o(T)

n—oo n
zeT—"(x)

and it is equal to the topological pressure P(T,¢). In addition, there exists a
constant C' such that for all z,y € X and every positive integer n

zeT—n(z) €XP SnP(T)
Zgngn(y) exp Sn¢(y)

<C (3.4.3)

Proof. If p(z,y) < £ then (3.4.3) follows immediately from Lemma 3.4.2 with
the constant, C' = Cy := exp(C(T, $)£), since this is the bound for the ratio of
corresponding summands for each backward trajectory, by Lemma 3.4.2. Now
observe that by the topological transitivity of T there exists N (depending on
€) such that for all z,y € X there exists 0 < m < N such that T (B(x,§)) N
B(y,&) # 0. Indeed, by condition (3) in Proposition 3.3.4 we can find two
blocks of a trajectory of z with dense w-limit set, say T%(z2),... ,TF (z) and
Tl (z),...,T"(z) with I > k', each ¢&-dense in X. Then we set N = I’ — k. We
can find ¢t between k and k' and s between [ and I’ so that T*(z) € B(z,&) and
T°(z) € B(y,&). We have m:=s —t < N.

Now fix arbitrary z,y € X. So, there exists a point y' € T~ (B(y,£)) N
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B(x,&). We then have

3 expSup(T) <C1 Y expSno(y)

TET " (x) y'eT—"(y")
= C1 exp(=Smo(T" (y/))) Z exXp Sn+m¢(y)
y' €T (y")

< Ch exp(—minf ¢) Z exp Spimd(y’)
yeT=tntm (T (y)

< C} exp(—minf ¢) Z exp S d(T™ (")) exp S (y')
?eT—(ner)(Tm(y/))

< Cy exp(msup ¢ — minf ¢) Z exp Snd(T"(y'))

?GT*(”J”")(T"”(@/))
< CrexpN|[glle) DY D expSud(y)
y' €T (T™(y"))
< CYexp2N[[o|NDYN Y expS.o(7),

yeT—"(y)

where D = sup{#(T~'(z)) : z € X} < co. This proves (3.4.3).
Observe that each set T~"(z) is (n, 2n)-separated, whence

lim sup 1 log Z exp S,o(z) < P(T, ¢),

nmee zET " (3)

by the characterization of pressure given in Theorem 2.3.2.
In order to prove the opposite inequality fix € < 2§ and for every n > 1, an
(n, e)-separated set F;,. Cover X by finitely many balls

B(z1,¢/2), B(%2,€/2), ..., B(zk,€/2).

Then F, = F, N (U§:1 T (B(z, 5/2))) and therefore

k
Yoexp(Sad()) <Y, D exp(Snd(2).

2€Fy, Jj=1 anT_n(B(ZJVE/Q))

Consider an arbitrary j and y € F,, N T~ "(B(z;,£/2)). Let Z;, € T~"(z;)
be defined by y € T"(B(z;,/2). We shall show that the function y — Z;;
is injective. Indeed, suppose that Zj = Zja = % for some a,b € F, N
T~"(B(zj,¢/2)). Then

p(T'(a), T'(b)) < p(T'(a), T'(z))) + p(T"(z7), T' (b)) <

| ™

for every 0 <1 <mn. So, a = b since F,, is (n,e)-separated.
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Hence, using Lemma 3.4.2 (compare (3.4.3)), we obtain

k
> exp(Snd(z ZCZexp Snd(z)) SKC? Y7 exp(Sn0(T))

z€F, zeT " (x)
Letting n /" 0o, next ¢ — 0, and then applying Theorem 2.3.2, we therefore get
1
P(T,¢) < liminf — 1 Snd(T).
(T, ) < limjnf — OgETZ’L( o H(T)

Thus

liminfllog Z exp S,o(z) > P(T, ¢) > hmsup log Z exp S, o(T).

n—oo N n—oo

TeT " (x) TeT " (x)
So liminf = lim sup above, the limit exists and is equal to P(T', ¢). &

Remark 3.4.4. It follows from Proposition 3.4.3, the proof of the Variational
Principle Part II (see Section 2.4), and the expanbivenebs of T that for every
x € X every weak limit of the measures — Zk o tn 0 T™F, for

o — Y zern(x) O €XP Sn(T)
" Yaer-n(a) €XP Snd(T)

and ¢, denoting the Dirac measure concentrated at the point x, is an equilibrium
state for ¢. In fact our very special situation we can say a lot more about the
measures involved. Chapter 4 will be devoted to this end.

Let us finish this section with one more very useful fact (compare Theorem
1.11.3.)

Proposition 3.4.5. Let T : X — X be an open, distance expanding, topo-
logically transitive map. If ¢, € Ho(X), then the following conditions are
equivalent.

(1) If x € X is a periodic point of T and if n denotes its period, then S,¢(x) —
Snd}(x) =

(2) There exists a constant C > 0 such that for every x € X and integer n > 0,
we have |Spd(x) — Sp(x)| < C.

(8) There exists a function u € H, such that ¢ — 1 =uoT — u.

Proof. The implications (3) = (2) == (1) are very easy. The first one is
obtained by summing up the equation in (3) along the orbit z, T'(x), ..., T" ()
which gives C' = 2sup |u]. The second one holds because otherwise, if S,,¢(x) —
Spp(z) = K # 0 for = of period n, then we have S;j,¢(x) —S;jp,¥ () = jK which
contradicts (2) for j large enough. Now let us prove (1) = (3). Let x € X be
a point such that for every N > 0 the orbit (x,)% is dense in X. Such z exists
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by topological transitivity of T', see Proposition 3.3.4. Write 7 = ¢ — 1. Define
u on the forward orbit of x, the set A = {T"(x)}3° by u(x,) = Spn(z). If x is
periodic then X is just the orbit of x and the function u is well defined due to
the equality in (1). So, suppose that x is not periodic. Set z,, = T"(x). Then
Ty # Ty for m # n hence u is well defined on A. We will show that it extends
in a Holder continuous manner to A = X. Indeed, if we take points @, z, € A
such that m < n and p(x,,x,) < € for £ small enough, then x,,,...,x,—1
can be (-shadowed by a periodic orbit y,...,T"~™~1(y) of period n — m by
Corollary 3.2.5, where ¢ is related to 3 in the same way as « related to [ in
that Corollary. Then by the Lemma 3.4.2

[u(xn) — w(wm)| = [Sun(x) — Smn()| = [Sn—mn(Tm)]
= |Sn—m(@m) = Sn—mn(Y)| < (D)o,

In particular we proved that u is uniformly continuous on A which allows us to
extend u continuously to A. By taking limits we see that this extension satisfies
the same Holder estimate on A as on A. Also the equality in (3) true on A,
extends to A by the definition of u and by the continuity of 7 and « . The proof
is finished. &

Remark 3.4.6. The equality in (3) is called cohomology equation and u is a
solution of this equation, compare Section 1.11. Here the cohomology equation
is solvable in the space K = H,. Note that proving 3) = 2) we used only the
assumption that u is bounded. So, going through 2) = 1) = 3) we prove
that if the cohomology equation is solvable with u bounded, then automatically
u € Hy. The reader will see later that frequently, even under assumptions on
T weaker than expanding, to prove that u is a “good” function it suffices to
assume u to be measurable and finite almost everywhere, for some probability
T-invariant measure with support X. Often u is forced to be as regular as ¢
and 1 are. This type of theorems are called Livsic type theorems.

3.5 Markov partitions and symbolic represen-
tation

We shall prove in this section that the topological Markov chains (Chapter 0,
Example 0.6) describe quite precisely the dynamics of general open expanding
maps.

This can be done through so called Markov partitions of X. The sets of a
partition will play the role of “cylinders” {i; = Const} in the symbolic space
Ya.

Definition 3.5.1. A finite cover ® = {Ry,..., R,} of X is said to be a Markov
partition of the space X for the mapping T if diam(R) < min{n, £} and the
following conditions are satisfied.

(a) Ri=IntR; foralli=1,2,...,d
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(b) Int R;NIntR; =0 for all i # j
(c) ImtR,NT(IntR;) #0 = R; CT(R;) foralli,j=1,2,....d

Theorem 3.5.2. For an open, distance expanding map T : X — X there exist
Markov partitions of arbitrarily small diameters.

Proof. Fix 3 < min{n/4,&} and let a be the number associated to § as in
Lemma 3.2.3. Choose 0 < v < min{3/2, a/2} so small that

plz,y) <7 = p(T(x), T(y)) < a/2. (3.5.1)

Let E = {z1,...,%} be a y-spanning set of X. Define the space 2 by putting
Q= {g=(q:) € B : p(T(q:), qi41) < a for all i > 0}

By definition, all elements of the space 2 are a-pseudo-orbits and therefore, in
view of Corollary 3.2.4 and Lemma 3.2.3, for every sequence g € () there exists
a unique point whose orbit g-shadows g. Denote this point by ©(g). In this
way we have defined a map © : Q — X. We will need some of its properties.

Let us show first that © is surjective. Indeed, since F is a  spanning set,
for every x € X and every ¢ > 0 there exists ¢; € FE such that

p(T (), q:) < -
Therefore, using also (3.5.1),
p(T(a), gi+1) < p(T(a), T(T* () +p(T7 (@), giv1) < /247 < a/2+a/2=a

for all i > 0. Thus ¢ = (¢;)2, € Q and (as v < ) x = O(¢). The surjectivity
of © is proved.

Now we shall show that © is continuous. For this aim we will need the
following notation. If ¢ € 2 then we put

qn)={peQ:p;, =gq; forevery i =0,1,...,n} (3.5.2)

To prove continuity suppose that p,q € Q, p(n) = ¢(n) with some n > 0 and
put z = O(q), y = O(p). Then for all i =0,1,...,n,

p(T (), T'(y)) < p(T*(x),q:) + p(pi, T'(y)) < B+ B =28
As 3 <, we therefore obtain by (3.0.2) that
p(T (), T (y)) = Ap(T" (), T ()
for i = 0,1,...,n — 1, (see (3.1.6)), and consequently p(x,y) < A""23. The

continuity of © is proved.
Now for every k =1,...,r define the sets

Py =0({g€Q:q = 2}).
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Since © is continuous, € is a compact space, and the sets {qg € Q : go = 21} are
closed in 2, all sets Py, are closed in X.
Denote

W(k) ={l: p(T(2x), 21) < o}
The following basic property is satisfied:

T(P)= |J P (3.5.3)
leW (k)

Indeed, if © € Py then x = ©(q) for ¢ € Q with g9 = 2. By the definition of Q
we have g1 = z; for some [ € W (k). We obtain T'(z) € P,.

Conversely, let x € P, for I € W (k). It means that x = ©(q) for some ¢ € Q
with go = z;. By the definition of W (k) the concatenation zxq belongs to © and
therefore the point T(0(z1q)) S-shadows q. Thus T'(©(zxq)) = ©(q) = x, hence
S T(Pk)

Let now - .
z=x\{Jr(Jor).
n=0 k=1

Note that the boundary set 0Py := P \ Int Py is closed, by definition. It is
also nowhere dense, since Py itself is closed. Indeed, by the definition of interior
each point in 0P is a limit of a sequence of points belonging to X \ P, hence
belonging to X \ Py, hence not belonging to dP. Since T is open, also all the
sets T~"(0P;) are nowhere dense. They are closed by the continuity of 7. We
conclude, referring to Baire Theorem, that Z is dense in X; its complement is
of the first Baire category.

For any x € Z denote

Px)={ke{l,...,r} a2 € P},

Q) ={1¢ Pe): 0 |J P #0},

keP(x)
and

Sy = Inth\< U Pk): N Inth\< U Pk)).

keP(x) keQ(x) keP(x) k¢ P(x)

We shall show that the family {S(z) : « € Z} is in fact finite and moreover,
that the family {S(x) : © € Z} is a Markov partition of diameter not exceeding

28.

Indeed, since diam(Py) < 20 for every k =1, ..., we have

diam(S(x)) <23 (3.5.4)

As the sets S(x) are open, we have

Int S(z) = S(x) (3.5.5)
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for all # € Z. This proves the property (a) in Definition 3.5.1.
We shall now show that for every x € Z

T(S(z)) > S(Tx). (3.5.6)

Note first that for K (z) := Uyep(z) Pr U Ujeq(e) It we have diam(K (z)) < 88
and therefore, by the assumption 3 < n/4, the map T restricted to K (x) (and
even to its neighbourhood U ) is injective.

Consider k € P(x). Then there exists | € W (k) such that T'(z) € B,
see (3.5.3), and using the definition of Z we get T'(x) € Int(F;). Using the
injectivity of 7|y and the continuity of 7', and then (3.5.3), we obtain Int P, D
T\ (Int(T(Py)), hence

T(Int Py) D Int(T'(Py)) D Int P, D S(T'(z)),

and therefore

T( N Inth) S S(T()). (3.5.7)

keP(x)
Now consider k& € Q(x). Observe that by the injectivity of T'|x(,) the as-
sumption z ¢ Py, implies T'(x) ¢ Py, | € W (k).
Thus, using (3.5.3), we obtain

Tr)c Y P
¢ P(T(x))
Hence
7( |J P)nS(T(x)=0.
leQ(x)
Combining this and (3.5.7) gives

r( ) wmer\ (U B))oSTw@),

keP(x) keQ(x)

which exactly means that formula (3.5.6) is satisfied and therefore

T(S@)) > 8(Tx). (3.5.8)

We shall now prove the following claim.

Claim. If x,y € Z then either S(z) = S(y) or S(x) N S(y) = 0.

Indeed, if P(x) = P(y) then also Q(z) = Q(y) and consequently S(x) =
S(y). It P(x) # P(y) then there exists k € P(z) + P(y), say k € P(z) \ P(y).
Hence S(z) C Int P, and S(y) C X \ Py. Therefore S(x) N S(y) = 0 and the
Claim is proved.

(One can write the family S(x) as \/,_;  {Int Py, X \ Py}, compare nota-
tion in Ch.1. Then the assertion of the Claim is immediate.)
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Since the family {P(x) : x € Z} is finite so is the family {S(z) : v € Z}.
Note that S(z) N S(y) = 0 implies Int S(z) N Int S(y) = 0. This is a general
property of pairs of open sets, UNV = () implies UNV = () implies Int UNV = ()
implies Int U NV = () implies Int U N Int V = (.

Since |J,c, S(z) D Z and Z is dense in X, we thus have Umezm =X.

That the family {S(z) : « € Z} is a Markov partition for T of diameter not
exceeding 20 follows now from (3.5.5), (3.5.6), (3.5.4) and from the claim. The
proof is finished. &

Remark 3.5.3. If in Theorem 3.5.2 we omit the assumption that T is an open
map, but assume that X C W and T extends to an open map in W, then the
assertion about the existence of the Markov partition holds for X, an arbitrarily
small T" invariant extension of X.

The proof is the same. One finds X := ©(Q) D X; it need not be equal
to X. The only difficulty is to verify that the sets T=7(9Py) for all j > 1 are
nowhere dense. We can prove it assumed A > 2, where it follows immediately
from

Lemma 3.5.4. For each cylinder [90, - - -, qn] its ©-image contains an open set
m X.

Proof. Let L := sup|T’|. Assume v << a. Choose an arbitrary g, y1,... such
that for all j > n we have p(T(q;),¢j+1) < 7. Let = O((qo,...)). We prove
that every y € X close enough to z, plx,y) < e, belongs to O([q1, ..., qn])-

Since y € X, by forward invariance of X we get T (y) € X. Hence there
exists a sequence of points 2g,--- € E such that T""1(y) = ©((z9,...)). In
consequence the sequence s = (qo, . - ., qn, 20, 21, - - - ) of points in E satisfies the
following

p(T(g;),q5+1) < a for j=0,1,...,n—1.

p(T(a1),20) < p(T(qn): @nt1) + p(Gns1, T () + p(T"H (2), T (y)) +

1/A 1/A
Tn+1 < Ln+1 <
p( (y),ZO),wrl_l/Awr criopese
as we can assume A > 2 and
P(T(z) 201) < o for j=0.1,...
Therefore O(s) =y and s € [qo, ..., ¢n]- &

Therefore there is an arbitrary small extension of X to a compact set X
which is F' = T" invariant for an integer n > 0 and has Markov partition {R;}

for F. Then take X = Ujso T7(X). Tt is easy to check that the family of
the closures of the intersections of the sets T:;,f,j(m)(Int R;), for x € Int Ry, and

interiors in X constitutes a Markov partition of X for T.
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Example 3.5.5. It is not true that in the situation of Remark 3.5.3 one can
always extend X to a T-invariant set X, in an arbitrarily small neighbourhood
of X, on which T is open (i.e. (X,T) is a repeller, see Section 5.1). Indeed,
consider in the plane the set X being the union of a circle together with its
diameter interval. It is easy to find a mapping 7" defined on a neighbourhood
of X, preserving X, smooth and expanding. Then at least one of the preimages
of one of two triple points (end points of the diameter) is not a triple point.
Denote it by A. T restricted to X is not open at A. Adding a short arc
starting at A, disjoint from X (except A), a preimage of an arc in X does not
make T open. Indeed, it is not open at the second end of «y. (It is not open also
at T-preimages of A but we can cope with this trouble by adding preimages of
~ under iteration of T'.)

On the other hand, (X,T) can be extended to a repeller if X is a Cantor
set. This fact will be applied in Section 10.6.

Proposition 3.5.6. Let T : W — W be an open continuous map of a compact
metric space (W, p). Let X C W be a T-invariant set, such that T is expanding
in a neighbourhood U of X, i.e. (3.0.1) holds for x,y € U. Then, in an arbi-
trarily small neighbourhood of X in W there exists a Cantor set X containing
X such that T is open on it.

Proof. One can change the metric p on W to a metric p’ giving the same topol-
ogy, such that (X,T) is distance expanding on U in p’ in the sense of (3.0.2),
see Section 3.1 for T Lipschitz or the formula defining p’ in Lemma 3.6.3 in the
general case.

First we prove that there exist arbitrarily small » > 0 such that B(X,r) :=
{z € W: p(z2,X) < r} C U, consists of a finite number of open domains
Ui(r) C W, with pairwise disjoint closures in W.

For any z, 2’ € B(X,r) define z ~,. 2’ if there exists a sequence 1, ..., z, € X
such that z € B(x1,r),2’ € B(x,,r) and for all k = 1,....n — 1, B(xg,r) N
B(xgi1,7) # 0, the balls in (W, p’). This is an equivalence relation, each equiv-
alence class contains a point in X, and for z € V, N X,2/ € V! N X’ for two
different equivalence classes V;., V!, we have p(x,2’) > r. So by compactness
of X there is at most a finite number of the equivalence classes. Denote their
number by N(r). Clearly, for every r < 7’ for every V,. there exists V,. such
that V,. C V.. and every V,» contains some V.. Hence the function r — N(r)
is monotone decreasing. Let r1 > 19 > ... > 7, > ... \, 0 be the sequence of
consecutive points of its discontinuity. Take any r > 0 not belonging to this
sequence. Let ; <7 < rj_;. Denote ¢ = (rj—; —r)/2. Consider two different
sets V. and V.!. Suppose there is zg € V. N V/T. Then there are points z € V.
and z' € V/ such that p'(z,2") < e. Then z ~,4. 2. So both V, and V, are
contained in the same equivalence class of ~,;.. So N(r) > N(r + ¢) what
contradicts the definition of e.

Observe that sup, diam Uy (r) — 0 as r — 0 since X is a Cantor set. Indeed,
for every § > 0 there is a covering of X by pairwise disjoint closed sets A; of
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diameter < ¢. Then for r < inf,.; dist(A;, A;/)/2 each two distinct A, A
belong to different ~,. equivalence classes.

Thus, we can assume for Uy, = Ug(r), that diam Uy < . So we can consider
the branches of g = T;; ! on Uy’s for all x € X, see Lemma 3.1.2. Then each g
maps Uy into some Uy because it is a contraction (by the factor A=!). Then
denote g by gis . Finally define

(o]
X=1 U 9k 0 Gkoks © 0 Gk 1k (Uk,), (3.5.9)
k

n=0ky,....,kn

the union over all ki, ..., k, such that gi, x, , exist for all j = 1,..,n —1. It
follows that for r small enough the family of sets {Ux(r) N X} is a Markov
partition of X with pairwise disjoint “cylinders”, and (5( ,T) is topologically
conjugate to a topological Markov chain, see Example 0.4. Hence T is open on
X (see more details below). &

Each Markov partition gives rise to a coding (symbolic representation) of
T:X — X as follows (an example was provided in Proposition 3.5.6 above).

Theorem 3.5.7. Let T : X — X be an open, distance expanding map. Let
{R1,...,Rq} be a Markov partition. Let A = (a;;) be a d X d matriz with
a;; = 0 or 1 depending as the intersection T'(Int R;) NInt R; is empty or not.
Then consider the corresponding one-sided topological Markov chain X4 with
the left shift map o : X4 — %4, see Ch.0.3. Define the map w: 34 — X by

w((ioyin,...)) = [ T "(Ri,).
n=0

Then 7 is a well defined Hélder continuous mapping onto X and T owm =moo.
Moreover 7T|W—1(X\U701§:0 T—n(, OR;)) 18 1njective.

Proof. For an arbitrary sequence (io,41,...) € 34, a;; = 1 implies T(R;,) D
R;, . Since diam R;, < 2n, T is injective on R;, , hence there exists an inverse
branch T}il on R The subscript R;, indicates that we take the branch

leading to Rin, compare notation from Section 3.1. Thus, Tgil (Ri,,.) C Ry,.
Hence !

Tn41

ToiTg) . Tg! (Ri,) CTp Tpl . Tl (Ri,).

So N0 T "(Ri,) # 0, as the intersection of a descending family of compact
sets. We have used here that
Try - Tr, (Ri) =T ...Tg! (T7'(Ri,)NR;,_,)

. Un
"n—1 tn—2

=Tq, - Tx, (T7%(Ri,)NT 'Ri, , N R;,_,)

in
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following from Tlgi. (A) =T YA)NR;, for every AC R k=0,....,n—1.

Our infinite intersection consists of only one point, since diam(R;) are all
less than an expansivness constant.

Let us prove now that 7 is Holder continuous. Indeed, p/((i,), (i%)) < A7V
implies i, = i), for all n = 0,...,N — 1, where the metric p’ comes from
Example 0.4, with the factor A = X(p) > 1. Then, for z = 7((i,,)), v = 7((i},))
and every n : 0 <n < N we have T"(x),T"(y) € Ry, , hence p(T™(z),T"(y)) <
diam R;, < &, hence p(z,y) < A=(N=1¢. Therefore 7 is Hélder continuous,
with exponent min{1,log\/log A(p")}.

Let us deal now with the injectivity. If © = 7((i,)) and T"(x) € Int R;,, for
alln =0,1,..., then T"(z) ¢ R; for all j # 4,. So, if x € [, T™"(R; ), then
all il, = iy.

Finally 7 maps ¥ 4 onto X. Indeed, by definition 7(X4) contains
X\ UsZoT7™(U, OR;) which is dense in X. Since m(X,) is compact, it is
therefore equal to X. &

Qg1

Remark. One should not think that « is always injective on the whole X 4.
Consider for example the mapping of the unit interval T'(x) = 2z(mod 1),
compare Example 0.4. Then the dyadic expansion of z is not unique for
v € Up o T7"({3}). Dyadic expansion is the inverse, m~!, of the coding ob-
tained from the Markov partition [0, 1] = {[0, 3], [5,1]}.

Recall finally that o : X4 — X4 is an open, distance expanding map. The
partition into the cylinders C; := {(iy,) : i = i} for i = 1,...,d, is a Markov
partition into closed-open sets. The corresponding coding 7 is just the identity.

Another fact concerning a similarity between (X 4,0) and (X, T) is the fol-
lowing

Theorem 3.5.8. For every Hélder continuous function ¢ : X — R the function
¢pom is Holder continuous on X4 and the pressures coincide, P(T, ¢) = P(o, ¢o

).

Proof. The function ¢ o w is Holder continuous as a composition of Hélder con-
tinuous functions. Consider next an arbitrary point € X\, T~ (U, OR;).
Then, using Proposition 3.4.3 for T" and ¢ we obtain

P(Ta ¢) = PT(Ta ¢) = owl(w) (Ua ¢o 7T) = P(U7 ¢o 7T).
The middle equality follows directly from the definitions. &

Finally we shall prove that 7 is injective in the measure-theoretic sense.

Theorem 3.5.9. For every ergodic Borel probability measure p on X 4, invari-
ant under the left shift map o, positive on open sets, the mapping m yields an iso-
morphism between the probability spaces (X4, Fs ,, 1) and the (X, Fx,pom™ 1),
for F respective (completed) Borel o-algebras, conjugating the shift map o to
the transformation T : X — X (i.e. mtoo=Tom).
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Proof. The set 0 = U?Zl I(R;), and hence 7~1(9), have non-empty open com-
plements in ¥ 4. Since T'(9) C 9, we have o(7~1(9)) C 7~(9), hence 7=1(9)) C
o~ Y(m~1(9)). Since p is o-invariant, we conclude by ergodicity of p that
p(m=1(9)) is either equal to 0 or to 1. But the complement of 7=1(9), as a
non-empty open set, has positive measure p. Hence p(r=1(9)) = 0. Hence
W(E) =0 for B := ;- 0 "(71(9)) and by Theorem 3.5.7 7 is injective on
¥4\ E. This proves that 7 is the required isomorphism. &

3.6 Expansive maps are expanding in some me-
tric

Theorem 3.1.1 says that distance expanding maps are expansive. In this sec-
tion we prove the following much more difficult result which can be considered
as a sort of the converse statement and which provides an additional strong
justification to explore expanding maps.

Theorem 3.6.1. If a continuous map T : X — X of a compact metric space
X is (positively) expansive then there exists a metric on X, compatible with
the topology, such that the mapping T is distance expanding with respect to this
metric.

The proof of Theorem 3.6.1 given here relies heavily on the old topological
result of Frink (see [Frink 1937], comp. [Kelley 1955, p. 185]) which we state
below without proof.

Lemma 3.6.2 (The Metrization Lemma of Frink). Let {U,, }22 ,} be a sequence
of open neighborhoods of the diagonal A C X x X such that Uy = X x X,

() Un =4, (3.6.1)
n=1
and for everyn > 1
U,oU,oU, CU,_1. (3.6.2)

Then there exists a metric p, compatible with the topology on X, such that for
everyn > 1,
Un C{(z,y) : plz,y) <27"} CUp_1. (3.6.3)

We will also need the following almost obvious result.

Lemma 3.6.3. If T : X — X is a continuous map of a compact metric space
X and T™ is distance expanding for some n > 1, then T is distance expanding
with respect to some metric compatible with the topology on X .

Proof. Let p be a compatible metric with respect to which T is distance ex-
panding and let A > 1 and 1 > 0 be constants such that

p(T™(x), T"(y)) = Ap(z,y)
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whenever p(z,y) < 2n. Put £ = A% and define the new metric p/ by setting

5n1,1p<T"*1<x>,T”*1<y>>

§(@,y) = pla,y) + épmx), T() + ...+

Then p’ is a metric on X compatible with the topology and p'(T'(x), T (y))
&p'(x,y) whenever p'(x,y) < 27.

o1V

Now we can pass to the proof of Theorem 3.6.1.

Proof of Theorem 3.6.1. Let d be a metric on X compatible with the topology,
and let 30 > 0 be an expansive constant associated to T" which does not exceed
the constant 7 claimed in Proposition 2.5.9. For any n > 1 and v > 0 let

Va(v) ={(z,y) € (X x X): d(Tj(x),Tj(y)) <~ forevery j=0,...,n}.
Then in view of Proposition 2.5.9 there exists M > 1 such that
Vi (30) C {(x,y) : d(z,y) < 0}. (3.6.4)

Define Uy = X x X and U,, = Vi, (0) for every n > 1. We will check that
the sequence {U,, }22 , satisfies the assumptions of Lemma 3.6.2. Indeed, (3.6.1)
follows immediately from expansiveness of 7. Now we shall prove condition
(3.6.2). We shall proceed by induction. For n = 1 nothing has to be proved.
Suppose that (3.6.2) holds for some n > 1. Let (x,u), (u,v), (v,y) € Upt1.
Then by the triangle inequality

d(T7 (y), T’ (x)) < 360 for every j=0,...,(n+1)M.
Therefore, using (3.6.4), we conclude that
d(T? (y), T (x)) < 0 for every j =0,..., Mn.

Equivalently (z,y) € Vasn(0) = U, which finishes the proof of (3.6.2).

So, we have shown that the assumptions of Lemma 3.6.2 are satisfied, and
therefore we obtain a compatible metric p on X satisfying (3.6.3). In view of
Lemma 3.6.3 it sufficies to show that T3M is expanding with respect to the
metric p. So suppose that 0 < p(z,y) < Then by (3.6.1) there exists an
n > 0 such that

1
16
({E, y) € Un \ Un+1~ (365)

As 0 < p(z,y) < 15, this and (3.6.3) imply that n > 3. It follows from
(3.6.5) and the definitions of U, and Vi, (0), that there exists Mn < j <
(n + 1)M such that d(T7(y),T?(z)) > 6. Since 3 < n we conclude that
d(THT3*M (z)), TH(T*M (y))) > 6 for some 0 < i < (n — 2)M and therefore
(T3M (), T3M (y)) ¢ U,,—2. Consequently, by (3.6.3) and (3.6.5) we obtain that

p(T3M (), T3 () > 2= = 2977 > 9p(a,y).

The proof is finished. &
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Exercises

3.1. Prove the following Shadowing Theorem generalizing Corollary 3.2.4 (Shad-
owing lemma) and Corollary 3.2.5 (Closing lemma):

Let T': X — X be an open map, expanding at a compact set Y C X. Then,
for every 4 > 0 there exists a > 0 such that for every map I' : Z — Z for a
set Z and a map @ : Z — B(Y,«) satisfying p(T®(z), PI'(z)) < « for every
z € Z, there exists a map ¥ : Z — X satisfying T® = ®I" (hence T'(Y’) C Y’
for Y/ = ¥(Z)) and such that for every z € Z, p(¥(2),2(z)) < 3. If Zis a
metric space and I', @ are continuous, then W is continuous. If 7(Y) C Y and
the map Ty : Y — Y be open, then Y’ C Y.

(Hint: see 5.1)

3.2. Prove the following structural stability theorem.

Let T : X — X be an open map with a compact set ¥ C X such that
T(Y) C Y. Then for every A > 1 and 3 > 0 there exists & > 0 such that if
S : X — X is distance expanding at Y with the expansion factor A and for all
y €Y p(S(y),T(y)) < a then there exists a continuous mapping h : ¥ — X such
that Sh|y = hT|y, in particular S(Y') C Y’ for Y/ = h(Y), and p(h(z),z) < S5

Hint: apply the previous exercise for Z = Y,I' = T|y,® = id, T = S and
Y =Y. Compare also 5.1
3.3. Prove that if T : X — X is an open, distance expanding map and X is
compact connected, then T": X — X is topologically exact.

3.4. Prove that for T : X — X a continuous map on a compact metric space X
the topological entropy is attained on the set of non-wandering points, namely
hiop(T) = heop(Tla(T):

Hint: Use the Variational Principle (Theorem 2.4.1).
3.5. Prove Lemma 3.3.9 and hence Theorem 3.3.8 (Spectral Decomposition)
without the assumption of periodic shadowing, assuming that 7" is a branched
covering of the Riemann sphere.

3.6. Prove the existence of stable and unstable manifolds for hyperbolic sets
and Smale’s Spectral Decomposition Theorem for Aziom A diffeomorphisms.

An invariant set A for a diffeomorphism T is called hyperbolic if there exist
constants A > 1 and C' > 0 such that the tangent bundle on X restricted to
tangent spaces over points in A, T) X decomposes into DT -invariant subbundles
TAX = TYX @ TRX such that ||[DT™(v)|| > CA" for all v € T{X and n > 0
and ||[DT"(v)|| > CA™ for all v € T{ X and n < 0.

Prove that for every © € A the sets W¥%(z) = {y € X : p(T"(z), T"(y)) —
0as n— —oo}, and W(z) ={y € X : p(T"(x),T"(y)) — 0 as n — oc} are
immersed manifolds. (They are called unstable and stable manifolds.)

Assume next that a diffeomorphism 7' : X — X satisfies Smale’s Aziom A
condition, that is the set of non-wandering points € is hyperbolic and = Per.

Then the relation between periodic points is as follows. x ~ y if there are
points z € W¥(z) N W*(y) and 2’ € W"(y) NW*(x) where W*(x)a and W*(y),
and W*(y)a and W#(x) respectively, intersect transversally, that is the tangent
spaces to these manifolds at z and 2’ span the whole tangent spaces.
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Figure 3.2: Transitivity for diffeomorphisms.

Prove that this relation yields Spectral Decomposition, as in Theorem 3.3.8,
with topological transitivity assertion rather than topological exactness of course.
As one of the steps prove a lemma corresponding to Lemma 3.3.9 about
approximation of a transversal heteroclinic cycle points by periodic ones. That
is assume that x1, 9, ..., x, are hyperbolic periodic points (i.e. their orbits are
hyperbolic sets) for a diffeomorphism, and W' has a point p; of transversal

intersection with quwl)modn for each i =1,...,n. Then p,; € Per.

(For the theory of hyperbolic sets for diffeomorphisms see for example
[Katok & Hasselblatt 1995].)

3.7. Prove directly that 1) = 2) in Proposition 3.4.5, using the specification
property, Theorem 3.3.12.

3.8. Suppose T' : X — X is a distance expanding map on a closed surface.
Prove that there exist a Markov partition for an iterate TV compatible with
a cell complex structure. That is elements R; of the partitions are topological
discs, the 1-dimensional “skeleton” |J, OR; is a graph consisting of a finite num-
ber of continuous curves “edges” intersecting one another only at end points,
called “vertices”. Intersection of each two R; is empty or one vertex or one edge,
each vertex is contained in 2 or 3 edges.

(Hint: Start with any cellular partition, with R; being nice topological discs
and correct it by adding or subtracting components of TN (R;), T—2N (R;), etc.
See [Farrell & Jones 1979] for details. )

3.9. Prove that if T is an expanding map of the 2-dimensional torus R?/Z2, a
factor map of a linear map of R? given by an integer matrix with two irrational

eigenvalues of different moduli (for example (_011;) but not ((2) g)), then OR;
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cannot be differentiable.
(Hint: Smooth curves T"(9R;) become more and more dense in R?/Z? as
n — oo, stretching in the direction of the eigenspace corresponding to the
eigenvalue with a larger modulus. So they cannot omit Int R;.
The same argument, looking backward, says that the components of 7~"(Int R;)
are dense and very distorted, since the eigenvalues have different moduli. The
curve JR; must manoeuvre between them, so it is “fractal”. See [Przytycki & Urbanski 1989)
for more details.)
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pellers, compare Section 5.1 in the context of hyperbolic rational functions. This
stability was also proved in [Przytycki 1977]. Later a comprehensive monogra-
phy on shadowing by S. Yu. Pilyugin [Pilyugin 1999] appeared.

The existence of Spectral Decomposition in the sense of Theorem 3.3.8 (see
Exercise 3.6) was first proved by S. Smale [Smale 1967] for diffeomorphisms,
called by him Aziom A, defined by the property that the set of non-wandering
points €2 is hyperbolic and © = Per, see also [Katok & Hasselblatt 1995] and
further historical information therein. In a topological setting an analogous
theory was founded by Bowen [Bowen 1970], for introduced by him Aziom A*
homeomorphisms. Aziom A endomorphisms were studied in [Przytycki 1977],
comprising the diffeomorphisms and expanding (smooth) cases. For open, dis-
tance expanding maps 2 = Per (Proposition 3.3.6) corresponds to the analo-
gous fact for Anosov diffeomorphisms. It is not known whether Q = X for all
Anosov diffeomorphisms. It is not true for some distance expanding endomor-
phisms (Remark 3.3.7), but it is true for 7" smooth and X a connected smooth
manifold (Exercise 3.3), see [Shub 1969].

The construction of Markov partition in Sec. 5 is similar to the construction
for basic sets of Axiom A diffeomorphisms in [Bowen 1975]. The case of X not
locally maximal for 7" has been studied recently in the case of diffeomorphisms
[Crovisier 2002], [Fisher 2006]. The noninvertible case is considered here for the
first time to our knowledge.

For a general theory of cellular Markov partitions, including Exercise 3.8,
see [Farrell & Jones 1993]. The fact that Hausdorff dimension of the boundaries
of 2-dimensional cells is greater than 1, in particular their non-differentiability,
Exercise 3.9, follows from [Przytycki & Urbaiiski 1989].
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Chapter 4

Thermodynamical
formalism

In Chapter 2 (Th. 2.5.6) we proved that for every positively expansive map
T : X — X of a compact metric space and an arbitrary continuous function ¢ :
X — R there exists an equilibrium state. In Remark 3.4.4 we provided a specific
construction for 7" an open distance expanding topologically transitive map
and a Holder continuous function ¢. Here we shall construct this equilibrium
measure with a greater care and study its miraculous regularity with respect to
the “potential” function ¢, its “mixing” properties and uniqueness. So, for the
entire chapter we fix an open, distance expanding, topologically transitive map
T : X — X of a compact metric space (X, p), with constants 7, A, £ introduced
in Chapter 3.

4.1 Gibbs measures: introductory remarks

A probability measure @ on X and the Borel o-algebra of sets is said to be a
Gibbs state (measure) for the potential ¢ : X — R if there exist P € R and
C > 1 such that for all x € X and all n > 1,

w(T (BT (@),9) _ (4.1.1)

1
O S (@) = Pn) =

If in addition p is T-invariant, we call p an invariant Gibbs state (or measure).

We denote the set of all Gibbs states of ¢ by G. It is obvious that if 1 is
a Gibbs state of ¢ and v is equivalent to p with Radon—Nikodym derivatives
uniformly bounded from above and below, then v is also a Gibbs state. The
following proposition shows that the converse is also true and it identifies the
constant P appearing in the definition of Gibbs states as the topological pressure

of ¢.

141
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Proposition 4.1.1. If u and v are Gibbs states associated to the map T and
a Holder continuous function ¢ and the corresponding constants are denoted
respectively by P,C and Q, D then P = Q = P(T,$) and the measures u and v
are equivalent with mutual Radon—Nikodym derivatives uniformly bounded.

Proof. Since X is a compact space, there exist finitely many points x1,...,2; €
X such that B(z1,£)U...UB(z,£) = X. We claim that for every compact set
A C X, every 6 > 0, and for all n > 1 large enough,

u(A) < CDlexp((Q — P)n)(v(A) + 6). (4.1.2)

By the compactness of A and by the regularity of the measure v there exists
e > 0 such that v(B(A4,¢)) < v(A) +J. Fix an integer n > 1 so large that
EAT L % and for every 1 < <[ let

X(@)={z e T7"(@:) : ANT,"(B(s,€)) # 0}
Then
ACU U 7o"(B(i,9) C B(A,¢)
i=1zeX (i)

and, since for any fixed 1 < i <[ the sets T, "(B(z;,€&)) for x € T~"(x;) are
mutually disjoint, it follows from (4.1.1) that

= u(U U 77 (Be9) < > Y M B )

i=lzeX (i i=1 zeX (1)

<O Y oot - P

=1 zeX (i)

=Cexp((Q — P)n Z Z exp(Spo(x) — Qn)

i=1 zeX (1)

l
< CDexp((Q — P)n Z > (T (B, €))

=1 zeX (i)
< CDexp((Q — P)n)lv(B(4;¢))
< CDIexp((Q — P)n)(v(4) +5)

Exchanging the roles of p and v we also obtain
v(A) < CDlexp((P — Q)n)(u(A) +9) (4.1.3)

for all n > 1 large enough. So, if P # @, say P < @, then it follows from (4.1.3)
applied to the compact set X that v(X) = 0. Hence P = @, and, as by regularity
of u and v, (4.1.2) and (4.1.3) continue to be true for all Borel subsets of X,
we conclude that p and v are equivalent with the Radon—-Nikodym derivative
dp/dv bounded from above by C' DI and from below by (CDI)~! (letting § — 0).
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It is left to show that P = P(T, ¢). Looking at the expression after the third
inequality sign in our estimates of p(A) with A = X we get

!
0 =logu(X) <logC + log(z Z eXp(Sn,(b(a?))) — Pn.

i=1 zeX (i)

Since for every i, X (i) is an (1, n)-separated set, taking into account division by
n in the definition of pressure, we can replace here ). by a largest summand
for each n. We get P < P(T, ¢).

On the other hand for an arbitrary « € X,

> exp(Sad(y) —Pn)<C Y (T, "(B(x,8) < Cu(X)=C

yeT " () yeT " ()

gives P(T, ¢) = P,(T, ¢) < P, for P, defined in 3.4.3 applicable due to topolog-
ical transitivity of T. The proof is finished. &

Remark 4.1.2. In order to prove Proposition 4.1.1 except the part identifying
P as P(T, ¢) we used only the inequalities
(T ™(B(T™(x),€)) exp Pn

x

O S UL (BT w). ) exp@n

We needed the function ¢ in (4.1.1) and its Holder continuity only to prove that
P =Q = P(T,¢). Holder continuity allows us also to replace = in S, ¢(x) by
an arbitrary point contained in 7, ™(B(T"(x),¢)).

Remark 4.1.3. For R = {Ry, ..., R4}, a Markov partition of diameter smaller
than £, (4.1.1) produces a constant C' depending on R (see Exercise 4.1) such

that ( )
Ri
—1 « _ P\ o, jna <
~ exp(Spe(z) — Pn) — ¢ (4.14)

for every admissible sequence jo,ji,...,jn—1 and every x € Rj, . ;... In
particular (4.1.4) holds for the shift map of a one-sided topological Markov
chain.

The following completes Proposition 4.1.1.

Proposition 4.1.4. If ¢ and ¢ are two arbitrary Hoélder continuous functions
on X, then the following conditions are equivalent:

(1) ¢p—1 is cohomologous to a constant in the space of bounded functions (see
Definition 1.11.2).

(2) Gy =G
(3) Gg NGy # 0.
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Proof. Of course (2) implies (3). That (1) implies (2) is also obvious. If (3) is
satisfied, that is if there exists u € G4 N Gy, then it follows from (4.1.1) that

D™! < exp(Sn(9)(x) = Su(¥)(z) —nP(¢) +nP(¥)) < D

for some constant D, all x € X and n € N. Applying logarithms we see that the
condition (2) in Proposition 3.4.5 is satisfied with ¢ and v replaced by ¢ — P(¢)
and ¥ — P(v) respectively. Hence, by this Proposition, ¢ — P(¢) and ¥ — P(v)
are cohomologous, which finishes the proof. &

We shall prove later that the class of Gibbs states associated to T and ¢ is
not empty (Section 4.3 and contains exactly one Gibbs state which is T-invariant
(Corollary 4.2.14). Actually we shall prove a stronger uniqueness theorem. We
shall prove that any invariant Gibbs state is an equilibrium state for 7" and ¢
and prove (Section 4.6) uniqueness of the equilibrium states for open expanding
topologically transitive maps T and Holder continuous functions ¢ : X — R.

Proposition 4.1.5. A probability T-invariant Gibbs state p is an equilibrium
state for T and ¢.

Proof. Consider an arbitrary finite partition P into Borel sets of diameter
less than min(n,&). Then for every © € X we have T, "(B(T"(x),&)) D
P"(x), where P"(x) is the element of the partition P" = \/?ZO”P that con-
tains z. Hence p(T, "(B(T"(x),£))) > u(P™(z)). Therefore by the Shannon—
McMillan—Breiman Theorem and (4.1.1) one obtains

(1) 2 1,(1,P) = [ (limsup — (0 P(T,0)) ~ $,6(0) ) du = P(T.0) - [ o

n—0o0

or in other words, h,(T) 4+ [¢du > P(T,$) which just means that p is an
equilibrium state. &

4.2 'Transfer operator and its conjugate. Mea-
sures with prescribed Jacobians

Suppose first that we are in the situation of Chapter 1, i.e. T is a measurable
map. Suppose that m is backward quasi-invariant with respect to T, i.e.

T.(m)=moT ! <m. (4.2.1)
(Sometimes this property is called non-singular.) Then by the Radon-Nikodym

Theorem there exists an m-integrable function ® : X — [0,00) such that for
every measurable set A C X we have

m(Tﬁl(A))z/A(I)dm.
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One writes d(m o T~1)/dm = ®. In the situation of this Chapter, where T is a
local homeomorphism (one does not need expanding yet) if T~! has d branches
on a ball B(z,£) mapping the ball onto Uy, ..., Uy respectively, then

d
o= Z ®; where @; :=d(mo (T|y,)"")/dm.
j=1

If we consider measures absolutely continuous with respect to a backward quasi-
invariant “reference measure” m then the transformation p +— T.(u) can be
rewritten in the language of densities with respect to m as follows,

d
dp/dm — d(Top) /dm =Y " ((dp/dm) o (Ty,) ") ®;. (4.2.2)

j=1
It is comfortable to define

d(m o (T|y,)"")

V(z) = dm

(T(2)), (4.2.3)
ie. ¥ =®&;o07T for z € U;. Notice that W is defined on a set whose T-image has
full measure (which is maybe larger than just a set of full measure, in the case
a set of measure zero is mapped by T to a set of positive measure), see Section
4.6 for further discussion.

The transformation in (4.2.2) can be considered as a linear operator L, :
LY(m) — LY(m), called the transfer operator,

Low)(z)= Y u@¥@).

zeT ()

This definition makes sense, because if we change u on a set A of measure 0,
then even if m(T'(A)) > 0, we have ®;|r(4)nB(x,e) = 0 m-a.e., hence L, (u) does
not depend on the values of u on T'(A). We have the convention that if u is not
defined (on a set of measure 0) and ¥ = 0, then «¥ = 0.

The transformation L£,, makes in fact sense in a more general situation,
where T': X — X is measurable map of a probability space (X, F, m), backward
quasi-invariant (non-singular), finite (or countable) -to-one. Instead of U; we
write X = |J X, where X, are measurable, pairwise disjoint, and for each j the
map T'|x, — T(X;) is a measurable isomorphism.

Proposition 4.2.1.

/Cm(u) dm = /udm for all w € L'(m). (4.2.4)

Conversely, if (4.2.4) holds where in the definition of L, we put an arbitrary
m integrable function ¥, then U satisfies (4.2.3).
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Proof. 1t is sufficient to consider u = 1 4 the indicator function for an arbitrary
measurable A C X;. We have

/Cm(]lA)dmz/ \IIO(T|Xj)*1dm=/ O; dm = m(A),
T(A) T(A)

the latter true by change of coordinates if and only if ®; is Jacobian as above.
Compare Lemma 4.2.5. &

It follows from (4.2.4) that L, restricted to non-negative functions is an
isometry in the L'(m) norm. The transfer operator £,, : L'(m) — L'(m) is an
example of Markov operator, see Exercise 4.4

By (4.2.2) we obtain the following characterization of probability T-invariant
measures absolutely continuous with respect to m.

Proposition 4.2.2. The probability measure . = hm for h € L*(m), h >0, is
T-invariant if and only if
Lo (h) = h.

Remark 4.2.3. For the operator £,, we have the identity
Lin(f-(g0T))=Lin(f) 9. (4.2.5)

making sense for any measurable functions f,g: X — R. Hence, using (4.2.4),
for all f € L>°(u) and g € L' (), we get

[rtgemyan= [ a(r-om)dn= [ La(r)-gdm (@20

and iterating this equality, we get

[ @erdn= [ ) gam (42.7)

foralln=1,2,....

Remark 4.2.4. Since £, acts on L!(m) we can consider its adjoint operator
Lk L>®(m) — L*°(m). Notice that

[Eutn)-gim= [ 1-Lotyam= [ £a((soT)-g)dm= [(7o1)-gam.

by definition and (4.2.4). Hence L} (f) = foT.

Recall from Section 1.2 that h — h o T is called Koopman operator, here
acting on L>°(m). So the operator conjugate to L,, is this Koopman operator.
If one considers both operators acting on L?(m), which is the case for m being
T invariant (see Exercise 4.3), then these operators are mutually conjugate.
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Continuous potential case

After this introduction, the appearance of the following linear operator,
called or Ruelle or Araki or also transfer operator, is not surprising:

Lo()(z) = D ul@) exp(é(@)), (4.2.8)

TeT 1 (z)

If the function ¢ is fixed we omit sometimes the subscript ¢ at £. The function
¢ is often called a potential function. This term is compatible with the term
used for ¢ in Section 4.1 for P = 0. It will become clear later on. The transfer’s
adjoint operator will be our tool to find a backward quasi-invariant measure
m such that ¥ will be a scalar multiple of exp ¢, hence L,, will be a scalar
multiple of £4. Then in turn we will look for fixed points of £, to find invariant
measures. Restricting our attention to exp ¢, we restrict considerations to ¥
strictly positive defined everywhere. One sometimes allows ¢ to have the value
—00, but we do not consider this case in our book. See e.g. [Keller 1998].

Let us now be more specific. Let ¢ : X — R be a continuous func-
tion. Consider L4 acting on the Banach space of continuous functions Ly :
C(X) — C(X). It is a continuous linear operator and its norm is equal to
SUDP, D _zer—1(2) €XP(Q(T)) = sup Ly (1) as this is a positive operator i.e. it maps
real non-negative functions to real non-negative functions (see Section 2.1). Con-
sider the adjoint operator £ : C*(X) — C*(X). Note that as conjugate to a
positive operator it is also positive, i.e. transforms measures into measures.

Lemma 4.2.5. For every pu € C*(X) and every Borel set A C X on which T
1S injective

L3 = [ exploo (T1) (4.2.9)

T(A)

Proof. Tt is sufficient to prove (4.2.9) for A C B(z,r) with any x € X and r > 0
such that T is injective on B(x,2r) (say r = ). Now approximate in point-
wise convergence the indicator function x4 by uniformly bounded continuous
functions with support in B = B(z, 2r). We have for any such function f,

£5)(f) = p(La(f)) = / (f exp(6)) o (T 5) " dp

T(B)
We used here the fact that the only branch of 7! mapping T'(B) to the support

of f is that one leading T'(B) to B. Passing with f to the limit x4 on both
sides (Dominated Convergence Theorem, Section 1.1) gives (4.2.9). &

Observe that whereas L4 transports a measure from the past (more precisely:
transports a density, see (4.2.2)), L7, pulls a measure back from the future with
Jacobian exp ¢ o T~!. This is the right operator to use, to look for the missing
“reference measure” m.
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Definition 4.2.6. J is called the weak Jacobian if J : X — [0,00) and there
exists a Borel set £ C X such that u(E) = 0 and for every Borel set A C X on
which T is injective, u(T(A\ E)) = [, Jdp.

Recall from Chapter 1 (Def. 1.9.4) that a measurable function J : X —
[0,00) is called the Jacobian or the strong Jacobian of a map T : X — X with
respect to a measure p if for every Borel set A C X on which T is injective
w(T(A)) = [, Jdp. In particular p is forward quasi-invariant (cf. Lemma 1.9.3
and Definition 1.9.4).

Notice that if p is backward quabi invariant then the condition that J is the
weak Jacobian translates to u(A fT 7ot T\A) ————1 dL.

Corollary 4.2.7. If a probability measure ju satisfies L3 (1) = cp (i.e. p is an
eigen-measure of C; corresponding to a positive eigenvalue c), then cexp(—¢)
is the Jacobian of T' with respect to p.

Proof. Substitute cu in place of £*(u) in (4.2.9). Tt then follows that p is
backward quasi-invariant and cexp(—¢) is the weak Jacobian of T' with respect
to p. Since Wl—qa) = exp ¢ is positive everywhere, cexp(—¢) is the strong
Jacobian of T. &

Theorem 4.2.8. Let T : X — X be a local homeomorphism of a compact metric
space X and let ¢ : X — R be a continuous function. Then there exists a Borel
probability measure m = my and a constant ¢ > 0, such that Lj(m) = cm. The
function cexp(—¢) is the strong Jacobian for T with respect to the measure m.

Proof. Consider the map I(u) := T()()l) on the convex set of probability mea-
sures on X, i.e. on M(X), endowed with the weak* topology (Sec. 2.1). The
transformation [ is continuous in this topology since u, — p weak™® implies
for every u € C(X) that L*(un)(u) = pn(L(w)) — p(L(uw)) = L*(u)(u). As
M(X) is weak® compact (see Th. 2.1.6) we can use Theorem 2.1.7 (Schauder-
Tychonoff fixed point theorem) to find m € M (X) such that I(m) = m. Hence
L*(m) = em for ¢ = L*(m)(1L). Thus T has the Jacobian equal to cexp(—¢),
by Corollary 4.2.7. &

Note again that we write exp ¢ in order to guarantee it never vanishes, so
that there exists the Jacobian for T with respect to m. To find an eigen-measure
m for £* (i.e. with a weak Jacobian being a multiple of exp(—¢) ) we could
perfectly well allow exp ¢ = 0.

We have the following complementary fact in the case when Jacobian J
exists.

Proposition 4.2.9. If T : X — X is a local homeomorphism of a compact
metric space X and a Jacobian J with respect to a probability measure m exists,
then for every Borel set A

%/AJdmgm(T(A))S/AJdm.
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where d is the degree of T (d := sup,cx $T7'({z})). In particular if m(A) = 0,
then m(T(A)) = 0.

Proof. Let us partition A into finitely many Borel sets, say A, Ao, ..., A,, of
diameters so small that 7" restricted to each of them is injective. Then, on the
one hand,

m(T(A)) = m( CJ T(Ai)) < Zn:m(T(Ai)) = Z/A Jdm = /AJdm.

and on the other hand, since the multiplicity of the family {T'(4;) : 1 <1i <n}
does not exceed d,

n

m(T(A)) = m( U T(Ai)) > %Zm(T(Ai)) = 22/ Jdm = é J dm.

i=1 i=1 i=1" A A
The proof is finished. &
Let us go back to T', a distance expanding topologically transitive open map.

Proposition 4.2.10. The measure m produced in Theorem 4.2.8 is positive on
non-empty open sets. Moreover for every r > 0 there exists a = «(r) > 0 such
that for every x € X, m(B(z,r)) > a.

Proof. For every open U C X there exists n > 0 such that U?:o TIU) = X
(Theorem 3.3.12). So, by Proposition 4.2.9, m(U) = 0 would imply that
1=m(X) <37 m(T?(U)) = 0, a contradiction.

Passing to the second part of the proof, let z1,...,z, be an r/2-net in
X and o := mini<j<, {m(B(z;,7/2))}. Since for every z € X there exists j
such that p(x,x;) < r/2, we have B(z,r) D B(xj,r/2), and so m(B(z,r)) >
m(B(xj,r/2)). Thus it is enough to set a(r) = a.

Proposition 4.2.11. The measure m is a Gibbs state of ¢ andlogc = P(T, ).

Proof. We have for every z € X and every integer n > 0,

m(B(T"(z),£)) = / " exp(—Sug) dm.

Ty " (B(T™(2).€))

Since, by Lemma 3.4.2, the ratio of the supremum and infimum of the integrand
of the above integral is bounded from above by a constant C' > 0 and is bounded
from below by C !, we obtain

1> m(B(T"(x),£)) > C~'¢" exp(=Sno(x))m (T, "(B(T"(x),£)))
and

a(§) <m(B(T"(2),€)) < Cc" exp(=Snd(@))m(T, " (B(T"(2),£)))-



150 CHAPTER 4. THERMODYNAMICAL FORMALISM

Hence . .

exp(Sno(z) — nlogc)
and therefore m is a Gibbs state. That logc = P(T, ¢) follows now from Propo-
sition 4.1.1. &

We give now a simple direct proof of the equality logc = P(T, ¢). First note
that by the definition of £4 and a simple inductive argument, for every integer
n >0,

Ly(u)(r) = Z u(T) exp(Spd(T)). (4.2.10)

zeT—"(x)

The estimate (3.4.3) can be rewritten as
ct <) (x)/Lm(1)(y) < C  for every z,y € X. (4.2.11)
Now ¢ = ¢"m(1) = (L*)"(m)(1) = m(L"(1)) and hence

loge = lim E logm(L" (1)) = P(T, ¢),

n—oo 1

where the last equality follows from (4.2.11) and Proposition 3.4.3.

Note that in the last equality above we used the property that m is a measure,
more precisely that the linear functional corresponding to m is positive. For m
a signed eigen-measure and ¢ a complex eigenvalue for £* we would obtain only
log|c| < P(T,¢) (one should consider a function u such that sup|u| = 1 and
m(u) = 1 rather than the function 1) and indeed usually the point spectrum of
L* is big, see for example [Baladi 2000, Theorem 2.5].

We are already in the position to prove some ergodic properties of Gibbs
states.

Theorem 4.2.12. If T : X — X is an open, topologically exact, distance ex-
panding map, then the system (T, m) is exact in the measure theoretic sense,
namely for every A of positive measure m(T"™(A)) — 1 as n — oo (see Defini-
tion 1.10.2 and the ezercise following it).

Proof. Let E be an arbitrary Borel subset of X with m(E) > 0. By regularity
of the measure m we can find a compact set A C E such that m(A) > 0. Fix an
arbitrary € > 0. As in the proof of Proposition 4.1.1, we find for every n large
enough, a cover of A by sets D, of the form T, "(B(z;,§)),x € X(i),i=1,...,1
such that m(|J, D,) < m(A) +e. Hence m(|J, (D, \ A)) < e . Since the
multiplicity of this cover is at most [, we have

> m(D,\ A) < le.

Hence,

Zl/ m(DV\A) < lE
>,m(Dy) T m(A)
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Therefore for all n large enough there exists D = D, = T, ™(B), with some
B = B(x;,£)), 1 <i <, such that

m(D \ A) le
(D) = m(A)

Hence, as B\ T"(A) Cc T™(D \ A),

m(B\T"(4)) _ [p\a " oxp(=Sad)dm

m(B) = [pctexp(=Spp)dm
2m(D\ A) o le
<C (D) SCm(A)'

By the topological exactness of T', there exists N > 0 such that for every i we
have TN (B(x;,€)) = X. In particular TV (B) = X. So, using Proposition 4.2.9,
we get

_n Cle

m(X \ TN(T™(A))) < m(T™(B\T"(A))) < " (inf exp ¢) A

Letting ¢ — 0, we obtain m(X\TY(T"(A))) — 0asn — oo. Hence m(TN*+"(A))
— 1. L)

We have considered here a special Gibbs measure m = mg. Notice however
that by Proposition 4.1.1 the assertion of Theorem 4.2.12 holds for every Gibbs
measure associated to T and ¢.

Corollary 4.2.13. If T : X — X is an open, topologically transitive, distance
expanding map, then for every Hélder potential ¢ : X — R, every Gibbs measure
for ¢ is ergodic.

Proof. By Th. 3.3.8 and Th. 3.3.12 there exists a positive integer N such that
TN is topologically mixing on a T'N-invariant closed-open set Y C X, where all
T7(Y) are pairwise disjoint and Ujzo. N1 T7(Y) = X. So our T"|y, being
also an open expanding map, is topologically exact by Theorem 3.3.8, hence
exact in the measure-theoretic sense by Theorem 4.2.12. Let m(E) > 0. Then
there is k > 0 such that m(E N T*(Y)) > 0. Then for every j =0,...,N — 1
we have m(TN"TI(ENT*(Y))) — m(TI(T*(Y))), hence m(U,,, T"(E)) — 1.
For E being T-invariant this yields m(FE) = 1. This implies ergodicity. &

With the use of Proposition 1.2.7 we get the following fact promised in
Section 4.1.

Corollary 4.2.14. If T : X — X is an open, topologically transitive, distance
expanding map, then for every Hoélder continuous potential ¢ : X — R, there is
at most one invariant Gibbs measure for ¢.
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4.3 TIteration of the transfer operator. Existence
of invariant Gibbs measures

It is comfortable to consider the normalized operator £$ with ¢ = ¢ — P(T, ¢).

We have L5 =e™ P(T:9) L4 (recall that P(T, ¢) = logc). Then for the reference

measure m = my satisfying £j(m) = eP (@) m we have L%(m) =m, Le.

/udmz /Eg(u)dm for every u € C(X). (4.3.1)

For a fixed potential ¢ we often denote £ by Lo. By (4.2.11), for all z,y € X,
and all non-negative integers n,

Lo (W)(x)/ L5 (1) (y) < C. (4.3.2)

Multiplying this inequality by £{(11)(y) and then integrating with respect to
the variable = and y we get respectively the first and the third of the following
inequalities below

C~! <inf £§(1) < sup Ly (1) < C. (4.3.3)

By (3.4.2) for every z,y € X such that x € B(y, ) we have an inequality which
is more refined than (3.4.3). Namely,
Lg(ﬂ)(ﬂ?) - zeT " (x) exp anb(j)
ﬁg(]l)(y) ZQET*"(y) exp Sy d(Y)
exp S, ¢(T)
zeT—n(z) €XP Sno(yn(T))

<

< exp(Cyp(z,y)%), (4.3.4)

where C = 119_‘&)“ and y,(T) := T, "(y). By this estimate and by (4.3.3) we
get for all n > 1 and all z,y € X such that € B(y,§), the following

£ - L5 = (Bt 1) W

< Clexp(Cip(x,y)*) — 1] < Cop(z,y)*  (4.3.5)
with C5 depending on C,Cy and &.

Proposition 4.3.1. There exists a positive function ug € Ho(X) such that
Lo(ug) =ug and [ugdm = 1.

Proof. By (4.3.5) and (4.3.3) the functions Ly (1) have uniformly bounded
norms in the space H, (X ) of all Holder continuous functions, see Sec. 3.4. Hence
by Arzela—Ascoli theorem there exists a limit uy € C(X) for a subsequence of

Uy = %27;01 L)), n =1,.... Of course uy € Ho(X), C™' < uy < C, and
using (4.3.3), a straightforward computation shows that Lo(ug) = ug (com-
pare 2.1.14). Also [ugdm = lim, .o [updm = [Ldm = 1. The proof is

finished. &
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Combining this proposition, Proposition 4.2.2, Proposition 4.2.11 and Corol-
lary 4.2.14, we get the following.

Theorem 4.3.2. For every Hélder continuous function ¢ : X — R there exists
a unique invariant Gibbs state associated to T and ¢, namely [y = upmg.

In the rest of this Section we study in detail the iteration of £y on the real
or complex Banach spaces C'(X) and an H,,.

Definition 4.3.3. We call a bounded linear operator ) : B — B on a Banach
space B almost periodic if for every b € B the family {Q™(b)}22, is relatively
compact, i.e. its closure in B is compact in the norm topology.

Proposition 4.3.4. The operators L acting on C(X) have the norms uni-
formly bounded for allm =1,2,....

Proof. By the definition of £, by (4.3.3) and by [ L§(1)dus = 1, for every
u € C(X) we get

sup | £{ (u)| < sup |ulsup Ly (1) < Csup |ul. (4.3.6)

&

Remark that in the Proof above, instead of referring to the form of £ one can
only refer to the fact that £ is a positive operator, hence its norm is attained
at 1.

Consider an arbitrary function h : [0,00) — [0,00) such that h(0) = 0,
continuous at 0 and monotone increasing. We call such a function an abstract
modulus of continuity. If v : X — C is a function such that there is £ > 0 such
that for all z,y € X with p(x,y) < ¢

u(z) = u(y)| < hip(z,y)) (4.3.7)

we say that h is a modulus of continuity of u. Given also b > 0 we denote by
CP(X) the set of all functions u € C'(X) such that ||u||o < band h is a modulus
of continuity of u with fixed ¢ > 0. By Arzela-Ascoli theorem each C?(X) is a
compact subset of C(X).

Theorem 4.3.5. The operator Lo : C(X) — C(X) is almost periodic. More-
over, if b > 0, h is an abstract modulus of continuity, 6 > 0, and £ as
in Lemma 3.1.2 then for all ¢ € H, with 94(¢) < 0 there exists b and C
depending only on b and 0 such that for the abstract modulus of continuity

h(t) = C(t + h(t))
{L8(u):ue ChX),n >0} C CYX). (4.3.8)

Proof. 1t follows from (4.3.6) that we can set b = Cb. For every z € X and
n > 0 denote exp(S,¢(x)) by E,(x). Consider arbitrary points z € X and
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y € B(z,£). Use the notation v, (%) := T2 "(y), the same as in (4.3.4). Fix
u € C? By (4.3.5) and (4.3.3) we have for every u € C(X)

L5 w)(@) = L5 =] > w@E@) — ulyn(@)) Enlyn (@)

TeT " (x)
<| Y u@EE - B @)+ Y Ealn@)(w(@) - u(ya(@))]
zeT—"(x) zeT—"(x)
< lullcCapler )" + Ch(_sup _ fu(z) = u(an ()]
< bCop(z,y)* + Ch(A " p(z,y)) < bC2p(z,y)™ + Chip(,y)). (4.3.9)
Therefore we are done by setting C' := max(bCy, C). &

For u € H,, we obtain the fundamental estimate (4.3.10).

Theorem 4.3.6. There exist constants Cs, Cy > 0 such that for every u € Hyg,
allm=1,2,...and A > 1 from the expanding property of T,

Vo (Lf(w)) < CsA™" o (u) + Cul|t] oo, (4.3.10)

Proof. Continuing the last line of (4.3.9) and using p(Z, y,(T)) < A" p(T,7) we
obtain

1£6 (u)(x) = LG (w)(y)] < [[ullocCop(a, y)* + Cha,e (WA pla, y)*.

This proves (4.3.10), provisionally with ¥, ¢ rather than v,, with C3 = C from
(3.4.3) and (4.3.3) and with Cy = Cy (recall that the latter constant is of order
CCy where Cp appeared in (4.3.4)). To get a bound on 9, replace Cy by
max{Cly,2C/&*}, see (4.3.6) and Section 3.4. &

Corollary 4.3.7. There exist an integer N > 0 and real numbers 0 < 7 <
1,C5 > 0 such that for every u € Ha,

125" (Wlree < 7llullre, + Csllulloo (4.3.11)

Proof. This Corollary immediately follows from (4.3.10) and Proposition 4.3.4.
&

In fact a reverse implication, yielding (4.3.10) for iterates of £V, holds

Proposition 4.3.8. (4.3.11) together with (4.3.6) imply
305 >0Vn=1,2,... ||IL0N (w)|l2. < 7" ()|, + Csllulso (4.3.12)

Proof. Substitute in (4.3.11) £Y (1) in place of u etc. n times using ||£](u)]|c0 <
Cl|u]|so. We obtain (4.3.12) with Cs = CC5/(1 — 7).



4.4. CONVERGENCE OF £~ . MIXING PROPERTIES OF GIBBS MEASURES155

4.4 Convergence of L". Mixing properties of
Gibbs measures

Recall that by Proposition 4.3.1 there exists a positive function uy € Ha(X)
such that Lo(ug) = ue and [ugdmg = 1.

It is convenient to replace the operator Ly = Eg by the operator L= ﬁ¢
defined by

£(u) = —=Lo(uuy).
Ug

If we denote the operator of multiplication by a function w by the same
symbol w then we can write

L(u) = u;l oL o Up.

Since £ and L, are conjugate by the operator ug, their spectra are the same.
In addition, as this operator uy is positive, non-negative functions go to non-
negative functions. Hence measures are mapped to measures by the conjugate
operator.

Proposition 4.4.1. £ = Ly where 1 = ¢ +logug —loguyoT = ¢ —P(T, ¢) +
logug —logugoT.

Proof.

L(u)(x) = Y ul@ug(@) exp d(z) =

ug(e) L&

Z u(T) exp(d(T) + log uy(T) — logug(x)).

T(T)=z
&

Note that the eigenfunction ug for £y has changed to the eigenfunction 1
for £. In other words we have the following

Proposition 4.4.2. ﬁ(]l) =1, i.e. for everyx e X

> expy(@) =1. (4.4.1)

TET—1(x)

&

Note that Jacobian of T' with respect to the Gibbs measure p = ugm (see
Th. 4.3.2) is (ug 0 T)(exp(—a))ugl = exp(—1). So for ¢ the reference measure
(with Jacobian exp(—1)) and the invariant Gibbs measure coincide.

Note that passing from L4, through £$’ to Ly we have been replacing ¢ by
cohomological (up to a constant) functions. By Proposition 4.1.4. this does not
change the set of Gibbs states.



156 CHAPTER 4. THERMODYNAMICAL FORMALISM

One can think of the transformation u — u/uy as new coordinates on C'(X)
or Ho(X) (real or complex-valued functions). £y changes in these coordinates
to Ly and the functional m(u) to m(ugu). The latter, denote it by my, is the
eigen-measure for E;’L with the eigenvalue 1. It is positive because the operator
ug is positive (see the comment above). So exp(—1) is the Jacobian for my,
by Corollary 4.2.7. Hence by (4.4.1), my is T-invariant. This is our invariant
Gibbs measure p.

Proposition 4.3.4 applied to L takes the form:

Proposition 4.4.3. ||£]. = 1.

Proof. sup |£(u)| < sup |u| because £ is an operator of “taking an average” of u
from the past (by Proposition 4.4.2). The equality follows from £(1) = 1. &

The topological exactness of T gives a stronger result:

Lemma 4.4.4. Let T : X — X be a topologically exact, distance expanding
open map. Suppose that g : [0,00) — [0,00) is an abstract modulus of continuity.
Then for every K > 0 and §; > 0 there exist 6o > 0 and n > 0 such that

e for all g € Ho with ||P||n, < K and

o for all u € C(X,R) with g being its modulus of continuity and such that
Judp =0 and ||u||ls > 61,
we have for £ = Ly
£ (W)]loo < llulloc — 2.

Proof. Fix € > 0 so small that g(¢) < 61/2. Let n be ascribed to € according
to Theorem 3.3.13(2), namely Vo T™(B(z,e)) = X . Since [udp = 0, there
exist y1,y2 € X such that u(y;) < 0 and u(y2) > 0. For an arbitrary x € X
choose x’ € B(y1,e)NT~"(x) (it exists by the definition of n). We have u(z') <
u(yr) +9(e) < 61/2 < [|ufloc — 61/2. So,

L (u)(x) = u(@)exp Spb(a') + > u(F)exp Su1)(T)
zeT—n(2)\ {2’}

< (Julloo = 81/2) exp Sptp(a’) +llulloc D oxpSuth(T)

zeT—(z)\{z'}

Sl Y expSu@) — (01/2) exp S (a)

zeT " (x)
= llulloc = (61/2) exp Snip(2).

Similarly for «” € B(ys,e) NT ™ (x)
LM(w)(x) = ~||ulloc + (51/2) exp Spip(a”).

Thus we have proved our lemma with dy := (d1/2) inf,e x exp Sptp(x). To finish
the proof we need to relate ds to ¢ rather than to v. To this end notice that for
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every € X we have ¢(z) > ¢(z) —2log||(ug)|oc — P(T', ¢) = —3log||(ug)|loc —
hiop(T), and |lug)|leo < C, where C' depends on K, see (4.3.3), (3.4.2), (3.4.3).
&

We shall prove now a theorem which completes Proposition 4.3.4 and The-
orem 4.3.5.

Theorem 4.4.5. For every u € C(X,C) and T, topologically exact distance

expanding open map, we have for ¢ = e (T:¢)
nlirr;o ™" L3 (u) — mg(u)uglleo =0 (4.4.2)

In particular if [wdp =0, then
lim [|[£"(t)]|oo =0 (4.4.3)
n—oo

Moreover the convergences in (4.4.2) and (4.4.3) are uniform for u € C%
and ¢ in an arbitrary bounded subset H of in Hq(X).

Proof. For real-valued u, with [udu = 0, the sequence a,(u) := ||£"(u)| o is
monotone decreasing by Proposition 4.4.3. Suppose that lim, . a, = a > 0.
By Theorem 4.3.5 all the iterates £" (u) have a common modulus of continuity
g. So applying Lemma 4.4.4 with this g and 61 = a we find ng and d, > 0
such that [|£"0 (ﬁ"(u))”oo < L™ (1w)]|oe — b2 for every n > 0. So, for n such
that ||£"(u)]s < a+ d2 we obtain [|£"+"0 (u)||s < a, a contradiction with the
definition of a. This proves (4.4.3) for u real-valued. For u complex-valued with
J udp = 0, decompose u in the real and complex parts.

To prove (4.4.2) notice first that for an arbitrary v € C(X,C) the conver-
gence in (4.4.3) yields, due to £(1) = 1,

127 () = () |ow = |7 (1~ p(s) 1) [ oc — .

Change now coordinates on C(X) to go back to Ly and next replace it by ¢~ L.
One obtains (4.4.2).
For the last part of the theorem, set

ap, = sup{||ﬁg(u) cp € HyueClu>0}

and proceed in the same way as above with the help of the full power of
Lemma 4.4.4. &

Note that (4.4.2) means weak*-convergence of measures

Jim. D> T exp(Snd(T))0r — ug(r)my

FET—(x)

for every x € X. Using (4.4.2) also for u = 1, we obtain

lim L2(1)(z)™" > (exp(Sno(T))dz — myg. (4.4.4)

n—oo
TeT " (x)
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In the sequel one can consider either C'(X,R) or C(X,C). Let us decide for
O(X,C).
Note that by L(’;(m¢) = cmg, we have the L-invariant decomposition

C(X) = span(ug) @ ker(my). (4.4.5)

For u € span(ug) we have L(u) = cu. Onker(myg), by Theorem 4.4.5, ¢c™" L} —
0 in strong topology. Denote (L) |ier(my) DY Lker,g- FOr Lier ¢ restricted to H,
we can say more about the above convergence:

Theorem 4.4.6. There exists an integer n > 0 such that for ¢ = e"’(T:9)
™" Lier, gl 10 < 1.

Proof. Again it is sufficient to consider a real-valued function u with p(u) =0
and the operator £. Set § = min{1/8C,,1/4}, with Cy taken from (4.3.10). By
Theorem 4.3.6 for u such that ||ul|+, < 1 all functions £"(u) have the same
modulus of continuity g(¢) = Cre® with C7 = C3 + C4 > 0. Hence, from
Theorem 4.4.5 we conclude that (Ing)(¥Yn > nq)(Vu @ ||u|lx, < 1)

127 (u)]|oo < 6. (4.4.6)

Next, for ny satisfying CsA\="2*C7 + C4d < 1/4, again by Theorem 4.3.6, we
obtain . .
Do (L2 (L™ (u)) < 1/4.

Hence ||£""2(u)|x, < 1/2. The theorem has thus been proved with n =
n1 + no. &

Note that Theorem 4.4.5 could be deduced from Theorem 4.4.6 by approxi-
mation of continuous functions uniformly by Holder ones, and using Proposition
4.3.4.

Corollary 4.4.7. The convergences in Theorem 4.4.5 for uw € H, are expo-
nential. Namely there exist 0 < 7 < 1 and C > 0 such that for every function
u € Hey

e LG (u) —me(u)uglleo < [[¢7"LE (1) —me(w)ugllr, < Cllu—me(u)uellr, "
(4.4.7)
In particular if [udp =0 then

£ (Wlloo < 1£™ ()24, < Cllullpe, 7. (4.4.8)

Remark 4.4.8. Theorem 4.4.6 along with (4.4.5) and the fact that ¢c=*L¢(ug) =
ug implies that the spectrum of the operator L4 : H, — H, consists of two
parts, the number ¢ = e”(7"%) which is its simple and isolated eigenvalue, and
the rest, contained in a disc centered at 0 with radius < c¢. There thus exists a
"spectral gap”. An isolated eigenvalue moves analytically for analytic family of
transfer operators induced by analytic families of maps 7" and potential func-
tions ¢, yielding the analyticity of P(T,¢). See Section 5.4 and the Notes at
the end of this chapter.
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Now we can study “mixing” properties of the dynamical system (7', u) for
our invariant Gibbs measure ;. Roughly speaking the speed of mixing is related
to the speed of convergence of Li,, , to 0.

The first dynamical (mixing) consequence of Theorem 4.4.6 is the following
result known in the literature as the exponential decay of correlations, see the
definition in Section 1.11.

Theorem 4.4.9. There exist C > 1 and p < 1 such that for all f € H, and all
g€ L),

Cn(f,9) < Cp"|f = Efln.llg — Egllr-

Proof. Set F = f — Ef, G = g — Eg and consider £ acting on C(X), as a
restriction of £,, acting on L'(u). By (4.2.7) and by (4.4.8) we obtain

Culfsg)] = ]/F (GoT”)dﬂ’ _ \/f:"(F) - Gdu‘ < O |l I

&

Exercise. Prove that for all g square-integrable functions f,g one has
[f-(goT™)dp — Ef - Eg. (Hint: approximate f and g by Holder functions.
Of course the information on the speed of convergence would become lost.)

The convergence in the exercise is one of several equivalent definitions of
the mizing property, see Section 1.10. We proved however earlier the stronger
property: measure-theoretical exactness, Theorem 4.2.12.

We can make a better use of the exponential convergence in Theorem 4.4.9
for T being the shift on the one-sided shift space:

Theorem 4.4.10. Let 0 : X4 — X4 be a topologically mizing topological one-
sided Markov chain with the alphabet {1,...,d} and o the left shift, see Chap-
ter 0. Let F be the o-algebra generated by the partition A into 0-cylinders,
i.e sets with fived 0-th symbol. For every 0 < k < [ denote by F}. the o-
algebra generated by Al = \/3:1@ T=I(A), i.e. by the sets (cylinders) with fized
k,k+4+1,...,0°th symbols. Let ¢ : X4 — R be a Holder continuous function.

Then there exist 0 < p <1 and C > 0 such that for every n > k > 0, every
function f : $4 — R measurable with respect to F& and every pgs-integrable
function g : X4 — R

[ £ Go T dg ~ 1 Bo| < O~ Efllg - Bl (049)
Proof. Assume Ff = Fg = 0. By Theorem 4.4.9,

] [ 7-tgor) du‘ - ] / g-ﬁ""“(ﬁ’“(f))du‘ < gl Co M2l (44.10)
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Decompose f into real and imaginary parts and represent each one by the dif-
ference of nowhere negative functions. This allows, in the estimates to follow,
to assume that f > 0.

Notice that for every cylinder A € A and = € A, in the expression

LEA @)= D fly)expSitb(y)

Tk(y)=x

there is no dependence of f(y) on x € A because f is constant on cylinders of
Ak, So

sup, LF(f

WAL ) ¢ sup sup exp(Skvly) - Sw)) < C,

inf 4 LF(f Be Ak y,y'eB

with the constant C' resulting from Section 3.4. So,

. C [ __ ¢ ¢
sgpﬁ (f) < (A) /ﬁ (f) du = 1Al = (ianeAM(A))

where the last equality defines C”.

It is left still to estimate the pseudonorms v¥,¢ and ¥, of LF(f), cf. Sec-
tion 3.4. We assume that £ is less than the minimal distance between the
cylinders in A. We have, similarly to (4.3.5), for z,y belonging to the same
cylinder A € A,

Ak ) — [F _ ﬁk(f)(ﬂf)_ Ak
() (@) — () Kiﬁw)(m Ve

< (exp Cip(a,y)* = DIC [ fll < C"p(z, 9)* [ f]Ir-

for a constant C"”.
Hence, Jo.¢(LE(f)) < || f1C” and, passing to ¥, as in Section 3.4, we get

9a(L(f)) < |/l max{C",20"¢"}.
Thus, continuing (4.4.10), we obtain for a constant C' that

Cu(f.9) < I flILllglliCp™*.
&

An immediate corollary from Theorem 4.4.10 is that for every B; € F¥ and
a Borel By (i.e. By € F§°),

1(By NT"(B2)) — u(B1)a(B2)| < Cp"* pu(B1)(Bo). (4.4.11)

Compare it with (1.11.10). Therefore, for any non-negative integer ¢ and every
Ae F¥

Y W@ (B)A) — u(B)| < Cp"F,

Be A}
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for the conditional measures u(-|A), with respect to A.

This means that A satisfies the weak Bernoulli property, hence the natural
extension (X T, ft) is measure-theoretically isomorphic to a two-sided Bernoulli
shift, see Section 1.11.

Corollary 4.4.11. FEvery topologically ezxact, distance expanding open map T :
X — X, with invariant Gibbs measure 1 = g for a Holder continuous function
¢ : X — R, has the natural extension (5(, T, 1) measure-theoretically isomorphic
to a two-sided Bernoulli shift.

Proof. Let m: %4 — X be the coding map from a one-sided topological Markov
chain, due to a Markov partition, see Theorem 3.5.7. Since the map w is Holder
continuous, the function ¢ o : ¥4 — R is also Hélder continuous, hence we
have the invariant Gibbs measure 0. For this measure we can apply Theorem
4.4.10 and its corollaries. Recall also that by Theorem 3.5.9 7 yields a measure-
theoretical isomorphism between figor and pgor o 71, Therefore to end the
proof it is enough to prove the following.

L coincide.

Lemma 4.4.12. The measures [ty and figor © T
Proof. The function exp(—¢ o m+ P — h) for h := logugor + l0g Ugor 0 0), is
the strong Jacobian for the shift map o and the measure pgor, where P is the
topological pressure for both (o,¢ o w) and (T, ¢), see Theorem 3.5.8. Since
7 yields a measure-theoretical isomorphism between figor and pigor o 71, the
measure figor 0 ! is forward quasi-invariant under 7" with the strong Jacobian
exp(—¢ + P — hor~1). T with respect to 1, has strong Jacobian of the same
form, maybe with a priori different h cohomologous to 0 in bounded functions.
Therefore both measures are equivalent, hence as ergodic they coincide. &

4.5 More on almost periodic operators

In this Section we show how to deduce Theorem 4.4.5 (on convergence) and The-
orem 4.4.6 and Corollary 4.4.7 (exponential convergence) from general functional
analysis theorems. We do not need this later on in our book, but the theorems
are useful in other important situations.

Recall (Definition 4.3.3) that @ : F — F' a bounded linear operator of a
Banach space is called almost periodic if for every b € F the sequence Q™(b)
is relatively compact. By the Banach—Steinhaus Theorem there is a constant
C > 0 such that ||Q™]] < C for every n > 0.

Theorem 4.5.1. If Q : ' — F is an almost periodic operator on a complex
Banach space F', then

F=F,aF,, (4.5.1)

where Fy = {xz € F : lim,,oc A"(z) = 0} and F, is the closure of the linear
subspace of F' generated by all eigenfunctions of eigenvalues of modulus 1.
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Adding additional assumptions one gains additional information on the above
decomposition.

Definition 4.5.2. Let F' = C(X) and suppose @ : F' — F is positive, namely
f > 0 implies Q(f) > 0. Then Q is called primitive if for every f € C(X), f >
0, f # 0 there exists n > 0 such that for every x € X it holds Q"(f)(z) > 0. If
we change the order of the quantifiers to: ... for every x there exists n ..., then
we call QQ non-decomposable.

Theorem 4.5.3. For Q : C(X) — C(X), a (real or complex) linear almost
periodic positive primitive operator of spectral radius equal to 1, we have

(1) dim(C(X)y) =1 in the decomposition (4.5.1),

(2) the eigenvalue corresponding to C(X)y is equal to 1 and the respective
eigenfunction ug is positive (everywhere > 0).

(3) In addition there exists a probability measure m¢q on X invariant under
the adjoint operator Q*, such that for every u € C(X) we have the strong
convergence,

Q" (u) — uQ/ude.

Proof. This is just a repetition of considerations of Sections 2-4. First find a
probability measure m such that Q*(m) = m as in Theorem 4.2.8 (we leave
a proof that the eigenvalue is equal to 1, to the reader). Next observe that
by the almost periodicity of @) the sequence of averages a, := % Z;:Ol Q7(1) is
relatively compact (an exercise). Let ug be any function in the limit. Then ug >
0 is an eigenfunction for the eigenvalue 1. It is not identically 0 since [ an,dm =1
for all n > 0. We have ug = Q(ug) > 0 because @ is nondecomposable.
Finally for Q(u) := Q(uuQ)uél we have Q(1) = 1 and we repeat Proof of
Theorem 4.4.5, replacing the property of topological exactness by primitivity.

&

Notice that this yields Theorem 4.4.5 because of

Proposition 4.5.4. If an open expanding map T is topologically exact then for
every continuous function ¢ the transfer operator () = Eg is primitive.

The proof is easy, it is in fact contained in the proof of Lemma 4.4.4.

Assume now only that 7' is topologically transitive. Let QF denote the sets
from spectral decomposition X = Q = [J;_, 0% as in Theorem 3.3.8. Write
ug € C(X) for an eigenfunction of the operator @ as before. Notice now (exer-
cise!) that the space I, for the operator @ = Cg is spanned by n eigenfunctions
v =Y p_y Xar A Hug, t=1,...,n, where x means indicator functions, with
A\ = 2™/ Each v, corresponds to the eigenvalue A*. Thus the set of these
eigenvalues is a cyclic group.

It is also an easy exercise to describe Fy if X = = szl UZ(:J% Q? The set
of eigenvalues is the union of J cyclic groups. It is harder to understand F,, and
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the corresponding set of eigenvalues for T" open expanding, without assuming
Q=X.

A general theorem related to Theorem 4.4.6 and Corollary 4.4.7 is the fol-
lowing.

Theorem 4.5.5 (Ionescu Tulcea and Marinescu). Let (F,| - |) be a Banach
space equipped with a norm |- | and let E C F be its dense linear subspace. E
is assumed to be a Banach space with respect a norm || - || defined on it. Let
Q : F — F be a bounded linear operator which preserves E, whose restriction
to E is also bounded with respect to the norm || - ||.

Suppose the following conditions are satisfied.

(1) If (xp, : n = 1,2,...) is a sequence of points in E such that ||x,| < K
for alln > 1 and some constant K1, and if lim, . |x, — x| = 0 for some
x €F, thenx € E and ||z| < K;.

(2) There exists a constant K such that |Q"| < K for alln=1,2,....
(3) AIN>1 3r<1 3K2>0 |QN()| < 7zl + Ka|z| for all z € E.

(4) For any bounded subset A of the Banach space E with the norm || - ||, the
set QN (A) is relatively compact as a subset of the Banach space F with
the norm | - |.

Then

(5) There exist at most finitely many eigenvalues of Q : F' — F of modulus 1,

SAY Y1y Vp-
(6) Let F; ={x € F:Q(z) =viz},i=1,...,p. Then F; C E and dim(F;) <
00.

(7) The operator QQ : F — F' can be represented as
P
Q=) 7Qi+S
i=1
where Q; and S are bounded, Q;(F') = Fj, sup,~; |S"| < oo and
QI =Qi, QQ;=0(#j), QiS=5Qi=0
Moreover,

(8) S(F) C E and S|g considered as a linear operator on (E, ||-||), is bounded
and there exist constants K3 > 0 and 0 < 7 < 1 such that

5"l < K37

for allm > 1.
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The proof of this theorem can be found in [Tonescu Tulcea & Marinescu 1950].

Now, in view of Theorem 3.4.1 and Corollary 4.3.7, Theorem 4.5.5 applies
to the operator @ = L3 : C(X) — C(X) if one substitutes F' = C(X), £ =
Ho(X). If T is topologically exact and in consequence @ is primitive on C'(X),
then dim(&@F;) = 1 and the corresponding eigenvalue is equal to 1, as in Theorem
4.5.3.

4.6  Uniqueness of equilibrium states

We have proved already the existence (Theorem 4.3.2) and uniqueness (Corol-
lary 4.2.14) of invariant Gibbs states and proved that invariant Gibbs states are
equilibrium states (Proposition 4.1.5). Here we shall give three different proofs
of uniqueness of equilibrium states.

Let v be a T-invariant measure and let a finite real function .J, be the
corresponding Jacobian in the weak sense, J, is defined v-a.e. By the invariance
of v we have v(E) = 0 = v(T"Y(E)) = v(E) = 0, i.e. v is backward quasi-
invariant. At the beginning of Section 4.2 we defined in this situation ¥ = &, 0T
with ¢, = dyc:i—ql:”l defined for v-a.e. point in the domain of a branch 7, !. (In
Section 4.2 we used notation ®; for ®,.) By definition ®, is strong Jacobian
for T 1.

Notice that for v-a.e. z

1, if &, ;
(JooT,Y) Bu(z) =4 7 (2) 70 (4.6.1)
0, if ®,(z)=0.
Indeed, after removal of {z : ®,(2) = 0} the measures v and v o T~! are

equivalent, hence Jacobians of T and T}, ! are mutual reciprocals. We can fix .J,,
on the set T71({z : ®,(2) = 0}) arbitrarily, since this set has measure v equal
to 0.

Recall that we have defined £, : L'(v) — L'(v), the transfer operator
associated with the measure v as follows

yeT 1 (x)

Recall that if T maps a set A of measure 0 to a set of positive measure, then
¥ is specified, equal to 0, on a subset of A that is mapped by T to a set of full
measure v in T'(4).

Then since v is T-invariant, £,(1) = 1 and for every v-integrable function
g we have [ L,(g)dv = [ gdv, compare (4.2.4).

Lemma 4.6.1. Let ¢ : X — R be a continuous function such that L,(1) = 1,
i.e. for every x, 3 croiexp(¥(y)) = 1, and let v be an ergodic equilib-
rium state for 1. Then J, is strong Jacobian and J, = exp(—v) v-almost
everywhere.
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Proof. The proof is based on the following computation using the inequality
1+ log(x) <z, with the equality only for = = 1.

1:/ﬂduz/CV(Jl,exde)duz/Jl,expwdu
> /(1—|—log(,]uexp¢))du:1—|—/wd1/+/10g.]ud1/
:1+/¢du—|—hl,(T)21

To obtain the first inequality, write

L,(Jyexpp)(x) = > Ju(y)(expy(y)¥(y)

yeT—1(x)

which is equal to 1 if ¥(y) > 0 for all y € T~!(x)), or < 1 otherwise. This
follows from (4.6.1) and from 3, 71, expi(y) = 1.
The last inequality follows from

/¢d,/ + h,(T) = P(¢) > limsup — log Z exp Sp(y) =

see Theorem 2.3.2, since all points in T~ "(x) are (n,n)-separated, for n > 0
defined in Chapter 3.

Therefore, all the inequalities in this proof must become equalities. Thus,
the Jacobian ®, # 0 for each branch T, and J, = exp(—1), v- a.e. &

Notice that we have not assumed above that ¢ is Holder. Now, we shall
assume it.

Theorem 4.6.2. There exists exactly one equilibrium state for each Holder
continuous potential ¢.

Proof. Let v be an equilibrium state for ¢. As in Sec.4d set ¢ = ¢ — P(T, ¢) +
logug o T —logug and v is also equilibrium state for ¢. Then by Lemma 4.6.1
its Jacobian is strong Jacobian, equal to exp(—1). Hence,

AT BEEO) = [ e (S ) dvie)

/Bm( )6) % exp(Snd — nP(T, ¢))(T"(2)) dv(z).

So, by pre-bounded distortion lemma (Lemma 3.4.2),

(
influg| .y v(T7"(B(T™(2),)) _ sup|uy|
w20 = exp(5nd —nP(T,3)(7) ~ ik lug)

where B = inf{v(B(y,£)}. It is positive by Proposition 4.2.10.
Therefore v is an invariant Gibbs state for ¢; unique by Corollary 4.2.14. &
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Remark 4.6.3. In fact already the knowledge that exp(—1) is weak Jacobian
implies automatically that it is a strong Jacobian. Indeed by the invariance of

v we have
Yo ) =1= Y expi(y)

yeT 1 (x) yeT 1 (x)

and each non-zero summand on the left is equal to a corresponding summand
on the right. So there are no summands equal to 0.

Uniqueness. Proof II. We shall provide the second proof of Lemma 4.6.1.
It is not so elementary as the previous one, but it exhibits a relation with the
finite space prototype lemma in Introduction.

For every y € X put A(y) :=T"! (T ({y})) Let {va} denote the canonical

system of conditional measures for the partition of X into the sets A = A(y),
see Section 1.6.

Since there exists a finite one-sided generator, see Lemma 2.5.5, with the use
of Theorem 1.9.7 we obtain

0 = P(T, %) = hy(T) —|—/d}du —H, (=] 7)) +/1/;dy _
= [( 3 vanD (o (v (=) + v(2)) o).

2€A(y)

The latter expression is always negative except for the case vy, (z) =
exptp(z) v-a.e. by the prototype lemma. So for a set Y = T~(T(Y)) of full
measure v, for every y € Y we have

vau)({y}) = expip(y), in particular va,({y}) # 0. (4.6.2)

Hence, for every Borel set Z C Y such that T" is 1-to—1 on it, we can repeat
the calculation in the proof of Theorem 1.9.6 and get

u(1(2) = [ 1fae () dvt)

So our Jacobian for T'[y is equal to 1/v4(,) hence to exp(—1) by (4.6.2) and
it is strong on Y. Observe finally that v(7(X \Y)) = 0 because X \' Y =
T=YT(X\Y)) and v is T-invariant. So exp(—1) is a strong Jacobian on X.

Uniqueness. Proof III. Due to Corollary 2.6.7 it is sufficient to prove the
differentiability of the pressure function ¢ — P(T), ¢) at Holder continuous ¢, in
a set of directions dense in the weak topology on C'(X).

Lemma 4.6.4. Let ¢ : X — R be a Hélder continuous function with exponent
o and let 1y denote the invariant Gibbs measure for ¢. Let F': X — R be an
arbitrary continuous function. Then, for every x € X,

cin LS, Fexp(S,
lim 2yeT () o xP(5n9)(y) _ / Fdpy. (4.6.3)

n— 00 ZyeT—"(r) eXp(Sn,¢) (y)
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In addition the convergence is uniform for an equicontinuous family of F’s and
for ¢’s in a bounded subset of the Banach space of Holder functions Hq(X).

Proof. The left hand side of (4.6.3) can be written in the form

lim %27;01 CZ(FO 77)(x) — lim %Z;Zol LrI(F - LI(1))(x)

neoo L5 (1)(x) noo 27 (1) (x) (464)

where £ = Ly = e’P(T’¢)£¢. ‘
Since by Theorem 4.3.5 F'- £7(1) is an equicontinuous family of functions,
we obtain the uniform convergence

LI L) (@) = ug(o) [ L) dm

as n —j — 00, see Theorem 4.4.5.
Therefore we can continue (4.6.4) to get

1 n—1 j n—1
L~ F-L£01)d )
fig 120 W@ [ F L@ dmy 1 E:/F.Lﬂ(n)dm:/mw
7=0

n—oo U¢(£E) n—oo n —

since £7(1) uniformly converges to ug and iy = upme. &

Now we shall calculate the derivative dP(T, ¢ + tv)/dt for all Holder con-
tinuous functions ¢,v : X — R at every ¢t € R. In particular, this will give
differentiability at ¢ = 0. Thus our dense set of directions is spanned by the
Holder continuous functions .

Theorem 4.6.5. We have

d
G20+ = [duiss (4.6.5)
for allt € R.
Proof. Write .
Pa(t):=—~log > exp(Su(é+17))(v) (4.6.6)
yeT—"(x)
and
dP, & 2 yer-n(x) Sn(Y) exp(Sn(d + 7)) (y)
n(t) = —(t) = 4.6.7
R D S S M R 20 L0 67

By Lemma 4.6.4, lim, .o Q,(t) = [~ dpustey and the convergence is locally
uniform with respect to ¢. Since, in addition, lim, ., P, (t) = §(¢), we conclude
that P(T, ¢ + ty) = lim,,_,o, P,(t) is differentiable and the derivative is equal
to the limit of derivatives: lim, oo Qn(t) = [ v dpiptiv, &
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Notice that the differential (Gateaux) operator v — [~ dus is indeed the
one from Proposition 2.6.6. Notice also that a posteriori, by Corollary 2.6.7, we
proved that for ¢ Holder continuous, P(T, ¢) is differentiable in the direction of
every continuous function. This is by the way obvious in general: two different
supporting functionals are different restricted to any dense subspace.

4.7  Probability laws and o%(u, v)

The exponential convergences in Section 4.4 allow us to prove the probability
laws.

Theorem 4.7.1. Let T : X — X be an open distance expanding topologically
exact map and p the invariant Gibbs measure for a Holder continuous function
¢: X —R. Then if g : X — R satisfies

> L™ g = m(9))]2 < oo, (4.7.1)
n=0

in particular if g is Holder continuous, the Central Limit Theorem (CLT) holds
for g. If g is Hélder continuous then the Law of Iterated Logarithm (LIL) holds.

Proof. We first show how CLT can be deduced from Theorem 1.11.5. We can
assume p(g) = 0. Let (X,F,fi) be the natural extension (see Section 1.7).

Recall that X can be viewed as the set of all T-trajectories (2, )nez (or backward
trajectories), T((2n)) = (#n41) and 7, ((2,)) = . It is sufficient now to check
(1.11.14) for the automorphism 7" the function § = g oy and Fy = m; *(F) for
the completed Borel o-algebra F. Since § is measurable with respect to Fy it is
also measurable with respect to all F,, = T~"(Fp) for n < 0 hence § = E(§|Fy).
So we need only to prove > % | E(3]Fn)|l2 < oo.

Since for n > 0 we have 7o o T" = T" 0wy we have E(§|F,) = E(g|F) o mo.
So, we need to prove that > [[E(g]|Fn)|2 < oc.

Let us start with a general fact concerning an arbitrary probability space
(X, F, ) and an endomorphism T preserving p.

Lemma 4.7.2. Let U denote the unitary operator on L*(X,F,u) associated
to T, namely U(f) = foT (called Koopman operator, see the beginning of
Section 4.2 and Section 1.2). Let U* be the operator conjugate to U acting also
on L*(X,F,u). Then for every k > 0 the operator UU** is the orthogonal
projection of Hy = L*(X,F,pn) onto Hy, = L*(X,T~*(F), ).

Proof. For each k > 0 the function U*(u) = u o T* is measurable with respect
to T—F(F), so the range of UFU*¥ is indeed in Hy = L?(X,TF(F), ).

For any u,v € Hy write [u-vdu = (u,v), the scalar product of u and v.
For arbitrary f,g € Hy we calculate

(UEU(f),go T = (UU™(f),U"(g))
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= ({U™(f).9) = (£.U"(g)) = (f.goT").

It is clear that all functions in Hy, = L?(X,T~*(F), u) are represented by goT*
with g € L?(X, F, ). Therefore by the above equality for all h € Hj,, we obtain

(f = USU () hY) = (F.h) = (f.B) =0, (4.7.2)

In particular for f € Hy we conclude from (4.7.2) for h = f — UFU**(f), that
(f —=UFU*k(f), f — U*U**(f)) = 0 hence U*U**(f) = f. Therefore UFU** is
a projection onto Hj, which is orthogonal by (4.7.2). &

Since the conditional expectation value f +— E(f|T~%(F)) is also the or-
thogonal projection onto Hj, we conclude that E(f|T*(F)) = UFU**(f).
Now, let us pass to our special situation of Theorem 4.7.1.

Lemma 4.7.3. For every f € L2(X, F, u) we have U*(f) = L(f).

Proof. (U*f.g) = (f.Ug) = [f-(goT)dp= [L(f(g0T))dp=,

JL(f)) - gdp = (L(f), g), compare (4.2.7). &

Proof of Theorem 4.7.1. Conclusion. We can assume that p(g) = 0. We have

Y UIE@IF) = Y 1T U (g)ll2 = Y I1£"(9)ll2 < oo,

n>0 n>0 n>0

where the inequality been assumed in (4.7.1). Thus CLT has been proved by
applying Theorem 1.11.5. If g is Holder continuous it satisfies (4.7.1). Indeed
LF (g) converges to 0 in the sup norm exponentially fast as k& — oo by Corol-
lary 4.4.7 (see (4.4.8)). This implies the same convergence in L? hence the
convergence of the above series. &

We have proved CLT and LIL using Theorem 1.11.5. Now let us show how
to prove CLT and LIL with the use of Theorem 1.11.1, for Hoélder continuous g.
As in the Proof of Corollary 4.4.11, let 7 : ¥4 — X be the coding map from a 1-
sided topological Markov chain with d symbols generated by a Markov partition,
see Section 3.5. Since 7 is Holder continuous, if g and ¢ are Holder continuous,
then the compositions gow, pom are Holder continuous too. 7 is an isomorphism
between the measures figor on X4 and pg on X, see Section 3.5 and Lemma
4.4.12. The function g o 7 satisfies the assumptions of Theorem 1.11.1 with
respect to the o-algebra F associated to the partition of 34 into 0-th cylinders,
see Theorem 4.4.10. ¢-mixing follows from (4.4.10) and the estimate in (1.11.8)
is exponential with an arbitrary ¢ due to the Holder continuity of g o w. Hence,
by Theorem 1.11.1, g o m and therefore g satisfy CLT and LIL.

In Section 4.6 we calculated the first derivative of the pressure function.
Here using the same method we calculate the second derivative and we see that
it is a respective dispersion (asymptotic variance) o2, see Section 1.11.
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Theorem 4.7.4. For all ¢p,u,v : X — R Hélder continuous functions there
ezists the second derivative given by Ruelle’s formula

0? 1
838tP(T’ O+ su+tv)|s—t—o = HILngO — /Sn(u — popt)Sp (v — puev) dpg, (4.7.3)

n
where j14 is the invariant Gibbs measure for ¢. In particular

82
5 (L6 +10)li=o = o7, (v)

(where 0/2qu (v) is the asymptotic variance discussed in CLT, Section 1.11). In
addition, the function (s,t) — P(T, ¢+ su+ tv) is C?-smooth.
Proof. By Sec. 4.6 , see (4.6.3), (4.6.7),

2

0s0t

P(T, ¢+ su+ tv)|i—o

85 n—oo ZyETfn(w) exp Sn (¢ + SU’) (y)

(4.7.4)

Now we change the order of 9/9s and lim. This will be justified if we prove the
uniform convergence of the resulting derivative functions.

Fixed x € X and n we abbreviate in the further notation >, 7, to >_
and compute (
o (Ey S,v(y) exp Si(6+ su)(y))

22y exXP Sn(¢ 4 su)(y)
22y Snu(y)Snu(y) exp Sn (¢ + su)(y)
>, €xp Sn (9 + su)(y)

(%2, Swuly) exp Su(6 +su)(1) ) ( 52, Suv(y) exp Su(6 + su)(y))

Y

F,(s) := EP

X (Z exp Sy (¢ + su)(y)) ’

L7 ((Snu)(Snv)) (x) — L™(Snu)(x) L™ (Spv)(x)
Lr(1)(x) Lr()(x)  Lr(W)(x)

As in Section 4.6 we write here £L = Ly = e‘P(T7¢+8“)£¢+su. It is useful to
write the later expression for F,(s) in the form

Fu(s) = [(S,0)(Su0) e~ [(Su0) e [(Su)dien (475

or

n—1
Fo(s) = Z /(u oT" — pisn(uoT)) (W o T? — g n(voT?)) dpsn, (4.7.6)
i,j=0
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where ps , is the probability measure distributed on T~"(x) according to the
weights exp(Sn (¢ + su))(y)/ 32, exp Sn(¢ + su)(y).

Note that L1F,(s) with F,(s) as in the formula (4.7.6) resembles already
(4.7.3) because fis, — Mytsy i the weak*-topology, see (4.4.4). However we
still need to work a little bit.

For each 4, j denote the respective summand in (4.7.6) by K; ;. To simplify
notation denote u o T by u; and v o T7 by v;. We have

_ ﬁn((ui — frsnti)(vj — /‘s,nvj))(x)
L£r(1)(x)

and for 0 < ¢ < j < n, using (4.2.7) twice,
£ (L7 ((u = ) () (v = o) ) (@)
L£r(1)(x)

By Corollary 4.4.7 for 7 < 1 and Hélder norm | - ||, for an exponent a > 0,
transforming the integral as in Proof of Theorem 4.4.9, we get

Ki;

K;;= (4.7.7)

1ET (1 — aame) C(1)) = g ( [ i - us,nui)) I, < Cri~

where C' depends only on Holder norms of w and ¢ + su. The difference in the
large parentheses, denote it by D; ,, is bounded by C7"~" in the Hélder norm,
again by Corollary 4.4.7.

We conclude that for all j the functions

Lj = Z ;C]_?((u - Hs,nuz)‘cz(n))

i<j

are uniformly bounded in the Hélder norm || - |4, by a constant C' depending
again only on ||u||x, and ||¢+ su||x, . Hence summing over ¢ < j in (4.7.7) and
applying £" 7 we obtain

j j
H ZK” — Z /(ui — P i)(Vj — s n ;) Mgt sy
=0 =0

Here C' depends also on ||v||#,, . We can replace the first sum by the second sum
without changing the limit in (4.7.4) since after summing over j = 0,1,...,n—1,
dividing by n and passing with n to oo, they lead to the same result. Let us show
now that p ,, can be replaced by mg4s, in the above estimate without changing
the limit in (4.7.4). Indeed, using the formula ab — a't’ = (a — a")V' + a(b — V'),
we obtain

< Cr I,

oo

’ /(uz‘ = Mgt sutli) (Vj — Motsu¥;) AMigpsu — /(uz‘ = Hsni) (Vj = s n¥5) Mg sy
< (s, nti — Mo sutti) - (Meptsuts — Hsnvy)

+

/(uz - mqb—i—suui) . (/Js,nvj - mqb—i—suvj) qub—i—su



172 CHAPTER 4. THERMODYNAMICAL FORMALISM

Since D; ,, < Ct"~* and Djn, < C7"77, the first summand is bounded above by
Tn~irn=Ji  Note that the second summand is equal to 0. Thus, our replacement
is justified.

The last step is to replace m = mgys, by the invariant Gibbs measure

H= Hotsu-
Similarly as above we can replace m by p in mu;, mv;. Indeed,

[mu; — pug| = ’/u[,’(]l) dm — /uu¢+su dm’
- ’ / - (L) = ugon) dm’ < Cm@ur.  (47.8)

Thus the resulting difference is bounded by Cm/(u)m(v)7i77. Finally we justify
the replacement of m by u at the second integral in the previous formula. To
simplify notation write F' = u — pu, G = v — pv. Since j > i, using (4.7.8), we
can write

'/(FoTi)(GoTJ’)dm - /(FoTi)(G oTj)dN' =
-| [ @erryertin- [ ot i
<cr / |F - (GoT'"")|dm < Cm(F)m(G)r'v/~" = Cm(F)m(G)7’

by Theorem 4.4.9 (exponential decay of correlations), the latter C' depending
again on the Holder norms of u, v, ¢ + su. Summing over all 0 <1i < j < n gives
the bound Cm(F)m(G) E;:Ol j77 and our replacement is justified. For i > j
we do the same replacements changing the roles of 4 and v. The C?-smoothness
follows from the uniformity of the convergence of the sequence of the functions
F,(s), for ¢+ tv in place of ¢, with respect to the variables (s, t), resulting from
the proof. &

Exercises

4.1. Prove that (4.1.1) with an arbitrary 0 < ¢ < £ in place of ¢ implies (4.1.1)
for every 0 < ¢’ < ¢ (with C depending on &').
4.2. Let A = (ai;) be a non-zero k x k matrix with all entries non-negative.
Assume that A is irreducible, namely that for any pair (i,7) there is some
n > 0 such that the i,j)-th entry aj; of A" is positive. Prove that there is a
unique positive eigenvalue A with left (row) and right (column) eigenvectors v =
(v1,...,v) and u = (uq,...,ux) with all coordinates positive. The eigenvalue
A is simple. All other eigenvalues have absolute values smaller than .

Check that the matrix P = (p;;) with p;; := v;a;;/Av; is stochastic, that
is 0 <py <land ) ,pj; =1forall j=1,...,k. (One interprets p;; as the
probability of ¢ under the condition j. Caution: often the roles of ¢ and j are
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opposite.) Notice that ¢ = (ujvy, ..., urvy) satisfies Pq = ¢ (it is the stationary
probability distribution).

Prove that for each pair (i,7) lim,— /\_"a?j — UV;.

Identify the vectors u and v for a piecewise affine (piecewise increasing) map-
ping of the interval T": [0,1] — [0,1]. More precisely, let 0 = 1 < 23 < ... <
Tp < g1 = land foreach ¢ =1,...klet 2, = yi1 < yi2 < ... < Yigt1 =
zi+1. Consider T affine on each interval [y; j,y; j+1) mapping it onto [z}, z;41),
such that 7" = Const a,;. Consider the potential function ¢ = —log F’. What
is the eigen-measure of the related transfer operator? What is the invariant
Gibbs measure? Compare Exercise 4.7.

4.3. Prove that if a probability measure m is T-invariant then L., (L*(m)) C
L?(m) and the norm of £ in L?(m) is equal to 1.

4.4. A linear operator @ : L'(u) — L'(u) for a measure space (X, F, u) (we
allow p to be infinite, say o-finite) is called Markov operator if for all u > 0, u €
L' () the following two conditions hold.

(a) Q(u) > 0 (compare the notion of positive operator),

(b) [|Q(w)|]1 = ||u]|1 (compare (4.2.4).
(This notion generalizes the notion of transfer operator £,,, see Section 4.2.)

Prove that
(D) |[Q)[|x < [ullx for all u € L' (p),

(2) If |Q™(u)| < g for some positive u,g € L'(y) and all n = 1,2,.. ., then there
exists nonzero u, € L'(u) such that Q(us) = ..

(3) Suppose additionally that there is a compact set A C L! such that for d the
distance in L', for every u € L'(u) it holds d(Q™(u), A) — 0 as n — oo. (This
property is called strongly constrictive).

Then there exist two finite sequences of non-negative functions g; € L(u), k; €
L*>(p),i =1,...,p, and a linear bounded operator S : L' () — L'(u) such that
for every u € L(p)

Qu) = Z Xi(u)gi + 8,

where \;(u) = [ uk; dy, the functions g; have disjoint supports and are permuted
by @, and [|Q"S(u)||1 — 0 as n — oo.

Hint: See the Spectral Decomposition Theorem in [Lasota & Mackey 1985]
and [Lasota, Li & Yorke 1984].

(4) Suppose additionally that there is A C X with u(A) > 0 such that for every
u € L'(u) we have Q™(u) > 0 on A for all n large enough. Then lim [|Q™(u) —
(Judp)us||s = 0. (This property is called asymptotically stable.)

Hint: Deduce it from (3), see the Asymptotic Stability Section in
[Lasota & Mackey 1985] .

(5) Prove that if a Markov operator @ satisfies the following lower bound function
property:
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There exists a nonnegative integrable function 4 : X — R such that [|h][; > 0
and such that for every non-negative u € L (u) with ||u|; = 1,

lim || min(Q"(u) — h,0)||1 =0,

then @ is asymptotically stable.

Hint: Consider u € L*(p) with [udu = 0 and decompose it in positive and
negative parts v = u™ 4+ u~. Using h observe that iterating ) on u™ and u~
we achieve the cancelling h — h. For details see [Lasota & Mackey 1985].

(Notice that the existence of the lower bound function u replaces the as-
sumption on the existence of the set A in (4) and allows to get rid of the
constrictivness assumption).

4.5. Consider a measure space (X, F, u) and a measurable function K : X x
X — R, non-negative and such that [ K(z,y)du(z) =1 for all y € X (such a
function is called a stochastic kernel. Define the associated integral operator by

P()(e) = | K(w.p)u)du(s). for ue L),
Consider the convolutions
K, (x,y) := /K(x, 2n-1)K (2n-1,2n-2) ... K(z1,y) di(zn—1) . . . dp(z1).

Prove that if there exists n > 0 such that [ inf, K, (2, y) du(z) > 0, then
@ is asymptotically stable.

4.6. Let T : X — X be a measurable backward quasi-invariant endomorphism
of a measure space (X, F,m). Suppose there exist disjoint sets A, B C X, both
of positive measure m, with T'(A4) = X.

Prove that for £,, : L'(m) — L'(m) being the transfer operator as in
Section 4.2 all A with || < 1 belong to its spectrum. In particular 1 is not an
isolated eigenvalue (there is no spectral gap, compare Remark 4.4.8). Is there a
spectral gap for L, for T': X — X an open expanding topologically transitive
map, acting on C(X) for Holder continuous ¢? (In Corollary 4.4.7 we restrict
the domain of L4 to Hélder continuous functions).

Hint: Prove that all A,|A| < 1 belong to the spectrum of the conjugate
Koopman operator on L>(m). Indeed £* — \Id is not onto, hence not invertible.
No function which is identically 0 on A and non-zero on B is in the image.

4.7. Let I1, I, ..., Iy be a partition of the unit interval [0, 1] into closed subin-
tervals ((up to end points, i.e. every two neighbours have a common end point).
Let T : [0,1] — [0,1] be a piecewise C'T¢ expanding mapping. This means
that the restriction of 7" to each I; has an extension to a neighbourhood of the
closure of I; which is differentiable with the first derivative Holder continuous
of the modulus larger than 1. Suppose that each T'(I;) is union of some I;’s
(Markov property) and for each I; there is n such that 77(I;) = [0, 1].

Prove the following so-called Folklore Theorem: There is an exact in the
measure-theoretic sense T-invariant probability measure p on [0, 1] equivalent
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to the length measure [, with ‘;—‘; bounded and bounded away from 0, Holder
continuous on each I;.
Hint: consider the potential function ¢ = —log|T”|.

4.8. For T as in Exercise 4.7 assume that 7' is C? on I;’s, but do not assume
Markov property. Prove that there exists a finite number of T-invariant proba-
bility measure absolutely continuous with respect to the length measure I.

Hint: This is the famous Lasota—Yorke theorem [Lasota & Yorke 1973]. In-
stead of Hoélder continuous functions consider the transfer operator £ on the
functions of bounded variation of derivative.

In fact by Ionescu Tulcea, Marinescu Theorem 4.5.5 item (8), there exists
a spectral gap, see Remark 4.4.8, so we can prove probability laws as in Theo-
rem 4.7.1.

4.9. Prove the existence of an invariant Gibbs measure, Theorem 4.3.2, for ¢
satisfying the following Bowen’s condition: there exists 6 > 0 and C > 0 with
the property that whenever p(T%(z), T%(2)) < for 0 <i <n — 1, then

n—1

Y (T (x) = o(T'(2))| < C,

=0

and for T': X — X open topologically transitive map of a compact metric space
which is non-contracting, namely there exists n > 0 such that for all x,y € X
p(x,y) < n implies p(T'(x),T(y)) = p(z,y).

For m satisfying £} (m) = cm (see Theorem 4.2.8) prove the convergences
(4.4.2). and (4.4.3).

Hint: see [Walters 1978].

Bibliographical notes

Writing Sections 4.1 — 4.4 we relied mainly on the books [Bowen 1975] and
[Ruelle 1978]. See also [Zinsmeister 1996] and [Baladi 2000].
References to the facts in Section sec:4.5 concerning almost periodic oper-
ators can be found in [Lyubich & Lyubich 1986] and [Lyubich 1983]. For the
proof of Tonescu Tulcea & Marinescu Theorem see
[Tonescu Tulcea & Marinescu 1950]. For Markov operators see [Lasota & Mackey 1985].
As we mentioned already in Introduction, the first, simplest, proof of unique-
ness of equilibrium follows [Keller 1998]. The second is similar to one in [Przytycki 1990];
the idea taken from Ledrappier’s papers, see e.g.[Ledrappier 1984].
For the Perron—Frobenius theory for finite matrices, Exercise 4.2, see for
example [Walters 1982] and the references therein.
Folklore theorem in Exercise 4.7 can be found for example in
[Boyarsky & Goéra 1997].
The consequences of holomorphic dependence of the operator on parameters
(in particular the holomorphic dependence of an isolated eigenvalue of multi-
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plicity one, see Remark 4.4.8) is comprehensively written in [Kato 1966]. See
our Section 5.4.

We owe Exercise 4.6 to R. Rudnicki.

In the next chapters we shall discuss special open distance expanding maps
(X,T) with X embedded in a smooth manifold and T" smooth (C”). Then the
transfer operator for C™ or real-analytic potential can be restricted to C*, k < r.
The bigger k& the more continuous spectrum is lost. In the C>° and C% (real-
analytic) cases the transfer operator has only pointwise spectrum. For this rich
theory and references see for example [Baladi 2000].



Chapter 5

Expanding repellers in
manifolds and in the
Riemann sphere,
preliminaries

In this chapter we shall consider a compact metric space X with an open, dis-
tance expanding map 7" on it, embedded isometrically into a smooth Rieman-
nian manifold M. We shall assume that T extends to a neighbourhood U of X
to a mapping f of class C'*¢ for some 0 < ¢ < 1 or smoother, including real-
analytic. C17¢ and more general C"*¢ for r = 1,2, ... means the r-th derivative
is Holder continuous with the exponent ¢ for € < 1 and Lipschitz continuous
for e = 1. We shall assume also that there exists a constant A > 1 such that
for every x € U and for every non-zero vector v tangent to M at z, it holds
[IDf(v)]| > Al|v]|, where || - || is the norm induced by the Riemannian metric.
The pair (X, f) will be called an expanding repeller and f an expanding map.
If f is of some class A, e.g. C'“ or analytic, we will say the expanding repeller
is of that class or that this is an A-expanding repeller. In particular, if f is
conformal we call (X, f) a conformal expanding repeller, abbr. CER. Finally if
we skip the assumption T' = f|x is open on X, we will call (X, f) an expanding
set. Sometimes to distinguish the domain of f we shall write (X, f,U).

In Sections 5.2 and 5.3 we provide some introduction to conformal expanding
repellers, studying transfer operator, postponing the main study to Chapters 8
and 9, where we shall use tools of geometric measure theory.

In Section 5.4 we discuss analytic dependence of the transfer operator on
parameters.

177



178 CHAPTER 5. EXPANDING REPELLERS, PRELIMINARIES

5.1 Basic properties

For any expanding set there exist constants playing the analogous role as con-
stants for (open) distance expanding maps:

Lemma 5.1.1. For any expanding set (X, f) with \, U as in the definition and f
differentiable, for everyn > 0 small enough, there exist U' C U a neighbourhood
of X such that B(X,n) C U’, B(U',n) C U and for every x € U’ the map
f is injective on B(x,n). Moreover f(B(x,n)) D B(f(x),n) and f increases
distances on B(xz,n) at least by the factor \.

Proof. We leave the proof to the reader as an easy exercise; compare the Proof
of Lemma 5.1.2. &

In the sequel we shall consider expanding sets together with the constants
7, A from Lemma 5.1.1. Write also £ := An. For the expanding repeller (X, f)
these constants satisfy the properties of the constants 7, £, A for the distance ex-
panding map T' = f|x on X, provided 7 is small enough, compare Lemmas 3.1.2
and 3.1.4. For every z € X we can consider the branch f, ! on B(f(z),£), map-
ping f(z) to z, extending the branch T, ! defined on B(f(x),£) N X. Similarly
we can consider such branches of f~! for x € U’.

Let now X be a compact subset of M forward invariant, namely f(X) C X,
for a continuous mapping f defined on a neighbourhood U of X. We say X
is a repeller if there exists a neighbourhood U’ of X in U such that for every
y € U\ X there exists n > 0 such that f™(y) ¢ U’. In other words

X=rw). (5.1.1)

n>0

In the lemma below we shall see that the extrinsic property of being a repeller is
equivalent to the intrinsic property of being open for f on X. It is a topological
lemma, no differentiability is invoked.

Lemma 5.1.2. Let X be a compact subset of M forward invariant for a con-
tinuous mapping [ defined on its neighbourhood U. Suppose that f is an open
map on U. Then if X is a repeller, f|x is an open map in X. Conversely, if f
is distance expanding on a neighbourhood of X and f|x is an open map, then
X is a repeller, i.e. satisfies (5.1.1).

Proof. If f|x were not open there would exist a sequence of points z, € X
converging to z € X a point y € X such that f(y) = = and an open set V' in
M containing y so that no z, is in f(V N X) . But as f is open there exists
a sequence y, € V, y, — y and f(y,) = z, for all n large enough. Thus the
forward trajectory of each y, stays in every U’ even in X except y,, itself which
is arbitrarily close to X with n respectively large. This contradicts the repelling
property.

Conversely, suppose that X is not a repeller. Then for U” = B(X,r) C U’
(U’ from Lemma 5.1.1) with an arbitrary r < £ there exists x € U” \ X such
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that its forward trajectory is also in U”. Then there exists n > 0 such that
dist(f"(z), X) < Adist(f*~(z), X). Let y be a point in X closest to f"(z).
Then by Lemma 5.1.1 there exists 4’ € B(f" *(z),n) such that f(y') =y and
by the construction y’ ¢ X. Thus, letting » — 0, we obtain a sequence of
points x,, not in X but converging to xo € X with images in X. So f(z,) ¢
flx(B(zo,n) N X) because they are f-images of x,, € B(xg,n) \ X for n large
enough and f is injective on B(xg,n). But f(z,) — f(x0). So f(x¢) does not
belong to the interior of f|x (B(xo,n) N X), so f|x is not open. &

To complete the description we provide one more fact:

Proposition 5.1.3. If (X, f) is an expanding set in a manifold M, then it is
a repeller iff there exists U” a neighbourhood of X in M such that for every
sequence of points v, € U", n = 0,—1,-2,...,—N, where N is any positive
number or oo, such that f(r,) = xpt1 for n < 0, i.e. for every backward
trajectory in U", there exists a backward trajectory y, € X such that x, €
B(yn,n).

Additionally, if (X, f) is an expanding repeller and f maps X onto X, then
for every xg € U” there exist x,, and y, as above.

Proof. If U" is small enough then by the openess of f|x if f(y) = z € X and
y € U” then y € X, compare Proof of Lemma 5.1.2. So, given x,,, defining
Yn = [ (yn+1), starting with yo € X such that p(xo,y0) < & we prove that
Uyn € X.

Conversely, if f™(z) € U” for all n =0,1,..., then for each n we consider
f™(x), fr1(x),...,z as a backward trajectory and find a backward trajectory
y(n)o,y(n)_1,...,y(n)_, in X such that f*~%(z) € B(y(n)_s,n) for all i =
0,...,n. In particular we deduce that p(x,y(n)—,) < nA~"™. We conclude that
the distance of  from X is arbitrarily small, i.e. x € X.

To prove the last assertion, given only xy we find yg € X close to zg, next
take any backward trajectory y, € X existing by the “onto” assumption and
find 2, = f; ! (yns1) by induction, analogously to finding y,, for ,, above. &

Remark 5.1.4. The condition after “iff” in this proposition (for N = o0) can
be considered in the “inverse limit”, saying that every backward trajectory in
U” is in the “unstable manifold” of a backward trajectory in X.

Now we shall prove a lemma corresponding to the Shadowing lemma 3.2.4.
For any two mappings F, G on the common domain A, to a metric space with a
metric p, we write dist(F,G) := sup,c4 p(f(x), g(z)). Recall that we say that
a sequence of points (y;) [-shadows (x;) if p(z;,y;) < B.

Lemma 5.1.5. Let (X, f,U) be an expanding set in a manifold M. Then for
every §: 0 < 3 < there existe, o0 > 0 (it is sufficient that a4 < (A—1)3) such
that if a continuous mapping g : U — M is a-C°-close to f, i.e. dist(f,g) < «,
then every € — f-trajectory v = xg, 1, ..., T, in U’ can be B-shadowed by at least
one g-trajectory. In particular there exists Xy a compact forward g-invariant
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set, i.e. such that g(X,) C X4, and a continuous mapping hgy : Xg — M such
that dist(hgs,id|x,) < B and hgr(Xy) = X.
If g is Lipschitz continuous, then hyy is Holder continuous.

Proof. 1t is similar to that of Shadowing Lemma but needs some more care. If
we treat x;,7 = 0,...,n as an a + e-trajectory for g we cannot refer to Proof of
Shadowing Lemma because we have not assumed g is expanding.

Let us make however similar choices as there, for § < nlet a+e = g(A—1).
Then by Lemma 5.1.1

f(dB(x;,3) Dl B(f(x;),\8), i=0,1,...,n. (5.1.2)

We left it in Proof of Lemma 5.1.1 as an exercise. One proof could use an
integration.

We shall give however a standard topological argument, proving (5.1.2) with
N < X arbitrarily close to A for 3 small enough, using the local aproximation of
f by Df, which will be of use later on also for g. This argument corresponds to
Rouché’s theorem in 1 complex variable (preservance of index of a curve under
small perturbation).

In the closed ball By = cl B(x;, 3) for 3 small enough, f is B(A—\)-C-close
to Df, (locally it makes sense to compare f with Df using local charts on the
manifold M). To get 3 independent of i we use f being C*.

Hence f and Df are homotopic as maps of the sphere S; = 9By to M \ z
for any z € B(f(x;), N (), just along the intervals joining the corresponding
image points. If z were missing in f(B;) then we could project f(Bp) to Sy =
OB(f(x;), N'3) along the radii from z. Denote such a projection from any w by
Py.

P, o fls, : S1 — S92 is not homotopic to a constant map, because it is
homotopic to P, o D f|s, which is homotopic to P,y o DF|s, by using P, t €
[z, f(z;)], and finally Pf(,,) o D f|s, is not homotopic to a constant because D f
is an isomorphism (otherwise, composing with D f~! we would get the identity
on S; homotopic to a constant map).

On the other hand P, o f|g, is homotopic to a constant since it extends to
the continuous map P, o f|p,.

Precisely the same topological argument shows that, setting z,+1 = f(z,),

g(clB(zi, #) D B(f(2:), '8 —a) D

cdB(ziy1,NB—a—¢) D B(ziy1,8) i=0,1,...,n. (5.1.3)

So the intersection A(z) :=(\'_, ¢ ?(cl B(z;, 3)) is non-empty and the for-
ward g-trajectory of any point in A(z) S-shadows x;,i =0,...,n — 1.
The sequence B(xo, ) — f(B(z0, ) > B(x1, 8) — f(B(x1,8)) D Blrz, B) —
. is called a “telescope”. The essence of the proof was the existence and the
stability of telescopes.

To prove the last assertion, let ¢ = 0, x; € X and n = co. For the above
sets A(z) = A(zx, g, ) set
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X(g,8) = |J A(,9,8)  Xy=clX(g,).
zeX

Suppose < n. Then for z,y € X x # y we have A(x)NA(y) = 0 because the
constant of expansiveness of f on X is 2n. This allows us to define hyr(y) =z
for every y € A(x).

If y € cl A(z) then by the definition for every n > 0 f"(y) € cl A(f™(z)).
This proves the g-invariance of X, and hgr o g = f o hyy. The continuity
of hg¢ holds because for an arbitrary n if y,y’ € X(g,5) and dist(y,y’) is
small enough, say less than e(n), then dist(¢’(y), ¢’ (v')) < n — 3 for every
j=0,1,...,n. e(n) does not depend on y,y’ since g is uniformly continuous
on a compact neighbourhood of X in M. Then dist(f’(x), f7(z')) < 2n, where
= hgr(y), 2" = hgr(y'). Hence dist(z,z’) < \~"2n. We obtain hyy uniformly
continuous on X (g, ), hence it extends continuously to the closure X,. &

If g is Lipschitz continuous with dist(g(y) —g(y')) < Ldist(y,y’), then we set
e(n) :== (n — B)L~™. Then, for dist(y,y’") < e(n), we get dist(z,z’) < \7"2n =
Me(n)lee M log L for M = (ﬁ)log AMlog Loy Tn consequence hyy is Holder with
exponent log A/ log L.

The existence of hyy does not depend on the construction of X,. Namely
the following holds.

Proposition 5.1.6. Let Y be a forward g-invariant subset of U' D X defined in
Lemma 5.1.1, for continuous g : U — M «-close to f. Then, for every 3 :0 <
B < n and for every a: 0 < a < B(\ — 1) there exists a unique transformation
hgr : Y — U such that hgy o g = fohgr and p(hgs,idly) < B . (We call such
a transformation hgy a semiconjugacy to the image.) This transformation is
continuous, and p(hgs,idly) < x%5. If gly is positively expansive and 23 is less
than the constant of expansiveness then hyy is injective (called then a conjugacy
to the image Xy). If X is a repeller then Xy C X. If g is Lipschitz, then hgy
is Héolder continuous.

Proof. Each g-trajectory y, in Y is an a- f-trajectory and we can refer to Lemma
5.1.5 for a playing the role of € and ¢ = f. We find an f-trajectory z,, such
that p(zn,yn) < a/(A — 1) and define hyf(yn) = . The uniqueness follows
from the positive expansivness of f with constant 2n > 23. The continuity can
be proved as in Lemma 5.1.5. &

Proposition 5.1.7. Let (X, f,U) be an expanding set. Then there exists U a
neighbourhood of f in C' topology, i.e. U = {g:U — M : g € C*, p(f,g) <
o, ||Df(z) — Dg(z)|| < a Yo € U}, for a number o > 0, such that for every
g € U there exists an expanding repeller X, for g and a homeomorphism hgy :
Xy — X such that hgg o g = f o hgy on X4 Moreover for each x € X the
function U — M defined by g — x4 := hg_f1 () is Lipschitz continuous, where
U is considered with the metric p(gi1,g2) (in C° topology). All hys and their
inverses are Holder continuous with the same exponent and common upper bound
of their Hélder norms.



182 CHAPTER 5. EXPANDING REPELLERS, PRELIMINARIES

Proof. For U small enough all g € U are also expanding, with the constant A
maybe replaced by a smaller constant but also bigger then 1 and n, U’ the same.
Then X, and hgy exist by Lemma 5.1.5. Since g is expanding, hence expansive
on Xg4, hgy is injective by Proposition 5.1.6.

To prove Lipschitz continuity of x4, consider g1, g € U. Then

h = hg_zlf ° hglf 1 Xg — X,

is a homeomorphism, such that p(g1,92) < 2a/(A — 1) < 8 for appropriate «,
where A is taken to be common for all g € U.

On the other hand by Proposition 5.1.6 aplied to g2 in place of f and g¢; in
place of g, for the forward invariat set Y = X, there exists a homeomorphism
hg g, 1 Y — Xg, conjugating g1 to go. We have p(hy,4,,1d|x, ) < p(g1,92)/(A—
1). By the uniqueness in Lemma 5.1.5, we have h = hg, 4, hence p(h,id|x, ) <
p(g1,92)/ (A — 1), which yields the desired Lipschitz continuity of xg.

Holder continuity of kg and h;]} follows from Lemma 5.1.5. Uniform Holder
exponent results from the existence of a common Lipschitz constant and expand-
ing exponent for g C'-close to f. The uniformity of the Holder norm follow sfrom
the formula ending Proof of Lemma 5.1.5.

Examples

Example 5.1.8. Let f: M — M be an expanding mapping on a compact man-
ifold M, that is the repeller X is the whole manifold. Then f is C'!-structurally
stable. This means that there exists I/, a neighbourhood of f in C' topol-
ogy, such that for every g : M — M in U there exists a homeomorphism
hgs: M — M conjugating g and f.

This follows from Proposition 5.1.7. Note that X, = M, since being home-
omorphic to M it is a boundaryless manifold of the same dimension as M and
it is compact, hence if I/ is small enough, it is equal to M (note that we have
not assumed connectedness of M).

A standard example of an expanding mapping on a compact manifold is an
expanding endomorphism of a torus f : T¢ = R?/Z? — T, that is a linear
mapping of R? given by an integer matrix A, mod Z.

Example 5.1.9. Let f: C? — C? be the cartesian product of z2’s, that is
f(z1,...,24) = (22,...,22). Then the torus T¢ = {|z;| = 1,i = 1,...,d} is
an expanding repeller. By Proposition 5.1.7 it is stable under small C', in
particular complex analytic, perturbations g. This means in particular that
there exists a topological d-dimensional torus invariant under g close to T¢.

Example 5.1.10. Let f.: C — C be defined by f.(z) = 2% + ¢, ¢ =~ 0, compare
Introduction and Chapter 0. As in Example 5.1.9, there exists a Jordan curve
Xy, close to the unit circle which is an f.-invariant repeller and a homeomorphic
conjugacy hy,f,. It is not hard to see that X; = J(f.) the Julia set, see
Example 0.6.
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The equation of a fixed point for f. is 22 + ¢ = 2. and if we want a fixed
point z. to be attracting (note that there are 2 fixed points, except ¢ = 1/4) we
want |f2(z.)| = |2z] < 1. This means c is in the domain My bounded by the
cardioid ¢ = —(\/2)? + A/2 for X in the unit circle.

Figure 5.1: Mandelbrot set

It is not hard to prove that My is precisely the domain of ¢ where the
homeomorphisms hy, ¢, and in particular their domains Xy, exist. Each X  is
a Jordan curve (Xy,, fc) is an expanding repeller and the “motion” ¢ — z. :=
h;ulo(z) is continuous for each z in the unit circle Xy,. In fact Xy is equal to
Julia set J(f.) for f.. At cin the cardioid, a self-pinching of X, at infinitely
many points happens. In fact the motion is holomorphic, see Section 5.2.

My is a part of the Mandelbrot set M where J(f.) is connected. When ¢
leaves M, the Julia set crumbles into a Cantor set.

5.2 Complex dimension one. Bounded distor-
tion and other techniques

The basic property is the so called Bounded Distortion for Iteration. We have
had already that kind of lemma, Lemma 3.4.2 (Pre-Bounded Distortion Lemma
for Tteration), used extensively in Chapter 4. Here it will get finally its geometric
sense.

Definition 5.2.1. We say that V' an open subset of C or R has distortion with
respect to z € V bounded by C' if there exist R > r > 0 such that R/r < C and
B(z,r) CV C B(z,R).

Lemma 5.2.2 (Bounded Distortion Lemma for Iteration). Let (X, f) be a
C'*e-expanding set in R or a conformal expanding set in C. Then there ex-
ists a constant C' > 0 such that



184 CHAPTER 5. EXPANDING REPELLERS, PRELIMINARIES

1. For every x € X and n > 0, for every r < & the distortion of the set
fo™(B(f™(x),r)) with respect to x is less than exp Cr in the conformal case and
less than exp Cr® in the real case.

2.The same bound holds for the distortion of f™(B(x,r")) for any 1’ > 0 un-
der the assumption f3(B(x,r")) C B(f’(x),r) for every j = 1,...,n. Moreover

3. If y1,y2 € B(x,1") then ZE?:EZB}[:E;Q : Z%Z;;; < expCr or expCre.

Finally, in terms of derivatives,

4. expCr and exp Cr® bound the fractions

(7Y @) @)
r/diam f; " (B(f™(z),r)) diam f™(B(z,7"))/r’

from above and the inverses bound these fractions from below.
5. Foryi,y2 € f"(B(f"(x),7))

|7(fn)l(y1) -1 < Cr or Cre.

f) (y2)
Proof. Cr and Cr® bound the additive distortions of the functions log|(f™)’| and
Arg(f™) (in the complex holomorphic case) on the sets f ™ (B(f™(z),r)) and
B(x,r"). Indeed, these functions are of the form S, for Holder ¢» = log|f’|
or Arg f’, see Chapter 3. We use Pre-Bounded Distortion Lemma 3.4.2. To

conclude the assertions involving diameters integrate |(f™)’| or the inverse along
curves. &

In the conformal situation, in C, instead of refering to Lemma 5.2.2, one can
often refer to Koebe Distortion Lemma, putting g = f™ or inverse.

Lemma 5.2.3 (Koebe Distortion Lemma in the Riemann sphere). Given ¢ > 0
there exists a constant C = C(g) such that for every A : 0 < X\ < 1 for every
conformal (holomorphic univalent) map on the unit disc in C to the Riemann
sphere C, g : D — C, such that diam(C \ g(D)) > ¢, for all y1,y> € AD,

19'(11) /9 (y2)| < C(1 =N~
diameter and derivatives in the Riemann sphere metric.

One can replace D by any disc B(x,r) C C with diamC \ B(z,r) > ¢ and
y1,Yy2 € Bz, \r).

This Lemma follows easily from the classical lemma in the complex plane,
see for example [Carleson & Gamelin 1993, Section I.1].

Lemma 5.2.4 (Koebe Distortion Lemma). For every holomorphic univalent
function g : D — C for every z € D

-2 |g(2)
A+ = ¢(0)

1+ 2|
(1—z])3

<
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Remark 5.2.5. In the situation of Lemma 5.2.3, fixed an arbitrary ¢ : D — C,
there exists C' = C(g) such that for all y,y1,y2 € AD

CTHI =N <17 0)/d Wl <Cca-N""

and in particular
19'(y1)/9'(y2)] < C(1=A)~2.

Of fundamental importance is the so-called holomorphic motion approach:

Definition 5.2.6. Let (X, px) and (Y, py) be metric spaces. We call a mapping
[+ X =Y quasisymmetric, if there exists a constant M > 0 such that for all
z,y,z € X if px(2,y) = px (2, 2), then py (f(2), f(y)) < Mpy (f(z), f(2)).

In case X is an open subset of a Euclidean space of dimension at least 2, the
name quasiconformal is usually used. In this case, for homeomorphisms, several
equivalent definitions are being used.

Definition 5.2.7. Let A be a subset of C. A mapping i(z) for A € D the unit
disc, and z € A is called a holomorphic motion of A if

(i) for every A € D the mapping i) is an injection;

(ii) for every z € A the mapping A — iy(z) is holomorphic;

(iii) 4o is the identity (i.e. inclusion of A in C).

Lemma 5.2.8 (Mafié, Sad, Sullivan’s A-lemma, see [Mané, Sad & Sullivan 1983]).
Let ix(z) be a holomorphic motion of A C C. Then every iy has a quasisym-
metric extension iy : A — C which is an injection, for every z € A the mapping
A\ — ix(2) is holomorphic, and the map D x A > (X, z) = ix(z) is continuous.

Note that the assumption that the domain of lambdas is complex is sub-
stantial. If for example the motion is only for A € R, then the lemma is false.
Consider for example the motion of C such that the lower halfplane moves in
one direction, ix(z) = z + A, and the upper (closed) halfplane moves in the
opposite direction, iy(z) = z — A. Then i, is even not continuous. However this
motion cannot be extended to complex lambdas, to injections.

Proof. The proof is based in the following: any holomorphic map of D to the
triply punctured sphere C\{0, 1, 0o} is distance non-increasing for the hyperbolic
metrics on D and C\ {0, 1,00} (Schwarz lemma). Choose three points of A and
normalize iy (i.e. for each i) compose it with a respective homography) so that
the images by 7y of these three points are constantly 0,1 and co. (We can
assume A is infinite, otherwise the Lemma is trivial.)

For any three other points x,y, z € A, consider the functions

z(A) = ia(z), y(A) = ia(y), 2(A) = ia(2), w(A) = (y(A) — (X)) /y(A).

These functions avoid 0,1,00. Fix any 0 < m < M < oo. Let y(0) € A and y(0)
be in the ring P(m, M) = {m < |y| < M}. Then |z(0) — y(0)| small implies
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w(0) small, hence for any A < R for an arbitrary constant R : 0 < R < 1, the
hyperbolic distance between w(0) and w(\) in C\ {0, 1, 0o} is less than R, hence
w(A) is small. Therefore z:(\) — y(A) is small.

Thus each 7y is uniformly continuous on AN P(m, M). Moreover the family
iy is equicontinuous for [A| < R

The annulus P(m, M) for m < 1 < M contains 1, so permuting the roles of
0,1,00 we see that the annuli cover the sphere. So i) has a continuous extension
to A. The extensions for |A| < R are equicontinuous.

Similarly we prove that if |2(0) — y(0)| is large, then x(\) — y(A) is large.
Therefore these extensions are injections.

To prove iy is quasi-symmetric consider g(\) = % This function also
omits 0,1,00. Assume |g(0)| = 1. Then for |A\| < R < 1 the hyperbolic distance
of g(A) from the unit circle is not larger than R. Therefore |g()\)| is uniformly
bounded for |A| < R.

Note finally that for each 2 € A the map A + iy(x) is holomorphic as
the limit of holomorphic functions iy(z), 2 — x,z € A. In particular it is
continuous. So, due to the equicontinuity of the family 7y, 7 is continuous on
D x A. &

Remark 5.2.9. For X C C a topologically transitive expanding repeller for f
holomorphic, Ad-lemma gives a new proof of stability under holomorphic pertur-
bations of f to g, see Lemma 5.1.5 and Proposition 5.1.6. One can choose a pe-
riodic orbit P C X and consider A = |J;~ (f|x)~™(P). By Theorem 3.3.12(2),
A is dense in X. By Implicit Function Theorem P moves holomorphically un-
der small holomorphic perturbations g = gy of f. So A moves holomorphically,
staying close to X (by the repelling property of (X, f)). So hs,’s can be defined
as iy : X — Xg. Due to A-lemma we conclude they are quasi-symmetric.

Remark 5.2.10. The maps i) of the holomorphic motion in Lemma 5.2.8 are
Holder continuous. Moreover, for A € A any compact subset of D, they have a
common Holder exponent 5 = 54 and a common norm in Hg.
This follows from Slodkowski’s theorem [Slodkowski 1991] saying that the
motion iy (z) extends to whole Riemann sphere, see also the recent book [Astala, Iwaniec & Martin 2008].
Then we refer to the fact that each quasisymmetric (K-quasiconformal) homeo-
morphism is Holder, with exponent 1/K and uniformly bounded Holder norm,
see [Ahlfors 1966].

5.3 Transfer operator for conformal expanding
repeller with harmonic potential

We consider a conformal expanding repeller, that is an expanding repeller (X, f)
for X ¢ C and f conformal on a neighbourhood of X. This is a preparation to
a study in Chapters 8 and 9.

We consider potentials of the form ¢ = —tlog|f’| for all ¢ real and related
transfer operators L4 on (continuous) real functions on X, see Section 4.2. We
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proved in Chapter 4 that £ has unique positive eigenfunction u4 and there exist
mg on X the eigenmeasure of £*, and ji4 the invariant Gibbs measure equivalent
to it and ug is the Radon-Nikodym derivative j’#. Our aim is to prove that

ug has a real-analytic extension to a neighbourhood of X.
We begin with the following.

Definition 5.3.1. A conformal expanding repeller f : X — X is said to be
real-analytic if X is contained in a finite union of pairwise disjoint real-analytic
curves.

These curves will be denoted by I' = I'y. Frequently in such a context we
will alternatively speak about real analyticity of the set X.

Theorem 5.3.2. If f: X — X is an orientation preserving conformal expand-
ing repeller, X C C, then the Radon-Nikodym derivative u = uy = dpy/dmyg
has a real-analytic real-valued extension on a neighbourhood of X in C. If f is
real-analytic, then u has a real-analytic extension on a neighbourhood of X in
I' and complex-valued complex analytic extension on a neighbourhood in C.

Proof. Since f is conformal and orientation preserving, f is holomorphic on a
neighbourhood of X in C. Take r > 0 so small that for every x € X, every
n > 1and every y € f~"(x) the holomorphic inverse branch f,"" : B(x,2r) — C
sending x to y is well-defined.

Suppose first that (X, f) is real-analytic. (We could deduce this case from
the general case but we separate it as simpler.)

Take an atlas of real analytic maps (charts) ¢; : I'; — R for I'; the compo-
nents of I'; they extend complex-analytically to a neighbourhood of " in C. (If
T'; is a closed curve we can use Arg).

For z € T; N J(f) we write I'j(;) and ¢;(,). Forall k > 1 and all y € f~*(x)
consider for 7 small enough, the positive real-analytic function on ¢;,(B(z,))

z e mapst0|(fy_k)'(¢;(;)(z))|

for all z € ¢j(,)(I'j(x) N B(x,r)). Consider the following sequence of complex
analytic functions on z € ¢, (B(x,7))

()= X (U 0502) exp(-nP(t)),

yef—(x)

where P(t) = P(f|x,—tlog|f’|) denotes the pressure.

There is no problem here with raising to the ¢-th power since B(z,r), the
domain of all [(f,")’| is simply connected. Since the latter functions are positive
in R, we can choose the branches of the ¢-th powers to be also positive in R. By
Koebe Distortion Lemma (or Bounded Distortion for Iteration Lemma 5.2.2)
for r small enough and every w = B’ := qu_(i)(z) € B(z,r), every n > 1 and
every y € f7"(z) we have [(f, ) (w)| < K|(f, ™)' (z)|. Hence |gn(2)| < Kgn(z).
Since, by (4.4.2) with v = 1 and ¢ = P(t), the sequence g, (z) converges, we see
that the functions {g,|p’ }n>1 are uniformly bounded. So they form a normal
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family in the sense of Montel, hence we can choose a convergent subsequence
gn,- Since g, (z) converges to the u o ¢J_(;)(z) for all z € X N B’, it follows that
the g, 0 ¢j(,) converges to a complex-analytic function on B(z,r) extending u.
Let us pass now to the proof of the first part of this proposition. That is,
we relax the X-th real analyticity assumption and we want to construct a real-
analytic real-valued extension of u to a neighbourhood of X in C. Our strategy
is to work in C2, to use an appropriate version of Montel’s theorem and, in
general, to proceed similarly as in the first part of the proof. So, fix v € X.
Identify now C, where our f acts, to R? with coordinates z,y, the real and
complex part of z. Embed this into C? with z,y complex. Denote the above
C = R? by Cy. We may assume that v = 0 in Cy. Given k > 0 and v, € f~(v)
define the function p,, : Bc,(0,2r) — C (the ball in Cy) by setting
2 U6
e d ()
Since Bg,(0,2r) C Cy is simply connected and p,,, nowhere vanishes, all the
branches of logarithm log p,,, are well defined on Bg, (0, 2r). Choose this branch
that maps 0 to 0 and denote it also by log p,,,. By Koebe’s Distortion Theo-
rem |py, | and | Arg p,, | are bounded on B(0,r) by universal constants K, K
respectively. Hence |log py, | < K = (log K1) + K2. We write

oo
log p,, = Z amz™
m=0

and note that by Cauchy’s inequalities
lam| < K/r™. (5.3.1)

We can write for z = x + iy in Cy

Relog p,, = Re Z am(z+iy)™ = Z Re (ap+q <p N q) iq) Py = Z cp.gPy .
q
m=0 P,q=0

In view of (5.3.1), we can estimate |c, o < |ayi|2PT9 < Kr~(P+0)2r+a, Hence
Relog py, extends, by the same power series expansion ) | ¢, 42Py?, to the poly-
disc D¢2(0,7/2) and its absolute value is bounded there from above by K. Now
for every k > 0 consider a real-analytic function by on Bg, (0, 2r) by setting

()= Y (1) ()] exp(—kP(t)).
v €fk(0)

By (4.4.2) the sequence by (0) is bounded from above by a constant L. Each
function by, extends to the function

Bi(z)= > (£, (0 eelorrn ) exp(~kP(t)).
v €fF(0)
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whose domain, similarly as the domains of the functions Relog p,, , contains the
polydisc D¢2(0,7/2). Finally we get for all £ > 0 and all z € D¢2(0,r/2)

1Br(2)l = D [(foF) (0)]f eReURetoBpo =) exp(—kP(t))
v €f*(0)

< D ) et Bl exp(—kP(t)
vr€f7F(0)

<M T (£B) (0 exp(—kP(t) < X' L.
v €F*(0)

Now by Cauchy’s integral formula (in D¢2(0,7/2)) for the second derivatives we
prove that the family B,, is equicontinuous on, say, D¢2(0,7/3). Hence we can
choose a uniformly convergent subsequence and the limit function G is complex
analytic and extends u on X N B(0,7/3), by (4.4.2). Thus we have proved that
u extends to a complex analytic function in a neighbourhood of every v € X in
C?, i.e. real analytic in Cy. These extensions coincide on the intersections of the
neighbourhoods, otherwise X is real analytic and we are in the case considered
at the beginning of the proof. See Chapter 9, Lemma 9.1.4 for more details. o

In Theorem 5.3.2 we wanted to be concrete and considered the potential
function —tlog|f’| (normalized). In fact we proved the following more general
theorem

Theorem 5.3.3. If f : X — X is an orientation preserving conformal expand-
ing repeller, X C C and ¢ is a real-valued function on X which extends to a
harmonic function on a neighbourhood of X in C, then uy = dugy/dme has a
real-analytic real-valued extension on a neighbourhood of X in C.

Proof. We can assume that pressure P(f,¢) = 0. As in the previous proof
choose 0 € X. Assume that 7 is small enough that all v, € f7%(0) and all
k=1,2,... all the branches f~* on B(0,r) and the compositions ¢ o f~F exist
and are bounded by a constant K > 0. They are harmonic as the compositions
of holomorphic functions with harmonic ¢. We have

br(z) = Z eSh(9)(2) « 2K Z eSH@0) < 2K,

v €f~F(0) v €fR(0)

. We have used the estimate (5.3.1) for harmonic
— Sk(6)(0) = >0, amz™, where for each vy we

m=0

where L = sup;, £,"(1)(0)
functions u,, = Sk(¢)(z)
define Sy(¢)(2) = Y12y S(F1(f57(2)-

This version of (5.3.1) follows from Poisson formula for harmonic functions
Uy, , which are uniformly bounded on B(0,r) due to the uniform exponential
convergence to 0 of |f~%(0) — f~%(2)| as i — co. See for example Harnack’s
inequalities in [Hayman & Kennedy 1976, Section 1.5.6 Example 2]. &
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Remark 5.3.4. The Proofs of Theorem 5.3.2 and Theorem 5.3.3 are the same.
In Theorem 5.3.2 we explicitly write complex analytic power series extension
in C? of log |(f~*)'|, whereas in Theorem 5.3.3 we observe that a general har-
monic function is real-analytic and discuss in particular its domain in complex
extension. For a more precise description of domains of complex extensions of
harmonic functions (in any dimension) see [Hayman & Kennedy 1976, Section
1.5.3]; more references are provided there.

Remark 5.3.5. A version of Theorem 5.3.3 holds in the real case (say if X
is in a finite union of pairwise disjoint circles and straight lines), with finite
smoothness.

Namely, if we assume the potential ¢ is C"¢ for » > 1,0 < ¢ < 1 and
r 4 € > 1, then for m the density ug of the invariant Gibbs measure 4 with
respect to the eigenmeasure my of £, see the beginning of this Section, is C"*¢.
For a sketch of the proof see Chapter 6, Section 6.4 and Exercise 6.5. See also
[Boyarsky & Gdéra 1997]. This is related to the C™te-rigidity, see Exercise 5.1.

5.4 Analytic dependence of transfer operator on
potential function

In this section we prove a fundamental theorem about the real-analytic de-
pendence of transfer operators acting on Banach space of Hoélder continuous
functions, with respect to the vector space of real-valued Holder continuous
potentials, and then we derive some consequences concerning real-analytic de-
pendence of pressure with respect to potential and conformal expanding map
(repeller) depending pointwise complex-analytically on a complex parameter.
We will apply Mané, Sad, Sullivan’s A-lemma, see Section 5.2. In Chapter 8 we
will deduce the real-analytic dependence of Hausdorff dimension of a conformal
expanding repeller, on parameter.

Let T be a continuous open topologically mixing distance expanding map
on a compact metric space (X,p), cf. Chapters 3 and 4. For every point
x € X define Hg,, to be the Banach space of complex valued Hélder continuous
functions with exponent [, whose domain is the ball B(z, ) with 6 > 0 so small
that all the inverse branches of T" are well defined on B(z, ), for example 6 < &
in Section 3.1. The Holder variation 95 and the Hélder norm || - [|g = || - ||n,
are defined in the standard way, see Chapter 3.

Let L(F) and L(Fy, F>) denote the spaces of continuous linear operators
from F to itself or from F} to Fy respectively, for F, F}, F» Banach spaces.

For every function ® : G — L(Hg) for any set of parameters G and for every
x € X define the function F, : G — L(Hg, Hg.») by the formula

P (N)(¥) = 2N ()| B(2.0)-

Sometimes we write ®(A)z.
We start with the following.
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Lemma 5.4.1. Let G be an open subset of a complex plane C and fix a function
®: G — L(Hg). If for every x € X the function ®, : G — L(Hpg, Hpz) is
complex analytic and sup{||®,(\)||p : z € X : A € G} < 400, then the function
O : G — L(Hg) is complex analytic.

Proof. Fix A\’ € G and take > 0 so small that the disc centered at \° of radius
r, D(\% r), is contained in G. Then for each z € X

(X)) = asn(A— 20" A€ D,r).
n=0

with some a, ., € L(Hg, Hg,»), convergence in the operators norm.
Put M = sup{||®,(\)||g : ® € X : A € G} < +o0. It follows from Cauchy’s
inequalities that
[lagnllg < Mr™". (5.4.1)

Now for every n > 0 define the operator a,, by
an(0)(2) = a, n(0)(2), ¢ €Hg, 2z € X.

Then
llan (@)oo < llaznlloc|l@lloo < [laznllslldlls- (5.4.2)

Now, if |z — 2| < ¢, then for every ¢ € Hg and every w € D(x,d) N D(z,0),
D (@) (w) (A = X0)" = (2,(\)(9))(w) = (BA)())(w) = (@.(N)(¢))(w)
n=0

=Y aza(@)(w)(A = A"
n=0

for all A € D(A% 7). The uniqueness of coefficients of Taylor series expansion
implies that for all n > 0,

aTn(¢)(w) - az,n(¢)(w)'
Since z, z € D(z,0) N D(z,9), we thus get, using (5.4.1),

00(0)(2) — an(@)@)] = a2 (B)(=) — an(@)(@)] = a5.0(0)(2) — ai.n(@)(@)
< llazn(@)llsle — 21° < llas allsllllslz — 2I°
< Mr"|gl|gle — =I°.

Consequently, ¥g(an(¢)) < Mr~"||¢||3. Combining this with (5.4.2), we obtain
[lan(@)|lpg < 2Mr~"||¢||s. Thus a, € L(Hp) and ||as||g < 2Mr~™. Thus the

series -
> an(A = 0"
n=0
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converges absolutely uniformly on D(A?,7/2) and || Y77 an(A — A%)"||3 < 2M
for all A € D(X\°, r/2). Finally, for every ¢ € Hp and every z € X,

3 an(A = \0)" an(9)(2)(X = A" azn(P)(2) (A — A0
2 Z Z

= (a0 =27 @) = 2.((0)(2)
n=0

= (2(X)9)(2).
So, ®(A) (@) = (D0’ an(X = A°)™) (¢) for all ¢ € Hg, and consequently, ®(\) =
> oa'n( - A" XN e DA% r/2). We are done. &

The main technical result of this section concerns the analytic dependence
of transfer operator L4, , on parameter A, is the following

Theorem 5.4.2. Suppose that G is an open subset of the complex space C?
with some d > 1. If for every A € G, ¢ : X — C is a B-Hélder complex valued
potential, H = sup{||¢x|ls : A € G} < oo, and for every z € X the function
A= ¢r(2), A € G, is holomorphic, then the map X\ — Ly, € L(Hg), A € G, is
holomorphic.

Proof. We have for all A € G and all v € X that
llexp(ér 0 T oo < e, (5.43)

where T is the branch of T=! on B(T(v),d) mapping T'(v) to v, compare
notation in Section 3.1. In virtue of Hartogs Theorem in order to prove our
theorem, we may assume without loss of generality that d = 1, i.e. G C C.
Now fix A\’ € G and take a radius r > 0 so small that B(\°,7) C G. By
our assumptions the function A — exp ((ﬁ)\ o T;7(z)) is holomorphic for every
z € B(T(v),9). Consider its Taylor series expansion

exp(¢r o T, Zam YA =AD" e B\, r).

In view of Cauchy’s inequalities and (5.4.3) we get
|avn(2)] < efrm, (5.4.4)
and, for w, z € B(T'(v),d), using also Cauchy’s inequalities,

(@00 (w) = avn(z)| < 777 sup lexp(pa o T, (w)) —exp(da 0 T, ()|

< ér "w — z|P, ( :
5.4.5
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where ¢ is a constant depending only on 7" and H. Take an arbitrary ¢ € Hg
and consider the product a, ,(z) - ¢(T, (2)). In view of (5.4.4) and (5.4.5), we
obtain

|00 (W)O(T (W) = avn(2)$(T5 (2))] <
< Jav,n(w) = avn(2)] - [16]loo + |av.n(2)] - 1¢]l5 L7 Iw — 2|
<r(e+ L) ollslw — 2|7
= eir"lgllslw — 2|7,

where ¢; = ¢(14+ LP) and L is a common Lipschitz constant for all branches 7!
coming from the expanding property. Combining this and (5.4.4) we conclude
that the formula N, ,¢(2) = ay.n(2)¢(T, (z)) defines a bounded linear operator

Ny : Hg — Hg.w, where z = T'(v), and
INunllg < (e + éx)r™".

Consequently the function A — N, ,(A — A°)", X\ € B(A\%,r/2), is analytic and
[|[Non(A =205 < 27"(ef + ¢1). Thus the series

A)\m = Z ZVU,n(A - )\O)nv A€ D()\O,T/2),

n=0

converges absolutely uniformly in the Banach space L(Hg, Hg,z), ||[Arvllg <
2(eff +¢;) and the function A — Ay, € L(Hg, Hp.x), A € B(A\°,7/2), is analytic.
Hence, £y, = Zvef—l(av) Axy € L(Hg, Hp),

1L30lls < 2N(T)(e" + &),

where N(T') is the number of preimages of a point in X, and the function
A= Ly, A€ DA r/2), is analytic. Since £y, = (L4, )s, invoking Lemma
5.4.1 concludes the proof. &

Note that a function from a complex vector space to a complex Banach space
is called holomorphic if its restriction to any complex finite dimensional affine
subspace is holomorphic, see [Dunford & Schwartz 1958, Definition VI.10.5]. So
Theorem 5.4.2 yields the analyticity of

Hpg > ¢ — Ly € L(Hp)

mentioned in the introduction to this Section, complex analyticity and also real
analyticity after restricting the function to the real space Hj.

Remark 5.4.3. In the proof one can omit referring to Lemma 5.4.1 by con-
sidering directly the operators Ly, , rather than considering individual branches
T, ™ and the operators Ay , first.
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Now consider an expanding conformal repeller (X, f,U), in C, f : U — C
conformal, preserving X, T = f|x, and holomorphic perturbations fy : U — C,
A € A, where A is an open subset of C%, fro = [ for some A\g € A. Let
ixn ¢ X — X, be the corresponding holomorphic motion coming from Lemma
5.2.8 and Remark 5.2.9 (d > 1 does not cause problems).

Our goal is to prove that the pressure function

(A1) = P(\,t) = P(fa, —tlog|fy]) € R fort €R,

, is real-analytic. The idea is to consider potentials ¢y, = —tlog|fy| o iy :
X — R, (\t) € A xR, to embed them into a holomorphic family to satisfy the
assumptions of Theorem 5.4.2 and then to use Kato’s theorem for perturbations
of linear operators. Indeed, by Lemma 5.2.8, for every z € X, the function
A= W (X)) =log|fi(irn(2))| —log|f'(z)| is harmonic on A and ¥, (o) = 0. Fix
r > 0 so small that B(\g,2r) C A. Then

M =sup{|V.|: (2,\) € X x B(Ag,7)} < +00.

So, each function ¥, extends holomorphically to A € Bgzaa(Ag, 7/2), we will use
the same symbol ¥, for this extension, and

My = sup{|¥.(N)] : (z2,\) € X X Beza(Ao,7/2)} < +00.

Since all the functions iy, A € B()\g,r), are Holder continuous with a common
Holder exponent, say 3, and common Hoélder norm for the exponent [, see
Proposition 5.1.7 or Remark 5.2.10, an easy application of Cauchy inequalities
gives that for all A € Bg2a(Ag,r/2) the function z — W, () is Hélder contin-
uous with the exponent 8 and the corresponding Hélder norms are uniformly
bounded, say by Ms. Thus the potentials

Pae(z) = —tW. () +tlog|f'(2)], (A1) € Beza(Xo,7/2) x U,
for any bounded U C C, satisfy the assumptions of Theorem 5.4.2 and for

all (\,t) € B(Xo,7/2) x R, we have ¢y; = —tlog|f} oix|. As an immediate
application of this theorem, we get the following.

Lemma 5.4.4. The function
(A t) = Ly, , € L(Hp), (A1) € Beza(Ao,7/2) x C,
is holomorphic.

Since for all (A, t) € B(Ao,7/2) xR, exp(P (A, t) is a simple isolated eigenvalue
of Ly, , € L(Hg) depending continuously on (A, t), it follows from Lemma 5.4.4
and Kato’s theorem for perturbations of linear operators that there exists a holo-
morphic function v : Beza(Ag, R) x C — C (R € (0,r/2] sufficiently small) such
that (A, ) is an eigenvalue of the operator Ly, , for all (A, t) € Be2a(Ag, R) x C
and y(A\,t) = exp(P(A,t)) for all (A, t) € B(Ag, R) x R. Consequently, the
function (A, t) — P(A 1), (A1) € B(M\o, R) x R, is real-analytic, and as real
analyticity is a local property, we finally get the following.

Theorem 5.4.5. The pressure function (A, t) — P(fr,—tlog|fi]), t € R, is
real-analytic.
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Exercises

5.1. Let f,g: S' — S! be two C'*4-expanding maps of the circle, 0 < £ < 1.
Prove that if there is a conjugacy h, i.e. a homeomorphism h : S' — St
such that go h = ho f and h has at least one point = of differentiability and
h'(z) # 0,400, then h € C**&. If r = 2,3,...,00,w (the latter means real-
analytic) and 0 < e < 1, and if f,g € C"*¢, then h € C"T=.

Hint: The proof can follow the lines of the Cantor repellers case, see Chap-
ter 6, or the proof of Theorem 8.5.5, the second method, in the analytic case.

Bibliographical notes

Lemma 5.1.2 and Proposition 5.1.3 establishing the equivalence of various prop-

erties of being a repeller for an expanding set, correspond to the equivalence

for hyperbolic subsets of properties “local product structure”, being “isolated”

and “unstable set” being union of unstable manifolds of “individual trajecto-

ries”, see [Katok & Hasselblatt 1995, Section 18.4]. For the theory of hyper-

bolic endomorphisms, in particular in the inverse limit (backward trajectories)

language, as in Remark 5.1.4, see [Przytycki 1976] and [Przytycki 1977]. In

[Przytycki 1977] some examples of Axiom A endomorphisms, whose basic sets

are expanding repellers, are discussed. The example 5.1.9 was studied by M.

Denker and S.-M. Heinemann in [Denker & Heinemann 1998]. For Section 5.4

compare [Urbanski & Zinsmeister 2001] or [Mauldin & Urbanski 2003, Section

2.6.]. Theorem 5.4.5 holds in a setting more general than expanding, see Sec-

tion 11.5, [Stratmann & Urbanski 2003] and [Przytycki & Rivera—Letelier 2008].
For Exercise 5.1 and related considerations see in particular [Shub, Sullivan 1985],
[Jiang 1996], [Cui 1996]. See also the recent [Jordan et al.] for the multifractal

analysis of the conjugacy h in the case it is not differentiable, f, g piecewise

expanding, compare Section 8.2.
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Chapter 6

Cantor repellers in the line,
Sullivan’s scaling function,
application in Feigenbaum
universality

After very general previous chapters we want for a while to concentrate on
the real one-dimensional situation, i.e. fractals in the line. In Exercise 5.1 we
discussed expanding maps of the circle. The aim of this Chapter is to study thor-
oughly Cantor sets in the line with expanding maps on them (generalizing but
in some features more difficult than the whole circle case, see Remark 6.1.11).
Starting from Chapter 8 we shall mainly work with the one-dimensional com-
plex case (conformal fractals) the main aim of this book. Some consideration
from this Section will be continued, including the complex case, in Chapter 9.

In Section 6.1 we supply a 1-sided shift space X% (see Chapter 0 with ambient
real one-dimensional differentiable structures, basically C1*¢  (Hélder continu-
ous differentials). In Section 6.2 we ask when the shift map extends C'¢ to
a neighbourhood of the Cantor set being an embedding of ¥¢ into a real line.
In case it does, we have a C'*¢ expanding repeller, see the definition at the
beginning of Chapter 5. There a scaling function appears, which is a complete
geometric invariant for the C'**¢-equivalence (conjugacy). It happens that scal-
ing functions classify also C"¢ equivalence classes for C"*¢ Cantor expanding
repellers, for all r = 1,2,...,00, 0 < e < 1,r+¢e > 1 and for the real-analytic
case. Section 6.3 is devoted to that (for € > 0, for ¢ = 0 see Section 6.4).
However scaling functions “see” the smoothness of the Cantor repeller, namely
the smoother the differentiable structure the less scaling functions can occur,
see examples at the end of Section 6.2 and Section 6.4.

In Section 6.5 we define so-called generating families of expanding maps. It
is a bridge towards Section 6.6, where Feigenbaum’s universality, concerning the

197
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geometry of the Cantor set being the closure of the forward trajectory of the
critical point of the quadratic-like map of the interval will be discussed.

While the proofs in Sections 6.1-6.5 are written very detaily, Section 6.6
has a sketchy character. We do not involve much in the theory of iterations
of maps of the interval. We refer the reader to [Collet & Eckmann 1980] and
[de Melo & van Strien 1993].

For the universality see [Sullivan 1991] and [McMullen 1996], where the key
theorem towards this, namely the exponential convergence of renormalizations
has been proved, with the use of complex methods. (For more references see
Notes at the end of this Chapter.)

In section 6.6 we just show how the exponential convergence yields the C1+¢
equivalence of Cantor sets being closures of postcritical sets.

Most of this Chapter is written on the basis of Dennis Sullivan’s paper
[Sullivan 1988], completed by the paper by F. Przytycki and V. Tangerman
[Przytycki & Tangerman 1996] .

6.1 C'té-equivalence

For simplicity we shall consider here only the class H of homeomorphic embed-
dings of ¥4 into unit interval [0, 1] C R such that the order is preserved, i.e. for
h:%? - Rif a = (ag,1,...),8 = (Bo,B1,--.) €84 a; = p; forall j <n
and ay, < By, then h(a) < h(F). In Section 6.5 we need to consider more general
situations but the basic facts stay precisely the same.

Consider an arbitrary h € H. For every jo,ji,...,jn € {1,...,d},n >
0 denote by I, ., the closed interval with ends h((jo,j1,---,7n,1,1,1,...))
and h((jo, j1,---5Jn,d,d,d,...)). The interval [h((1,1,...)),h((d,d,...))] will
be denoted by I. For j, < d denote by Gj,,. . ;. the open interval with the
ends h((Jo, j1s- - Jn,d,d,d,...)) and h((Jo, j1, - -, jntl,1,1,1,...)), the letters
G stand for gaps here because of the disjointness with h(X9). Denote FE, =
Uo,..rju) Ljoseeerin- We see that h(24) is a Cantor set ()72, En.

Definition 6.1.1. Given h € H and w = (jo,Jj1,...,Jn) where each j, €

uw‘#| )
{1,...,d} we call the sequence of numbers A;(h,w) = T for j odd,
G,
Aj(h,w) = \I—w\% for j even, j = 1,...,2d — 1, the ratio geometry of w, (| -

(
denote lengths here). The ratio geometry is the function w — (A4;(h,w),j =
1,...2d —1).

Definition 6.1.2. We say h € H has bounded geometry if the ratios A;(h,w)
are uniformly, for all w,j, bounded away from zero. We denote the space of
h’s from H with the bounded geometry by Hb. We say h € H has exponential
geometry if |1, ;.| converge to 0 uniformly exponentially fast in n and not
faster. We denote the space of h’s from H with the exponential geometry by
‘He. Observe that He D Hb.
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Definition 6.1.3. Given hi,ho € H we say they have equivalent geometries if
Aj(hy,w)
A;-(h;,w)
equivalent geometries if the convergence is exponentially fast with the length

of w.

converge to 1 uniformly in length of w. We say h1, ha have exponentially

One can easily check that the exponential geometry is the property of the
geometric equivalence classes and that the bounded geometry property is the
property of the exponentially equivalent geometry classes.

Definition 6.1.4. We say that hi,hy € H are C'T5-equivalent if there exists
an increasing C''*¢-diffeomorphism ¢ of a neighbourhood of h;(X?) to a neigh-
bourhood of hy(X4) such that Blpy(nay 0 h1 = ha. We call ¢|p,, (snay the canonical
conjugacy, as it is uniquely determined by h; and hs. So C"T¢ means that the
canonical conjugacy extends C""¢.

Each class of equivalence will be called a C'*e-structure for ¢. These defi-
nitions are valid also for C'*¢ replaced by C"*¢ for every r = 0,1,...,00,w,0 <
¢ < 1. For € = 0 this means the continuity of the r-th derivative, for 0 < e < 1
its Holder continuity, for ¢ = 1 Lipschitz continuity. w means real-analytic.
(Compare this notation with Exercise 5.1.)

Proposition 6.1.5. Let hi,hy € H. Then if they are C'-equivalent, they have
equivalent geometries.

We leave a simple proof to the reader. Also the following holds

Theorem 6.1.6. Let hi,ho € He. Then hy, ha are O -equivalent for some
e > 0 if and only if hy and he have exponentially equivalent geometries.

Proof. We shall use the fact that a real function ¢ on a bounded interval is
C'*te-smooth if and only if there exists a constant C' > 0 such that for every
r<y<z

y—x 2=y
(this is an easy calculus exercise).
Suppose there exists a diffeomorphism ¢ as in the definition of the equiva-
lence. As ¢ is a diffeomorphism we can write (6.1.1) for it in a multiplicative

form and obtain for each w = (j1,72,...,jn) and j = 1,...,d and intervals
for hl

Iw' IU)
|9( J)|/|¢( ) 1‘ < Const | I, |° (6.1.2)
|Iw]| |Iw|

and the analogous inequalities for the gaps. Changing order in this bifraction
Aj(hy,w)
A_Jj (h;w)
We have used here the assumption hy € He to get |I,| < exp —dn for some
6 > 0. Thus we proved the Theorem to one side. Using Sullivan’s words we
proved that the ratio geometry is determined exponentially fast in length of w

by the C1*¢-structure.

we obtain converging to 1 exponentially fast with n, the length of w.
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Now we shall prove the Theorem to the other side. Let us fix first some

notation. For every m > 0 denote by G™ the set of all intervals I, ;... ;.. and

Gj07j17~~~1jm,'

We must extend the mapping haohy* : hy(29) — ha(X?) to a mapping ¢ on
all the gaps G, for hy. (We could use Whitney Extension Theorem, see Remark
6.1.7, but we will give a direct proof). The extension will be denoted by ¢. For

each two points u < v on which ¢ is already defined we denote W by

R(u,v). We shall use also the notation R(.J) if u, v are ends of an interval .J.
Given Gy, i ,....;, With the ends a < b we want to have the derivatives

n

(@)= Im R(Jn(@),  &0)= lm R(J.()  (6.13)
where Jy,(a), Jp,(b) € G™,m > n, all J,,(a) have the right end a and all J,,(b)
have the left end .

It is easy to see that the limits exist, are uniformly bounded and uniformly
bounded away from 0 for all G’s. This follows from the following distortion
estimate (compare Section 5.2):

For every jo,...,jm if J C 1. ;.. =1 and J € G*.k > m then

}M_

< — .
R() 1‘ < Const exp —md (6.1.4)

Here ¢ is the exponent of the assumed convergence in the notion of the exponen-
tial equivalence of geometries. This property can be called bounded distortion
property, compare Section 5.2.
To prove (6.1.4) observe that there is a sequence I, . ;. = Jm D Jmi1 D
- D Jg = J of intervals such that J; € G and by the assumptions of the
Theorem

R(I;)
R(Ij-1)
We obtain (6.1.4) by multiplying these inequalities over j =m +1,... k.

If x € Ij,,....j,, = I is the end point of any gap, then
¢'(x)
R(I)

1 —Constexp—(j —1)0 < ’ <1+ Constexp—(j — 1)d.

— 1’ < Const exp —mJd (6.1.5)

(In fact o can be any point of h1(39) in I but there is no need to define here ¢’
at these points except the ends of gaps. Compare Remark 5.3.4.)

To get (6.1.5) one should consider an infinite sequence of intervals containing
2 and consider the infinite product over j =m +1,...

Later on we shall use also a constant € > 0 such that for every s > 0

—s0 < t inf <. .
exp —so < Cons Jlélgs|J| (6.1.6)

Such an € exists because by the exponential geometry assumption inf jegs |J]

cannot converge to 0 faster than exponentially.
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We can go back to our interval (a,b). We extend ¢’ linearly to the interval

[a, %] and linearly to [%2,b], continuously to [a, b]. Moreover we care about

choosing (b’(“Ter) = t such that f[a’b] @' (x)dx = ¢(b)—¢p(a). But our gap Gy, ..

is in the interval I, . ;. , so by (6.1.5)
R(a,b) ‘
— 1| < Constexp —(n — 1)d
Ko ey

and the same for ¢'(b). This and the computation

wp @ (x)dz o /
Ry = lea DU 1, S@rt d0
- L@@+ om -
show that
t 1 t 1| < Const ) 6.1.7
’M— Nom ’< onst exp —nd. (6.1.7)

In particular ¢ > 0, hence ¢ is increasing.

Now we need to prove the property (6.1.1). It is sufficient to consider points
x,y, z in gaps because hi(X?) is nowhere dense.

We shall construct a finite family A(z,y) of intervals in J.°_, G™ “joining”
the gaps in which x and y lie. Suppose = < y and let n be the largest integer
such that z,y belong to the same element of G™. If z,y belong to different
elements of G° we take n = —1.

If z,y belong to a gap Gj,.. ;, then A(z,y) is empty. If they belong to
I;,...j. then they belong to different intervals J(z,n + 1), J(y,n + 1) of G"*1.
We account to A(z,y) all the intervals in G"*! lying between J(x,n + 1) and
J(y,n+1) excluding J(x,n+ 1) and J(y,n + 1) themselves. We shall continue
with J(x,n + 1), the procedure for J(y,n + 1) is analogous.

If J(z,n+ 1) is a gap we end the process, nothing new will be accounted to
A(x,y) from this side. In the opposite case we account to A(z, y) all the intervals
of G"*2 in J(x,n + 1) to the right of  not containing x and denote this one
which contains x by J(z,n + 2). We continue this procedure by induction until
J(x,m) is for the first time a gap.

Thus the “joining” set A(x,y) has been constructed.

Consider first the case A(z,y) = 0. It is easy to see that then both x,y

belong to Gj,.... ;.- Suppose z,y € (a, “T*b] where a, b are ends of the gap and
t will be the value of ¢’ in the middle, as in the notation before. For u € [z, y]

by the linearity of ¢’ and using (6.1.7) we obtain

2(u—x)
h—

(u— )
b—a

16/ (u) — ¢ (2)] < t — ¢/(a)] < Const ¢/(a) exp—nd.
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Next using the fact that ¢’(a) is uniformly bounded and by (6.1.6) we get

(b —a))

R(z.y)= | ¢(u)du/(y —=) < ¢/(a)(1 + Const %

[z,y]

< ¢ () (1 + Const(y — x)€> (6.1.8)
and the analogous bound from below. The case z,y are to the right of ¢+
can be dealt with similarly. We can also write in (6.1.8) ¢'(y) instead of ¢ (x).
Finally if z < “T*b < y we obtain (6.1.8) by summing up the estimates for
(x, 4] and [4£2, y).

Consider the case A(z,y) # 0. Let m > n be the smallest integer such that
there exists Jj,,... ;.. € A(z,y) N G™, (J can be I or G what means it can be a
gap or non-gap).

Denote the right end of the gap containing z by z’ and the left end of the
gap containing y by y’.

We obtain with the use of (6.1.4)

R(2',y) = ZJEA(m’y) iaShl < R(Ij,....j,._.)(14+Const exp —(m—1)d). (6.1.9)
ZJEA(m,y) |J| o

We used the fact that all J € A(x,y) arein I, ;. ,. By (6.1.7) we obtain
¢ (z') < R(Ij,,... j,m_1)(1 + Const exp —md).

From these and the analogous inequalities to the other side we obtain finally

’R(x’,y’) .
o' ()

The similar inequality holds for ¢/ (y).

We will conclude now. By (6.1.8) and (6.1.10) each two consecutive terms

in the sequence
¢'(z), R(z,2"),¢'(2'), R(z", ), ¢'(v/), R(y', ), &' ()
have the ratio within the distance from 1 bounded by Const(y — x)¢. So
R(z,y)
¢'(y)

Recall now that to prove (6.1.1) we picked also a third point: z > y. If y, z
play the role of previous x,y we obtain

< Const exp —md < Const(y’ — 2')°. (6.1.10)

— 1| < Const(y — z)*° (6.1.11)

R(y,2) e

‘ P 1| < Const(z — y)°.
So Rix.y)

T,y e

Ry, 2) — 1| < Const(z — z)°.

Using the uniform boundedness of R’s we obtain this in the additive form
i.e. (6.1.1). The Theorem is proved.
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Remark 6.1.7. One can shorten the above proof by referring to Whitney Ex-
tension Theorem (see for example [Stein 1970]).

Indeed, one can define ¢(z) for every z € hi(X%), 2 = M_,
the formula (as (6.1.3)) ¢'(z) = lim R(Lj,,... j,.)-
Then the estimate (6.1.8) for all z,y € hy(X?), rewritten as

$(y) = ¢(@) + ¢ (2)(y — 2) + O(ly — «['*)

which, together with Holder continuity of ¢ with exponent ¢ (see (6.1.5) and
(6.1.6)) are precisely the assumptions for the Whitney Theorem, that asserts
that ¢ has a C'*¢ extension.

Ij by

053] m?

Remark 6.1.8. It is substantial to assume in Theorem 6.1.6 that the conver-
gence % — 1 is exponential i.e. the geometries are exponentially equiva-
J B

lent. Otherwise ¢'(a) in (6.1.3) may not exist.
To prove the existence of ¢’ on hy(X?), the uniform convergence of the
finite (in case they end with expressions involving gaps) or infinite products

A.7¢L+1(h17(jm---7jn)) . .
IL. Ay (e Gorg)) 18 sufficient.

Remark 6.1.9. For each hy, hy € H the order preserving mapping ¢ : hy(39) —
ha(£%) is quasisymmetric (see Definition 5.2.6). The equivalence of the geome-
tries is equivalent to the 1-quasisymmetric equivalence, cf. Exercise 6.2.

Example 6.1.10. It can happen that above ¢ : hy(X%) — ho(X?) is Lipschitz
continuous but all extensions are non-differentiable at every point in hy(X%).

Let h; : X3 — R be defined by h1((jo,...)) = a =: .a1az ... in the develop-
ment of a in base 6, where

as=0if js=1,a,=2if js =2 and as =5 if j, =3 for hy

and

as=0if js,=1,a,=3if jo =2 and as =5 if j, =3 for hs.

Figure 6.1: “Generators” of two differentiably different Cantor sets

Remark 6.1.11. In the case ¢ conjugates expanding maps belonging to C'*+¢
on the circle, this cannot happen. For example Lipschitz conjugacy has points
of differentiability hence by expanding property of, say analytic, maps involved,
it is analytic (see Chapter 8). For Cantor sets, as above, if they are non-linear
(see Chapter 9 for definition), then ¢ Lipschitz implies ¢ analytic. However
for linear sets, as in this example, an additional invariant is needed to describe
classes of O''*¢-equivalence, so-called scaling function, see the next Section 6.2.
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6.2 Scaling function. C'*¢-extension of the shift
map

Until now we have not discussed dynamics. Recall however that we have on $¢
the left side shift map s(jo, j1,...) = (J1,...). We ask for a condition about
the ratio geometry for h € H under which s, more precisely hosoh™!, extends
C'*¢ to a neighbourhood of h(39).

Definition 6.2.1. For the ratio geometry of h € H we consider the sequence
of functions to R2¢~1

Sn(jfn" "7j*1) = (Sn(jfny"'vjfl)j,j = 1,,2d— ]_) =
(Aj(hy (Gons -y jo1))sd=1,...,2d = 1).

We call this a scaling sequence of functions. The limit
S(oeyd—2,d-1) = lim Sp(jon,s...,j-1)
n—oo

if it exists, is called scaling function. By the definition

2d—1 2d—1

> Su()i= 3 S50 =1.

Let us discuss now the domain of S,,, S. These functions are defined on one-
sided sequences of symbols from {1,...,d} so formally on 4. We want to be
more precise however.

Consider the natural extension of ¥¢ i.e. 2-sided shift space ¢ = {(.. -
,J-1,J0,J1,---)}. Then S can be considered as a function on % but for each
(...,j-1,70,7J1,-..) depending only on the past (...,j_2,j-1). The functions
S, depend only on finite past.

Definition 6.2.2. The domain of S and S,, is the factor of ¢ where we forget
about the present and future, i.e. we forget about the coordinates jo, ji,....
We call this factor dual Cantor set and denote by ¥£4*. The range of S and S,
is the 2d — 2-dimensional simplex Simp,,;_, being the convex hull of the 2d — 1
points (0,...,1,...,0), with 1 at the position j =1,2,...,2d — 1.

Thus S is not a function on h(X%) but if we consider h(3¢) with the shift
map hosoh~! then we can see the dual Cantor set, i.e. the domain of S and
S,., as the set of all infinite choices of consecutive branches of (hosoh™!)~1 on
h(%%).

Remark that if instead of (h(X?%), hosoh™!) we considered an arbitrary, say
distance expanding, repeller we could define backward branches only locally, i.e.
there would be no natural identification of fibres of the past over two different
distant points of the repeller.

Proposition 6.1.5 yields
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Proposition 6.2.3. If hy,hy € H are C'-equivalent and there exists a scaling
function S for hy, then ho has also a scaling function, equal to the same S.

In particular this says that C'-equivalence preserves scaling function. Note
that this is not the case for Lipschitz equivalence, see Example 6.1.10.
From Theorem 6.1.6 we easily deduce the following

Theorem 6.2.4. If h € He and hosoh™! extends to a C'T¢-mapping s, on
a neighbourhood of h(X?%) then
Sn

— 1
SnJrl

,  the convergence is uniformly exponentially fast. (6.2.1)

Conversely, if h € H and (6.2.1) is satisfied then h € He and hosoh™!
extends to a C*TE-mapping.

Proof. Consider the sets X¢ = {a € X7 : =4} fori = 1,...,d. Each
¢ can be identified with %4 by L; ((ozo,oq,. )) (1,0, 1,...). Of course
h; :=hoL; € H. Denote hosoh™!: h(X¢) — h(X%9) by s;. We have s;0h; = h.
So by Theorem 6.1.6 all s; extend C**¢ iff AJ((: 1;’))) converge to 1 uniformly

exponentially fast in length of w. These ratios are equal to A ((: ;Z))) ie. Sfil ,

n being the length of w. So we obtain precisely the assertion of our Theorem.

To apply Theorem 6.1.6 we used the observation that (6.2.1) easily implies
h € Hb (by a sort of bounded distortion for iterates of h o so h~! property), in
particular h € He, see Proposition 6.2.9.

Example 6.2.5. Note that s, of class C17¢ (even C*) does not imply h € He.
Indeed, consider h such that s, has a parabolic point, for example sp(x) =
x+62% for 0 <z <1/3 and sp(x) =1-3(1 —z) for 2/3 <z < 1.

Remark 6.2.6. The assertions of Theorems 6.1.6 and 6.2.4 stay true if each
Cantor set is constructed with the help of the intervals I, .. ;. as before but we
do not assume that the left end of I, ... ;, 1 coincides with the left end of I, ... ;,
and that the right end of I, .. j, 4 coincides with the right end of Ij,,.. ;-

So there might be some “false” gaps in [j,, . ;. to the left of I, . ; 1 and to
the right of I, ... j,.,4- In the definitions of bounded and exponential geometry we
do not assume anything about these gaps, they may shrink faster than exponen-
tially as n — co. But whereever ratios are involved, i.e. in A;(hq,w), A;(ha,w)
in Theorem 6.1.6 or S, .S,, in Theorem 6.2.4 we take these gaps into account, so
j=0,1,...,2d.

The condition sufficient in Theorem 6.1.6 to C'*-equivalence is that
Aj(hi,w) — Aj(ha,w) — 0 exponentially fast.

The condition sufficient in Theorem 6.2.4 to the C'*¢-extentiability of h o
soh~!is that S, — S exponentially fast.

To prove these assertions observe that if we extend gaps of the n + 1-th
generation (between I, . ;. s and I, . ;. i1, =1,...,d—1) by false gaps of
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higher generations to get real gaps of the resulting Cantor set, then they and
the remaining intervals satisfy the assumptions of Theorems 6.1.6 and 6.2.4.
This remark will be used in the Section 6.4.

Definition 6.2.7. We say that h € H satisfying (6.2.1) has an exponentially
determined geometry. The set of such h’s will be denoted by Hed.

Definition 6.2.8. Let j = (jn)n=... 21,7 = (j})n=-..—2,—1 € X%, Denote by
jNj' the sequence (j_n,...,j-1) with N = N(j,j') the largest integer (or co)
such that j_, = j, for all n < N. For an arbitrary § > 0 define the metric ps
on Y% by
pé(jvjl) = exp _5N(]aj/)
Let us make the following simple observation

Proposition 6.2.9. a) He D Hb D Hed.

b) If h € Hed then the scaling function S exists is Holder continuous with
respect to any metric ps, see Definition 6.2.8, and S(-); are bounded away from
0 and 1.

(Observe however that the converse is false. One can take each S, constant
hence S constant, but %’” converging to 1 slower than exponentially so h ¢ Hed.)

c) If h € Hed then (h(X9),s) is a CYe-expanding repeller. (We shall use
also the words C'*¢-Cantor repeller in the line.)

Proof. We leave a) and b) to the reader (the second inclusion in a) was already
commented in Proof of Theorem 6.2.4) and prove c¢). Similarly as in Proof of
Theorem 6.1.6. the property (6.1.5), we obtain the existence of a constant C' > 0
such that for z = h((jo,j1,...)) € X4 and n >0

1]

< C.
|Ij0:~~~7.jn|

C < |(sp) (@)I/

As h € He, in particular |Ij, . ;. | — 0 uniformly we obtain |(s})’(z)| > 1
for all n large enough and all z.

It follows from Theorem 6.1.6 that classes of C1t¢-equivalence in Hed are

parametrized by Holder continuous functions on $4* (as scaling functions). To
have the one-to-one correspondence we need only to prove the existence theorem:

Theorem 6.2.10. For every Hélder continuous function S : £ — Rid_l such

that
2d—1

Z S =1 (6.2.2)

there exists h € Hed such that S is the scaling function of h.
First let us state the existence lemma:

Lemma 6.2.11. Given numbers A, ; > 0 for every w = (jo,...,jn),n =
0,1,... , j=1,...2d — 1, such that Z?i}l Ay,j =1, there exists h € H such
that Ay ; = Aj(h,w) i.e. h has the prescribed ratio geometry.
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Proof of Lemma 6.2.11. One builds a Cantor set by removing gaps of consecutive
generations, from each I, gaps of lengths A, ;|L.,|, j even, so that the intervals
not removed have lengths A, ;, j odd, j =1,...,2d — 1.

Proof of Theorem 6.2.10. Let Ay, ; := S((...,1,1,w));. By (6.2.2) Z?i}l Apj =
1 so we can apply Lemma 6.2.11. The property (5.4.11), the exponential con-
vergence, follows immediately from the Holder continuity of S and the fact that
S is bounded away from 0 as positive continuous on the compact space 3%*.

Summary: C!'*é-structures in Hed are in a one-to-one correspondence with
the Holder continuous scaling functions on the dual Cantor set.

Until now we were not interested in € in C**¢. It occurs however that scaling
functions “see” €. First we introduce a metric ps on X% depending only on a
scaling function S, so that for a constant K > 0, for every j, j':

1 [ Ljnjl

- < ———~ < K. (6.2.3)
K = ps(d; 5')
Definition 6.2.12.
n=N(jnj")
ps(, i) =sup [ Swininti-i-i-1)
w =1
supremum over all w left infinite sequences of symbols in {1,...,d}.

The estimate (6.2.3) follows easily from the exponential determination of
geometry, we leave details to the reader.

Theorem 6.2.13. Fizx 0 < ¢ < 1. The following are equivalent:

1. There exists h € Hed, a C'*t¢ embedding, i.e. hosoh™! extends to sp
being C1*¢, with scaling function S.

2. The scaling S is C¢ on (X%, pg). (Here C' means Lipschitz).

Proof. Substituting ¢ = sp, we can write (6.1.2), for all n > N and all i =
1,2,...,2d — 1, in the form

[Sn(G=ns--sJ=1)i = Sn—1(G=n,---,J=1)i| < Const|I; , ;|

Summing up this geometric series for an arbitrary j € £% over n = N, N +
1,... for N = N(j,5"), doing the same for another j/ € ¥%* and noting that

1SN (=Ns v d=1) = [SN(F. - - -+ j-1), yields
|S(])l - S(]/)z| < Const |Ijﬁj/|6

Applying (6.2.3) to the right hand side we see that S is Holder continuous with
respect to pgs.

For the proof to the other side see Proof of Theorem 6.2.10. The construction
gives the property (5.4.1a) for ¢ = s, the extension as in Proof of Theorem
6.1.6. &
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Example 6.2.14. For every 0 < €1 < €3 < 1 there exists S admitting a C1+=
embedding h € Hed, but not C**2. We find S as follows. For an arbitrary
(small) v : 0 < v < (g1 —£2)/2 we can easily find a function S : ¥ — Simp,,;_,
which is C** ™ but is not C*27¥, in the metric ps, 6 > logd (Definition 6.2.8).

We can find in fact S so that for every j € % and i = 1,3,...,2d — 1
we have | —logS(j)i/d — 1] < v/3. (If d > 3 we can even have S(j); = logd
constant for ¢ = 1,3,...,2d — 1, changing only gaps, i even.) Then, for all j, j/
and N = N(j,4'), and a constant K > 0

K~ Yexp —N&)' /2 < |Ijn| < K (exp—N§) /3,

Since ps(4,7') = exp —N§ we conclude that S is at best (14+e2—v)/(1—v/3) <
eo-Holder with respect to pg. Hence sj; cannot be C'*e2 by Theorem 6.2.13.
Meanwhile a construction as in Proof of Theorem 6.2.10 gives S being e;-Hdlder,
hence s, is C1ter,

6.3 Higher smoothness

Definition 6.3.1. For every r = 1,2,...,00,w and 0 < ¢ < 1 we can consider
in He the subset of such h’s that hosoh™! extends to a neighbourhood of h(%4)
to a function of class C"1¢.

By Theorem 6.2.4, for r +¢ > 1,

C"*H C Hed.

Theorem 6.3.2 (On C™*e-rigidity). . If hi,hes € C"T*H, 0<e < 1,r+¢ >
1, have equivalent geometries then hy,hs are C"T°-equivalent i.e. there ewists
a C"Te-diffeomorphism ¢ of a neighbourhood of hi(X%) to a neighbourhood of
ha(2%) such that

Blin, (may © b1 = ha. (6.3.1)

In other words the canonical conjugacy extends C"¢.

We will prove here this Theorem for £ > 0. A different proof in Section 6.4
will contain also the case of € = 0.

Remark 6.3.3. For hq, ho in the class in H of functions having a scaling func-
tion, the condition A1, ho have equivalent geometries means the scaling functions
are the same. In the more narrow class Hed it means the canonical conjugacy ¢
extends C'19 for some § > 0, see Theorem 6.1.6. The virtue of Theorem 6.3.2
is that the more narrow the class the better ¢ is forced to be. This is again a
Livshic type theorem.

Before proving Theorem 6.3.2 let us make a general calculation.
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For any sequence of C" real maps Fj,j = 1,...,m consider the r-th deriva-
tive of the composition (F,, o---o Fl)(r), supposed that the maps can be com-
posed, i.e. that the range of each F} is in the domain of Fj ;. We start with

(Fmo---oF)(2) = [ Fi(zi-1)
j=1

where zp = z and z; = Fj(z;_1).
Differentiating again we see that

(Fmo-roF)"(2) = > (TTF -0)* ([T Fa0) (B (2-1).
j=1 i=1 i=j+1

By induction we obtain
(Fpo---o0F) " (z) = Z W (2),
1<j1,dr—1<m

where
erl,...,jr_l (Z) = (pjlwuy.jr—l (Z)lennijfl (Z)’

where for j1,...,j._; denoting a permutation of ji,...,j.—1 so that j{ <--- <
Jjl._; we denote

jifl Ja—1 m
@ (2) = (] F ) (1 (E/(Zz'—l)))r_l (JI F(zio)
i=1 i=j,+1 =5l +1
(6.3.2)
and -

Py e () = H Pj,(2),
i=1

where each Pj, is the sum of at most (r — 1)! terms of the form
Hztszr,maxtSZQ Fj(fs)(zji_l). We replaced above r by 7' < r, since if some j
repeats, we consider it in the product above only ones.

This can be seen by considering for each ji, ..., j.—1 tree graphs with vertices
at m levels, 0,...,m—1, i.e. derivatives at zo, ..., zm,_1, each vertex (except for
level 0) joined to the previous level vertices by the number of edges equal to the
order of derivative. ® gathers levels with only first derivatives, P the remaining
ones.

By induction, when we consider first derivative of the product related to
the tree 7 corresponding to r-th derivative, we obtain a sum of expressions
corresponding to trees, each received from the 7 by adding a branch from a
vertex in 7 of a level j, — 1, composed of new vertices v; at levels 0 < i < j,. — 1
and edges e; joining v; to v;11. Since the number of the vertices in 7" at each
level, in particular level j,. — 1 is at most r, we have at most r graphs which
arise from T by differentiating at the level j, — 1.
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Proof of Theorem 6.5.2. The method, passing to small and next to large scale,
is similar to the method of the second proof of Theorem 8.5.5.

Choose an arbitrary sequence of branches of s, " on a neighbourhood of
h1(£%) and denote them by g,,, n =1,2,... .

We have ¢ a diffeomorphism assuring the C'*°-equivalence, see the Re-
mark 6.3.3 above. (In fact we shall use only C'.) We define on a neighbourhod
of h1 (Ed)

$n = Sp, 0V 0 gn

Of course ¢,, = ¥ on hy(X?%). However sy, ,sn, are defined only on neigh-
bourhoods U, = B(h,(3%%),¢) of h,(%9), for some ¢ > 0, v = 1,2. As s, are
expanding we can assume s}:ul(Ul,) C U, so all the maps g,, are well defined. We
shall explain now why all the ¢,, above are well defined.

Observe first that due to the assumption that ¢ is a C' diffeomorphism,
(6.3.1) and that hq(X?) has no isolated points, there exists a constant C' > 0
such that for every = € hy(%9), j > 0:

O™ < (s3,) @)/1(sh,) ((@)| < © (6.3.3)

So by the bounded distortion property for iterates of sj, (following from
the expanding property and the C'*¢-smoothness, see Lemma 5.2.2), for ev-
ery j = 0,1,...,n, if we know already that 522 o1 o g, is defined on B :=
B(hy(%4),1/(2C? sup1)')), we obtain

s3 Ygn(B) C B(ha(S%),n). (6.3.4)

So sgl o1hogy, is defined on B, and so on, up to j = n. (2 in the denominator
of the radius of B is a bound taking care about the distortions, sufficient for
1 small enough. Pay attention to the possibility that U; is not connected, but
this has no influence to the proof.)

We shall find a conjugacy ¢ from the assertion of Theorem being the limit of
a uniformly convergent subsequence of ¢,, so it will also be ¥ on hy(X?) hence
(6.2.2) will hold.

Choose a sequence x, € g,(h1(2%)). Instead of ¢,, consider

¢n=322°Ln09n

where L, (w) = ¥ (z,) + ¢ () (w — )
Observe first that

distco(¢n, dn) — 0 for n — oo (6.3.5)
Indeed,
O (2) — bn(2) = si, (V(gn(2))) — 51, (La(gn(2)))-
As |gn(2) — x| — 0 for n — oo, we have by the C'-smoothnes of v

Y(gn(2)) — Ln(gn(2))

0.
gn(2) —zp -
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So due to the bounded distortion property for the iterates of sp,, using also
the property ¢'(xo) # 0 we get

Shy (¥(gn(2))) — sp, (Ln(gn(2)))
Shy (V(9n(2))) = s, (¥ (@)

hence (6.3.5). We have proved by the way that all (;Sn are well defined on a
neighbourhood of hy(X9), similarly as we have got (6.3.4).

Thus we can consider q@n’s all of which are C"™¢. We need to prove that their
r-th derivatives are uniformly bounded in C%. Then by Arzela—Ascolli theorem

we can choose a subsequence &5553 uniformly convergent to a C*¢ function. (Here
we use ¢ > 0.) By the Calculus theorem that the limit of derivatives is the
derivative of the limit we will obtain the assertion that a uniformly convergent
subsequence of (En has the limit C"¢smooth.

We shall use our calculations of (F, o-- -0 F})(") preceding Proof of Theorem
6.3.2. We can assume that r > 2, as for r = 1 the Theorem has been already
proven (see Theorem 6.1.6). For m = 2n + 1 we set as F1,..., F,, the branches
of sgll which composition gives g,. We set F, 11 = L,. Finally for j = n +
2,...,2n+1 we set I = sp,.

For every sequence ji,...,jr—1 we assign the number

T(jry--sfra1) = Z{ji (g <np+ Z{m—ji (i >n+ 1}

For any x,z in a neighbourhood of hi(39) sufficiently close to each other
and a = (j1,...,Jr—1) we have
Pq(z)
D, (2)

(Walz) = We(2)] = [( — D Fa(z) + (Pa(z) — Fa(2)))®a(z)].  (6.3.6)

By (6.3.2), organizing the products there in Hfi}l Hfi}l - TT™, (after mul-

i=1
tiplying by missing terms F’ j{, ), using bounded distortion of iterates of sp,, ., v =

1,2, we obtain

o

(z) _ 1)| < Constr|z — z|°.
D, (2)

Observe also that, using |z; — z;| < Const |z — 2/,

|P,(x) — P,(2)| < Const |z — z|°.

and P, (z) is bounded by a constant independent of n (depending only on r).
Finally we have
|®,(2)] < Const AT() (6.3.7)

where A is an arbitrary constant such that 1 < A~! < inf s}, |,inf|s]_|
We have used here (6.3.2). The crucial observation leading from (6.3.2) to
(6.3.7) was the existence of a constant C' > 0 such that for every 0 < i < j <mn

C™ < (Fio---0F)(z-1) - (Fn-i© -0 Fnj) (2m—j-1) < C
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following from (6.3.3). We need to refer also again to the bounded distortion
property for the iterates of s, as 2’s do not need to belong to h,(%¢) unlike
x’s in (6.3.3).

Thus by (6.3.6) and the estimates following it we obtain

|(5;Ll2 oLy ogn(x)— 522 oLyo gn('z))(r)|
< Z Const |z — z|€)\T(j1""’j7'*1)

j17~~~:j7~71

[ee]
< Const |z — 2| Z 27" \T < Const |z — 2|
T=0

because Card{(j1,...,5r=1) : T(J1,- -+, Jro1) < T} <277,

The proof of Theorem 6.3.2 in the C™ "¢ case for every r = 1,2, ..., 00 has
been finished. We need to consider separately the C“ case. The maps sp,
extend holomorphically to neighbourhoods of h,(X?) in C, the complex plane
in which the interval I is embedded. Similarly as in the C™*¢, r = 1, c5 00,
case we see that there are neighbourhoods U, of hu(Ed) in C such that ¢,, are
well defined on U; and ggn(Ul) C U;y. By the definition they are holomorphic.
Now we can use Montel’s Theorem. So there exists a subsequence qgnj, nj — 00
as j — oo, uniformly convergent on compact subsets of U; to a holomorphic
map. The proof is done, it happened simpler for » = w than for n # w. For
similar considerations see also Section 8.5. )

Summary. We have the following situation: Just in H the equivalence of
geometries and even the exponential equivalence of geometries do not induce any
reasonable smoothness. In He the exponential equivalence of geometries already
work, it implies C'*¢-equivalence. In Hb even the equivalence of geometries
starts to work—it implies the canonical conjugacy to be 1-quasisymmetric—
this we have not discussed, see Exercise 2. In Hed the equivalence of geome-
tries which means then the same as the exponential equivalence yields C'+e-
equivalence. Then the higher smoothness of H forces the same smoothness of
the conjugacy.

We will show in Chapter 9 that in C* in a subclass of non-linear Cantor sets
even a weaker equivalence of geometries, not taking gaps into account, forces
C“-equivalence (we mentioned this already at the end of Section 6.1).

6.4 Scaling function and smoothness. Cantor
set valued scaling function
The question arises which scaling functions appear in which classes C"*¢ (com-

pare Example 6.2.14). We will give some answer below.
For simplification we assume I = [0, 1].



6.4. SCALING FUNCTION AND SMOOTHNESS 213

Definition 6.4.1. Scaling with values in Cantor sets. Given a scaling function
S on X% we define a scaling function S with values in H rather than Simpy, .
For each j = (...,j_2,j_1) € 2% we define S(j) € H by induction as follows.

Suppose for every j € % and io,...,i, the interval I(j), .. i, is already
defined. (For empty string we set [0, 1].) Then for every i,11 = 1,2,...,d we
define I(j)i,....in in.1 as the 2i,41 — 1’th interval of the partition of 1(j)s.....i,
determined by the proportions S(j, o, . . .,%n)i,i = 1,2,...,2d—1. We conclude
with S(j)(io, i1, .- ) = MaZo L(F)io,...sin-

Denote the Cantor set 5(7)(2%) by Can(j).

Theorem 6.4.2. For a scaling function S andr = 1,2,...,00,e : 0 <e <1
with r+¢€ > 1, or r = w, the following conditions are equivalent

1. There exists a C™ ¢, or C¥ (real-analytic) embedding h € Hed with scaling
function S (we assume here that in the definition of C™+¢, see Definition 6.3.1,
sp maps each component of its domain diffeomorphically onto [0,1]) .

2. For every j,j € X% there exists a CTF¢, or C¥ respectively, diffeomor-
phism Fj\; : [0,1] — [0, 1] mapping Can(j) to Can(j’).

Proof. Let us prove 1. = 2. For any j € ¥ and n > 1 denote j(n) =
(jfna'u,jfl). Write

Fimy = ((sn)"|1, s )0 ASihys

where Aj(,) is the affine rescaling of I;_ to [0,1]. Given j,j' € X% and

n,n’ > 1 define

nwuv.jfl

o —1
Ey i) = Fji iy © Fjn)-

Finally define

Fi

g = m Fyn)im)-

n,n’—oo
The convergence, even exponential, easily follows from s, € C'T¢. The fact
that F}/|; maps Can(j) to Can(j’), follows from definitions.

In the case of C* there is a neighbourhood U of [0, 1] in the complex plane
so that all (sh)"|;11_nj_1 extend holomorphically, injectively, to U. This is

so, since (h(X4),3), where 3 is a holomorpic extension of s, is a conformal
expanding repeller. With the use of Koebe Distortion Lemma, Ch. 5, one con-
cludes that all Fj(,,))j(n) have a common domain in C, containing [0, 1], on
which they are uniformly bounded. So, for given j, 7" a subsequence is conver-
gent to a holomorphic function, hence Fj/; is analytic.

Consider now the C™¢ case.

Let us prove first the following

Claim 6.4.3. Let Fy, Fy,... be C"™"! maps of the unit interval [0, 1] for r >
1,0 < e < 1,r+¢e > 1. Assume all F,,, are uniform contractions, i.e there
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exist 0 < A; < A2 < 1 such that for every m and every z € [0,1] it holds
A1 < |F} (x)] < Ag. then there exists C' > 0 such that for all m
||Fm O---0 F1||C'r+5 S C||Fm O-+++0 F1||Cl.

(We set the convention that we omit supremum of the modulus of the functions
in the norms in C"*¢, we consider only derivatives.)

Proof of the Claim. Consider first ¢ > 0. We use (6.3.6) and the estimates
which follow it. (6.3.7) is replaced by

|4 (2)] < Const |(Fy, 0 0F1)1(2)|)\§(a)7

where for a = (j1,...,jr—1) we define T(a) = ji + .. + jr—1. We conclude for
r > 2 with

(o000 (i) ()] < Const =[P (2)] 308
< Const |z —z|*|(Fy,0-- -0 F1) (2)] Z T"\Y < Const |(Fpo---0 Fy) (2)||x — 2 °.
T=0

For » = 1 there is no summation over o and the assertion is immediate.
For ¢ = 0 we get

|(Fpo-- 0 F1)M(2) |<§:@ |<Cmﬁ§:| o) ()M <

Const |(Fp, 0 -+ 0 F1)'(2)].
The Claim is proved. &

We apply the Claim to Fi, Fs,... being inverse branches of sp, on [0, 1]. Let
A be supremum of the contraction rate |s)|~. Given j € X% and integers
n,m >0 weget forzel;

IE 1, s ) Mlerse < ClSRL, s )Y G

If we rescale the domain and range to [0, 1] we obtain, using bounded distortion
of sj*,

L gl

[Ejtntmyljmllor+e < C (CHA VP e M | =

|
| j7(7z+7n)----7j 1 |

Const|I-_mmj_1|”+€_1. (6.4.1)

The right hand side expression in this estimate does not depend on m and tends
(exponentially fast) to 0 as n — oo, for r > 1.
Note that

1 1
Finim) = Eitmlio © Fjny (6.4.2)
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therefore for the sequence FJ}}Z) we verified a condition that reminds Cauchy’s
condition. However to conclude convergence in C" ¢, we still need to do some
job.

For r = 1 we have uniform exponential convergence of |(FJ?711))' (z)] since
|(Fj(ntm)|j(n))'| — 1 uniformly exponentially fast as n — co. This holds since
F;(»)([0,1]) = [0,1], by integration of the second derivative, or, in the case of
merely C**¢, since distortion of Fj(nm)|j(n) tends exponentially to 1 as n — oo.

For r > 1,e = 0 the derivatives of szrll) of orders 2, ..., 7 tend uniformly to
0 since Fj(,4m)|j(n) tend uniformly to identity in C" as n — oco. One can see
this using our formula for composition of two maps, as in (6.4.2), or, simpler,
by substituting Taylor expansion series up to order r of one map in the other.

For € > 0 the sequence szrll) has been proved in (6.4.1) to be uniformly

bounded in C"*¢ and every convergent subsequence has the same limit, being
the limit in C". Therefore this is a limit in C™+¢.
If we denote the limit by G; we conclude that

Fj’|j = Gjl ] Gj_l (643)

defined above is C" €.

The proof of 2. = 1. The embedding h in Proof of Theorem 6.2.10 is the
right one. Indeed, S’( .., 1,1) coincides with h by construction and s, = sg =
F( 101, © Ai, where A; is rescaling to [0,1] of I;,i = 1,...,d in the ratio
geometry of S(...,1,1). &

Remark 6.4.4. Theorem 6.4.2 (more precisely smoothness of G; in (6.4.3)),
yields a new proof of Theorem 6.3.2, in full generality, that is including the case
e = 0. Indeed one can define ¢ = G;(ha)~! o Gj(h1) for an arbitrary j € X%,
where G;(h;),i = 1,2 means G, for h;.

In the case the ranges of sy, , sp, are not the whole [0, 1], we define G; as limit
of Fj(nino)|j(no) S0 ¢ is defined only on some I; , ; ,, for ng large enough
that this ' makes sense. Then we define ¢ on a neighbourhood of hy(%%) as
SZS ogo (sh1|1j_n0 ,,,,, j_l)—no

Theorem 6.4.5. For everyr =1,2,... ande:0<e <1 withr+¢e > 1 there
is a scaling function S such that there is h € Hed, a C"T¢ embedding with the
scaling function S, but there is no crte’ embedding with ' > . There is also
S admitting a C*° embedding but not real-analytic.

This Theorem addresses in particular Example 6.2.14, giving a different ap-
proach.

Proof. Consider d > 1 disjoint closed intervals I; in [0, 1], with I; having 0 as
an end point, and f mapping each I; onto [0, 1], so that f|, is affine for each
j=2,...,d and C"*¢ on I; but not C"¢', say at 0 (or C* but not analytic
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at 0). This produces h € C"TH. Choose any sequence j € ¥ not containing
s, say j = (...,2,2,2). Then, for the arising scaling function S, we have

S(j)=h and S(j1) = Ao (f|5,) "  oh,

where A is the affine rescaling of I to [0, 1].

So flr, o A7t :]0,1] — [0,1] maps the Cantor set Can(j1) to Can(j). Its
restriction to Can(j1) cannot extend C"*¢" since its derivatives up to order r
are computable already on C' and f() is not &’-Holder, by construction. So
S cannot admit C"*¢" embedding by Theorem 6.4.2. The case of C°° but not
analytic is dealt with similarly. &

6.5 Cantor sets generating families

We shall discuss here a general construction of a C'*¢ Cantor repeller in R
which will be used in the next section.

Definition 6.5.1. We call a family of maps F' = {f,,;, : n = 0,1,..., j =
1,...,d} of a closed interval I C R into itself a Cantor set generating family if
the following conditions are satisfied:

All f, ; are C'**-smooth and uniformly bounded in the C'™¢-norm, they
preserve an orientation in R. There exist numbers 0 < A\; < Ay < 1 such that
for every n,j A1 < |(fn,;)| and W < A2 (a natural stronger assumption
would be |fy ;)| < A2 but we need the weaker one for a later use).

For every n all the intervals f,, ;(I) are pairwise disjoint and ordered accord-
ing to j’s and the gaps between them are bounded away from 0.

Given a Cantor set generating family F = {f,; :n=0,1,..., j=1,...,d}
we write

Ljo,...ju (F) == (fo,40 0+ © fn3,)(I)

Then we obtain the announced Cantor set as

C(F):= () En(F), where E,(F)= | L., (F)

n=0 (50 5+-ydm)
and the corresponding coding h(F') defined by
WE) (o i) = [ Ljoreoin (F).

It is easy to see that h(F') has bounded geometry (we leave it as an exercise
to the reader).

Theorem 6.5.2. Let F,, = {f,n; :n=0,1,..., j =1,...,d} be two Cantor
set generating families, for v =1 and v = 2. Suppose that for each j =1,...,d

lim diStCO (fl,n,ja f2,n,j) =0.

n—oo
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and the convergence is exponential.
Then h(Fy) and h(Fy) are C'*¢-equivalent.

Proof. Observe that the notation is consistent with that at the beginning of
Section 6.1, except the situation is more general, it is like that in Remark 6.2.6.

Forevery s <t,v = 1,2, wedenote (f,,(s,5.)0 - -0fu,(t.5)) (L) BY Lo (s,5.),....(t,j0) -
For every such I, we denote the left end by [[,, and the right end by r1,. Ob-
serve that although we have not assumed |f}, , ;| < A2 we can deduce from our
weaker assumptions (using the bounded distortion property for the iterates)
that there exists k& > 1 so that for every [ > 0 and j;,7 = 0,...,k — 1 we have
[(foith—1s_1 © -0 fuitig © -0 fuij,)'| < A2 < 1. In future to simplify our
notation we assume however that £ = 1. The general case can be dealt with
for example by considering the new family of k£ compositions of the maps of the
original family.

For every w = ((sajs)v (S+1ajs+1)v ) (tvjt))’ w' = ((s+17js+1)7 ) (tajt))

we have
|lIl,w - ”2,w| < |f1,s,js (Ul,w’) - fl,s,js (lI2,w’)|
+ |f1,s,j5 (ZIQ,U)’) - f2,s,j5 (lIQ,w/) (651)
< |l 4 — U3 | + Const exp —ds

for some 6 > 0 lower bound of the exponential convergence in the assumptions
of Theorem.

Thus for every w = ((m, jm), - - -, (n,jn)) we obtain for ¢ = n, by induction
fors=n—1,n—2,...,m

|11} 1) — U2,] < Constexp —dm (6.5.2)

For every j = 1,...,d we obtain the similar estimate with w replaced by

w, (n+ 1), 7). We obtain also the similar inequalities for the right ends.
As a result of all that we obtain

I ; 1. ; —(n—
‘l Lw, (1) 2w (nt1,5)] |‘ < Const A-™ exp—ém
|Ilyw| |I1,u)
Now iterating by fu.m—1, fv,m—2, ..., fv,0 for v = 1,2 almost does not change

proportions as we are already in a small scale, more precisely we get

Ly, g, (F1) Ly .. 5(F2)

< Const (Af(nfm) exp —om) + ATy,
Ij07~~~:jn (Fl) I.jO:“'v.jn (F2) ( ! 2 )

(6.5.3)
The same holds for gaps in numerators including “false” gaps i.e. for j =
0,...,d.
Now we pick m = (1 — k)n where & is a constant such that 0 < x < 1 and

rlog ATt — (1 — k) : =9 <0

Then the bound in (6.5.3) replaces by (expdn) + Agﬁ"“)" which converges to
0 exponentially fast for n — oc.
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So our Theorem follows from Theorem 6.1.6, more precisely from its variant
described in Remark 6.2.6.
We have also the following

Theorem 6.5.3. Let F = {f,; :n=0,1,..., j =1,...,d} be a Cantor set
generating family such that for every j

frnj — foo,j uniformly as n — oo.

Then the shift map on the Cantor set C(F) extends C1F<.

Proof. For any Cantor set generating family ®, every w = (jo,...,Jjn),J €
{0,...,2d} we use the notation A;(®,w) similarly as in Definition 6.1.1, i.e. for
jodd A;(®,w) = I;Z'(g) where j' = % The similar definition is for j’s even
with gaps in the numerators. Again we are in the situation of Remark 6.2.6
including j = 0, d.

Consider together with I the family /" = {f; ; :n=0,1,..., j=1,...d}
where f}, ; = fni1,;. For every w = (jo,...,jn),J € {0,...,2d} say j odd and
i€ {1,...,d} we rewrite for clarity the definitions:

AF, iw) = iy (F)| _ [fo.i© frjo © -0 fnt1,4, © Fria,; (D)
- 1100 (F)] [f0,i© figo © -+ © frrrgn (1))

A(F w) = [f1do © -0 g1, © fria, (D)
T [frgo 0+ 0 futrg (1)

We have
Aj (F, ZU))
A (F',w)

— 1' < Const exp —on

for some constant § > 0 related to the distortion of fo; on the interval fq j, o

©r 0 fn+17j7z (I)'
So

|A;(F,iw) — A;(F',w)| < Constexp —dn

But
|A4;(F',w) — Aj(F,w)| < Constexp —dn

for some ¢ > 0 because the pair of the families F, F’ satisfies the assumptions
of Theorem 6.5.2.

Thus |A;(F,iw) — A;(F,w)| converge to 0 uniformly exponentially fast in
length of w. So we can apply Theorem 6.2.4, more precisely the variant from
Remark 6.2.6. The Proof of Theorem 6.5.3 is over.



6.6. QUADRATIC-LIKE MAPS OF THE INTERVAL, AN APPLICATION TO FEIGENBAUM’S UNIVERSALITY

6.6 Quadratic-like maps of the interval, an ap-
plication to Feigenbaum’s universality

We show here how to apply the material of the previous Section 6.5 to study
“attracting” Cantor sets, being closures of forward orbits of critical points, ap-
pearing for Feigenbaum-like and more general so-called infinitely renormalizable
unimodal maps of the interval. The original map on such a Cantor set is not
expanding at all, but one can view these sets almost as expanding repellers by
constructing for them so-called generating families of expanding maps

We finish this Chapter with a beautiful application: First Feigenbaum’s uni-
versality. It was numerically discovered by M. J. Feigenbaum and independently
by P. Coullet and Ch. Tresser).

Rigorously this universality has been explained “locally” by O. Lanford,
who proved the existence of the renormalization operator fixed point, later on
for large classes of maps by D. Sullivan who applied quasi-conformal maps tech-
niques, and next, more completely, by several other mathematicians, in par-
ticular in fundamental contribution by C. McMullen, [McMullen 1996] We re-
fer the reader to the Sullivan’s breakthrough paper [Sullivan 1991]: “Bounds,
Quadratic Differentials and Renormalization Conjectures”. Fortunately a small
piece of this can be easily explained with the use of the elementary Theorems
6.5.2 and 6.5.3; we shall explain it below.

Let us start with a standard example: the one-parameter family of maps
of the interval I = [0, 1] into itself fy(x) = Az(l —z). For 1 < A < 3 there
are two fixed points in [0,1] a source at 0 ie. [f{(0)] > 1 and a sink z,
[fi(za)] < 1, attracting all the points except 0,1 under iterations of fy. For
A = 3 this sink changes to a neutral fixed point, namely |f{(zx)| = 1, more
precisely fi(zx) = —1. For X growing beyond 3 this point changes to a source
and nearby an attracting periodic orbit of period 2 gets born. f? maps the
interval Iy = [z}, x,] into itself (2} denotes the point symmetric to x5 with
respect to the critical point 1/2).

Figure 6.2: Logistic family



220 CHAPTER 6. CANTOR REPELLERS IN THE LINE

If \ continues to grow the left point of this period 2 orbit crosses 1/2, the
derivative of f3 at this point changes from positive to negative until it reaches
the value —1. The periodic orbit starts to repel and an attracting periodic orbit
of period 4 gets born. For f2 on I this means the same bifurcation as before:
a periodic orbit of period 2 gets born. The respective interval containing 1/2
invariant for f% will be denoted by I;. Etc. Denote the values of A where
the consecutive orbits of periods 2" get born by A,. For the limit parameter
Ao = lim,, o A, there are periodic orbits of all periods 2™ all of them sources,
see the figure below

\
|

|

|

|

|

|

|
S GREEEEEPEE

>
et

Figure 6.3: Bifurcation diagram

In effect, for Ao we obtain a Cantor set C(fa.) = (o, Uiigl fE_(I).
This Cantor set attracts all points except the abovementioned sources. It con-
tains the critical point 1/2 and is precisely the closure of its forward orbit.

Instead of the quadratic polynomials one can consider quite an arbitrary one-
parameter family gy of C? maps of the unit interval with one critical point where
the second derivative does not vanish and such that ¢g»(0) = ¢g»(1) = 0 so that,
roughly, the parameter raises the graph. Again one obtains period doubling
bifurcations and for the limit parameter A (g) one obtains the same topological
picture as above. We say the map is Feigenbaum-like. The Feigenbaum’s and
Coullet, Tresser’s numerical discovery was that the deeper ratios in the Cantor
set the weaker dependence of the ratios on the family and that the ratios at
the critical point stabilize with the growing magnifications. Moreover the limit
quantities do not depend on g.

Another numerical discovery, not to be discussed here, see for example
[Avila, Lyubich & de Melo 2003] for a rigorous explanation, was that A\, /A,+1
has a limit as n — oco. Moreover this limit does not depend on g. We call it
second Feigenbaum’s universality.
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Let us pass to the description of a general situation:

Definition 6.6.1. For any closed interval [a, b] we call a mapping f : [a,b] —
[a,b] smooth quadratic-like if f(a) = f(b) = a and f can be decomposed into
f = Qoh where Q is a quadratic polynomial and & is a smooth diffeomorphism
of I. The word smooth will be applied below for C?. Here we allow a > b, in
such a case the interval [b, a] is under the consideration of course and its right
end rather than the left is a fixed point and the map has minimum at the critical
point. If a = 0,b =1 we say that f is normalized.

We call f infinitely renormalizable if there exists a decreasing sequence of
intervals I,,,n = 0,1,2,... all containing the critical point ¢y and a sequence of
integers d,, > 2 such that for every n all f7(I,) have pairwise disjoint interiors
for j = 0,1,...,D, — 1 where D,, := Hi:(),...,n d; and fP~(I,) maps I, into
itself.

We call the numbers d,, and the order in which the intervals f7(1,,) are placed
in I a combinatorics of f. Finally we say that an infinitely renormalizable f
has bounded combinatorics if all d,, are uniformly bounded. We write C(f) =

e’} Dyp—1 pk
mn:O k=0 f (In)

It may happen that the maps f”» on I, are not quadratic-like because the
assumption f(a) = f(b) = a is not satisfied.

Consider however an arbitrary f : [a,b] — [a,b] which is smooth quadratic-
like and renormalizable what means that there exists Iy C [a, b] containing ¢
and an integer d > 1 such that all f7(Iy) have pairwise disjoint interiors for
j=0,1,...,d— 1. Then Iy can be extended to an interval I} for which still
all f7(I}) have pairwise disjoint interiors f¢ maps I} into itself and f¢ on I},
is quadratic-like. The proof is not hard, the reader can do it as an exercise or
look into [Collet & Eckmann 1980]. The periodic end of 1] is called a restrictive
central point.

We define the rescaling map Ry as such an affine map which transforms I,
onto I and

fi:=Rsoflo Rle (6.6.1)

is normalized. We call the operator f +— f; the renormalization operator and
denote it by R. (Caution: d, I/ and so R have not been uniquely defined but
this will not hurt the correctness of the considerations which follow, in particular
in the infinitely renormalizable case C(f) does not depend on these objects as
the closure of the forward orbit of the critical point, see the remark ending the
Proof of Theorem 6.6.3.)

Now for an arbitrary smooth quadratic-like map f of I = [0,1] infinitely
renormalizable with a bounded combinatorics, we consider a sequence of maps
fn defined by induction: fo = f, fn = R(fn—1). The domain I for the renor-
malization of f;, is denoted by I" and we have the affine rescaling map R,, := Ry,
from I™ onto I and f,1 = R(fn) = Rno fi o R;L.

Now we can formulate the fundamental Sullivan-McMullen’s theorem:

Theorem 6.6.2. Suppose f and g are two C?-quadratic-like maps of I =
[0, 1] both infinitely renormalizable with the same bounded combinatorics. Then
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dist(Ry,, Rg,) — 0 as n — oo. Moreover both sequences f, and gy stay uni-
formly bounded as C'*¢-quadratic-like maps (i.e. h’s and h='’s in the Q o h
decomposition stay uniformly bounded in C**¢) and

distco (fnv gn) — 0.

In the case f,g are real-analytic the convergence is exponentially fast, even
in the C°-topology in complex functions on a neighbourhood of I in C.

The intuitive meaning of the above is that the larger magnification of a
neighbourhood of 0 the more the same the respective iterates of f and g look
like. The same geometry of the depths of the Cantor sets would mean that the
similar looks close to zero propagate to the Cantor sets.

Now we can fulfill our promise and relying on the results of this section prove
this propagation property, i.e. relying on Theorem 6.6.2 prove rigorously the
first Feigenbaum universality:

Theorem 6.6.3. Suppose f and g are two C*-quadratic-like maps of I = [0,1]
both infinitely renormalizable with the same bounded combinatorics. Suppose
also that the convergences in the assertion of Theorem 6.6.2 are exponential.
Then C(f) and C(g) are C'*¢-equivalent Cantor sets.

Proof. Related to f we define a generating family (Definition 6.5.1)
F={fn;n=01...,7=1,...,d,}. Namely we define

frj = frldn=ith) o g1 (6.6.2)

where each f, (@n=3+1D eans the branch leading to an interval containing
fj—l (In)

The C'*¢ uniform boundedness of fn,;’s follows immediately from the bound-
edness asserted in Theorem 6.6.2 if we know (see the next paragraph) that all
I™’s have lengths bounded away from 0. Indeed if we denote f,, = @Q o h,, we
have

fnj :h;loQ_1 o---oh;loQ_loRrjl

with all A1 uniformly bounded in C1*¢ and Q! as well because their domains
are far from the critical value f(cy,). Also |(Ry)'|’s are uniformly bounded.

Now fd»(I™) C I™ with I™ arbitrarily small and d,’s uniformly bounded
together with the asserted in Theorem 6.6.2 uniform boundedness of f,,’s would
result in the existence of a periodic sink attracting cy. Indeed, |(f,,)’| would be
small on I" so as |(f%~1)'| is bounded on f,,(I") by a constant not depending
onn. So |(f%)'| on I would be small hence its graph has a unique intersection
with the diagonal which the sink attracting I”.

This is almost the end of the proof because we construct the analogous
generating family G for g and refer to Theorem 6.1.6. The convergence assumed
there, can be proved similarly as we proved the uniform C'*é-boundedness
above. This concerns also the assumptions involving A; and A in the definition
of the generating families. Still however some points should be explained:
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1. For each n the intervals f, ;(I) in Definition 6.5.1 were ordered in R
according the order < in the integers j. Here it is not so. Moreover f,, ; here
do not all preserve the orientation in R. Finally d,,’s do not be all equal to the
same integer d. Fortunately all done before is correct also in this situation.

2. The intervals f, ;j(/) may have common ends here, in particular the
assumption about gaps in the definition of the generating family may happen
not to be satisfied. In that instant we replace I by a slightly smaller interval
and restrict all f, ;’s to it. We can do it because for each J = f,, ;(I) we have
dist(C(f),ends of J) > Const > 0. This is so because for every normalized
renormalizable f if f(cy) is close to 1 then a very large d is needed in order to
have f4(cy) € Iy unless sup | f’| is very large. But all d,, are uniformly bounded
in our infinitely renormalizable case and the derivatives |(f,)’| are uniformly
bounded. So for every n, f,(cy,) is not very close to 1 and f2(cy,) is not very
close to 0 and C(f,,) C [fu(cs,) f2(cy,))

We managed to present C'(f) and C(g) as subsets of Cantor sets C(F), C(G)
for generating families. But by the construction every interval I, . ;. (F) in the
definition of C(F) contains an interval of the form f7(I,), 0 < j < D,, hence
every component of C'(F) contains a component of C(f). So C(f) = C(F)
and similarly C'(g) = C(G). Hence C(f) and C(g) are Cantor sets indeed and
everything concerning C'(F'), C(G) we proved concerns them as well. Observe by
the way that by the definition every f7(I,,) contains f7(cs) hence C(f) can be
defined in the intrinsic way, independently of the choice of I,,’s, as cl U;io Ti(cy).

The following specification of Theorems 6.6.2 and 6.6.3 holds:

Theorem 6.6.4. Let f be a C? quadratic-like map of [0, 1] infinitely renormal-
izable with a bounded combinatorics. Suppose it is periodic i.e. that for some
ne >n1 > 0 fn, and fn, have the same combinatorics. Then there exists g a
real-analytic quadratic-like map of [0,1] such that for t := ns —nq, RY(g) = ¢
and distco(fn, Gn-n,) — 0 as n — oo.

If the convergence is exponential then the shift map on C(f} ) extends C1+<.

On the proof. The existence of g is another fundamental result in this the-
ory, which we shall not prove in this book. (The first, computer assisted, proof
was provided by O. Lanford [Lanford 1982] for d = 2, i.e. for the Feigenbaum-
like class.) Then the convergence follows from Theorem 5.4.29. Indeed, from
R'(g) = g we obtain the convergence of (ff ). ; to g. If the convergences are
exponential (which is the case if f is real-analytic) then the shift map extends
C'*¢ due to Theorem 6.5.3. Notice that instead of C(f) we consider C(ff ).
This is so because

dpq+t—1 dny+2t—1
H dj = H dj=--:=d
j:dnl j:dnl +t

and it makes sense to speak about the shift map on ¥¢. For f itself if we denote
H;io{l, ...,d;} by X(do,d1,...) we can speak only about the left side shift
map from X(dy,d1,...) to X(d,...).
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Observe again that the embedding of ¥¢ into I does not need to preserve
the order but it does not hurt the validity of Theorem 6.5.3.

The set C(f) is presented as the union of D = H;igl d; Cantor sets which
are embeddings of ©¢, of the form f7(C(f} )),j =0,...,n1—1, each of which has
an exponentially determined geometry and Holder continuous scaling function.

Remarks 6.6.5. 1. Observe for f being any smooth quadratic-like infinitely
renormalizable map of I and the corresponding generating family F', that as
some f, ; may change the orientation, the corresponding intervals I;, ;. i(F)
have the order in I;, . ;. (F) the same or opposite to that of I;(F)’s in I de-
pending as there is even or odd number of j;,% = 0,...,n such that f; ;, changes
the orientation.

2. Remind that C(f) has a 1-to-1 coding h : £(do,dy,...) — C(f) defined
by h(jo, j1,---) =MNpooo Lio,.rjn (F). Let us write here j =0,...,d,, — 1 rather
than j = 1,...,d,. Then f yields on ¥(dy,ds,...) the map ®(f)(jo,j1,...) =
(0,0,...,7: + 1,4i41,...), where ¢ is the first integer such that j; # d; — 1, or
() (o, j1,---) = (0,0,0...) if for all ¢ we have j; = d; — 1. @ is sometimes
called the adding machine. If all d,, = p the map ® is just the adding of the unity
in the group of p-adic numbers. For d,, different we have the group structure on
Y(do,dy,...) of the inverse limit of the system - - — Za,d,dy — Zdydy — Zd,
and @(f) is also adding the unity.

If we denote the shift map from X(dp,ds,...) to X(d1,...) by s we obtain
the equality

D(fi)os=s0d(f)%

(the indexing in (6.6.2) has been adjusted to assure this). On I° this corresponds
to (6.6.1).

3. The combinatorics of an infinitely renormalizable f is determined by the
so-called kneading sequence K(f) defined as a sequence of letters L and R,
where n = 1,2,... such that at the n’th place we have L or R depending as
f™(cy) is left or right of ¢y in R (we leave it as an exercise to the reader). So
in Theorems 6.6.2—6.6.4 we can write: the same kneading sequences, instead of:
the same combinatorics.

Also the property: renormalizable (and hence: infinitely renormalizable) can
be guessed from the look of the kneading sequence. A renormalization with Iy
and f4(Iy) C I implies of course that the kneading sequence is of the form
AB1AByABs;. .., where each B; is L or R and A is a block built from L’s and
R’s of the length d—1. The converse is also true, the proof is related to the proof
of the existence of the restrictive central point. One can do it as an exercise or
to look into [Collet & Eckmann 1980).

4. Let us go back now to the example f)_, or more general g, __(,) mentioned
at the beginning of this Section. We have d,, = 2 for all n, (R,, change orien-
tation). So we can apply Theorems 6.6.3 and 6.6.4 which explain Feigenbaum’s
and Coullet-Tresser’s discoveries.

Observe that gy_ () is exceptional among smooth quadratic-like infinitely
renormalizable maps. Namely except a sequence of periodic sources every point
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is being attracted to C(f). Topological entropy is equal to 0. For every infinitely
renormalizable map with a different kneading sequence there is an invariant
repelling Cantor set (in fact some of its points can be blown up to intervals).
Topological entropy is positive on it. One says that such a map is already
chaotic, while g__(4) is on the boundary of chaos.

Exercises

6.1. For maps as in Definition 6.6.1, prove the existence of the restrictive central
point.
Hint: Consider the so-called Guckenheimer set,

G ={x : dist;(f(x), cs) < disty(z,cp) and
dist ¢ (f7(x),cp) > distg(z,cp) for j=1,...,d—1}

where dists(x,y) = |h(xz) — h(y)| in the decomposition f = Q o h.

6.2. Suppose f and g are smooth quadratic-like maps of I = [0, 1] both infinitely
renormalizable with the same bounded combinatorics as in Theorem 6.6.2. Us-
ing the fact that distco(fy, gn) — 0 asserted there, but not assuming the conver-
gence is exponential prove that the standard conjugacy ¢ between C(f) and C(g)

is 1-quasisymmetric, more precisely that for every z,y,z € C(f),z > y > =z,

|¢(m)*‘¢(y)‘|§‘l¢(y)‘*f(2)\
z—y|/ly—=z
In particular if the scaling function S(f) exists for f then it exists for g and

S(f) = S(g)-

Hint: One can modify the Proof of Theorem 6.5.2. Instead of exp —ds in
(6.5.1) one has some a,, converging to 0 as n — co. Then in (6.5.2) we estimate
by >."_, as and then consider m = m(n) so that n—m — oco but >."_ as — 0
as n — oo.

|z — y|/ly — 2| < Const we have S lasz—2 — 0.

6.3. Let f and g be unimodal maps of the interval [0,1] (f unimodal means
continuous, having unique critical point ¢, being strictly increasing left to it
and strictly decreasing right to it, f(¢) = 1), having no interval J on which all
iterates are monotone. Prove that f and g are topologically conjugate iff they
have the same kneadings sequences (see Remark 6.6.5, item 3.)

6.4. Prove that for f € C® a unimodal map of the interval with no attracting
(from both or one side) periodic orbit, if Schwarzian derivative S(f) is nega-
tive, then there are no homtervals, i.e. intervals on which all iterates of f are
monotone.

Hint: First prove that there is no homterval whose forward orbit is disjoint
with a neighbourhood of the critical point ¢f (A. Schwartz’s Lemma; one does
not use S(f) < 0 here, C**! is enough).

Next use the property implied by S(f) < 0, that for all n and every interval
J on which (f™)" is non-zero, (f™)’ is monotone on J.

For details see for example [Collet & Eckmann 1980]
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6.5. Prove the C™"¢ version of the so-called Folklore Theorem, saying that if
O=ap<ay <-+<ap_1 <a,=1landforeachi=0,...,n—1, f; : [a;, a;i41] —
[0,1] onto, each f; is C"™*¢ for r >2,0<e <1,r+¢ > 2 and |f/| > Const > 1,
then for f defined as f; on each (a;, a;11), there exists an f invariant probability
1 equivalent to Lebesgue measure, with the density bounded away from 0, of
class CT—1+e,

Formulate and prove an analogous version for Cantor sets h(%¢) with “shifts”
hosoh™!, asin Section 6.2.

Hint: The existence of p follows from Hélder property of the potential func-
tion ¢ = —log|f’|, see Chapter 4. p is the invariant Gibbs measure. Its den-
sity is limp—oo LE(M)(2) = 32, ¢ p-n (o) [(f™)(y)|~*. Each summand considered
along an infinite backward branch, after rescaling, converges in C"~17¢, see
Theorem 6.4.2, smoothness of G ;.

A slightly different proof can be found for example in [Boyarsky & Géra 1997].
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quadratic-like maps as in Theorem 6.6.2 is C?7911 using numerical results on
the speed of contraction (leading eigenvalues) of the renormalization operator
at the Feigenbaum fixed point.

In Proof of Theorem 6.6.3 we were proving for the families F' and G that the
assumptions of Theorem 5.4.26 were satisfied i.e. that F' and G were Cantor set
generating families. This implied that the Cantor sets C(F'), C(G), more pre-
cisely h(F'), h(G) have bounded geometries. In fact this can be proved directly
(though it is by no mean easy) without referring to the difficult Theorem 6.6.2,
see for example [de Melo & van Strien 1993].

Moreover this bounded geometry phenomenon is in fact the first step (real
part) in the proof of the fundamental Theorem 6.6.2 (which includes also a
complex part), see [Sullivan 1991]. Instead of C? one can assume weaker C'*+=,
z for Zygmund, see [Sullivan 1991] or [de Melo & van Strien 1993].

The exponential convergence in Theorem 6.6.2 for analytic f, g was proved
by C. McMullen in [McMullen 1996]. Recently the exponential convergence for
f,g € C? was proved, by W. de Melo and A. Pinto, see [de Melo & Pinto 1999)].

The first proof of the existence of g as in Theorem 6.6.4 and the exponential
convergence of R™(f) to g was provided by O. Lanford [Lanford 1982] for f
very close to g, in the case of Feigenbaum-like maps. His prove did not use the
bounded geometry of the Cantor set.

For each k > 3 the convergence in C* in Theorem 6.6.2 for all f,g € C*,
(symmetric) was proved in [Avila, Martens & de Melo 2001)].
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For deep studies concerning the hyperbolicity of the renormalization op-
erator at periodic points and laminations explaining the second Feigenbaum
universality, see recent papers [Lyubich 1999], [Avila, Lyubich & de Melo 2003],
[Smania 2005], [de Faria et al. 2006].
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Chapter 7

Fractal dimensions

In the first section of this chapter we provide a more complete treatment of
outer measure begun in Chapter 1. The rest of this chapter is devoted to
presentation of basic definitions and facts related to Hausdorff and packing
measures, Hausdorfl and packing dimensions of sets and measures and ball (or
box) -counting dimensions.

7.1 Outer measures

In Section 1.1 we have introduced the abstract notion of measure. At the be-
ginning of this section we want to show how to construct measures starting
with functions of sets called outer measures which are required to satisfy much
weaker conditions. Our exposition of this material is brief and the reader should
find its complete treatment in all handbooks of geometric measure theory (see
for example [Rogers 1970], [Falconer 1985], [Falconer 1997], [Mattila 1995] or
[Pesin 1997]). This approach has been already applied in Chapter 1, see Theo-
rem 1.7.2.

Definition 7.1.1. An outer measure on a set X is a function p defined on all
subsets of X taking values in [0, co] such that

p(0) =0, (7.1.1)
wA) <u(B) if ACB 7.1.2

and
oo

u( [j An) < Zu(An) (7.1.3)

for any countable family {4, : n =1,2,...} of subsets of X.
A subset A of X is called p-measurable or simply measurable with respect to
the outer measure p if and only if

u(B) > (BN A)+ (B \ A) (7.1.4)

229
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for all sets B C X. Check that the opposite inequality follows immediately from
(7.1.3). Check also that if u(A) =0 then A is y-measurable.

Theorem 7.1.2. If u is an outer measure on X, then the family F of all
w-measurable sets is a o-algebra and the restriction of p to F is a measure.

Proof. Obviously X € F. By symmetry of (7.1.4), A € F if and only if A € F.
So, the conditions (1.1.1) and (1.1.2) of the definition of o-algebra are satisfied.
To check the condition (1.1.3) that F is closed under countable union, suppose
that Aj, Asg,... € F and let B C X be any set. Applying (7.1.4) in turn to
Ay, Ag, ... we get forall k > 1

w(B) > (BN A1)+ p(B\ A1)

(BN A1) + p((B\ A1) N Az) + (B \ A1\ Az)

(AVARAVARLY

(53U a) ) +uie )

w((BAUA)na) 4y U a)

1 i=1 j=1

VR

J

M-

>

J

and therefore

u(B)>ip(<B\UA)ﬁA)+uB\UA (7.1.5)

Since

Hence condition (1.1.3) is also satisfied and F is a o-algebra. To see that p is a
measure on F i.e. that condition (1.1.4) is satisfied, consider mutually disjoint
sets A1, Ag,... € F and apply (7.1.5) to B = Ujoil Aj. We get

oo

u( D A7) = 37 u(4y)
j=1 =1

Combining this with (7.1.3) we conclude that ;1 is a measure on F. &
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Now, let (X, p) be a metric space. An outer measure x on X is said to be a
metric outer measure if

H(AU B) = p(A) + u(B) (7.1.6)

for all positively separated sets A, B C X that is satisfying the following condi-
tion

p(A,B) =inf{p(z,y): x € A,y € B} > 0.
We assume the convention that p(4,0) = p(0), A) = cc.

Recall that the Borel o-algebra on X is the o-algebra generated by open, or
equivalently closed, sets. We want to show that if p is a metric outer measure
then the family of all y-measurable sets contains this o-algebra. The proof is
based on the following version of .

Lemma 7.1.3. Let p be a metric outer measure on (X,p). Let {A, : n =
1,2,...} be an increasing sequence of subsets of X and denote A =J" | A,. If
p(Ap, A\ Any1) >0 for alln > 1, then p(A) = limy, oo 1(Ar).

Proof. By (7.1.2) it is enough to show that

H(A) < lim p(A,) (7.1.7)

n—oo

If lim,, o p(A;) = 0o, there is nothing to prove. So, suppose that

lim p(Ay) =sup pu(4,) < o (7.1.8)

n—oo

Let By = Ay and B,, = A, \ A1 for n > 2. If n > m + 2, then B,,, C 4,, and
B, C A\ A,_1 C A\ A,+1. Thus B,, and B, are positively separated and
applying (7.1.6) we get for every j > 1
J J J J
,u( U Bgi_l) = ZM(BQi—l) and M( U B27) = ZM(B27) (719)
i=1 i=1 i=1 i=1

We have also for every n > 1

u(A)=u(gAk)=u(AnU D Bk)

k=n-+1
<A+ Y (B < Jim (A + S By (7.110)
k=n-+1 k=n+1

Since the sets ngl Bs;_1 and ngl Bsy; appearing in (7.1.9) are both contained
in Ay, it follows from (7.1.8) and (7.1.9) that the series >~ u(By) converges.
Therefore (7.1.7) follows immediately from (7.1.10). The proof is finished. &

Theorem 7.1.4. If pu is a metric outer measure on (X, p) then all Borel subsets
of X are p-measurable.
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Proof. Since the Borel sets form the least o-algebra containing all closed subsets
of X, it follows from Theorem 7.1.2 that it is enough to check (7.1.4) for every
non-empty closed set A C X and every B C X. For alln > 1let B, = {z €
B\ A:p(z,A) >1/n}. Then p(BN A, B,) > 1/n and by (7.1.6)

(B A) + u(B,) = n((BNA)UB,) < u(B) (7.1.11)

The sequence {B,,}52, is increasing and, since A is closed, B\ A = (J.—, B.
In order to apply Lemma 7.1.3 we shall show that

p(Bn, (B\ A)\ Bpy1) >0

for all n > 1. And indeed, if x € (B \ A) \ Bp+1, then there exists z € A with
plx,z) < 1/(n+1). Thus, if y € B, then

1
p(z,y) =2 ply,z) = plx,2) > 1/n—1/(n+1) = oy )
and consequently p(B,, (B \ A) \ Bnt+1) > 1/n(n+ 1) > 0. Applying now
Lemma 7.1.3 with A,, = B,, shows that u(B \ A) = lim,_ o p(By,). Thus
(7.1.4) follows from (7.1.11). The proof is finished. &

7.2 Hausdorff measures

Let ¢ : [0,00) — [0,00) be a non-decreasing function continuous at 0, positive
on (0,00) and such that ¢(0) = 0. Let (X, p) be a metric space. For every § > 0
define

A (A) = inf{z ¢(diam(Ui))} (7.2.1)
i=1

where the infimum is taken over all countable covers {U; : i =1,2,...} of A of
diameter not exceeding §. Conditions (7.1.1) and (7.1.2) are obviously satisfied
with p = A‘;. To check (7.1.3) let {4, : n =1,2,...} be a countable family of
subsets of X. Given € > 0 for every n > 1 we can find a countable cover {U;" :
i=1,2,...} of A, of diameter not exceeding & such that > > ¢(diam(U")) <
A‘;(An) +£/2". Then the family {U : n > 1,i > 1} covers | J,—, A, and

oo

A (U An) <303 odiam(Uy)) < 30 AG(A,) 4+
n=1 n=1 i=1 n=1
Thus, letting ¢ — 0, (7.1.3) follows proving that Ag) is an outer measure. Define

Ay (A) = lim A% (A) = sup A% (A) (7.2.2)

The limit exists, but may be infinite, since Ag(A) increases as ¢ decreases. Since
all Ag) are outer measures, the same argument also shows that A, is an outer
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measure. Moreover A, turns out to be a metric outer measure, since if A and B
are two positively separated sets in X, then no set of diameter less than p(A, B)
can intersect both A and B. Consequently

AY(AUB) = Aj(A) + AY(B)

for all § < p(A, B) and letting ¢ — 0 we get the same formula for Ay which is
just (7.1.6) with p = Ag. The metric outer measure Ay is called the Hausdorff
outer measure associated to the function ¢. Its restriction to the o-algebra of
A4-measurable sets, which by Theorem 7.1.4 includes all the Borel sets, is called
the Hausdorff measure associated to the function ¢.

As an immediate consequence of the definition of Hausdorff measure and the
properties of the function ¢ we get the following.

Proposition 7.2.1. The Hausdorff measure Ay is non-atomic.

Remark 7.2.2. A particular role is played by functions ¢ of the form ¢ — t<,
t,a > 0 and in this case the corresponding outer measures are denoted by A
and A,.

Remark 7.2.3. Note that if ¢; is another function but such that ¢; and ¢
restricted to an interval [0,¢), ¢ > 0, are equal, then the outer measures Ay,
and A, are also equal. So, in fact, it is enough to define the function ¢ only on
an arbitrarily small interval [0, ¢).

Remark 7.2.4. Notice that we get the same values for A‘qi(A), and consequently
also for Ay(A), if the infimum in (7.2.1) is taken only over covers consisting of
sets contained in A. This means that the Hausdorff outer measure Ay(A) of
A is its intrinsic property, i.e. does not depend on in which space the set A
is contained. If we treated A as the metric space (A, p|a) with the metric p|a
induced from p, we would get the same value for the Hausdorff outer measure.

If we however took the infimum in (7.2.1) only over covers consisting of
balls, we could get different ”Hausdorff measure” which (dependently on ¢)
would need not be even equivalent with the Hausdorff measure just defined.
To assure this last property ¢ is from now on assumed to satisy the following
condition.

There exists a function C' : (0,00) — [1,00) such that for every a € (0,00)
and every t > 0 sufficiently small (dependently on a)

Cla)"'o(t) < d(at) < Cla)o(t) (7.2.3)

Since (ar)! = a'r’, all functions ¢ of the form r — 7', considered in Re-
mark 6.2.2, satisfy (7.2.3) with C(a) = a'. Check that all functions r
rt exp(cy/log 1/rlogloglog1/r, ¢ > 0 also satisfy (7.2.3) with a suitable func-
tion C.

Definition 7.2.5. A countable collection {(x;,7;) : i = 1,2,...} of pairs
(z5,7;) € X x (0,00) is said to cover a subset A of X if A C (J;2, B(zs,14),
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and is said to be centered at the set A if x; € A for alli = 1,2,.... The radius
of this collection is defined as sup, r; and its diameter as the diameter of the
family {B(z;,7:):i=1,2,...}.

For every A C X and every r > 0 let
ABT(A4) = inf{z ¢(ri)} (7.2.4)
i=1
where the infimum is taken over all collections {(z;,r;) : i = 1,2,...} centered
at the set A, covering A and of radii not exceeding r. Let
AF(A) = lim AFr(4) = sup AP (4) (7.2.5)
The limit exists by the same argument as used for the limit in (7.2.2). We shall
prove the following.

Lemma 7.2.6. For every set A C X

Ag(A)
Ty

<C(2)

Proof. Since the diameter of any ball does not exceed its double radius, since
the diameter of any collection {(z;,7;) : i = 1,2,...} also does not exceed its
double radius and since the function ¢ is non-decreasing and satisfies (7.2.3),
we see that for every r > 0 small enough

Z é(diam(B(zi, 7)) < Z ¢(2r;) < C(2) Z ¢(r:)

and therefore Aif(A) < C(2)AfT(A). Thus, letting r» — 0,
Ag(A) < C(2)AF(A) (7.2.6)

On the other hand, let {U; : i = 1,2,...} be a countable cover of A consisting
of subsets of A. For every ¢ > 1 choose z; € U; and put r; = diam(U;). Then
the collection {(z;,7;) : i =1,2,...} covers A, is centered at A and

D o(ri) = ¢(diam(U))
i=1 i=1

which implies that Af‘s(A) < A‘;(A) for every 6 > 0. Thus Af(A) < Ay(4)
which combined with (7.2.6) finishes the proof. &

Remark 7.2.7. The function of sets Af need not to be an outer measure since
condition (7.1.2) need not be satisfied. Since we will be never interested in
exact computation of Hausdorff measure, only in establishing its positiveness
or finiteness or in comparing the ratio of its value with some other quantities
up to bounded constants, we will be mostly dealing with Af‘s and Af using

nevertheless always the symbols Ag)(A) and Ag(A).
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7.3 Packing measures

Let, as in the previous section, ¢ : [0,00) — [0, c0) be a non-decreasing function
such that ¢(0) = 0 and let (X, p) be a metric space. A collection {(x;,r;) : i =
1,2,...} centered at a set A C X is said to be a packing of A if and only if for
any pair i # j
plxi,xj) = ri +1;

This property is not generally equivalent to requirement that all the balls
B(xz;,r;) are mutually disjoint. It is obviously so if X is a Euclidean space.
For every A C X and every r > 0 let

157 (A) = Sup{i ¢>(m)} (7.3.1)

where the supremum is taken over all packings {(x;,7;) : ¢ = 1,2,...} of A of
radius not exceeding r. Let

IT5(4) = lim IT7(4) = inf 1137 (A) (7.3.2)

The limit exists since H;T(A) decreases as r decreases. In opposite to Af the
function IT} satisfies condition (7.1.2), however it also need not to be an outer
measure since this time condition (7.1.3) need not to be satisfied. To obtain an
outer measure we put

I, (A) = inf { 3 H;;(Ai)}, (7.3.3)

where the supremum is taken over all covers {4;} of A. The reader will check
easily, with similar arguments as in the case of Hausdorff measures, that Il is
already an outer measure and even more, a metric outer measure on X. It will
be called the packing outer measure associated to the function ¢. Its restriction
to the o-algebra of Ily-measurable sets, which by Theorem 7.1.4 includes all the
Borel sets, will be called packing measure associated to the function ¢.

Proposition 7.3.1. For every set A C X it holds Ag(A) < C(2)I1,(A).
Proof. First we shall show that for every set A C X and every r > 0
AZ(A) < C(2)I (A) (7.3.4)

Indeed, if there is no finite maximal (in the sense of inclusion) packing of the set
A of the form {(z;,7)}, then for every k > 1 there exists a packing {(z;,7) : i =
1,...,k} of A and therefore II7"(A) > Zle o(r) = ko(r). Since ¢(r) > 0, this
implies that IT3"(A) = oo and (7.3.4) holds. Otherwise, let {(z;,7) :i=1,...,1}
be a maximal packing of A. Then the collection {(z;,2r) : 4 =1,...,1} covers
A and therefore

l
AZ(4) < 37 6(2r) < C(2)Ig(r) < C)TLY (A)
=1
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that is (7.3.4) is satisfied. Thus letting » — 0 we get
Ay(A) < C(2)TT5(A) (7.3.5)

So, if {A,,}n>1 is a countable cover of A then,

Ap(A) <7 Ag(A) < C2) Y T (A).
n=1 n=1
Hence, applying (7.3.3), the lemma follows. &

7.4 Dimensions

Let, similarly as in the two previous sections, (X, p) be a metric space. Recall
(comp. Remark 7.2.2) that Ay, t > 0, is the Hausdorff outer measures on X
associated to the function r +— r* and all A are of corresponding meaning. Fix
A C X. Since for every 0 < § < 1 the function t — A2(A) is non-increasing, so
is the function ¢ — A;(A). Furthermore, if s < ¢, then for every 0 < §

A(A) > 8T (A)

which implies that if A;(A) is positive, then Ag(A) is infinite. Thus there is a
unique value, HD(A), called the Hausdorff dimension of A such that

oo if0<t<HD(A)

7.4.1
0 if HD(A) <t < o ( )

A(A) = {

Note that similarly as Hausdorff measures (comp. Remark 7.2.4), Hausdorff
dimension is consequently also an intrinsic property of sets and does not de-
pend on their complements. The following is an immediate consequence of the
definitions of Hausdorff dimension and outer Hausdorff measures.

Theorem 7.4.1. The Hausdorff dimension is a monotonic function of sets,
that is if A C B then HD(A) < HD(B).

We shall prove the following.
Theorem 7.4.2. If {A,},>1 is a countable family of subsets of X then

HD(U, A,) = sup{HD(A,)}.

Proof. Inequality HD(U,, 4,) > sup, {HD(A4,)} is an immediate consequence of
Theorem 7.4.1. Thus, if sup,{HD(4,,)} = oo there is nothing to prove. So,
suppose that s = sup,, {HD(A4,)} is finite and consider an arbitrary ¢ > s. In
view of (7.4.1), A;(A,) = 0 for every n > 1 and therefore, since A; is an outer
measure, Ay(U,A,) = 0. Hence, by (7.4.1) again, HD(U, A,,) < t. The proof is
finished. &
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As an immediate consequence of this theorem, Proposition 7.2.1 and formula
(7.4.1) we get the following.

Proposition 7.4.3. The Hausdorff dimension of any countable set is equal to 0.

In exactly the same way as Hausdorfl dimension HD one can define packing*
dimension PD* and packing dimension PD using respectively ITy (A) and II;(A)
instead of A¢(A). The reader can check easily that results analogous to Theo-
rem 7.4.1, Theorem 7.4.2 and Proposition 7.4.3 are also true in these cases. As
an immediate consequence of these definitions and Proposition 7.3.1 we get the
following.

Lemma 7.4.4. HD(A) < PD(A) < PD*(A) for every set A C X.

Now we shall define the third basic dimension — ball-counting dimension
frequently also called box-counting dimension, Minkowski dimension or (limit)
capacity. Let A be an arbitrary subset of the metric space (X, p). We first need
the following.

Definition 7.4.5. For every r > 0 consider the family of all collections {(z;,7;)}
(see Definition 6.2.5) of radius not exceeding r which cover A and are centered
at A. Put N(A,r) = oo if this family is empty. Otherwise define N(A,r) to be
the minimum of all cardinalities of elements of this family. Note that one gets
the same number if one considers the subfamily of collections of radius exactly
r and even only its subfamily of collections of the form {(z;,r)}.

Now the lower ball-counting dimensions and upper ball-counting dimension
of A are defined respectively by

log N(A — log N(A
BD(A) = liminf log N(4, ) and BD(A) = limsup M.

7.4.2
r—0 — 10g r r—0 - 1Og r ( )

If BD(A) = BD(A), the common value is called simply ball-counting dimension
and is denoted by BD(A). The reader will easily prove the next theorem which
explains the reason of the name box-counting dimension. The other names will
not be discussed here.

Proposition 7.4.6. Fiz n > 1. For every r > 0 let L(r) be any partition (up
to boundaries) of R™ into closed cubes of sides of length r. For any set A C R™
let L(A,r) denotes the number of cubes in L(r) which intersect A. Then

log L(A __ log L(A
BD(A) = liminf M and BD(A) = limsup M
r—0 - IOg r r—0 - IOg T

Remark 7.4.7. Ball-counting dimension has properties which distinguish it
qualitatively from Hausdorff and packing dimensions. For instance BD(A) =
BD(A) and BD(A) = BD(A). So, in particular there exist countable sets of
positive ball-counting dimension, for example the set of rational numbers in the
interval [0, 1]. Even more, there exist compact countable sets with this property
like the set {1,1/2,1/3,...,0} € R. On the other hand in many cases (see

Theorem 7.6.7) all these dimensions coincide.
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Now we shall provide other characterizations of ball-counting dimension,
which in particular will be used to prove Lemma 7.4.9 and consequently The-
orem 7.4.10 which establishes most general relations between the dimensions
considered in this section.

Let A C X. For every r > 0 define P(A, ) to be the supremum of cardinal-
ities of all packings of the set A of the form {(x;,r)}. First we shall prove the
following.

Lemma 7.4.8. For every set A C R™ and every r > 0
N(A,2r) < P(A,r) < N(A,r).

Proof. Let us start with the proof of the first inequality. If P(A,r) = oo, there
is nothing to prove. Otherwise, let {(z;,7) : 4 =1,...,k} be a packing of A with
k = P(A,r). Then this packing is maximal in the sense of inclusion and therefore
the collection {(z;,2r) : i = 1,...,1l} covers A. Thus N(A4,2r) <1 = P(A,r).
The first part of Lemma 7.4.8 is proved.

If N(A,r) = oo, the second part is obvious. Otherwise consider a finite
packing {(z;,7) : ¢ =1,...,k} of A and a finite cover {(y;,r) : j=1,...,1} of
A centered at A. Then for every 1 < i < k there exists 1 < j = j(i) <[ such
that ; € B(y;(¢),r) and every ball B(y;,r) can contain at most one element of
the set {x; : i = 1,...,k}. So, the function i — j() is injective and therefore
k < 1. The proof is finished. &

As an immediate consequence of Lemma 7.4.8 we get the following.

BD(A) = liminf 5L o4 BD(4) = timsup 2B

7.4.3
r—0 —logr r—0 —logr ( )

Now we are in a position to prove the following.

Lemma 7.4.9. For every set A C X we have PD*(A) = BD(A).

Proof. Take t < BD(A). In view of (7.4.3) there exists a sequence {7, : n =
1,2,...} of positive reals converging to zero and such that P(A,r,) > r,* for
every n > 1. Then II;""(A) > r'P(A,r,) > 1 and consequently IT} (4) > 1.
Hence t < PD*(A) and therefore BD(A) < PD*(A).

In order to prove the converse inequality consider s < ¢t < PD*(A). Then
ITy (A) = oo and therefore for every n > 1 there exists a finite packing { (2,4, 74
i=1,...,k(n)} of A of radius not exceeding 2~ and such that

o> (7.4.4)
i=1

Now for every m > n let

bogm = #{i € {1, k(n)} - 270D <y <27
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Then by (7.4.4)

S lpm2 > 1 (7.4.5)

Suppose that 1,, ,, <2™5(1 — 2(s=1)) for every m > n. Then

o0

m=n m—0

what contradicts (7.4.5). Thus for every n > 1 there exists m = m(n) > n such
that
ln,m Z 2m9(1 _ 2(S—t))

Hence P(A,2-(m+1)) > 9ms(1 — 2(s=1) 0o

log P(A,2~(m+1) . smlog2+ log(1 — 257%)
(m+1)log2 — (m+1)log2

Thus, letting n — oo (then also m = m(n) — oo) we obtain BD(A) > s. &

Combining now Lemma 7.4.4 and Lemma 7.4.9 and checking easily that
HD(A) < BD(A) we obtain the following main general relation connecting all
the dimensions under consideration.

Theorem 7.4.10. For every set A C X

HD(4) < min{PD(A), BD(A)} < max{PD(4), BD(A)} < BD(4) = PD*(4).
We finish this section with the following definition.
Definition 7.4.11. Let u be a Borel measure on (X, p). We write

HD, (1) = inf{HD(Y) : u(Y') > 0} and HD*(p) = inf{HD(Y) : p(X\Y) = 0}.

In case HD, () = HD*(u), we call it Hausdorff dimension of the measure p and
write HD(p).

An analogous definition can be formulated for packing dimension, with nota-
tion PDy (i), PD* (1), PD(p) and the name packing dimension of the measure p.

7.5 Besicovitch covering theorem. Vitali theo-
rem and density points

In this section the main result is the Besicovitch covering theorem. Although
this theorem seems to be often omitted in the classical geometric measure theory,
we consider it as one of most powerful geometric tools when dealing with some
aspects of fractal sets. We refer the reader to Section 7.6 to verify our opinion.
We deduce also easily two other fundamental classical theorems: Vitali-type
covering theorem, and density points theorem.



240 CHAPTER 7. FRACTAL DIMENSIONS

Theorem 7.5.1 (Besicovitch covering theorem). Let n > 1 be an integer. Then
there exists a constant b(n) > 0 such that the following claim is true.

If A is a bounded subset of R™ then for any function r : A — (0,00) there
exists {xr + k = 1,2,...} a countable subset of A such that the collection
B(A,r) = {B(zk,r(xx)) : k > 1} covers A and can be decomposed into b(n)
packings of A.

In particular it follows from Theorem 7.5.1 that #{B € B : ©z € B} <
b(n). Exactly the same proof (word by word) goes through if open balls in
Theorem 7.5.1 are replaced by closed ones.

For any z € R, any 0 < r < oo and any 0 < a < 7 by Con(z, , ) we will
denote any solid central cone with vertex x, radius r and angle «, that is for an
arbitrary straight half-line [ starting at  Con(z, o, r) = Con(l, z, o, 7) := {y €
R":0<y—z| <rZly—u=zl) <a}u{z}

The proof of Theorem 7.5.1 is based on the following obvious geometric
observation.

Observation 7.5.2. Let n > 1 be an integer. Then there exists a(n) > 0 so
small that the following holds. If € R™, 0 < r < oo, if z € B(z,r) \ B(z,7/3)
and = € Con(z,a(n),o0) then the set Con(z,a(n),o0) \ B(x,r/3) consists of
two connected components, one of z and one of "00”, and that one containing
z is contained in B(x,r).

Proof of Theorem 7.5.1. In the sequel we consider balls in R™. We will construct
the sequence {zj : k =1,2,...} inductively. Let
ap = sup{r(z) : x € A}

If ap = oo then one can find = € A with r(x) so large that B(z,r(x)) D A and
the proof is finished.

If ap < oo choose x; € A so that r(z1) > ap/2. Fix k > 1 and assume that
the points x1, 2, ...,z have been already chosen. If A C B(xy,r(x1))U... U
B(xy,r(z1)) then the selection process is finished. Otherwise put

ar = sup{r(z) :x € A\ (B(z1,7(z1))U... U B(zp,7(zx)))}

and take
Tpp1 € A\ (B(z1,r(z1)) U ... UB(zp, r(a1))) (7.5.1)

such that
r(zgse1) > ag/2 (7.5.2)

In order to shorten notation from now on throughout this proof we will write r
for r(zy). By (7.5.1) we have x; ¢ B(xy,ry) for all pairs k,1 with k& < [. Hence

ox — 2l > r(zy) (7.5.3)
It follows from the construction of the sequence (xy) that

rE > ak,1/2 > Tl/2 (7.5.4)
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and therefore ri/3 + 1/3 < /3 4+ 2r/3 = 7. Joining this and (7.5.3) we
obtain

B(zg,rr/3) N Bz, 1/3) =0 (7.5.5)
for all pairs k,[ with k # [ since then either k < [ or [ < k.

Now we shall show that the balls { B(zk,7%) : & > 1} cover A. Indeed, if the
selection process stops after finitely many steps this claim is obvious. Otherwise
it follows from (7.5.5) that limy_.oo 7, = 0 and if © ¢ (J,—, B(xk, %) for some
x € A then by construction ry > ag—1/2 > r(z)/2 for every k > 1. The
contradiction obtained proves that Uy, B(zg, 1) D A.

The main step of the proof is given by the following.

Claim. For every z € R™ and any cone Con(z, a(n),c0) («(n) given by Obser-
vation 7.5.2

#{k>1:z¢€ B(xg,r) \ B(xg,rr/3) and x, € Con(z, a(n),c0)} < 12"

Denote by @ the set of integers whose cardinality is to be estimated. If Q = (),
there is nothing to prove. Otherwise let i = min@Q. If £k € @ and k # ¢ then
k > i and therefore x; ¢ B(x;,7;). In view of this, Observation 7.5.2 applied
with & = z;, r = r;, and the definition of @, we get ||z — || > 2r;/3, whence

e > ||z — x| > 2r:/3 (7.5.6)

On the other hand by (7.5.4) we have r, < 2r; and therefore B(xy,7/3) C
B(z,4r,/3) C B(z,8r;/3). Thus, using (7.5.5), (7.5.6) and the fact that the
n-dimensional volume of balls in R™ is proportional to the n'" power of radii we
obtain #Q < (8r;/3)"/(2r;/9)™ = 12™. The proof of the claim is finished.

Clearly there exists an integer ¢(n) > 1 such that for every z € R™ the space
R™ can be covered by at most ¢(n) cones of the form Con(z, a(n), o0). Therefore
it follows from the claim that for every z € R"

#{k>1:2¢€ B(ag,r) \ Blzg,ri/3)} < c(n)12"
Thus applying (7.5.5)
#{k>1:z¢€ B(xg, ) <14 c(n)l2" (7.5.7)

Since the ball B(0,3/2) is compact, it contains a finite subset P such that
U,ep B(x,1/2) 5 B(0,3/2). Now for every k > 1 consider the composition of
the map R™ 3 x — 7z € R™ and the translation determined by the vector from
0 to xi. Call by P the image of P under this affine map. Then #P, = #P,
Py C B(wxk,3r1/2) and

U B(x,7/2) > B(0,3r/2) (7.5.8)
e Py,

Consider now two integers 1 < k < [ such that

B(xk,rk)ﬁB(xl,m) 7&@ (7.5.9)
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Let y € R™ be the only point lying on the interval joining x; and xj at the
distance ry — r;/2 from zy. As x; ¢ B(xk,71), by (7.5.9) we have ||y — ;]| <
ri+71/2 = 3r;/2 and therefore by (7.5.8) there exists z € P, such that ||z —y|| <
r;/2. Consequently z € B(zy,71/2 4+ r — 11/2) = B(wk, 7). Thus applying
(7.5.7) with z being the elements of P;, we obtain the following

#{1<k<Il—1:B(zk,me) N Blxy,r) # 0} < #P(1+c(n)12")  (7.5.10)

for every [ > 1.

Putting b(n) = #P(1 + ¢(n)12"™) + 1 this property allows us to decompose
the set N of positive integers into b(n) subsets Ny, Ny, ..., Ny, in the following
inductive way. For every k = 1,2,...,b(n) set Ny(b(n)) = {k} and suppose that
for every k = 1,2,...,b(n) and some j > b(n) mutually disjoint families N(5)
have been already defined so that

Nl(]) U...u Nb(n)(]) = {1,2, ... ,j}

Then by (7.5.10) there exists at least one 1 < k < b(n) such that B(z;41,7j41)N
B(wi,7i) = 0 for every i € Ni(7). We set Np(j + 1) = Ni(j) U{j + 1} and
Ni(j+1) = Ny(y) for all I € {1,2,...,b(n)} \ {k}. Putting now for every
kE=1,2,...,b(n)

N, = Nk(b(n)) U Nk(b(n) + 1) U...

we see from the inductive construction that these sets are mutually disjoint,
that they cover N and that for every k = 1,2,...,b(n) the families of balls
{B(x1,7) : | € N} are also mutually disjoint. The proof of the Besicovitch
covering theorem is finished. &

We would like to emphasize here once more that the same statement remains
true if open balls are replaced by closed ones. It also remains true if instead of
balls one considers n-dimensional cubes. Then however the proof based on the
same idea, is technically considerably easier.

We can easily deduce from Besicovitch covering theorem some other funda-
mental facts.

Theorem 7.5.3 (Vitali-type covering theorem). Let u be a probability Borel
measure on R™, A C R™ be a Borel set and let B be a family of closed balls such
that each point of A is the centre of arbitrarily small balls of B, that is

inf{r : B(z,r) € B} =0 for all x € A.
Then there is finite of countable infinite collection B(A) of disjoint balls B; € B

such that
p(A\JBi) =0.

Proof. (see [Mattila 1995]) We assume A is bounded, leaving the unbounded
case to the reader. We may assume p(A) > 0. The measure u restricted to
a compact ball B(0, R) such that A C B(0,R/2) is Borel hence regular, see
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comments preceding Theorem 2.1.2. Hence there exists an open set U C R™
containing A and such that

u(U) < (1+ (4b(n)~")pu(A),

where b(n) is as in Besicovitch covering theorem 7.5.1. By that theorem applied
for closed balls we can decompose B in packings Bi, ..., By(,) of A contained in
U, i.e. each B; consists of disjoint balls and

b(n)

Ac U Usicu.
Then, pu(A) < ZZ ! ,u(U B;) and consequently there exists an i such that

)N(U Bi)~

Further, for some finite subfamily B, of B;,
w(A) < 2b(n U BI
Letting A1 = A\ (UB]) we get

p(Ar) < p(U\UBY) = n(U) - u(|JB)

< (1 3 00m) ™ = 5(b() ) A4) = up(4)

with u:=1— 1(b(n))"! < 1.

Next, consider A; in the role of A before. Since A1 € R™\ (| B;) which is
open, we find a packing, playing the role of B, contained in it, so disjoint with
Bi. We get the measure of a non-covered remnant bounded above by u?u(A).
We can continue, exhausting the whole A except at most a set of measure 0. &

Theorem 7.5.4 (On points of density). Let u be a probability Borel measure
on R™ and A C R™ be a Borel set. then the limit

o 1A Bla,1)
r—0 ILL(B(Z‘, ’I"))

exists and is equal to 1 for p-almost every x € R™.

Proof. Suppose the set of points in A where the limit above is not 1 (or does
not exist) has positive measure. Then there exists a < 1 and Borel A’ C A of
positive measure p such that for every x € A’ there is a sequence r; \, 0 such
that u(A'NB(z, 7))/ u(B(z,r;)) < a. Let B(A’) be the collection of balls whose
existence is asserted in Theorem 7.5.3, contained in an arbitrary open set U
containing A’. Then

wA)= > wANB)<a Y wu(B)<apl).
BeB(A’) BeB(A’)

This gives a contradiction for U sufficiently small. &



244 CHAPTER 7. FRACTAL DIMENSIONS

These theorems are introduction to the ”differentiation” theory, compare
Excercise 1.6.

7.6 Frostman-type lemmas

In this section we shall explain how some knowledge about a measure of small
balls versus diameter yields information about dimensions of support of the
measure.

Let a function ¢ : [0,00) — [0,00) satisfy the same conditions as in Sec-
tion 7.2 including (7.2.3) and moreover let ¢ be continuous. We start with the
following.

Theorem 7.6.1. Let n > 1 be an integer and let b(n) be the constant claimed
in Theorem 7.5.1 (Besicovitch covering theorem). Assume that p is a Borel
probability measure on R™ and A is a bounded Borel subset of R™. If there
exists C € (0,00], (1/00 =0), such that

(a) for all (but countably many maybe) v € A

. u(B(z,7))
tmsup =5y = ¢

then Ay(E) < @M(E) for every Borel set E C A. In particular Ay(A) < co.
or
(b) for all x € A
: u(B(z,r))
lim sup —————==
r—0 P ¢(T)

then u(E) < CAy(E) for every Borel set E C A.

<(C <

Proof. (a) In view of Proposition 7.2.1 we can assume that E does not intersect
the exceptional countable set. Fix ¢ > 0 and r > 0. Since p is a regular measure,
there exists an open set G D E such that u(G) < u(E) + . By openness of
G and by assumption (a), for every x € E there exists 0 < r(z) < r such that
B(z,r(z)) C Gand (1/C+e)u(B(x,r)) > ¢(r). Let {(zg, r(xr)) : k > 1} be the
cover of E obtained by applying Theorem 7.5.1 (Besicovitch covering theorem)
to the set E. Then

AG(E) <Y o)) < Y (C7" + e)u(Blaw, r(ar)))
k=1 k

Bk, r(xx))) < b(n)(C™" +€)(u(E) +¢)

Ce -

< b(n)(C + )l

b
Il

1

Letting » — 0 we thus obtain A4 (E) < b(n)(1/C + €)(u(E) + ¢) and therefore
letting ¢ — 0 the part (a) follows (note that the proof is correct with C' = oo!).

(b) Fix an arbitrary s > C. Since for every r > 0 the function z
w(B(x,7))/d(r) is measurable and since the supremum of a countable sequence
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of measurable functions is also a measurable function, we conclude that for every
k > 1 the function ¢y : A — R is measurable, where

(o) = sup { M)

and @ denotes the set of rational numbers. For every k > 1 let Aj, = ;' ((0, s]).
In view of measurability of the functions v, all the sets Ay are measurable. Take
an arbitrary r € (0,1/k]. Then there exists a sequence {r; : 7 = 1,2,...} of
rational numbers converging to r from above. Since the function ¢ is continuous
and the function t — p(B(x,t)) is non-decreasing, we have for every = € Ay

p(Br) o B
o(r) j—oo  @())

So, if F C Ay is a Borel set and if {(z;,7;) : 4 =1,2,...} is a collection centered

at the set F', covering F' and of radius not exceeding 0 < r < 1/k, then

:rEQﬁ(O,l/k]}

Z¢(n‘) >s7! ZN(B(%H)) > s u(F)

Hence, Ay (F) > s~ u(F) and letting r — 0 we get
Ay(E) > Ag(F) > s u(F)

By the assumption of (b), Uy Ax = A and therefore, putting By = A \ (A1 U
Ay U...UAg_1), k > 1, we see that the family {B; : k£ > 1} is a countable
partition of A into Borel sets. Therefore, if £ C A then

Ao(B) =S AG(ENAY) =57 S u(ENAL) = s~ u(E)
k=1 k=1

So, letting s ™\, C finishes the proof. &

In an analogous way, using Besicovitch covering theorem, the decomposition
into packings, one can prove the following.

Theorem 7.6.2. Let n > 1 be an integer and let b(n) be the constant claimed
in Theorem 7.5.1 (Besicovitch covering theorem). Assume that u is a Borel
probability measure on R™ and A is a bounded subset of R™. If there exists
C e (0,00], (1/0 =0), such that

(a) for allz € A

e Bz 7)
liminf ————= < C
r=0P(r) T
then p(E) < b(n)CIL,(E) for every Borel set E C A.
or
(b) for all x € A
timint A5 5 0o

r=0 (r)
then 114 (E) < C~ u(E) for every Borel set E C A. In particular 11,(A) < oo.
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Note that each Borel measure i defined on a Borel subset B of R™ can be
in a canonical way considered as a measure on R™ by putting u(A) = u(AN B)
for every Borel set A C R™.

As a simple consequence of Theorem 7.6.1 we shall prove

Theorem 7.6.3 (Frostman’s lemma). Suppose that p is a Borel probability
measure on R™, n > 1, and A is a bounded Borel subset of R™.
(a) If u(A) > 0 and there exists 61 such that for every x € A

L los (B, 1)

>0
r—0 logr !

then HD(A) > 6.
(b) If there exists 03 such that for every x € A

L los (B, 1)

<0
r—0 logr ’

then HD(A) < 0.

Proof. (a) Takeany 0 < § < 6;. Then, by the assumption, limsup,._, u(B(z,7))/r? <
1. Therefore applying Theorem 7.6.1(b) with ¢(t) = t?, we obtain Ag(A4) >
1(A) > 0. Hence HD(A) > 0 by definition (7.4.1) and consequently HD(A) > 6;.

(b) Take now an arbitrary 6 > 6. Then by the assumption lim sup,_ o u(B(z, 7)) /r?

1. Therefore applying Theorem 7.6.1(a) with ¢(t) = ¢/ we obtain Ay(A) < oo,
whence HD(A) < 0 and consequently HD(A) < 5. The proof is finished. &

Similarly one proves a consequence of Theorem 7.6.2.

Theorem 7.6.4. Suppose that p is a Borel probability measure on R™, n > 1,
and A is a bounded Borel subset of R™.
(a) If u(A) > 0 and there exists 61 such that for every x € A

1 B
msup OB (B 7))

> 0,
r—0 logr

then PD(A) > 0.
(b) If there exists 0 such that for every x € A

s BB T)

<6,
r—0 logr

then PD(A) < 0.

Let i be a Borel probability measure on a metric space X. For every = €
X we define the lower and upper pointwise dimension of u at x by putting
respectively

d, (z) = liminf log p(B(x, 1))

Eu

- 1 B
and d,(z) = limsup M.
r—0 log r r—0 log r

>
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Suppose now that X C R? with Euclidean metric. Then the following the-
orem on Hausdorff and packing dimensions of u, defined in Definition 6.4.10,
follows easily from Theorems 7.6.3 and 7.6.4.

Theorem 7.6.5.

HD,(u) = essinfd,, PD,(u) = ess infd, and

HD*(p) = esssupd,, (), PD*(u) = esssupd,, ().

Proof. Recall that the p-essential infimum essinf of a measurable function ¢
and the p-essential supremum esssup are defined by

essinf = su inf and esssu = inf su ).
(¢) ”(N)meX\Ncé() p(¢) I‘/(N):OmEXI\)Ngb()

So, to begin with, for 6y := essinf ¢ we have
plz:p(x) <61} =0 and (VO > 01)u{z: ¢(x) <0} >0.

Indeed, if p{z : ¢(x) < 61} > 0 then there exists § < 61 with p{x : ¢(z) < 0} >
0 hence for every N with u(N) = 0 we have infx\ ¢ < 0 hence ess inf ¢ < 0,
a contradiction. If there exists 6 > 6; with u{z : ¢(x) < 0} = 0 then for
N = {x: ¢(x) < 0} we have infx\y ¢ > 0 hence ess inf ¢ > 0, a contradiction.

This applied to ¢ = d,, yields for every A with p(A) > 0 the existence of
A" C A with p(A") = p(A) > 0 such that for every z € A" d, ( ) > 61 hence
HD(A) > HD(A’) > 61 by Theorem 7.6.3(a), hence HD, (1) > 6

On the other hand for every ¢ > 0; p{z : d,(v) < 0} > O and by Theo-
rem 7.6.3(b) HD({z : d,(v) < 0}) < 0, therefore HD, (1) < 6. Letting 6 — 0,
we get HD, (p) < 0. We conclude that HD, (p1) = 6.

Similarly one proceeds to prove HD*(y) = esssupd,(r) and to deal with
packing dimension, refering to Theorem 7.6.4. &

Then by definition of essinf there exists Y C X C R™ be a Borel set such
that u(Y') = 1 and for every z € Y d,(z) > 01. Hence for every A C X with
p(A) >0, we have u(ANY’) > 0 and for every z € ANY, d,(x) > 01. So using
Theorem 7.6.3(a) we get HD(A) > HD(ANY') > ;. Hence by the definition of
HD, we get HD, > 6. Other parts of Theorem 7.6.5 follow from the definitions
and Theorems 7.6.4 and 7.6.3(a) similarly. &

Definition 7.6.6. Let X be a Borel bounded subset of R®, n > 1. A Borel
probability measure on X is said to be a geometric measure with an exponent
t > 0 if and only if there exists a constant C' > 1 such that

o1 < BB

= Tt

<C

for every x € X and every 0 < r < 1.

We shall prove the following.
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Theorem 7.6.7. If X is a Borel bounded subset of R™, n > 1, and u is a
geometric measure on X with an exponent t, then BD(X) exists and

HD(X) = PD(X) = BD(X) = ¢

Moreover the three measures i1, Ay and Il on X are equivalent with bounded
Radon—Nikodym derivatives.

Proof. The last part of the theorem follows immediately from Theorem 7.6.1
and Theorem 7.6.2 applied for A = X. Consequently also t = HD(X) = PD(X)
and therefore, in view of Theorem 7.4.10, we only need to show that BD(X) < ¢.
And indeed, let {(z;,7):i=1,...,k} be a packing of X. Then

k
krt < C’Zu(B(xi,r)) <C
i=1

and therefore k < Cr~t. Thus P(X,r) < Cr~*, whence log P(X,r) < logC —
tlogr. Applying now formula (7.4.3) finishes the proof. )

In particular it follows from this theorem that every geometric measure ad-
mits exactly one exponent. Lots of examples of geometric measures will be
provided in the next chapters.

Bibliographical notes

The history of notions and development of the geometric measure theory is very
long, rich and complicated and its outline exceeds the scope of this book. We
refer the interested reader to the books [Falconer 1997] and [Mattila 1995] and
other books mentioned in the introduction to this chapter.



Chapter 8

Conformal expanding
repellers

Conformal expanding repellers (abbreviation: CER’s) were defined already in
Chapter 5 and some basic properties of expanding sets and repellers in dimension
1 were discussed in Section 5.2. A more advanced geometric theory in the real
1-dimensional case was done in Chapter 6.

Now we have a new tool: Frostman Lemma and related facts from Chapter
7. Equipped with the theory of Gibbs measures and with the pressure function
we are able to develop a geometric theory of CER’s with Hausdorff measures
and dimension playing the crucial role. We shall present this theory for C'*+¢
conformal expanding repellers in R%. The main case of our interest will be d = 2.
Remind (Section 5.2 that the assumed conformality, forces for d = 2 that f is
holomorphic or anti-holomorphic and for d > 3 that f is locally a Mobius map.
Conformality for d = 1 is meaningless, so we assume C''*¢ in order to be able
to rely on the Bounded Distortion for Iteration lemma.

We shall outline a theory of Gibbs measures from the point of view of mul-
tifractal spectra of dimensions (Section 8.2) and pointwise fluctuations due to
the Law of Tterated Logarithm (Section 8.3) .

For d = 2 we shall apply this theory to study the boundary Fr() of a sim-
ply connected domain 2, in particular a simply connected immediate basin of
attraction to a sink for a rational mapping of the Riemann sphere.

To simplify our considerations we shall restrict usually to the cases where
the mapping on the boundary is expanding, and sometimes we assume that the
boundary is a Jordan curve, for example for the mapping z +— 22 + ¢ for ||
small.

In Section 8.5 we study harmonic measure on Fr Q. We adapt the results of
Section 8.3 to study its pointwise fluctuations and we prove that except special
cases these fluctuations take place. We shall derive from this an information
about the fluctuations of the radial growth of the derivative of the Riemann
mapping R from the unit disc D to €. In Section 8.6 we discuss integral means

249
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Jop |R(r2)|" |dz] as 7/ 1. In Section 8.7 we provide other examples of Q, von
Koch snowflake and Carleson’s (generalized) snowflakes.

8.1 Pressure function and dimension

Let f: X — X be a topologically mixing conformal expanding repeller in R?.
As before we abbreviate notation of the pressure P(f,¢), to P(¢). We start
with the following technical lemma.

Lemma 8.1.1. Let m be a Gibbs state (not necessarily invariant) on X and
let ¢ : X — R be a Holder continuous function. Assume P(¢) = 0. Then there
is a constant & > 1 such that for all v small enough and all x € X there exists
n =mn(x,r) such that

log E + S, ¢(x) - logm(B(z,r)) . = log E + S, ¢(x)
—log E —log|(f™)'(x)| — log r = log E —log|(f™)' ()|

Proof. Take an arbitrary z € X. Fix r € (0,C~%¢) and let n = n(z,r) > 0 be
the largest integer so that

(8.1.1)

(" (@)|rC <€, (8.1.2)

where C' = Cyp is the multiplicative distortion constant (corresponding to the
Holder continuous function log|f’|), as in the Distortion Lemma for Iteration
(Lemma 5.2.2), see Definition 5.2.1. Then

(B (2),€) D Bz, &(f") ()| 7'C™) D B(a,r). (8.1.3)
Now take ng such that A~ > C?. We then obtain
|(frrmey|rC—t > €. (8.1.4)

Hence, again by the Distortion Lemma for Iteration
forTm B (2),€)) € Bla, €|(f7T0) (@) 71C) € B(z,r). (8.1.5)

By the Gibbs property of the measure m, see (4.1.1), for a constant £ > 1 (the
constant C' in (4.1.1)) we can write
Jom < _ech Sn¢(x) and _(ni};p)sn+no¢(x) <E.
m(fz " (B(f"(z),£))) m(fy TN (B(frtro(2),€)))
Using this, (8.1.3), (8.1.5), the inequality Sy4n,d(x) > Sn¢(x) + ng inf ¢, and

finally increasing E so that the new log F is larger than the old log E' — ng inf ¢,
we obtain

log E + S,¢(x) > logm(B(x,r)) > —log E + Spé(x). (8.1.6)

Using now (8.1.2) and (8.1.4), denoting L = sup|f’|, and applying logarithms,
we obtain
log E + S, 6(x) - logm(B(x,r) o= log E + S,¢(x)
log|(f")/(z)]7! —mnglog L +log¢ = logr = log|(f")(z)|71¢"
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Increasing further F so that log E > nglog L — log &, we can rewrite it in the
“symmetric” form of (8.1.1). &

When we studied the pressure function ¢ — P(¢) in Chapters 2 and 4 the
linear functional ¢ — [tdus appeared. This was the Gateaux differential of
P at ¢ (Theorem 2.6.5, Proposition 2.6.6 and (4.6.5)). Here the presence of an
ambient smooth structure (1-dimensional or conformal) distingushes v’s of the
form —tlog|f’|. We obtain a link between the ergodic theory and the geometry
of the embedding of X into R<.

Definition 8.1.2. Let p be an ergodic f-invariant probability measure on X.
Then by Birkhoff’s Ergodic Theorem, for p-almost every x € X, the limit
limy, o0 < log |(f™)'(x)] exists and is equal to [ log|f’|du. We call this number
the Lyapunov characteristic exponent of the map f with respect to the measure
p and we denote it by x,(f). In our case of expanding maps considered in this
Chapter we obviously have x,(f) > 0.

This definition does not demand the expanding property. It makes sense for
an arbitrary invariant subset X of R? or the Riemann sphere C, for f conformal
(or differentiable in the real case) defined on a neighbourhood of X. There
is no problem with the integrability because log|f’| is upper bounded on X.
We do not exclude the possibility that x, = —oco. The notion of a Lyapunov
characteristic exponent will play a crucial role also in subsequent chapters where
non-expanding invariant sets will be studied.

Theorem 8.1.3 (Volume Lemma, expanding map and Gibbs measure case).
Let m be a Gibbs state for a topologically mizing conformal expanding repeller
X € R? and a Hélder continuous potential ¢ : X — R . Then for m-almost
every point x € X there exists the limit

1o logm(B(, )
r—0 logr

Moreover, this limit is almost everywhere constant and is equal to b, (f)/xu(f),
where p denotes the only f-invariant probability measure equivalent to m.

Proof. We can assume that P(¢) = 0. We can achieve it by subtracting P(¢)
from ¢; the Gibbs measure class will stay the same (see Proposition 4.1.4). In
view of the Birkhoff Ergodic Theorem, for p-a.e x € X we have

n—oo n

1 .1 "

lim —S,¢(z) z/qbdu and T}er;oﬁlog|(f ) (@) = xu(f)
Combining these equalities with (8.2.1), along with the observation that n =
n(z,r) — oo as r — 0, and using also the equality h,(f) + [ ¢du = P(¢) =0,

we conclude that
L logu(B(a,r) _ hu(f)
im = .
r—0 log” Xu(f)
The proof is finished. &
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As an immediate consequence of this lemma and Theorem 7.6.5 we get the
following.

Theorem 8.1.4. If i is an ergodic Gibbs state for a conformal expanding re-
peller X € R and a Hélder continuous potential ¢ on X, then there exist
Hausdorff and packing dimensions of i and

HD(p) = PD(p) = by, (f) /X (f)- (8.1.7)

Using the above technique we can find a formula for the Hausdorff dimension
and other dimensions of the whole set X. This is the solution of the non-linear
problem, corresponding to the formula for Hausdorff dimension of the linear
Cantor sets, discussed in the introduction.

Definition 8.1.5 (Geometric pressure). Let f : X — X be a topologically
mixing conformal expanding repeller in R%. We call the pressure function

P(t) == P(—tlog|f'])
a geometric pressure function.

As f is Lipschitz continuous (or as f is forward expanding), the function
P(t) is finite (see comments at the beginning of Section 2.6). As |f'| > A > 1, it
follows directly from the definition that P(¢) is strictly decreasing from +oo to
—o00. In particular there exists exactly one parameter ¢y such that P(tp) = 0.

N

Figure 8.1: Geometric pressure function

We prove first the following.

Theorem 8.1.6 (Existence of geometric measures). Let to be defined by P(tg) =
0. Write ¢ for —tolog|f’| restricted to X. Then each Gibbs state m correspond-
ing to the function ¢ is a geometric measure with the exponent ty. In particular

logm(B@.r)) — ¢ for every z € X.

hmr"O logr
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Proof. We put in (8.1.1) ¢ = —tolog|f’|]. Then using (8.1.2) (8.1.4) and
sup|f’| < L to replace |(f™)(x)|~! by r we obtain

log E + tglogr - logm(B(x,r)) - —log E + tglogr
—logE +logr — log r ~  logE +logr

with a corrected constant £. Hence

log E + tglogr - logm(B(z,r)) - —log E + tglogr
logr - logr - logr

(8.1.8)

for further corrected E. In consequence

75Oglog(m(B(x,r))/E) and log(Em(B(z,r)))
logr logr

S th

hence
m(B(z,r))/E <7 and Em(B(z,r)) > r'.

(In the denominators we passed in Proof of Lemma 8.1.1 from r to |(f™)(z)|~*
and here we passed back, so at this point the proof could be shortened. Namely
we could deduce (8.1.8) directly from (8.1.6). However we needed to pass from
[(f™)'(x)]~! to r also in numerators and this point could not be simplified). &

As an immediate consequence of this theorem and Theorem 7.6.7 we get the
following.

Corollary 8.1.7. The Hausdorff dimension of X is equal to tg. Moreover it is
equal to the packing and Minkowski dimensions. All Gibbs states corresponding
to the potential p = —tolog|f’'|, as well as to-dimensional Hausdorff and packing
measures are mutually equivalent with bounded Radon—Nikodym derivatives.

Remarks and Summary

The straight line tangent to the graph of P(¢) at each t € R is the graph of
the affine function

Lf(s) = h/Lt (f) + SX e (f)a

where p; is the invariant Gibbs measure for the potential —tlog|f’|. Indeed,
by the Variational Principle (Theorem 2.4.1) L;(t) = P(t) and L:(s) < P(t) for
all s € R, compare Section 2.6. The points where the graph of L; intersects
the domain and range axes are respectively HD(u;), by req(7.1.6a) and Theo-
rem 4.6.5, and hy,, (f). The derivative is equal to —x,, (f). Corollary 8.1.7 says
in particular that HD(us,) = HD(X).

For example at Figure 8.1 tangent through the point of intersection of the
graph of P(t) with the range axis intersects the domain axis at the Hausdorff
dimension of the measure with maximal entropy.

Similarly as in Theorem 8.1.6 one can prove that for every x € X and ¢t € R
we have for all r small

e (B(a,m) ~ rte P,
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where ~ means the mutual ratios are bounded. Compare (4.1.1). This justifies
the name: geometric pressure. This topic will be further developped in the next
section on the multifractal spectra. In Section 11.5 we shall introduce geometric
pressure in the case Julia set contains critical points.

More on Volume Lemma.

We end this section with a version of the Volume Lemma for a Borel prob-
ability invariant measure on the expanding repeller (X, f). In Chapter 10 we
shall prove this without the expanding assumption assuming only positivity of
Lyapunov exponent (though assuming also ergodicity) and the proof will be
difficult. So we prove first a simpler version, which will be needed already in
the next section. We start with a simple fact following from Lebesgue differ-
entiation theorem, see e.g.[Lojasiewicz 1988, Th.7.1.4], [Mattila 1995], compare
also Exercise 1.6(b). We provide a proof since it is very much in the spirit of
Chapter 7.

Lemma 8.1.8. Every non-decreasing function k : I — R defined on a bounded
closed interval I C R is Lipschitz continuous at Lebesgue almost every point in
1. In other words, for every e > 0 there exist L > 0 and a set A C I such that
[T\ Al < e, where | -| is the Lebesque measure in R, and at each r € A the
function k is Lipschitz continuous with the Lipschitz constant L.

Proof. Suppose on the contrary, that

k(@) ~ k()]

B={xecl:sup{yel:x#y, T

} = oo}

has positive Lebesgue measure. Write I = [a,b]. We can assume, by taking a
subset, that B is compact and contains neither a nor b. For every z € B choose
a2’ € 1,2’ # x such that

k(x) — k()| _ . k() — k(a)
w—o] o 1B

(8.1.9)

Replace each pair z, 2’ by y,y’ with (y,3) D [z,2'], and y,3’ so close to x,a’
that (8.1.9) still holds for y, y" instead of z,2’. In case when x or 2’ equals a or
b we do not make the replacement.) We shall use for y,y" the old notation x, 2’
assuming r < x’.

Now from the family of intervals (z, 2’) choose a finite family Z covering our
compact set B. From this family it is possible to choose a subfamily of intervals
whose union still covers B and which consists of two subfamilies 7' and Z? of
pairwise disjoint intervals. Indeed. Start with Iy = (z1,}) € Z with minimal
possible = z; and maximal in Z in the sense of inclusion. Having found
L = (x1,2%),..., I, = (xn,x)) we choose I, as follows. Consider Z,; :=
{(z,2) € T:2 € Uy, L@ > sup;y, 27} If Zoy1 is non-empty, we
set (Tp41,2,,,1) so that x| = max{a’ : (z,2') € Z,y1}. If Ty = 0, we
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set (Tn41,27,41) S0 that 2,41 is minimal possible to the right of max{z} : i =
1,...,n} or equal to it, and maximal in 7.

In this construction the intervals (z,,, z!,) with even n are pairwise disjoint,
since each (2,42, ,) has not been a member of Z,,;1. The same is true for
odd n’s. We define Z¢ for i = 1,2 as the family of (z,, 2},) for even, respectively
odd, n.

In view of the pairwise disjointness of the intervals of the families 7' and
7?2, monotonicity of k and (8.1.9), we get that

k(b) — k(a) > Z k(z)) — k(z,) > 2M Z (z), — xn)

nell Bl &

and the similar inequality for n € Z2. Hence, taking into account that 7' UZ?
covers B, we get

2(k0) k) > 22D ED ST (ot ) 2 2R ) = a(k0) k)
neZlUI?

which is a contradiction. &

Corollary 8.1.9. For every Borel probability measure v on a compact metric
space (X, p) and for every r > 0 there exists a finite partition P = {P,t =
1,...,M} of X into Borel sets of positive measure v and with diam(P;) < r for
all t, and there exists C' > 0 such that for every a > 0

v(0p,q) < Ca, (8.1.10)

where Op o = (), (US# B(Ps, a)).

Proof. Let {x1,...,zx} be a finite r/4-net in X. Fix ¢ € (0,7/4N). For each
function t — k;(t) := v(B(x;,t)), t € I = [r/4,7/2], apply Lemma 8.1.8 and find
appropriate L; and A;, for alli =1,...,N. Let L = max{L;,i=1,..., N} and
let A = ﬂi:l,...,N A;. The set A has positive Lebesgue measure by the choice
of e. So, we can choose its point 7o different from r/4 and r/2. Therefore,
for all @ < ag := min{rg — r/4,7/2 — o} and for all ¢ € {1,2,...,n}, we have
v(B(x;,r0 +a) \ B(x;,r0 —a)) < 2La. Hence, putting

Ala) = U(B(xi,ro +a) \ B(zi,ro — a)),

i

we get v(A(a)) < 2LNa. Define P = {ﬂf\il B*)(x;,719)} as a family over
all functions x : {1,...,N} — {+,—}, where BT (x;,r9) := B(z;,r0) and
B~ (x;,10) := X \ B(zi,ro), except k yielding sets of measure 0, in particu-
lar except empty intersections. After removing from X of a set of measure
0, the partition P covers X. Since ro > r/4, the balls B(x;,19) cover X.
Hence, for each non-empty P, € P at least one value of k is equal to +. Hence
diam(P;) < 2rg <.
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Note now that dp, C A(a). Indeed, let z € 9p,. Since P covers X
there exists to such that @ € P, so « ¢ P, for all t # to. However, since x €
Uiz, B(P%,a), there exists t1 # to such that dist(x, P4,) < a. Let B = B(x;,79)
be such that P, C BT and P;, C B, or vice versa. In the case when z € P, C
BT, by the triangle inequality p(z,2;) > ro — a and since p(z,z;) < 79, We get
x € A(a). Inthe case x € P, C B~ we have x € B(x;, ro+a)\B(x;,r0) C Aa).

We conclude that v(0p ) < v(A(a)) < 2LNa for all a < ag. For a > ag it
suffices to take C' > 1/ag. So the corollary is proved, with C' = max{2LN,1/ao}.

&

Remark. If X is embedded for example in a compact manifold Y, then we
can view v as a measure on Y, we find a partition P of ¥ and then Op, =
B(Utzle OP,,a), provided M > 2. This justifies the notation 9p 4.

Corollary 8.1.10. Let v be a Borel probability measure on a compact metric
space (X, p) and let f : X — X be an endomorphism measurable with respect to
the Borel o-algebra on X and preserving measure v. Then for every r > 0 there
exists a finite partition P = {P,,t = 1,...,M} of X into Borel sets of positive
measure v and with diam(P;) < r such that for every 6 > 0 and v-a.e. x € X
there exists ng = no(x) such that for every n > ng

B(f™(x),exp(—nd)) C P(f"(x)) (8.1.11)

Proof. Let P be the partition from Corollary 8.1.9. Fix an arbitrary § > 0.
Then by Corollary 8.1.9

> V(P exp(-ns)) < D Cexp(—nd) < 0.
n=0 n=0

Hence by the f-invariance of v, we obtain
o0

Z V(f_n(ap,exp(fné))) < 0.

n=0

Applying now the Borel-Cantelli lemma for the family {f~"(0p exp(—ns)) re1
we conclude that for v-a.e x € X there exists ng = ng(z) such that for every
n > ng we have x ¢ f_n(ap,exp(fné))v S0 fn(x) ¢ 873,6)(13(7716)- Hence, by
the definition of Op exp(—ns), if f"(x) € P; for some P, € P, then f"(zx) ¢
US#B(PS,exp(—n(S)). Thus

B(f"(x),exp —nd) C P.
We are done. &

Theorem 8.1.11 (Volume Lemma, expanding map and an arbitrary measure
case). Let v be an f-invariant Borel probability measure on a topologically exact
conformal expanding repeller (X, f), where X C R?. Then

D, (1) < 2 ). (8.1.12)

~ xw(f)
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If in addition v is ergodic, then for v-a.e. x € X

o log (B ) _ hu(f)
P ogr )

= HD(v). (8.1.13)

Proof. Fix the partition P coming from Corollary 8.1.9 with » = min{¢, n},
where 1 > was defined in (3.0.1). Then, as we saw in Chapter 4

P () C £ (B(f"(2),€))- (8.1.14)

for every x € X and all n >. We shall work now to get a sort of opposite inclu-
sion. Consider an arbitrary ¢ > 0 and x so that (8.1.11) from Corollary 8.1.10 is
satisfied for all n > no(z). For every 0 < i <n define k(i) = [i log)\ + lloogf\] +1,
A > 1 being the expanding constant for f : X — X (see (3.0.1)). Hence
exp(—id) > ¢A7F and therefore f;,’(CT)(B(f”k(x),{)) C B(fi(x),exp —id). So,

using (8.1.11) for 7 in place of n, we get
£ B (@), €)) € £ (P(fi ()

for all i > ng(x). From this estimate for all ny < i < n, we conclude that

[y ORI B (@), €) € Pt ().

Notice that for v-a.e. x there is a > 0 such that B(z,a) C P"°(x), by the
definition of dp . . Therefore for all n large enough

It follows from (8.1.15) and (8.1.14) with n + k(n) in place of n, that

—logv(fs "R (B(frrRm (2, €)))

1
lim ——logr(P"(x)) < liminf
n

n—0o0 n—oo n
_ —(n+k(n)) n+k(n)
< lim sup log v (f (B(f (z),£)))
n—oo n

1
< lim —=logv(P™(z)) (P ().
n— oo n
The limits on the most left and most right-hand sides of these inequalities exist
for v-a.e. = by the Shennon-McMillan-Breiman Theorem (Theorem 1.5.4), see
also (1.5.2), and their ratio is equal to lim,_, TR = 1—|—$. Letting 6 — 0
we obtain the existence of the limit and the equality

hl,(f,P,x) = T}LH;O_%IOgV('Pn(x)) = lim —loglj(f;n(B(fn(x)yf)))

n— oo n

(8.1.16)
In view of Birkhoff’s Ergodic Theorem, the limit

X (o) 1= lim ~log (/Y (2)] (8.1.17)
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exists for v-a.e. © € X. Dividing side by side (8.1.16) by (8.1.17) and using
(8.1.2)-(8.1.5), we get

1o Jogv(B(e,r) _ hu(f,P.2)
P ogr )

Since by the Shennon-McMillan-Breiman Theorem (formula (1.5.3)) and Birkhoff’s
Ergodic Theorem,

S (f, P x)dv(x)  hy(f,P) _ hy(f)

fXV(fax)dV B xv (f) _Xu(f).

The latter equality holds since f is expansive and diam(P) is less than the
expansivness constant of f, which exceeds 7.

by (f,P.2) ~ hu(f)
xv(fx) = xu(f)
positive measure set where the opposite inequality holds. Therefore
Jim 208V(B(.7) _ ho(f)
r—0 log r X (f)

and a

There thus exists a positive measure set where

and the opposite inequality also holds on a positive measure set. In view of
definitions of HD, and HD* (Definition 7.4.11) and by Theorem 7.6.5, this
finishes the proof of the inequalities (8.1.12) in our Theorem. In the ergodic
case h,(f,P,z) = h,(f) and x,(f,z) = x,(f) for v-a.e. z € X. So (8.1.13)
holds. &

8.2 Multifractal analysis of Gibbs state

In the previous section we linked to a (Gibbs) measure only one dimension
number, HD(m). Here one of our aims is to introduce 1l-parameter families
of dimensions, so-called spectra of dimensions. In these definitions we do not
need the mapping f. Let v be a Borel probability measure on a metric space
X. Recall from Section 7.6 that given © € X we defined the lower and upper
pointwise dimension of v at x by putting respectively

logv(B - log v(B
(z) = lim inf logv(B(x,r)) and d, (x) = limsup M.
=0 logr r—0 logr

d

-V

If d (z) = d,(z), we call the common value the pointwise dimension of v at
and we denote it by d,(z). The function d, is called the pointwise dimension
of the measure v, cf. Chapter 7. For any a < 0 < co write

X(a)={ze X :d,(z) =a}.

The domain of d, namely the set |J,, X, () is called a regular part of X and its
complement X a singular part. The decomposition of the set X as

X= |J X(@uXx.

0<a<oo
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is called the multifractal decomposition with respect to the pointwise dimension.
Define the F, (a)-spectrum for pointwise dimensions (another name: dimen-
sion spectrum for pointwise dimensions, a function related to Hausdorff dimen-
sion by
F,(a) = HD(X, (),

where we define the domain of F, as {a: X, (a) # 0}.

Note that by Theorem 8.1.6 if (X, f) is a topologically exact expanding
conformal repeller and v = p_ gp(x)iog || then all X, (a) are empty except
X, (HD(X)). In particular the domain of F, is in this case just one point
HD(X).

Let for every real g # 1

N
1 lim log > :_, v(Bs)?

Rq(V) = q— 1r—0 10g’l"

where N = N (r) is the total number of boxes B; of the form B; = {(x1,...,24) €
R :rk; < aj < r(kj+1), j =1,...,d} for integers k; = k;(i) such that
v(B;) > 0. This function is called Rényi spectrum for dimensions, provided the
limit exists. It is easy to check (Exercise 8.1) that it is equal to the Hentschel-
Procaccia spectrum (abbr. HP — spectrum).

1 loginfg, . u(B(z:, 7))
HPy(v) :== — lim g ZB(-‘H )EGr (B( ) ’
q 1r—0 IOgT

where infimum is taken over all G, being finite or countable coverings of the
(topological) support of v by balls of radius r centered at z; € X, or

1 B a-1q
HP () = L iy 0B Bl dv()
q—1r—0 log r

provided the limits exist. For ¢ = 1 we define the information dimension I(v)
as follows. Set
H =inf(—
J(r) =inf(= 3 v(B)logr(B)).
BeF,
where infimum is taken over all partitions F, of a set of full measure v into

Borel sets B of diameter at most ». We define

. Hy(r)
Iv) = }13% —logr

provided the limit exists. A complement to Theorem 7.6.5 is that
HD, (v) < I(v) < PD*(v). (8.2.1)

For the proof see Exercise 8.5. Note that for Rényi and HP dimensions it
does not make any difference whether we consider coverings of the topological
support (the smallest closed set of full measure) of a measure or any set of full
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measure, since all balls have the same radius r, so we can always choose locally
finite (number independent of r) subcovering. These are “box type” dimension
quantities.

A priori there is no reason for the function F,(«) to behave nicely. If v is an
f-invariant ergodic measure for (X, f), a topologically exact conformal expand-
ing repeller, then at least we know that for ay = HD(v), we have d,(z) = «ap
for v-a.e. x (by the Volume Lemma: Theorem 8.1.3 and Theorem 8.1.4 for a
Gibbs measure v of a Holder continuous function and by Theorem 8.1.11 in the
general case). So, in particular we know at least that the domain of F,(v) is
nonempty. However for o # o we have then v(X,(«)) = 0 so X, («) are not
visible for the measure v. Whereas the function HFP,(v) can be determined by
statistical properties of v-typical (a.e.) trajectory, the function F,(«) seems
intractable. However if v = p4 is an invariant Gibbs measure for a Hoélder
continuous function (potential) ¢, then miraculously the above spectra of di-
mensions happen to be real-analytic functions and —F),, (—p) and H P, (ug) are
mutual Legendre transforms. Compare this with the pair of Legendre—Fenchel
transforms: pressure and -entropy, Remark 2.6.3. Thus fix an invariant Gibbs
measure [y corresponding to a Holder continuous potential ¢. We can assume
without loosing generality that

P(¢) =0.

Indeed, starting from an arbitrary ¢, we can achieve this without changing s
by subtracting from ¢ its topological pressure (as at the beginning of the proof
of Theorem 8.1.3). Having fixed ¢, in order to simplify notation, we denote
X, (@) by X, and Fy,, by F. We define a two-parameter family of auxiliary
functions ¢4,; : X — R for ¢,t € R, by setting

Ggt = —tlog|f'| + qo.

Lemma 8.2.1. For every ¢ € R there exists a unique t = T(q) such that
P(¢q.:) = 0.

Proof. This lemma follows from the fact the function t — P(¢, ) is decreasing
from oo to —oo for every ¢ (see comments preceding Theorem 8.1.6 and at the
beginning of Section 2.6) and the Darboux theorem. &

We deal with invariant Gibbs measures pg, .., Which we denote for abbre-
viation by p, and with the measure 114 so we need to know a relation between
them. This is explained in the following.

Lemma 8.2.2. For every q € R there exists C > 0 such that for all x € X and
r>0

1 pq(B(z,1))
cl < Ty (Bla 1) <C. (8.2.2)
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Proof. Let n = n(x,r) be defined as in Lemma 8.1.1. Then, by (8.1.6), (8.1.2)
and (8.1.4), the ratios

po(B(z,7)) pq(B(z, 1)) r
exp Spe(z) " |(f") (2)| 7T D expgSne(x)”  [(f") ()]

are bounded from below and above by positive constants independent of z,r.
This yields the estimates (8.2.2) &

Let us prove the following.

Lemma 8.2.3. For any f-invariant ergodic probability measure T on X and
for T-a.e. x € X we have

_ [ pdr
— [log|f'|dr

Proof. Using formula (8.1.1) in Lemma 8.1.1 and Birkhoff ’s Ergodic Theorem,
we get

dlhf) (IE)

e (1) = O Rog | (Y @ T — Tmy—oo Llog | (7)Y @)1 = J log /7

&

One can conclude from this, that the singular part X of X has zero measure
for every f-invariant 7. Yet the set X is usually big, see Exercise 8.4.

On the Legendre transform. Let k = k(q) : I — R U {—00,00} be a
continuous convex function on I = [y (k), az(k)] where —oco < ay (k) < ag(k) <
00, excluded the case I is only —oo or only co. l.e. [ is either a point in R
or a closed interval or a closed semi-line jointly with —oco or with oo, or else
RU{—00,00}). We assume also that k on (a1, az) is finite.

The Legendre transform of k is the function g of a new variable p defined by

9(p) = Stell?{pq —k(q)}-

Its domain is defined as the closure in R U {—o00, 00} of the set of points p in R,
where g(p) is finite, and g is extended to the boundary by the continuity.

It can be easily proved (Exercise 8.2) that the domain of g is also either
a point, or a closed interval or a semi-line or R (with +oc0). More precisely
the domain is [a1(g), a2(g)], where ay(g) = —oo if ay(k) is finite, or a;(g) =
lim,_, _oo k' () if 1 (k) = —o0. The derivative means here a one side derivative,
it does not matter left or right.

Similarly one describes as(g) replacing —oo by oo.

It is also easy to show that ¢ is a continuous convex function (on its domain)
and that the Legendre transform is involutive. We then say that the functions
k and g form a Legendre transform pair.
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Proposition 8.2.4. If two convez functions k and g form a Legendre transform
pair then g(k'(q)) = ¢k'(q) — k(q), where k' (q) is any number between the left
and right hand side derivative of k at q, defined as —o0,00 at ¢ = a1 (k), as(k)
respectively, if a1(k),az(k) are finite. The formula holds also at «;(g) if the
arising 0 - co and co — oo are defined appropriately.

Note that if k£ is C? with k” > 0, therefore strictly convex, then also g” > 0
at all points k/'(¢q) for a1(k) < ¢ < as(k), therefore g is strictly convex on
[¥' (a1 (k)), k' (c2(k))]. Outside this interval ¢ is affine in its domain. If the
domain of k is one point then g is affine on R and wice versa.

We are now in position to formulate our main theorem in this section gath-
ering in particular some facts already proven.

Theorem 8.2.5. (a) The pointwise dimension d,,(x) exists for pg-almost
every x € X and

d
oy (2) = % — HD(s5) = PD(uy).
(b) The function q — T(q) for g € R, is real analytic, T(0) = HD(X), T(1) =
0,
/ o f¢dﬂq
T9= Tlog [Py <"

and T"(q) > 0.

(c) For all ¢ € R we have pg(X_71(q)) = 1, where pg is the invariant Gibbs
measure for the potential ¢q gy, and HD(u,) = HD(X _7/(q)).

(d) For every ¢ € R, F(=T'(q)) = T(q) — q1"(q), i.e. p — —F(—p) is
Legendre transform of T'(q). In particular F is continuous at —T"(£00)
the boundary points of its domain, as the Legendre transform is, and for
a ¢ [-T'(c0), =T"(—00)] the sets X, (a) are empty, so these a’s do not
lie in the domain of F (see the definition), as they do not belong to the
domain of the Legendre transform.

(This emptyness property is called completeness of the F-spectrum.)

If the measures iy and p_up(x)iog|f| (the latter discussed in Theorem
8.1.6 and Corollary 8.1.7) do not coincide, then T" > 0 and F" < 0,
i.e. the functions T and F are respectively strictly conver on R, and
strictly concave on [—T'(00), —T'(—00)] which is a bounded interval in
Rt ={aeR:a>0}. If uy = H—HD(X)log |f'| then T is affine and the
domain of F is one point —T".

(e) For every q # 1 the HP and Rényi spectra exist (i.e. limits in the defi-
nitions exist) and {(qu) = HP,(pg) = Ry(p1g). For q =1 the information
dimension I(ug) exists and

T(a)

oLl l—q —T'(1) = HD () = PD(pg) = I(psss)-
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For outlines of the graphs of T and F' see Figures 8.2 and 8.3 below. See
also Exercise 8.3. Compare [Pesin 1997, Figures 219a,b].

HD(X)S

~17(1) = HD(u,)1

Figure 8.2: Graph of T'

151010.¢ [ IR :

HD(M({J)_ """""" !

i T } } «
—T'(c0) —=T'(1) —-T'(0) —T'(—o0)

Figure 8.3: Graph of F

Proof. 1. Since P(¢) = 0, the part (a) is an immediate consequence of The-
orem &8.1.3 and its second and third equalities follow from Theorem 8.1.4. The
first equality is also a special case of Lemma 8.2.3 with 7 = pg.

2. We shall prove some statements of the part (b). The function ¢4 =
—tlog|f'| +q¢, from C? to C?(X), where 0 is a Hélder exponent of the function
¢, is affine. Since by [Ruelle 1978, Corollary 7.10], or our Section 5.4, the
topological pressure function P : C? — R is real analytic, then the composition
which we denote P(g,t) is real analytic. Hence the real analyticity of T'(q)
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follows immediately from the Implicit Function Theorem once we verify the

non-degeneracy assumption. In fact C?-smoothness of P(q,t) is sufficient to

proceed further (here only C'), which has been proved in Theorem 4.7.4.
Indeed, due to Theorem 4.6.5 for every (qo,to) € R?

0P(q,t
PO, g = = [ 1081 Vg < 0, 5.23)
X

where fiq,.+, is the invariant Gibbs state for the function ¢g, +,. Differentiating
with respect to ¢ the equality P(g,t) = 0 we obtain

OP(q,t)

dP(q,t))
0= lurw) T@+ =3 ~lara 524
hence we obtain the standard formula
_9P(g,1)) 9P (g, 1)

T'(q) = 94 l(a,7(a)) TR%T(q))v

Again using (4.6.5) and P(¢g,7(q)) = 0, we obtain

__Jodpe () _
Jlog|f'lduq — [log|f'|duq

the latter true since the entropy of any invariant Gibbs measure for Holder
function is positive, see for example Theorem 4.2.12.

The equality T'(0) = HD(X) is just Corollary 8.1.7. T'(1) = 0 follows from
the equality P(¢) = 0.

3. The inequality T"(¢q) > 0 follows from the convexity of P(g,t), see Theo-
rem 2.6.2. Indeed the assumption that the part of R? above the graph of P(q,t)
is convex implies that its intersection with the plane (g, t) is also convex. Since
%kqo,to) < 0, this is the part of the plane above the graph of T'. Hence T
is a convex function.

We avoided in the above consideration an explicit computation of T"”. How-
ever to discuss strict convexity (a part of (d)) it is necessary to compute it.

Differentiating (8.2.4) with respect to ¢ we obtain the standard formula

T'(q)

(8.2.5)

T/(q)2 o2 8?)‘(2(],15) + 2T/(q) 9?2 P(q,t) + o2 P(q,t)

— dqot dq2
() = —ren (8.2.6)
ot

with the derivatives of P taken at (¢,7(q)). The numerator is equal to

(T@35 + 5) Pla.0) =0, (-T"@oglf] + )

by Theorem 4.7.4, since this is the second order derivative of P : C(X) — R in
the direction of the function —7"(q)log|f’| + ¢.

The inequality o2 > 0, true by definition, implies 7" > 0 since the denomi-
nator in (8.2.6) is positive by (8.2.3).
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By Theorem 1.11.3 Uzq (=T"(q)log|f'| + ¢) = 0 if and only if the function
—T'(q)log|f'| + ¢ is cohomologous to a constant, say to a. It follows then from
the equality in (8.2.5) that a = [adu, = [(=T"(¢q)log|f'| + ¢)dpq = 0. There-
fore T"(g) log | f’| is cohomologous to ¢ and, as P(¢) = 0, also P(T7(¢) log|f’|) =
0. Thus, by Theorem 8.1.6 and Corollary 8.1.7, 77(¢q) = — HD(X) and conse-
quently ¢ is cohomologous to the function — HD(X)log |f’|. This implies that
¢ = [— HD(X)log|'|» the latter being the equilibrium (invariant Gibbs) state
of the potential — HD(X)log |f’|. Therefore, in view of our formula for 7", if
¢ 7 H— HD(X)log |f|> then T"(q) > 0 for all ¢ € R.

4. We prove (¢). By Lemma 8.2.3 applied to 7 = pg4, there exists a set
X, C X, of full measure 1, such that for every = € X, there exists

o dogpg(Bla,r) o [edug
d”d’(x)_fhgtl) logr -~ — [log|f'|dug ).

the latter proved in (b). Hence X, C X_11(q)- Therefore puqg(X_pr(g)) = 1.
By Lemma 8.2.2 for every B = B(x, )

|log p1q(B) — T(q) logr — qlog puy(B)| < C
for some constant C' € R. Hence

0 8.2.7
logr logr - ( )

as r — 0.
Using (8.2.7), observe that for every x € X_p/(,), in particular for every
ze X,

log y14(B) . logpug(B) /
—re ) lim ——2"2 — T(q) — ¢T"(q).
20 logr () +4q by log r (@) = aT"(@)

Although X'q can be much smaller than X_7(,, miraculously their Hausdorff
dimensions coincide. Indeed the measure i, restricted to either X, or to X —T(q)
satisfies the assumptions of Theorem 7.6.3 with 61 = 62 = T'(q) —¢T"(q). There-

fore
HD(X,) = HD(X_7v(,) = T(g) — ¢T'(q) (8.2.8)

and consequently
F(=T"(q)) =T(q) — ¢T"(q).

Remarks. a) If we consider sets larger than X, («) replacing in the definition
the pointwise dimension d,, by the lower pointwise dimension d,, we obtain the
same Hausdorff dimension spectra, again by Theorem 7.6.3. This means that
the F,(«) spectrum is the same, in particular it is given by the same Legendre
transform formula in the case v = j14. There is no singular part.

b) Notice that (8.2.8) means that HD(X _7v(g)) is the value where the straight
line tangent to the graph of T" at (¢, 7'(¢)) intersects the range axis.
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c¢) Notice that we used f-invariance of 4 only in estimating HD(X _7/(4))
from below (we used Birkhoff’s Ergodic Theorem). In the estimate from above
we used only (4.1.1). In more general setting it is sufficient that this measure is
conformal. See Chapter 11 and [Gelfert, Przytycki & Rams 2009].

In the next steps of the proof the following will be useful.

Claim (Variational Principle for T'). For any f-invariant ergodic probability
measure 7 on X, consider the following linear equation of variables g, ¢

/¢>q,td7 Fho(f) =0

that is

he(f) o Jedr

o= Tloglflar " “Tlog|Fldr

(8.2.9)
Then for every ¢ € R

T(q) = sgp{tT(Q)} = t4,(9),

where the supremum is taken over all f-invariant ergodic probability measures
Ton X.

Proof of the Claim. Since [ ¢q.dm + h-(f) < P(¢q+) and since %ﬁ’t) <0
(compare the proof of convexity of T'), we obtain

tr(q) <T(q).

On the other hand by (8.2.9), and using P(¢, () = 0, we obtain

by, () +a [ ddug _ T(q) [log|f|dpg
[ log | f'ldpqg Jlog | f|dpy

The Claim is proved. &

tu,(q) = =T(q).

5. We continue Proof of Theorem 8.2.5. We shall prove the missing parts of
(d). We have already proved that

F(=T"(q)) = HD(X_7v(q)) = HD(uq) = T(q) — q¢T"(q)-

Note that [-7"(c0), —=T"(—00)] € RT U {0, 00} since T"(¢q) < 0 for all g. Note
finally that

. — [ ¢du sup(—¢)
—T'(—00)= 1 J #dpiq <
(o) = I, TiogTPldp, = wflog| 7]

<0

and f
. — | ¢dpg
—T'(0) = lim ————"21,
(c0) g—oo [log|f'|dp,
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The expressions under lim are positive, (see (8.2.5)). It is enough now to prove
that they are bounded away from 0 as ¢ — co. To this end choose gy such that
T(qo) < 0. By our Claim (Variational Principle for T') t,,. (q0) < T'(qo). Since
tu,(0) >0, we get

f ddpg

S R
O [og [ f|dpq

=14, (0) = tu,(q0) > IT(qo)|-

Hence % > |T(qo)|/q0 > 0 for all g.
6. To end the proof of (d) we need to prove the formula for F at —7T"(£00)
(in case T is not affine) and to prove that for a ¢ [—T"(00), —T"(—00)] the sets
X, () are empty. First note the following.
6a. For any f-invariant ergodic probability measure 7 on X, there exists

q € RU{£o00} such that

fﬁde _ fﬁbdﬂq
[log|f'|ldr — [log|f'|du,”

(limy— 40 in the oo case).

Indeed, by the Claim the graphs of the functions ¢,(¢) and T'(¢) do not
intersect transversally (they can be only tangent) and hence the first graph
which is a straight line, is parallel to a tangent to the graph of T at a point
(o, T(qo), or one of its asymptotes, at —oo or +o0o. Now (8.2.10) follows from
the same formula (8.2.9) for 7 = 4., since the graph of ¢, is tangent to the
graph of T just at (go,T(qo)). (Note that the latter sentence proves the formula

(8.2.10)

T'(q) = % in a different way than in 2. , namely via the Variational
Principle for T'.).

6b. Proof that X, = 0 for a ¢ [-7"(00), —T"(—00)]. Suppose there exists
r € X with a := dy, () ¢ [-T"(c0), =T"(—00)]. Consider any sequence of
integers ny — oo and real numbers by, by such that

lim S, () = bi, lim — (= log (") (@) = be

k—oo N
and by /by = . Let 7 be any weak*-limit of the sequence of measures

nk—l

1
Tny = — Z 5f7(7")7
Nk =0

where d;(,) is the Dirac measure supported at f7(x), compare Remark 2.1.15.
Then [ ¢dr = by and [(—log|f’|)dr = bo.

Due to Choquet Theorem (Section 2.1) (or due to the Decomposition into
Ergodic Components Theorem, Theorem 1.8.11) we can assume that 7 is er-
godic. Indeed, 7 is an “average” of ergodic measures. So among all ergodic

measure v involved in the average, there is v such that T J o

T Tog [F/dr < « and
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d.
Vo such that %

7, if @ > —T'(—00) we consider 5. For the ergodic T found in this way,
the limit « can be different than for the original 7, but it will not belong to
[~T"(o0), —T'(—00)] and we shall use the same symbol «a to denote it. By
Birkhoff’s Ergodic Theorem applied to the functions ¢ and log |f’|, for T-a.e. x

we have lim,, . % = «. Hence, applying Lemma 8.2.3, we get

> a. If @ < —T"'(c0) we consider v; as an ergodic

qudT
= d =
= el = o1l
Finally notice that by (8.2.10) there exists ¢ € R such that o = %,

whence o € [-T"(c0), —=T"(—00)]. This contradiction finishes the proof.

Remark. We have proved in fact that for all x € X any limit number of the
quotients log py(B(x,r)/logr as r — 0 lies in [-T"(00), —T"(—00)], the fact
stronger than d,,, (z) € [-T"(00), =T'(—00)] for all 2 in the regular part of X.

6¢c. On F(—1"'(£o00)). Consider any 7 being a weak*-limit of a subsequence
of pq as ¢ tends to, say, co. We shall try to proceed with 7 similarly as we did
with pg, though we shall meet some difficulties. We do not know whether 7 is
ergodic (and choosing an ergodic one from the ergodic decomposition we may
loose the convergence iy — 7). Nevertheless using Birkhoff Ergodic Theorem
and proceeding as in the proof of Lemma 8.2.3, we get

[ 1, oo 15,0(2) dr(x) [ ¢dr o dug

— im0 Tlog |(f7) (z)]dr(z)  — [log|f/ldr  ave — [ log|f']dpg
— lim (-T'(¢)) = ~T'(x0)

with the convergence over a subsequence of ¢’s. Since we know already that

limy,—o0 2 S, 6(x)
—limy, o0 = log [(f7)' ()]

dy, () = > —T'(c0),

we obtain for every x in a set )~(T of full measure 7 that the limit d.(x) =
—T’(c0). We conclude with X, C X _77(s0)-

Now we use the Volume Lemma for the measure 7. There is no reason for
it to be Gibbs, neither ergodic, so we need to refer to the version of Volume
Lemma coming from Theorem 8.1.11. We obtain

* h‘r (f) i 3 h“q (f)
HD(X 1)) 2 HD'(r) 2 oo 2 liminf 2

= lim T'(q) — qT'(q) = F(~T"(00)).

q—0o0

We have used here the upper semicontinuity of the entropy function v — h, (f)
at 7 due to the expanding property (see Theorem 2.5.6).
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It is only left to estimate HD(X_7/(o)) from above. As for p,, we have for
every g and € X_7/ (o) (see (8.2.7)) that
log 11 (B)

lo B
tag B () 4 gty BB — 1) - 10 < 7o) - T,
Hence HD(X _7/(o0y) < T(q)—qT"(q). Letting ¢ — oo we obtain HD(X _ /() <
F(—T'(c0)).

7. HP and Rényi spectra. Recall that topological supports of g and p
are equal to X, since these measures as Gibbs states for Holder functions, do
not vanish on open subsets of X due to Proposition 4.2.10. For every G, a finite
or countable covering X by balls of radius r of multiplicity at most C' we have

1< > pe(B) < C.

Beg,

Hence, by Lemma 8.2.2

C7 <T@ 3 uy(B) < C
Beg,

with an appropriate another constant C. Taking logarithms and, for ¢ # 1,
dividing by (1 — ¢) logr yields (e) for ¢ # 1.

8. Information dimension. For ¢ = 1 we have limg_.1 g1 T(qu) =-T'(1)
by the definition of derivative. It is equal to HD(ug) = PD(1e) by (a) and (b)

and equal to I(ug) by Exercise 8.5

8.3 Fluctuations for Gibbs measures

In Section 8.2, given an invariant Gibbs measure g4 we studied a fine struc-
ture of X, a stratification into sets of zero measure (except the stratum of
typical points), treatable with the help of Gibbs measures of other functions.
Here we shall continue the study of typical (pg-a.e.) points. We shall replace
Birkhoff’s Ergodic Theorem by a more refined one: Law of Iterate Logarithm
(Section 1.11), Volume Lemma in a form more refined than Theorem 8.1.11 and
Frostman Lemma in the form of Theorem 7.6.1 — theorem 7.6.2.

For any two measures u, v on a o-algebra (X, F), not necessarily finite, we
use the notation u < v for p absolutely continuous with respect to v, the
same as in Section 1.1, and p L v for p is singular with respect to v, that
is if there exist measurable disjoint sets X1, Xo C X of full measure, that is
(X \ X1) = v(X \ X2) = 0, generalizing the notation for finite measures, see
Section 1.2. We write p < v if the measures are equivalent, that is if y < v and
v e

The symbol log; means the iteration of the log function k£ times. As in
Chapter 7 A, means the Hausdorff measure with the gauge function «, A,
abbreviates Ay« and HD means Hausdorfl dimension.
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Theorem 8.3.1. Let f: X — X be a topologically exact conformal expanding
repeller. Let ¢ : X — R be a Holder continuous function and let pg be its
invariant Gibbs measure. Denote k = HD(f14).

Then either

(a) the following conditions, equivalent to each other, hold

(al) ¢ is cohomologous to —rklog|f’| up to an additive constant, i.e. ¢+
klog|f’'| is cohomologous to a constant in Hélder functions; then
this constant must be equal to the pressure P(f, @) so we can say that
Y= ¢+ rlog|f'| — P(f, ) is a coboundary (see Definition 1.11.2
and Remark 3.4.6),

(a2) py <Ay on X,
(a3) K =HD(X)

or

(b) ¥ = ¢+ rlog|f'| is not cohomologous to a constant, jiy L Ay, and more-

over, there exists co > 0, (co = /207 (¥)/xu,(f)), such that with the

gauge function aq(r) = r"exp(cy/log1/rlogs 1/r):
(bl) pe L Aq, for all 0 < ¢ < cp, and
(b2) py < Mg, for all ¢ > co.

Remark. Also g L A, holds, see Exercise 8.8.

Proof. Note first that by Theorem 8.1.4

[ s = [ odiss + HDGso ), P6) = [ oo+, (1) - Plo) =0,
(8.3.1)
since 14 is an equilibrium state. If ¢+ log|f’| is cohomologous to a constant a,
then for a Holder function v we have [(¢+rlog|f’|—a)duy = [(uof—u)dus =0
hence a = P(¢). Therefore indeed v is a coboundary.

By Proposition 4.1.4 the property (al) is equivalent to g = fi_,;10g /| (the
potentials cohomologous up to an additive constant have the same invariant
Gibbs measures, and vice versa). Finally, since two cohomologous continuous
functions have the same pressure (by definition), P(—xlog|f’|) = P(¢—P(¢)) =
0, so, by Corollary 8.1.7, k = HD(X) and 1y = pi_x10g 7| < Ax. We have proved
that (al) implies (a2) and (a3).

(a2) implies that A, is nonzero finite on X, hence HD(X) = x i.e. (a3). Fi-
nally (a3), i.e. & = HD(ug) = HD(X) implies h,,, (f)—#xu, (f) = 0 by Theorem
8.1.4 and P(—krlog|f’|) = 0 by Corollary 8.1.7. Hence py is an invariant equi-
librium state for —x log |f’|. By the uniqueness of equilibrium measure (Chapter
4), ¢ = P—rlog ||, hence (al). (This implication can be called uniqueness of
the measure maximizing Hausdorff dimension.
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Let us discuss now the part (b). Suppose that ¢ is not cohomologous to a
constant. In this case 012% (1) > 0, see Theorem 1.11.3. We can assume that
P(¢) = 0 because subtracting the constant P(¢) from the original ¢ does not
change the Gibbs measure.

Let us invoke (8.1.6) and the conclusion from (8.1.2) and (8.1.4), namely
K Yexp Spo(x) < w(B(z,7)) < K exp S, é(z) (8.3.2)

and
KN (@) <r < K|(f) ()7 (8.3.3)
for a constant K > 1 not depending on x and r > 0 and for n = n(z,r) defined
by (8.1.2).
Note that for F(t) := \/tlog,t, for every sy > 0 there exists to such that for
all s : —s9 < s < 89,8 # 0 and t > to we have |(F(t + s) — F(t))/s| < 1. This
follows from Lagrange Theorem and dF/dt — 0 as t — oo, easy to calculate.

Substituting ¢t = log |(f™)(z)| and denoting /log(|(f™)"(x)]) logs (| (f™) (z)])
by gn(z), we get for r > 0 small enough

o (B(z, 1)) - K exp(S,oé(x)
= exp(cy/log 1/rlogy 1/r) — (K[(f™) (z)])~" exp(cF (log |(f")'(z)| — log K))
Qexp(Sno(x)

|(f7) (@)~ exp(cgn(x))

for Q := K"t!*¢exp e, and similarly

M¢(B(xa ’I“)) > Q_l eXp(ané(x)
e exp(ey/log 1/rlogs 1/7) — [(f")' ()]~ exp(cgn(z))”

We rewrite these inequalities in the form

Sno(x) + klog|(f") (z)] C)
gn ()
pg(B(x, 7))
r* exp(cy/log1/rlogs 1/r)
<10gQ + g0 (2) <Sn¢(x) +:1((f)|(f ) (@) _C) .

We have S,,¢ + klog|(f™)'| = Sp, so we need to evaluate the following

upper limit.
lim sup Sny(2)
n—oo +/log|(f") (x)]logs [(f") (x)]

By the Law of Iterated Logarithm, see (1.11.3) and Theorems 4.7.1 and 1.11.1,

for pg-a.e. z € X, and writing 02 = UEW we have

lim sup _Swyl@) = V202 (8.3.5)
n— o0 n 10g2 (n)

—log @ + gn(z) (

< log

(8.3.4)
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Applying Birkhoff Ergodic Theorem to the function log|f’|, for us-a.c. z € X,
denoting ¢, = log |(f™) ()| = S, log|f'|(x) we obtain

v/ cn logs ¢ V1ogs ¢
i @ VX ﬂ&ﬁ Xuso: (8.36)
2 2

. V ]OgZ Cn .
Here lim,,_. o N =1, since

logycn | _ log(log(cn)/log(n))
logy 1 logy 1

true, since the numerator is bounded, in fact it tends to 0. Indeed, the assump-
tion that ¢,/n — X, in particular that ¢, /n is bounded and bounded away
from 0, implies log(cy,)/log(n) — 1 hence its logarithm tends to 0.

Combining (8.3.5) with (8.3.6) we obtain for pg-a.c. x the following formula

n 202
lim sup Sntb(z) = 7 = ¢p. (8.3.7)

n—oo /log (") (x)[logs [(f") (2] Xps

Therefore, due to g, — 00 as n — oo, for ¢ < ¢y, both, the left and the right
hand side expressions in (8.3.4) tend to co. Hence the middle expression in
(8.3.4) also tends to co. Analogously for ¢ > ¢y these expressions tend to —oc.
Applying exp we get rid of log and obtain

. 202
- no(B(x, 1)) _Jee ite<yNT .
or (cy/log1/rlogs 1/r) o ife> L= (8.3.8)
r—0 TRexp(c 3 3
e

Therefore, by Theorem 7.6.1, py L A, for all ¢ <, /;ﬁ and pg < Ay, for all
‘o
c> /ii. The proof is finished. &
e

Note that this proof is done without the use of Markov partitions, unlike in
[PUZ], though it is virtually the same.

The last display, (8.3.8), is known as a LIL Refined Volume Lemma, here
in the expanding map, Gibbs measure case, compare Theorem 8.1.3.

Above, (8.3.8) has been obtained from (8.3.7) via (8.3.4). Instead, using
(8.3.2), (8.3.3) one can obtain from (8.3.7) the following, equivalent to (8.3.8)

Lemma 8.3.2 (LIL Refined Volume Lemma). For pg-a.e. x

1 B . 202
lim sup 28 (B@n))/r) - [20*

r—0  +/logl/rlogs 1/r Xt
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8.4 Boundary behaviour of the Riemann map

In this and the next section we shall apply the results of Section 8.3 to the confor-
mal expanding repeller (X, f) for X at least two-points set, being the boundary
Fr Q of a connected simply-connected open domain € in the Riemann sphere C.
A model example is 2 the immediate basin of attraction to an attracting fixed
point for a rational mapping, in particular basin of attraction to co for a polyno-
mial with X = J(f), the Julia set. We will assume the expanding property only
for technical reasons (and the nature of Chapter 8); for a more general case see
[Przytycki 1986] and [Przytycki, Urbanski & Zdunik 1989], [Przytycki, Urbanski & Zdunik 1991].
In this section we shall consider a large class of invariant measures. In the next
section we shall apply the results to harmonic measure. We shall interpret the
results in the terms of the radial growth of |R'(¢¢)| for R : D — Q a Riemann
map, i.e. a holomorphic bijection from the unit disc D to Q2 , for a.e. { € ID
and t /1.

We start with general useful facts. Let € be an arbitrary open connected
simply-connected domain in C. Denote by R : D — Q a Riemann mapping, as
above,

Lemma 8.4.1. For any sequence z,, € D, x,, — 0D iff R(x,) — Fr.

Proof. 1f a subsequence of R(x,,) does not converge to Fr Q) then we find its con-
vergent subsequence R(z,,) — y € D. So z,,, — R™1(y) € D which contradicts
x, — OD. The converse implication can be proved similarly. &

Let now U be a neighbourhood of FrQ in C and f : QNU — Q be a
continuous map, which extends continuously on cl(€2 N U), mapping FrQ in
FrQ. Define g: R7Y(QNU) - Dbyg= R 'tofoR.

Lemma 8.4.2. For any sequence x, € R~Y(QNU), x, — D iff g(x,) — ID.

Proof. The implication to the right follows from Lemma 8.4.1 and the continuity
of f at FrQ. Conversely, if g(z,) — 0D, then by Lemma 8.4.1 R(g(x,)) =
f(R(zyn)) — FrQ. Hence R(z,) — FrQ, otherwise a subsequence of R(xy)
converges to z € Q and f(z) € FrQ which contradicts f(Q2NU) C €. Hence,
again by Lemma 8.4.1, x,, — 9D. &

Proposition 8.4.3 (on desingularization). Suppose [ as above extends holo-
morphically to U, a neighbourhood of Fr Q. Then g = R~ Yo foR on R™1(QNU)
extends holomorphically to g1 on a neighbourhood of 0D, satisfying I o g1(z) =

g1 oI for the inversion I(z) = z=1. This g1 has no critical points in OD.

Proof. Let W1 = {z : r1 < |z] < 1} for 11 < 1 large enough that clW; C
R (QNU) and W; contains no critical points for g. It is possible since f
has only a finite number of critical points in every compact subset of U hence
in a neighbourhood of Fr {2, hence ¢ has a finite number of critical points in
a neighbourhood of OD in D. Let Wy = {z : ro < |z] < 1} for ro < 1 large
enough that if z € Wy N g(x), then x € W;. Consider V a component of
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g 1(W3). By the above definitions g is a covering map on V. V contains a
neighbourhood of 9D since by Lemma 8.4.2 V' contains points arbitrarily close
to OD and if z; € V and x5 € g~ 1(Ws) with 1, 22 close enough to D then an
arc 0 joining 1 to x2 (an interval in polar coordinates) is also close enough to
0D that g(0) C Wa. Hence x5 € V. Let d be the degree of g on V. Then there
exists a lift g: V — Wy :={z: r;/d < |z| < 1}, namely a univalent holomorpic
mapping such that (§(z))? = g.

The mapping g extends continuously from V' to §; on VUID by Carathéodory’s
theorem (see for example [Collingwood & Lohwater 1966, Chap. 3.2]). Formally
this theorem says that a holomorphic bijection between two Jordan domains ex-
tends to a homeomorphism between the closures. However the proof for annuli
(W5 and V) is the same. We use the fact that 0D are the corresponding com-
ponents of the boundaries. (One can also intersect V' with small discs B with
origing in D), consider g|pny on the topological discs BNV and get the con-
tinuity of the extensions to 9D directly from Carathéodory’s theorem.) Finally
define the extension of g to VUAJD by g1 () = (§1)¢. It extends holomorphically
to a neighbourhood of 9D by Schwarz reflection principle. ¢ (z) # 0 for z € 9D
since g1(V) € D and ¢1(V*) € C\ clD, where V* is the image of V' by the
inversion I. &

Remark 8.4.4. We can consider g; on a neighbourhood of 0D as stretching the
possibly wild set Fr Q lifting (a part of) f and extending to g; not having critical
points. The lemma on desinularization applies to all periodic simply connected
Fatou domains for rational mappings, in particular to Siegel discs and basins of
attraction to periodic orbits. In the latter case the following applies.

Proposition 8.4.5. Let f : U — C be a holomorphic mapping preserving FrQ
and mapping U NQ in Q0 as before. Assume also that

() (WUncdQ) =FrQ. (8.4.1)

n>0

Then the extension g of g = R~ o f o R provided by Proposition 8.4.3 is
expanding on 0D, moreover (0D, g1) is a conformal expanding repeller.

Proof. By (8.4.1) for every x € U N there exists n > 0 such that f™(z) ¢ U.
Hence, due to Lemma 8.4.1, there exists r; < 1 such that Wy = {z:r <|z| <
1} € R=YUNQ) and for every z € W there exists n > 0 for which ¢g"(z) ¢ W;.

Next observe that by Lemma 8.4.2 there exists ro : 711 < 79 < 1 such that if
|g(2)| > 72 then |z| > 1. Moreover there exists 3 < 1 such that if r3 < |z| < 1
then for all n > 0 [¢g7"(2)| < r2. By ¢ "(2) we understand here any point
in this set. Indeed, suppose there exist sequences r, /' 1 1, < |z,| < 1 and
my, > 0 such that 7 < |g7"" (2,,)| < 19 and ro < |g7™(2,,)| for all 0 < m < m,,.
Then for 2z a limit point of the sequence g~ (z,) we have |¢g™(z)| > r; for all
m > 0 which contradicts the first paragraph of the proof.

Moreover, for every 0 < r < 1 there exists n(r) > 0 such that if r3 <
|z| < 1 and n > n(r) then |g~"™(z)| > r. Otherwise a limit point zg =
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lim,,, oo g7 (2,) for r3 < |z,| would satisfy ¢™(z9) < 7o for all m > 0 a
contradiction. By the symmetry given by I the same holds for 1 < |z| < r3 L
Hence (),509 "({z : 73 < [2] <7r3'}) = 9D, i.e. ID is a repeller for g, see Ch.4
S.1.

Let z, be a gi-trajectory in 0D, ¢g(z,) = zn—1,n = 0,—1,.... Then for all
n > 0 there exist univalent branches g; " on B(zo,73) mapping zp to z_, and
such that g;"(B(z0,73)) C {z : 12 < |2| < 5 '}. Moreover g; "(B(z0,73)) —
OD. Fixed zg consider all branches G, .. of g; " on B(z,r3) indexed by v and
n. This family is normal and limit functions have values in 0D. Since 0D has
empty interior, all the limit functions are constant. Hence there exists n(zg) such
that for all n > n(z) and G, for all z € B(z0,73/2) we have |G’ ,, (2)] < 1.
If we take a finite family of points zo such that the discs B(zp,r3/2) cover D,
then for all G, ., with n > max{n(zo)} and z € B(zo,73/2) |G, ()] < L.

Hence for all z € 9D and n > max{n(zo)} [(¢™)'(z)| > 1 which is the expanding
property. &

Now we pass to the main topic of this Section, the boundary behaviour of
R. We shall denote g1, the extension of g, just by g.

Definition 8.4.6. We say that for z € 9D, x — z non-tangentially if x € D, x
converges to z and there exists 0 < o < 7/2 such that for = close enough to z,
x belongs to the so-called Stoltz angle

Sa(2)=2-1+{z e C\{0}:7m—a <Arg(x) <7+ a}).

We say that @ — z radially if © = tz for t / 1. For any ¢ a real or complex
valued function on D it is said that ¢ has a nontangential or radial limit at
z € ID if ¢(z) has a limit for  — 2z nontangentially or radially respectively.

Theorem 8.4.7. Assume that (X, f) is a conformal expanding repeller for X =
FrQ C C for a domain 2 C C. Let R : D — Q be a Riemann mapping. Then

/
lim sup log |'(z)|

—— < L
|z|—1 _log(l - |J3|)

(This is better than generally true non-sharp inequality, following from Re-
mark 5.2.5 ). In particular R extends to a Hélder continuous function on clD.
Denote the extension by the same symbol R. Let g be as before and let its exten-
sion (in Proposition 8.4.3) be also denoted by g. Then the equality foR = Rog
extends to clD.
If  is a g-invariant ergodic probability measure on 0D, then the non-tangential
limit
log | R’ (z)|
2 Tlog(1 — Jal)
exists for p-almost every point z € 0D and is constant almost everywhere. De-
note this constant by x,,(R). Then

XpoR—1 (f)

xR =1-=2

(8.4.2)
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where the measure po R™Y = R,(u) is well defined (and Borel) due to the
continuity of R on 0.

Proof. Fix § > 0 such that for every z € 0D there exists a backward branch g; "
of g™ on B(¢"(z),d) mapping ¢"(z) to z. Such § exists since g is expanding,
by Proposition 8.4.5, compare the Proof of Proposition 8.4.3.

By the expanding property of g or by Koebe Distortion Lemma we can
assume that the distortion for all g™ is bounded on B(g"(z), ) by a constant K.

For z € So(z) and |z — z| < /2 denote by n = n(z,z,0) the least non-
negative integer such that [¢" " (z) — ¢"T1(2)| > §/2. Such n exists if § is small
enough, again since g is expanding. We get for « as in Definition 8.4.6,

1—lg"(=)|
97 (2) — g™ (2)]

Otherwise there exists w € 9D such that |w — ¢g"(z)| < [g"(2) — g"(2)|aK ! <
0/2. Then w € B(¢9™(2),0) so w is in the domain of g;™ and we obtain 1 —
lz] < |gz™(w) — 2| < |z — x|, a contradiction. We used here the fact that
9> "(g"(z)) = z, true since |¢/(2) — ¢’ (x)| < 6/2 for all j = 0,1,...,n and g is
expanding (two different preimages of a point are far from one another).

From the above bound of distortion it follows also that

> %( — o)K7t (8.4.3)

B

1 _ (@) (=)
B =gy =5 (844)
and, writing ||¢|| = SUD1| _5/2<|x|<1 lg’ ()],
(Kllg')76/2 < |z — | - |(¢")' (x)| < Kd/2. (8.4.5)

By f"o R = Rog" we have R'(z) = ((f")'(R(x)))""R'(9"(x))(g")'(z). Due
to (8.4.3), 1 — |¢g"™(z)| > §/2||¢'|| 'K, hence there exists a constant C' > 0
such that for all z € 9D and x,n as above

CTH <R (¢"(x))| < C.

We conclude with
|R ()| < A."Cllg'|[™,

where Ay is the expanding constant for f. Hence, with the use of (8.4.5) to the
denominator, we obtain

B log Ay

/ _ ny/
sy OB @] o —nlog s +los i) ()] _

—_— < <1
oj—1 —logl—lz] = am log |(9")' (2)| gl

If we consider z1, x5 € D close to each other and also close to D, we find y € D

and z1, 22 € 0D such that |y| < min{|z1|, |x2|}, |2 — y| < 2|x1 — 22| for i = 1,2

and the intervals joining ; to y are in the Stoltz angles Sy /4(2;). By integration

of |R’'| along these intervals one obtains Holder continuity of R on D with an
log Ay

arbitrary exponents smaller than a :=1 — =7 (a more careful consideration
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yields the exponent a) and a definite Holder norm, thus Holder extending to
clD.

Now we pass to x,(R). Since the Riemann map extends to R : c1D* —
FrQ uniformly continuous, R(¢g™(z)) lies close to R(g™(z)). Let fﬁ(@) be a
holomorphic inverse branch of f" defined on some small neighbourhood of
R(g™(z)), containing R(g"(x)) and sending R(g"(z)) = f™(R(z)) to R(z). Then
f};(’;)(R(g”(x)) = z and applying Koebe’s Distortion Theorem or bounded dis-
tortion for iterates, we obtain

YR _
K= yme) = (540

for some constant K independent of z, x and n.
By Birkhoff’s Ergodic Theorem there exists a Borel set Y € 9D such that
w(Y) =1 and

Jim 10g](6") () = xule) and Jim - log (75 (R(:))| = o ()

oo

forall z € Y.
We conclude that for all z € Y and x € So(z),

i —Los R @) _ . log|(f") (R(2))| ! +1og |(9")'(2)] _ | Xuor-1(f)
z—z log(l —|z|)  a=—= log(1 — |z|) OB

&

8.5 Harmonic measure; “fractal vs.analytic” di-
chotomy

We continue to study FrQ C C the boundary of a simply connected domain
Q2 C C and the boundary behaviour of a Riemann map R : D — €, in presence
of amap f asin the previous section, with the use of harmonic measure. Though
most of the theory holds under the weak assumption that f is boundary repelling
to the side of €2, as in Proposition 8.4.5. We call such domain an RB-domain.
We assume in most of this Section, for simplicity, a stronger property that f is
expanding on Fr (), and sometimes that €2 is a Jordan domain, that is Fr is a
Jordan curve.

Harmonic measure w(z, 4) = wq(z,A) for z € Q and A C FrQ Borel
sets, is a harmonic function with respect to = and a Borel probability mea-
sure with respect to A, such that for every continuous ¢ : 922 — R the function
b(x) := [ ¢(2) dw(z, 2) is a harmonic extension of ¢ to Q, continuous on cl Q. Tts
existence is called solution of Dirichlet problem. For simply connected 2 with
non-one point boundary it always exists. If R(0) = xg then w(xo, ) = R.(1),
where [ is the normalized length measure on 9D . Of course R, () makes sense
if R is continuous on clD. However it makes sense also in general, if we consider
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the extension of R by the radial limit, which exists [-a.e. by Fatou Theorem,
[Pommerenke 1992], [Collingwood & Lohwater 1966].

Since all the Riemann maps differ by compositions with homographies (Mobius
maps) preserving the unit circle, all the harmonic measures w(x, ) for = € Q
are equivalent and corresponding Radon-Nikodym derivatives are bounded away
from zero and infinity. If we are interested only in this equivalence class we write
w without specifying the point x, and call it a harmonic measure, or harmonic
measure equivalence class on Fr 2 viewed from (2.

Harmonic measure w(x,-) can be defined as the probability distribution of
the first hit of Fr by the Brownian motion starting from x. This is a very
intuitive and inspiring point of view.

For more information about harmonic measures in C we refer the reader for
example to [Pommerenke 1992] or [Tsuji 1959].

In the presence of f boundary repelling to the side of 2 the lift g defined in
Proposition 8.4.3, extended to 9D, is expanding by Proposition 8.4.5, hence by
Chapter 4 there exists a g-invariant measure ;. equivalent to [ which is a Gibbs
measure for the potential —log |¢'| (with real-analytic density, see Ch.5.2). So
the equivalence class w contains an f-invariant measure, that is R.(u), allowing
to apply ergodic theory.

If Q is a simply connected basin of attraction to oo for a polynomial f of
degree d > 2, then w = w(oo,) is a measure of maximal entropy, logd, see
xcit[Brolin]. This measure is often called balanced measure.

A major theorem is Makarov’s theorem [Makarov 1985] that HD(w) = 1.
This is a general result true for any simply connected domain 2 as above with
no dynamics involved. We shall provide here a simple proof in the dynamical
context, in presence of expanding f for Jordan Fr .

We start with a general simple observation

Lemma 8.5.1. If for l-a.e. z € ID there exists a radial limit x(R)(z) :=

. —log | R (=
lim, ., M, then [ x(R)(z)dl =0.

(In fact the assumption on the existence of the limit for l-a.e. z, equal to 0,
is always true by Makarov’s theory.)

Proof. We have

/X(R) dl = /;iﬂ%dug)

/1og |R(rz)|dl(z) = 0.

ro log(1 —r)

We could change above the order of integral and limit, due to the bounds —2 <
log |R/ (rz)|
—log(1—r)
Lemma, see Section 5.2. The latter expression is equal to 0 since log |R'(rz)| is

a harmonic function so the integral is equal to log |R’(0)| which does not depend

of r. &

< 2 for all r sufficiently close to 1, following from Koebe Distortion
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Corollary 8.5.2. Suppose that f is a holomorphic mapping preserving Fr )
repelling to the side of Q). Then for p the g-invariant measure equivalent to the
length measure [

Xr.(u)(f) = Xulg) >0 (8.5.1)
hg, ) (f) = hu(g) (8.5.2)

and HD(w) = 1, for w, the harmonic measure on Fr ) viewed from €.

Proof. We prove this Corollary only in the case (Fr€2, f) is an expanding con-
formal repeller and €2 is Jordan domain. Then, as we already mentioned in the
introduction to this Section, R.(u) is a probability f-invariant measure in the
class of harmonic measure w.

In view of Theorem 8.4.7 x(R) exists and is constant [-a.e. equal to x,(R),
hence by Lemma 8.5.1 it is equal to 0. Hence by (8.4.2) we get (8.5.1). The
property (7.5.2) is immediate in the Jordan case since R is a homeomorphism
from 0D to Fr by Carathéodory’s theorem, conjugating g with f.

Hence
hr. o (f) _ hulg)
XR. (1) Xu(9)

Since HD(i) = 1, an immediate application of Theorem 8.1.11 for f and g
(Volume Lemma) finishes the proof. &

From now on we assume that € is Jordan and f expanding. Then the f-
invariant measure R, (u), the R.-image of the Gibbs g-invariant measure pu, is
itself a Gibbs measure, see below, and we can apply the results of Section 8.3,
namely Theorem 8.3.1.

Theorem 8.5.3. The harmonic measure class w on Fr Q) contains an f-invariant
Gibbs measure for the map f : FrQ — FrQ and the Hélder continuous potential
—loglg’| o R=Y. The pressure satisfies P(f,—log|g’| o R™1) = 0.

Proof. Recall that Jacobian J;(g) of g : 0D — 9D with respect to the length
measure [ is equal to |¢’|, hence [ is a Gibbs measure for ¢ = —log|¢’| containing
in its class a g-invariant Gibbs measure p. The pressure satisfies P = P(g, ¢) = 0
by direct checking of the condition (4.1.1) or since J;(g) = e?=F = |¢'|eF.

Since R is a topological conjugacy between g : 9D — D and f : FrQ — FrQ,
we automatically get the Gibbs property (4.1.1) for the measure R.(l) in the
class of harmonic measure w, for f and ¢ o R~1. We get also P(f,¢o R7!) =
P(g,¢9) = 0. We obtain Gibbs f-invariant measure R.(u) in the class of w for
the potential function ¢ o R~! which is Holder since R™! is Holder.

(Note that in Theorem 8.4.7 we proved that R is Hélder, not knowing a priori
that R extends continuously to dD. Here we assume that Fr (2 is Jordan, so R
extends to a homeomorphism by Carathéodory’s theorem, hence R~ makes
sense. Therefore the proof that R~! is Holder is straightforward: go from small
scale to large scale by f”, then back on the R~! image by ¢~", the appropriate
branch, and use bounded distortion for iterates, Ch.5.2.) &
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Theorem 8.5.4. Let f: FrQ — FrQ be a conformal expanding repeller, where
Q is a Jordan domain. Then either

(a) w = Ay on 99, which is equivalent to the property that the functions log|g’|
and log |f' o R| are cohomologous, and else equivalent to HD(9Q) = 1, or

(b) w L Ay, which implies the existence of co > 0 such that with the gauge
function a.(t) = texp(cy/log(1/t) logs(1/1)),

wl Ay, forall 0<c<c

and
w K Ay, forall ¢ > co.

Proof. The property that log|¢’| and log|f’ o R| are cohomologous implies that
the functions —log|g’ o R™1| and —log|f’| are cohomologous (with respect to
the map f: 09 — 092). By Theorem 8.5.3 w contains in its equivalence class an
invariant Gibbs state of the potential —log|g’ o R™!|. By Corollary 8.5.2 k =
HD(w) = 1. Since P(f, —log|f"]) = P(f, — loglg' o R~'[) = P(g, — log|g']) = 0,
it follows from Corollary 8.1.7 that the cohomology is equivalent to HD(Fr Q) =
1, and to the property that w is equivalent to the 1-dimensional Hausdorff
measure on FrQ. So, the part (a) of Theorem 8.5.4 is proved.

Suppose now that log|¢’| and log|f’ o R| are not cohomologous. Then
—log|g’ o R7Y| and —log|f’| are not cohomologous. Let u be the invariant
Gibbs state of —log|g’ o R™!| in the class of w. By x = 1 we get the part (b)
immediately from Theorem 8.3.1(b) for X = Fr Q. &

Now we shall take a closer look at the case a), of rectifiable Jordan curve
Fr Q. In particular we shall conclude that this curve must be real-analytic.

Theorem 8.5.5. If f: FrQ — FrQ is a conformal expanding repeller, ) is a
Jordan domain and HD(FrQ) = 1 (or any other condition in the case (a) in
Theorem 8.5.4, then FrQ is a real-analytic curve.

If we assume additionally that f extends holomorphically onto C, i.e. f is a
rational function, and € is completely invariant, namely f~1(Q) = Q, then R
is a homography, Fr Q) is a geometric circle and f is a finite Blaschke product
in appropriate holomorphic coordinates on C, i.e.

zZ— a;

d
fer=e1l1==;
i=1 ¢

with d the degree of f, |0] =1 and |a;| < 1.
Finally, if f is a polynomial and 2 completely invariant, then in appropriate
coordinates f(z) = z¢.

For a stronger version, where () is only assumed to be forward invariant
rather than completely invariant, and for a counterexample, see Exercise 8.12.
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Proof. The condition (a2) in Theorem 8.5.4 means that R : 0D — FrQ trans-
ports the length measure on JD to the measure equivalent to the Hausdorff
measure A; on Fr Q.

The idea now is to look at Fr{2 from outside. We denote D1 =D, R; =:
D — © and denote S' = 9D. Consider a Riemann map Ry : Dy := {2 :
|z| > 1} — C\ clQ = Q*. By Carathéodory’s Theorem Ry (analogously to
R;) extends to a homeomorphism from cl Dy to clQ*. Denote the extensiond
to cID; by the same symbols R;.

The map g1 extending Rfl o fo Ry (see Proposition 8.4.3), as being expand-
ing, is a local homeomorphism on a neighbourhood of S* in ¢l D;. Since Q is a
Jordan domain, R; is a homeomorphism between closures, cl Dy to cl€2. So f is
a local homeomorphism an open neighborhood U of FrQ in clFr. In conclu-
sion, since f has no critical points in Fr (2, there exists an open neighborhood
U of Fr such that f is defined on U N Q% and maps it into *.

Indeed, if Q* 5 2z, — z € FrQ and clQ > f(z,) — f(2), then, since f is
a local homeomorphism on a neighbourhood of Fr ) in cl), see the paragraph
above, there exists ¢l Q 3 w,, — z such that f(w,) — f(z). This contradicts the
assumption that f has no critical points in Fr (2, i.e. f is a local homeomorphism
in a neighbourhood of Fr {2 in C.

Therefore, analogously to g;, we can define go = R Lo f o Ry, the lift of f
via the Riemann map Ry on the set Dy intersected with a sufficiently thin open
annulus surrounding S', and consider the extensions of Ry and g» to the closure

cl Dy, see Figure reffig:egg.
>h

Ry
&

(U
AU

~—
Ry

Figure 8.4: Broken egg argument

Set
h=Ry'oRy|g : St — St

Composing, if necessary, Ro with a rotation we may assume that h(1) = 1. Our
first objective is to demonstrate that h is real-analytic.

Indeed, let p; = u;l be g;-invariant Gibbs measures for potentials — log |g}],
i.e. g;-invariant measures equivalent to length measure [, for ¢ = 1, 2 respectively.
In view of Section 5.2, the densities u; and us are both real-analytic.

Now we refer to F. and M. Riesz theorem (or Riesz-Privalov, see for exam-
ple [Pommerenke 1992, Ch.6.3]), which says that Fr ) rectifiable Jordan curve
implies that the map Ry : D — Fr transports the length measure on S' to
the measure equivalent to A; on Fr ). (Recall that we stated the similar fact on
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R at the beginning of the proof, which followed directly from the assumptions,
without referring to Riesz theorem.) We conclude that h.(u1) is equivalent to
ta. Since h establishes conjugacy between ¢g; and go the measure h, (1) is
go-invariant.

Now comes the main point. The measures ps and h(ug) are ergodic, hence
equal, by Theorem 1.2.6, i.e.

h(p1) = pa.

Therefore, writing a(t) = QL og h(e*™), a : [0,1] — [0,1] , denoting by (t) =

fg uy (™) dt and by(t) = f uz e2™) dt, noting that by h(1) = 1 we have
a(0) = 0, we get for all 0<¢t

bi(t) = ba(a(t))-

The functions b; are real-analytic and invertible since u; are positive. Therefore
we can write inverse functions and conclude that a = by ' o by is real-analytic.
Hence h is real analytic.

The function h extends to holomorphic function on a neighbourhood of S*
and we can replace Ry by R3 = Ry o h in a neighbourhood of S! in D,. By
definition R; considered on clD; and R3 outside D; coincide on S'. So by
Peinleve’s Lemma they glue together to a holomorphic mapping R on a neigh-
bourhood of S*. So R(S') is a real-analytic curve and the proof of the first part
is finished.

Suppose now that f extends to a rational function on C and € is completely
invariant. Then also 2* is completely invariant and both domains are basins of
attraction to sinks, p; € Q and py € C\ clQ respectively (use Brouwer theorem
and Schwarz lemma). Let R; defined above satisfy R;1(0) = p; and Ra(00) = po.
The maps g; = R; Yo f o R; preserving D; and S' must be Blaschke products.
Indeed. Let aq,...,aq be the zeros of g; in D; with counted multiplicities.
Their number is d since d is the degree of f and R;(a;) are f-preimages of p.

Denote By (z) = H?Zl == Bach factor == is a homography preserving S !
so their product also preserves S!.

For B; as above ¢;/Bj is holomorphic on Dj, has no zeros there, and its
continuous extension to S! (see Section 8.4) preserves S' Hence by Maximum
Principle applied to g1/B7 and Bi/g;1 the function ¢g1/Bj is a constant A\;. So
g1 = \iB for |\ = 1. In fact, as one of the zeros of B is 0, as 0 = Ry *(p1) is

a fixed point for g1, we can write

= /\12’ H f:aal .

3

Similarly we prove that

/

zZ—a,
—)\QZH 1.
Z

for 1/al the poles of go in Ds.
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Note that each Blaschke product B, for which 0 is a fixed point, preserves the
length measure [ on dD. Indeed, let ¢ be an arbitrary real continuous function
on dD and ¢ its harmonic extension to . Then

/quI = $(0) = ¢(B(0)) = /¢ode, (8.5.3)

since ¢~So B is harmonic as a composition of a holomorphic mapping with a har-
monic function. We conclude that both g; and go preserve the length measure [.
Hence h = id and R; = Ry on S' glue together to a homography R on C, g; and
g2 extend each other holomorphically to g := g; = go on C, and f = Rogo R~ L.

Finally, if f is a polynomial, then oo is a pole of multiplicity d, hence g(z) =
2% &

Example 8.5.6. In Section 5.1, Example 5.1.10, we provided an example of
an expanding repeller, being an invariant Jordan curve for f.(z) = 2% + ¢ for
d =2 and ¢ ~ 0. Similarly, for any d > 2 there exists an invariant Jordan curve
J.., being Julia set for f., cutting the Riemann sphere C into two components,
Q and Q* which are basins of attraction to a fixed point p. near 0 and to the
fixed point at co. The existence of the expanding repeller J., follows from
Proposition 5.1.7. The rest of the scenario is an easy exercise. We can conclude
from Theorem 8.5.5 that ¢ # 0 implies HD(J;) > 1.

Now we present another proof of Theorem 2, avoiding Riesz Theorem, so
more applicable in other situations, see for example Exercise 8.14.

Proof of Theorem 8.5.5, a second method. It is comfortable to use now the half-
plane rather than disc, so we consider a univalent conformal map R : {z € C :
Sz > 0} — Q extending to a homeomorphism R : cl{Sz > 0} Uoco — cl Q.

By our the assumptions R is absolutely continuous on the real axis R. Denote
the restriction of R to this axis by ¥. Then ¥(z) is differentiable a.e. and it is
equal to the integral of its derivative, see [Pommerenke 1992, Ch.6.3].

Therefore U’ # 0 on a set of positive Lebesgue measure in R. By Egorov’s
theorem w — U'(z) — 0 uniformly for |h| — 0,h # 0 except for a set
of an arbitrarily small measure (for a finite measure equivalent to Lebesgue).
To be concrete: there exists ¢ > 0 and a sequence of numbers £, \, 0 such that
the following set has positive Lebesgue measure

Q={zeR:c<|¥(2)| <1/c, |V(z+h)—U(x)— V' (2)h| < |h|/nif|h| <e,}.

Let p denote, as before, the probability g-invariant measure on R equivalent
to Lebesgue (remember that we have replaced the unit disc by the upper half-
plane, we use however the same notation R, g and ). We will prove that R
extends to a holomorphic map on a neighbourhood in C of any point in R, i.e.
it is real-analytic on R, by using the formula

R=f"oRog™™.
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The point is to choose the right backward branches ¢~" so that R in the mid-
dle in the above identity is almost affine. We shall use the natural exten-
sion (R, f1,g), see Section 1.7, where R can be understood as the space of g-
trajectories and m = o maps R to R and is defined by m(Xp, n=...,—1,0,1,...) =
xo. (We shall use this method more extensively in Chapter 10.)

Since g is ergodic, §~! is ergodic , see Section 1.2 and Exercise 1.14, and
in conclusion there exists 9o € R and a sequence G; of backward branches
of g™ defined on an interval I with zg in the middle, » := |I]/2, such that
xj = Gj(xg) € Q for all j =1,2,.... Define affine maps

Ajy) = W' (z;)(y — z;) + ¥(z;) (8.5.4)

from R to C.

First we show that we have uniform convergence on I as j — oo
\I/j = fnj ] Aj o Gj — W, (855)

Fixed G; and x € I denote y := g;(zo) and y + h := Gj(z). If A, diam(I) <
en for Ay the expanding constant for g, where diam, denotes the diameter in
the spherical metric, then by the definition of the set ) we obtain, taking into
account that ¥(y) = A;(y),

Uy+h) - | A/n)lhl _ 1ny
’Aj(y+h>—w<y> 1’< ph = e

(8.5.6)

Then by bounded distortion for iterates of f, Lemma 5.2.2, we obtain for a
constant C' > 1 depending on f

[Ty +h) = [P (y)
fraAj(y+h) — frow(y)
To use Lemma 5.2.2 we need to check its assumptions (we consider z = U(y),y; =

U(y+h),y2 = Aj(y+ h) in the notation of Lemma 5.2.2), namely to check that
forall k =0,1,...,n;

- 1’ < e“ /nje. (8.5.7)

[f0(y +h) = fPU(y)] <rand [fCA;(y +h) = fEU(y)| <7 (8.5.8)

The first estimate follows immediately from the expanding property of f, namely
the estimate |f*W(y 4+ h) — fFU(y)| < /\?rk diam ¥(I) < r, where \; is the
expanding constant for f.

The second estimate can be proved by induction, jointly with (8.5.7) for
all f¥ k =0,1,...,n; in place of f™ in (8.5.7). For each ko, having assumed
(8.5.8) for all k < ko, we obtain (8.5.7) for f¥ in place of f™i, by Lemma 5.2.2.
In particular the bound is by 1 — /\JI1 if n; is large enough.

Hence in the fraction, writing k = kg, we get in the denominator |kaj(y +
h)—f*¥(y)| < diam ¥(I), since the numerator is bounded by /\;(nrk) diam ¥ (I) <
A7t diam W(I). Hence | AT A (y + h) — f*10(y)| < K diam (1) = r
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Note that in the course of induction we verify that the consecutive points
fEA;(y + h) as being close to Fr Q belong to the domain of f.
Now we calculate using f™ o W o G; = ¥ for all j and (8.5.7) that

Wj(2) = V()| = [¥;(x) = W;(zo) — (W(x) = W(xo))|

|y R) = Q) | g (e
| A (y 4 h) — V(o) 11 Aty +h) = W)l
< e nje)| f1 A (y + h) — U(xo)|-

which tends to 0 for j — oc.

Now consider ¥; as defined on a complex neighbourhood of I. To this aim
consider A; as affine maps of C, given by the same formula (8.5.4) as before. By
(8.5.8) considered for complex = and consequently complex h the maps ¥; are
well defined and uniformly bounded. Thus, we can apply Montel theorem and
choose a convergent subsequence from W; . The limit must be a holomorphic
extension of ¥ by uniqueness because it is equal to ¥ on I.

Finally ¥ extends holomorphically to a neighbourhood of every z € R U 0o
since by the topological exactness of g there exists € I and an integer n > 0
such that ¢"(z) = z. So, on a neighbourhood of z we define the extension ¥ =
foWog, ™ where U in the middle has been already defined in a neighbourhood
of I. &

Now we shall prove the following corresponding fact on the radial behaviour
of Riemann mapping .

Theorem 8.5.7. Let f : FrQ — FrQ be a conformal expanding repeller with
Q a Jordan domain. Depending on whether ¢c(w) = 0 or ¢(w) # 0, either O is
real-analytic and the Riemann map R : D' — Q and its derivative R’ extend
holomorphically beyond OD' or for almost every z € D'

oo ife<c(w)
0 ifc>c(w)

1irjlj}1p |R'(rz)| exp c\/log(1/1 — r)logs(1/1 —7) = { (8.5.9)

and

oo ife<e(w)
0 if ¢ > c(w)
(8.5.10)

mflflfp(ml(m)' exp cy/log(1/1 — r)logy(1/1 — 1)) = {

Moreover the radial limsup can be replaced by the nontangential one.

Proof. Let n > 0 be the least integer for which ¢™(rz) € B(0,r¢) for some fixed
ro < 1. We have R'(rz) = ((f™)'(R(rz)))~' - R'(¢"(rz)) - (¢")'(rz). Hence, for
some constant K > 0 independent of r» and z

K1 < |7/ (r2)

=TT @) - RG]
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By the bounded distortion theorem the rz in the denominator can be replaced
z and n depends on r as described by (8.1.2) with r replaced by 1 — r. Now
we proceed as in the proof of Theorem 8.3.1 replacing deviations of S, (¢) —
P(¢)n + klog|(f™) (x)| by the deviations of log |(¢™)(z)| — log |(f™)'(z)|. The
proof is finished. &

8.6 Pressure versus integral means of the Rie-
mann map

In this section we establish a close relation between integral means of derivatives
of the Riemann map to a domain 2 and topological pressure of the function
—tlog|f’| for a mapping f on the boundary of Q. This links holomorphic
dynamics with analysis, as in the notion of 3 below f is not involved. Given

t € R define 1 | y
R
B(t) = limsup 28 Jon [ (r2)l"di(z)

6.1
r—1 —log(1—1) ’ (8.6.1)

the integral with respect to the length measure. We shall prove the following.

Theorem 8.6.1. Assume that (FrQ, f) is a conformal expanding repeller (as
in Theorem 8.4.7). If the lifted (desingularized) map g : OD — 9D is of the
form z — z%, d > 2, then

P(f, ~tlog| /"))

Bt)=t—1+ oz d

(8.6.2)

In particular in (8.6.1) limsup can be replaced by lim.

Proof. Fix 0 < r < 1. Fix n = n(r) to be the first integer for which |¢" (rz)| < ro
for z € D, where 1y < 1 is a constant such that f is defined on a neighbourhood
of 1 R({ro < |w| < 1}). Note that n is independent of z and that there exists
a constant A > 1 such that A= < |R/(w)| < A for all w € B(0, 7).

Then, for all z € 9D

LA — (7 U9 (P2
R = 1R (6" 02| it
Divide 0D into d™ arcs Ij,j =0,...,d" — 1 with the end points z; := e(2mi)j/d"
and z;j41. Note that {z; :=j=0,...,d" —1} = g7 "({1}).

By Holder continuity of the continuous extension of R to clD, see Theo-
rem 8.4.7, f' o R is Holder continuous on c¢lD. Hence there is a constant K > 0
such that the ratio |(f™) (R(w1))/(f™) (R(w2))] is bounded by K for all n all j
and wy,ws € r1;, see Chapter 3. Hence

/1,. (") (R(r2))| " di(z) < 2mrd ™" |(f") (R(rz;))| "],

where =< means the equality up to a bounded factor.
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By our definition of n, rd < rd" < rg; hence dlog(rg) < d™logr < log(rg).
Since there exists a constant B > 1 such that B~1(1 —r) < —logr < B(1 — )
for all r sufficiently close to 1, we get B~ !log1/rg < d™(1 —r) < Bdlog1/ry.
Therefore — log B+loglog 1/ry < nlogd+log(1—r) < log B+loglog1/ro+logd.
Hence nlogd—C < —log(l —7r) < nlogd+ C for some constant C'. Thus, using
lg") (rz)| = d™frz|"" 1 < d",

/ t a1
log Jon [R (r2)|"dl(2) 1i log( Z 2mrd” " d™|(f") (R (TZJ‘))rt)

=0
logZ IF™) (R(rz;))| ™"

P(g, —tlog|f’| oR) 14 P(f,—tlog|f'])
log d logd '

li =
o —log(1—7r) = logd

:—1+t+zn1§rolo

=t—1+

Above, to get pressures, we use the equalities
|(f") (R(rz;))|™" = exp Sn(—log|f'| o R)(rz;),

where Sy, (¢) = >, Lo gk with ¢ = —tlog |f'| o R, and apply the definition of
pressure P, (T, ¢) provided in Proposition 3.4.3 To get P(g, —tlog|f’| o R) we
replace n-th preimages rz; of the point ¢"(rz;) (not depending on j) by preim-
ages of ¢"(z;) = 1, therefore computing P1(g, ). As ¢ is Holder continuous we
can apply Lemma 3.4.2, so the latter pressure is indeed P(g, ¢).

Replace now 1 by an arbitrary 7o : 0 < rg < 1 close to 1 so that ¢ is
defined on its all g"™-preimages, n = 0,1,.... Then Pi(g,¢) = P, (g, ¢), the
latter defined by the same formula as in Proposition 3.4.3 (though r¢ ¢ 0D, our
repeller for g), since R hence ¢ are Holder continuous.

To get P(f, —tlog|f’|) we replace preimages of g by preimages of R(rg) us-
ing the fact that I is injective on D. We obtain P, (g, ¢) = Prry)(f, —tlog|f’])
and the latter expression can be replaced by P gy (f, —tlog|f’|). This is equal
to P(f, —tlog|f’|) due to the Holder continuity of —tlog|f’|. Topological tran-
sitivity of f on FrQ assumed in Proposition 3.4.3 used here follows from the
topological transitivity of g on 9.

Finally limsup can be replaced by lim in 3(¢) since lim in P, (T, ¢) exists in
Proposition 3.4.3. The proof is finished. &

Remark 8.6.2. The equality (8.2.7) holds even if we do not assume that f is
expanding on Fr(); it is sufficient to assume boundary repelling to the side of
), as in Proposition 8.4.5. To this aim we need to define pressure appropriately.
The above proof works for P,.(f, —tlog|f’|) for an arbitrary = € Q close to Fr ),
see also [Binder, Makarov & Smirnov 2003], Lemma 2.

This pressure does not depend on =z € Q by Koebe Distortion Lemma for
iteration of branches of f~! in €2, see Section 5.2. This notion makes sense and
is independent of x also for z € FrQ for “most” z, see [Przytycki 1999] for the
case () is a basin of infinity for a polynomial. Compare Section 11.5.
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Remark 8.6.3. If f is of degree d on () simply connected and f expanding on
FrQ then

. aP(t)
F(a) = irelﬂfz (t + oz d ) (8.6.3)
for P(t) := P(f,—tlog|f’|) is the spectrum of dimensions of measure with
maximal entropy F), . (), see the beginning of Section 8.2 and Exercise 8.6.

If f is a polynomial and Q basin of co then measure with maximal entropy
is the harmonic measure w (from oo, see [Brolin 1965]) hence (8.6.3) is the for-
mula for the spectrum of dimensions of harmonic measure related to Hausdorff
dimension.

One can ask under what conditions the same formula holds for a simply
connected € in absence of f, where in place of P(t)/logd one puts () —t+ 1,
of. (8.6.1).

Remark 8.6.4. The following conjecture is of interest. For B(t) := sup (1),
the supremum being taken over all simply connected domains with non one
point boundary, and for By (t) := supg 5(t) supremum taken over {2 being
simply connected basins of attraction to co for polynomials

B(t) = Bpoly (t)

It is known, that B; = Bgsnowfiake (1), where Bgpowfiake (t) is defined as the sup 3(t)
with supremum taken over € being complements of Carleson’s snowflakes, see
next section, Section 8.7.

Remark 8.6.5. The following is called Brennan conjecture: Bpsc(—2) = 1
(BSC means supremum over bounded simply connected domains).

This has been verified for 2 simply connected basins of oo for quadratic
polynomials in [Barariski, Volberg, & Zdunik 1998], the variant saying that

// |RI|72+€|dZ|2<OO
D

A stronger conjecture is that

B(t) =|t)?/4 for |f|<2 [t| -1 for || >2.

8.7 Geometric examples. Snowflake and Car-
leson’s domains

This last section of this chapter is devoted to apply the results of previous
sections to geometric examples like von Koch snowflake and Carleson’s example.
Following the idea of the proof of Theorems 8.3.1, 8.5.4, 8.5.5 and coping with
additional technicalities, see [Przytycki, Urbariski & Zdunik 1991, Theorem C,
Section 6], one can prove the following.
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Theorem 8.7.1. Let Q be a simply connected domain in C with the boundary
FrQ = 0Q being a Jordan curve. Let 0;, j = 1,2...,k be a finite family of
compact arcs in O with pairwise disjoint interiors. Denote | J0; by 0 (we do
not assume that this curve is connected). Assume that there exists a family of
conformal maps fj, j =1,...,k, (which may reverse the orientation on C) on
neighbourhoods U; of 0;. For every j assume that f;(2NU;) CQ, [fi| > 1 on
U; and

fi(oQnU;) c oQ. (8.7.1)

Assume also the Markov partition property: for every j = 1,...k, f;(0;) =
User, Os for some subset I; C {1,2,...,k}. Consider the k x k matrizx A = Ajj,
where Aip =1 ik el and Ajr, =0 if k ¢ I;. Assume that A is aperiodic,
i.e. there exists n such that all the entries of A™ are positive. (cf. Section 3.3).
Then there exists a transition parameter c¢(w,d) > 0 such that for the harmonic
measure w on OS) viewed from ), restricted to O the claims of Theorem 8.5.4
and Theorem 8.5.5 (the analyticity of O in the case c(w,d) = 0), hold for O.

Here (8.7.1) is a crucial assumption allowing to prove Theorem 8.7.1. To have
it satisfied one needs sometimes to construct a sophisticated Markov partition of
0f) rather than a natural one, see the boundary of the snowflake domain below,
Figure 8.5 and Chapter 0. See the discussion in [Makarov 1986].

Example 8.7.2 (the snowflake). To every side of an equilateral triangle, in the
middle we glue from outside a three times smaller triangle. To every side of the
resulting polygon we glue again an equilateral triangle three times smaller, and
so on infinitely many times. The triangles do not overlap in this construction
and the boundary of the resulting domain €2 is a Jordan curve. This €2 is called
von Koch snowflake. It was first described by Helge von Koch in 1904.

Figure 8.5: Snowflake
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Denote the curve in 92 joining a point x € 9N to y € I in the clockwise
direction just by xy. For every 0; := A;A; 1(modq12) C 08, i = 0,1,...,11, we
consider its covering by the curves 12, 23, 34, 45, 56 in €2, see Figure 8.6. This
covering together with the affine maps

12, 34 — 16 ( preserving orientation on 0f2)
23 — 61 ( reversing orientation )
56 — 36 ( preserving orientation )

45 — 63 ( reversing orientation )

gives a Markov partition of 9; satisfying the assumptions of Theorem 8.7.1.
A; 3
1

2P

A1

Figure 8.6: A fragment of the snowflake

Since 9f) (and every its subcurve) is definitely not real-analytic (HD(09)) =
log4/log3), the assertion of Theorem 8.7.1 is valid with ¢(w, ;) > 0. We may
denote ¢(w, 9;) by c¢(w) since it is independent of 9; by symmetry.

Example 8.7.3 (Carleson’s domain). We recall Carleson’s construction from
[Carleson 1985]. We fix a broken line v with the first and last segment lying in
the same straight line in R?, with no other segments intersecting the segment
1,d — 1, see Figure 8.7).

Then we take a regular polygon Q' with vertices Ty, T4, ...,T, and glue
to every side of it, from outside, the rescaled, not mirror reflected, curve
so that the ends of the glued curve coincide with the ends of the side. The
resulting curve bounds a second polygon Q2. Denote its vertices by Ag, A1, . ..
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Figure 8.7: Construction of Carleson’s domain

(Figure 8.8). Then we glue again the rescaled 7 to all sides of 22 and obtain a
third order polygon Q3 with vertices By, By, . ... Then we build Q* with vertices
C(), Cl, . .QS with DQ, Dl, ... etc.

T;

Figure 8.8: Carleson’s domain

Assume that there is no self-intersecting of the curves 9Q™ in this con-
struction. Moreover assume that in the limit we obtain a Jordan curve £ =
L(Q',7) = 9Q. The natural Markov partition of each curve T;T;,1in £ into
curves A;Aj 1 with f(AjA41) = T;T;41, considered by Carleson does not sat-
isfy the property (8.7.1) so we cannot succeed with it. Instead we proceed as
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follows: Define in an affine fashion

J(Bag—1)+1Baj—1) = A1Aqg

for every j = 1,2...,d. Divide now every arc Bgj_1A4; for j =1,2...,d and
AjBgj+1, j = 1,2...,d into curves with ends in the vertices of the polygon
O : 07 € Byj_1A;, C7 € AjBgjyy respectively, the closest to Aj(# Aj). Let
forj=1,2,....,d—1,

f(CIAj) = Byj—14;, f(Bgj-10?) = Ag_1Bg2_1,
f(A;C7) = AjByjr, f(C9Bgyit1) = BiA;.

This gives a Markov partition of B;Bg2_;1 with aperiodic transition matrix,
see the discussion after Definition 3.3.3 and Theorem 3.5.7. We can consider
instead of the broken line 7 in the construction of €, the line v(?), consisting of
d? segments, which arises by glueing to every side of 7y a rescaled . Consecutive
gluing of the rescaled v to the polygon Q! gives consecutively O3, Q° etc. The
same construction as above gives a Markov partition of Dy Dga_q in T;T;11. By
continuing this procedure we approximate 7;7;;1, so from Theorem 8.7.1 and
from the symmetry we deduce that there exists a transition parameter c(w)
such that the assertion of Theorem 8.5.4(b) is satisfied. Observe that Carleson’s
assumption that the broken line 1,2, ...,d—1 does not intersect 1, d — 1 has not
been needed in these considerations. Also the assumption that Q' is a regular
polygon can be omitted; one can prove that ¢(w) does not depend on T;T;11 by
considering a Markov partition with aperiodic transition matrix, which involves
all the sides of Q! simultaneously.

Exercises

Multifractal analysis

8.1. Prove the equalities of Rényi and Hentschel-Procaccia spectra.

8.2. Prove Proposition 8.2.4 about Legendre transform pairs and remarks pre-
ceding and following it.

8.3. Prove for « = —T’(1) that F(a) = « and F'(a) =1 and F'(—T"(£o00)) =
+oo (see Figure 8.3).

8.4. Prove that if ¢ is not cohomologous to — HD(X) log|f’| then the singular
part X of X is nonempty. Moreover HD(X) = HD(X).

Hint: Using the Shadowing Lemma from Chapter 3, find trajectories that
have blocks close to blocks of trajectories typical for pi_pp(x)iog|s| of length
N interchanging with blocks close to blocks typical for pg of length eV, for NV
arbitrarily large and € > 0 arbitrarily small.
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8.5. Define the lower and upper information dimension I(v) and I(v) replacing
in the definition of I(v) the limit lim, by the lower and upper limits respectively.
Prove that HD, (v) < I(v) < I(v) < PD*(v), see (8.2.1).

Sketch of the proof. For an arbitrary € > 0 there exist C' > 0 and A C X, with
v(X\A) < e such that for all » small enough there exists a partition F, of A, sat-
isfying H, (r)+¢ > =Y gez v(B)logv(B) > 3z 7 v(B)HD,(v)10g sqmmp =
HD, (v)(1 — €) log &-.

On the other hand for the partition B, of X into intersections with boxes
(cubes) of sides of length r (compare Proposition 7.4.6 and the partition involved
in the definition of Rényi dimension, but consider here disjoint cubes, that is
open from one side), we have

- H, — B)1 B
I(v) = limsup ﬁ < lim sup > pes, V(B)logv(B)
r—0 —108T r—0 —logr
1 B, d 1 B, .
S hm Sup f Ogy( (x)) I/(x) S /(hm Sup M)dy(x) S PD (1/),
r—0 log 7 r—0 logr

where B,.(z) denotes the cube of side r containing x.
Prove that it has been eligible here to use cubes instead of balls standing

in the definition of d,(z). For this aim prove that for v-a.e. x € X, we have
log v(Br(z))
log v(B(z,r))
Prove that we could use Fatou’s lemma (changing the order of limsup and
integral) indeed, due to the existence of a v-integrable function which bounds
from above all the functions logv(B(z,r))/logr (or logv(B,(x))/logr). Use

again Borel-Cantelli lemma, for, say, r = 27F.

lim = 1. Use Borel-Cantelli lemma.

8.6. Let u = pg be a measure of maximal entropy on a topologically exact
conformal expanding repeller X such that every point x € X has exactly d
preimages (so ¢ = —logd). Prove (deduce from Theorem 8.2.5) that F(a) =

infyep (t + Oi(f’g((ti)), more concretely F'(a) =T + alg’g(g)7 where av = — 113‘3%;).

8.7. Let ¢; : X — R be Holder continuous functions for : = 1,...,k and pg,
their Gibbs measures. Define Xo,, o, = {2 € X : d,,(z) = a; forall i =
1,...,k}. Define ¢g,, . gt = —tlog|f'| + >, ¢i¢: and T(q1,...,qx) as the only

zero of the function ¢ — P(¢g ... q..t). Prove the same properties of T as in
Theorem 8.2.5, in particular that

HD(X., a.) = inf o + 1T (q1, ...,
( 1yeee k) (ql,...,qk)ERqu (QI Qk)

)

wherever the infimum is finite.

Fluctuations for Gibbs measures
8.8. Prove g L Aac0 in the case b) of Theorem 8.3.1.

Hint. Use a function more refined than /202nloglogn, see the Kol-
mogorov test after Theorem 1.11.1. Use LIL (upper bound) for Sy, (log [¢'| =X, )
(Birkhoff Ergodic theorem as used above is not suficient). for details see [PUZ].
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8.9. Prove a Theorem analogous to Theorem 8.3.1, comparing 14, with packing
measures. In particular prove that, for ¢ not a coboundary, for the gauge

function ac(r) = r%exp(—cy/log1/rlogs1/r) and co = /207 (¥)/Xpu,(f) it

holds py < 11, for all 0 < ¢ < ¢o, and pg L 1l,, for all ¢ > co.

Harmonic measure

8.10. Prove (8.5.2), namely hp_(,)(f) = h,(g) in the case f is expanding but
not assuming that 2 is Jordan. To this end prove that R is finite-to-one on 9D.

8.11. Prove that if 2 is a Jordan domain with boundary preserved by a con-
formal expanding map f defined on its neighbourhood, and harmonic measures
wo and wg, o on Fr (i.e harmonic measures on Fr ) viewed from inside and
outside) are equivalent, then they are equivalent to the Hausdorff measure Ay
(hence FrQ is real analytic).

Remark. A part of this theorem holds without assuming the existence of
f, see [Bishop et al. 1989]. It has an important intuitive meaning. Harmonic
measure is supported on a set exposed to the side from which it is defined,
easily accessible by Brownian motion. These sets in Fr ) viewed from inside
and outside are very different except Fr () is rectifiable.

8.12. Prove that if (Fr(, f) is an expanding conformal repeller for a rational
function f, FrQ is an analytic Jordan curve and € is a basin of attraction to a
sink, then Fr ) is a geometric circle. (The assumption {2 is a basin of attraction
is weaker than the assumption that  is completely invariant in Theorem 8.5.5.)

Hint: Due to the analyticity of Fr( a Riemann map R : D —  extends
holomorphically to a neighbourhood U of clD.Consider g a Blaschke product
extending R~!fR defined on D. We can assume g has a sink at co. Extend next
R to C holomorphically by f™o Rog™", with branches ¢~ and n large enough
that ¢7"(z) € U. Check that the extension does not depend on the choice of
the branches g~". If g is not of the form g(z) = Az then the above formula
defines R on C. If g(z) = Az? prove separately that R does no have an essential
singularity at oo. Finally prove that the extended R is invertible. For details
see [Brolin 1965, Lemma 9.1].

If we do not assume anything about f-invariance of Q or Q* then Jordan Fr Q)
need not be a geometric circle. Consider for example the mapping F(x,y) =
(42, 4y) on the 2-torus R?/Z? and its factor, so called Lattés map, f := PFP~!
on the Riemann sphere, where P is Weierstrass elliptic function. Then P({y =
1/4 4 Z}) is an f-invariant expanding repelling Jordan curve, but it is not a
geometric circle (we owe this example to A. Eremenko).

8.13. Prove that if for two conformal expanding repellers (J1, f1) and (Ja, f2) in
C being Jordan curves, the multipliers at all periodic orbits in J corresponding
by a conjugating homeomorphism h, coincide, i.e. for each periodic point ¢ € Jy
of period n we have |(f1")'(¢)| = |(f5) (h(¢))|, then the conjugacy extends to a
conformal map to neighbourhoods.

8.14. Let A : RY/Z% — R?/Z4 be a hyperbolic toral automorphism given by
an integer matrix of determinant 1. Let ®(x1,...,24) = (271, ... g27iza)
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maps this torus to the torus 7¢ = {|z1| = -+ = |z4] = 1} C C% Tt extends
to C?/Z%. Define B = ®A®~!. Let f be a holomorphic perturbation of B on
a neighbourhood of T9. Prove that close to T there is a topological torus S
invariant for f such that A on 7 and f on S are topologically conjugate by
a homeomorphism h close to identity. Prove that if for each A-periodic orbit
p, A(p), ..., A" 1(p) of period n absolute values of eigenvalues of differentials
DA™(p) and of D f™(h(p)) coincide (one says that Lyapunov spectra of periodic
orbits coincide), then h extends to a holomorphic mapping on a neighbourhood
of T4.
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Chapter 9

Sullivan’s classification of
conformal expanding
repellers

This chapter relies on ideas of the proof of the rigidity theorem drafted by
D. Sullivan in Proceedings of Berkeley’s ICM in 1986, see [Sullivan 1986]. In
Chapter 6, Example 6.1.10 shows that two expanding repellers can be Lipschitz
conjugate, but not analytically (even not differentially) conjugate.

So in Chapter 6 we provided an additional invariant, the scaling function for
an expanding repeller in the line, taking in account “gaps”, and proved that it
already determined the C''*é-structure.

In this chapter we distinguish, following Sullivan, a class of conformal ex-
panding repellers, abbr. CER’s, called non-linear, and prove that the class of
equivalence of the geometric measure, in particular the class of Lipschitz conju-
gacy, determines the conformal structure.

This is amazing: a holomorphic structure preserved by a map is determined
by a measure.

9.1 Equivalent notions of linearity

Definition 9.1.1. Consider a CER (X, f) for compact X C C. Denote by
Jf the Jacobian of f with respect to the Gibbs measure px equivalent to a
geometric measure myx on X. We call (X, f) linear if one of the following
conditions holds:

a) The Jacobian Jf, is locally constant.

b) The function HD(X)log | /| is cohomologous to a locally constant function
on X.

¢) The conformal structure on X admits a conformal affine refinement so
that f is affine (i.e., see Sec. 4.3, there exists an atlas {¢;} that is a family

297
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of conformal injections ¢; : Uy — C where Ut U; D X such that all the maps
et and ¢y fps ! are affine). We call (X, f) non-linear if it is not linear.

Recall that as the conformal map f may change the orientation of C on some
components of its domain we can write |f’| but not f’ unless f is holomorphic.

Proposition 9.1.2. The conditions a), b) and c) are equivalent.

Before we shall prove this proposition we distinguish among CER’s real-
analytic repellers:

Definition 9.1.3. We call (X, f) real-analytic if X is contained in the union of
a finite family of real analytic open arcs and closed curves.

Lemma 9.1.4. If there exists a connected open domain U in C intersecting
X for a CER (X, f) and if there exists a real analytic function k on it equal
identically 0 on U N X but not on U then (X, f) is real-analytic.

Proof. Pick an arbitrary € U N X. Then in a neighbourhood V' of x the set
E = {k = 0} is a finite union of pairwise disjoint real- analytic curves and of
the point x. This follows from the existence of a finite decomposition of the
germ of F at x into irreducible germs and the form of each such germ, see for
example Proposition 5.8. in the Malgrange book [Malgrange 1967]. As the sets
X NV), n>0cover X, X is compact and f is open on X we conclude
that X is contained in a finite union of real-analytic curves 7; and a finite set
of points A such that the closures of v; can intersect only in A.

Suppose that there exists a point x € X such that X is not contained in
any real-analytic curve in every neighbourhood of x. Then the same is true
for every point z € X N f~"{z}, n > 0, hence for an infinite number of points
(because pre-images of x are dense in X by the topological exactness of f, see
Chapter 3). But we proved above that the number of such points is finite so we
arived at a contradiction. We conclude that X is contained in a 1-dimensional
real-analytic submanifold of C. &

Proof of Proposition 9.1.2.

a)=b). Let u be the eigenfunction Lu = u for the transfer operator £ = L,
for the function ¢ = —xklog|f’|, where kK = HD(X), as in Sec. 3.3. Here the
eigenvalue A = exp P(f, ¢) is equal to 1, see Sec. 7.2.

For an arbitrary z € X we have in its neighbourhood in X

Const = log J f = rlog|f'(z)| + logu(f(z)) — logu(z) (9.1.1)

b)= c¢). The function u extends to a real-analytic function uc in a neigh-
bourhood of X, see Sec. 4.4, so the function log.Jf extends to a real-analytic
function log J fc by the right hand side equality in the formula (9.1.1), for uc
instead of u. We have two cases: either log J fc is not locally constant on every
neighbourhood of X and then by Lemma 9.1.4 (X, f) is real-analytic or log J f¢
is locally constant. Let us consider first the latter case.
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Fix z € X . Choose an arbitrary sequence of points z, € X, n > 0 such that
f(zn) = zn—1 and choose branches f, ™ mapping z to z,. Due to the expanding
property of f they are all well defined on a common domain around z. For every
x close to z denote =, = f, " (z). We have dist(z,,z,) — 0 so by (9.1.1) for
log J fc

NE

k(log | (zn)| —log|f'(zn)l)

I
-

n

(9.1.2)

—

oguc(z) —loguc(z) + nllngo(log uc(zn) — loguc(zy))
= loguc(z) — loguc(z).

We conclude that loguc(x) is a harmonic function in a neighbourhood of z
in C as the limit of a convergent series of harmonic functions; we use the fact
that the compositions of harmonic functions with the conformal maps f, " are
harmonic. Close to z we take a so-called harmonic conjugate function h so that
logu(z) + ih(x) is holomorphic.

Write F, = exp(logu + ih) and denote by F, a primitive function for F, in
a neighbourhood of z. This is a chart because F.(z) # 0. The atlas given by
the charts F, is affine (conformal) by the construction. We have due to (9.1.1)
for the extended u

|(Fzy 0 f o 1) (Fe(@))] = uc(f(2))|f ()] /uc(z) = Const

so the differential of f is locally constant in our atlas.

In the case (X, f) is real-analytic we consider just the charts ¢; being prim-
itive functions of w on real-analytic curves containing X into R with unique
complex extensions to neighbourhoods of these curves into a neighbourhood of
R in C. The equality log .J fc = Const holds on these curves so the derivatives
of ¢ fo; ! are locally constant.

c)= a). Denote the maps ¢; f¢; ! by f;)s. In a neighbourhood (in X)) of an
arbitrary z € X we have

u(z) = lim L"(1)(z) = lm > |(f") ()"

n— oo n— oo
yef—(x)

= lim |¢' ()" > &' (y)| "I (v)| ™™ (9.1.3)

n—oo

Y
= Const lim_|6/(x)|* 3 F(4)| " = ¢/ (x)|" Const
Y

To simplify the notation we omitted the indices at ¢ and f here, of course
they depend on z and y’s more precisely on the branches of f~™ on our neigh-
bourhood of z mapping z to y’s . Const also depends on z. We could omit the
functions ¢'(y) in the last line of (9.1.3) because the diameters of the domains
of ¢'(y) which were involved converged to 0 when n — oo due to the expanding
property of f, so these functions were almost constant.
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Hence due to (9.1.3) in a neighbourhood of every z € X we get
Jf(x) = Const u(f(z))|f (x)|"/u(z) = Const |f'(x)|" = Const &

Remark 9.1.5. In the b)=-c) part of the proof of Proposition 9.1.2 as — log | f'|
is harmonic we do not need to refer to Sec. 4.4 for the real-analyticity of u .
The formula (9.1.2) gives a harmonic extension of u to a neighbourhood of an
arbitrary z € X, depending on the choice of the sequence (z,,). If two extensions
u1,uz do not coincide on a neighbourhood of z then in a neighbourhood of z,
XC{ul—UQZO}.

If the equation (9.1.1) does not extend to a neighbourhood of z then again
X C {v = Const} for a harmonic function v extending the right hand side of
(9.1.1).

In each of the both cases (X, f) happens to be real-analytic and to prove it
we do not need to refer to Malgrange’s book as in the proof of Lemma 9.1.4.
Indeed, for any non-constant harmonic function k on a neighbourhood of z € X
such that X C {k = 0} we consider a holomorphic function F such that k = RF
and F(z) =0. Then E = {k =0} = {RF = 0}. If F has a d-multiple zero at x
then it is a standard fact that E is a union of d analytic curves intersecting at
x within the angle Z .

We end this Section with giving one more condition implying the linearity.

Lemma 9.1.6. Suppose for a CER (X, f) that there exists a Holder continuous
line field in the tangent bundle on a neighbourhood of X invariant under the
differential of f. In other words there exists a complex valued nowhere zero
Hélder continuous function « such that for every x in a neighbourhood of X

Arga(x) + Arg f'(z) = Arga(f(z)) + e(x)m (9.1.4)

where £(x) is a locally constant function equal O or 1. This is in the case f
preserves the orientation at x, if it reverses the orientation we replace in (9.2.1)
Arg f' by — Arg f'.

Then (X, f) is linear.

Proof. As in Proof of Proposition 9.1.2, the calculation (9.1.2), if f is holomor-
phic we have for x in a neighbourhood of z € X in C

Arga(z) — Arga(z Z Arg(f — Arg(f'(wn))),

if we allow f to reverse the orientation then we replace Arg f' by — Arg f’ in the
above formula for such n that f changes the orientation in a neighbourhood of
Zp. So Arg a(z) is a harmonic function. Close to z we find a conjugate harmonic
function h so we get a family of holomorphic functions F, = exp(—h + i Arg «
which primitive functions give an atlas we have looked for.
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Remark 9.1.7. The condition for (X, f) in Lemma 9.1.6 is stronger than the
linearity property. Indeed we can define f on the union of the discs D; = {|z] <
1} and Dy = {|z — 3| < 1} by f(2) = bexp2m¥i on Dy where ¢ is irrational,
and f(z) = 5(z — 3) on Dy. This is an example of an iterated function system
from Sec. 4.5. We get a CER (X, f) where X = (", f~"({|z| < 5}). It is
linear because it satisfies the condition ¢). Meanwhile 0 € X, f(0) = 0 and
1'(0) = 5 exp 2w, so the equation (9.1.4) has no solution at = 0 even for any
iterate of f.

Remark 9.1.8. If we assume in place of (9.1.4) that Arg f'(x) — Arga(f(z)) —
Arg a(x) is locally constant, then we get the condition equivalent to the linearity.

9.2 Rigidity of nonlinear CER’s

In this section we shall prove the main theorem of Chapter 9:

Theorem 9.2.1. Let (X, f), ((Y,g) be two non-linear conformal expanding re-
pellers in C. Let h be an invertible mapping from X onto Y preserving Borel
o-algebras and conjugating f to g, hof = goh. Suppose that one of the following
assumption is satisfied:

1. h and h=' are Lipschitz continuous.

2. h and h™! are continuous and preserve so-called Lyapunov spectra, namely
for every periodic x € X and integer n such that f™(x) = x we have |(f™) (x)| =
(g™) (h(x))].

3. h. maps a geometric measure mx on X to a measure equivalent to a
geometric measure my on Y.

Then h extends from X (or from a set of full measure mx in the case 3.)
to a conformal homeomorphism on a neighbourhood of X .

We start the proof with a discussion of the assumptions. The equivalence of
the conditions 1. and 2. has been proved in Sec. 4.3. The condition 1. implies
3. by the definition of geometric measures 5.6.5. One of the steps of the proof
of Theorem will assert that 3. implies 1. under the non-linearity assumption.
Without this assumption the assertion may happen false. A positive result is
that if h is continuous then for a constant C' > 0 and every x1, 22 € X

(1) — h(x2)["PY)
— 1,[HD(X)

C < <Cc L

|21

(We leave the proof to the reader.)

It may happen that HD(X) # HD(Y) for example if X is a 1/3 — Cantor
set and for g we remove each time half of the interval from the middle.

A basic observation to prove Theorem 9.2.1 is that

Jgoh = Jf and moreover Jg’ o h = JfJ (9.2.1)
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for every integer j > 0. This follows from g/ o h = ho f7 and Jh = 1. We recall
that we consider Jacobians with respect to the Gibbs measures equivalent to
geometric measures.

Observe finally that (X, f) linear implies (Y, g) linear. Indeed, if (X, f)
is linear then Jf hence Jg admit only a finite number of values in view of
Jgoh = Jf. As Jg is continuous this implies that Jg is locally constant i.e.
(Y, g) is linear.

Lemma 9.2.2. If a CER (X, ) is non-linear then there exists x € X such that
grad J fc(z) # 0.

Proof. If gradJfc = 0 on X then as Jfc is real- analytic we have either
grad Jfc = 0 on a neighbourhood of X in C or by Lemma 9.1.4 (X, f) is
real-analytic and grad J fc = 0 on real- analytic curves containing X. In both
cases by integration we obtain Jf locally constant on X what contradicts the
non-linearity assumption.

Now we shall prove Theorem in the simplest case to show the reader the
main idea working later also in the general case.

Proposition 9.2.3. The assertion of Theorem 9.2.1 holds if we suppose addi-
tionally that (X, ) and Y, g) are real-analytic and the conjugacy h is continuous.

Proof. Let M, N be real analytic manifolds containing X, Y respectively. By the
non-linearity of X and Lemma 9.2.2 there exists x € X and its neighbourhood U
in M such that F := Jfc|y : U — R has a real-analytic inverse F~! : F(U) —
U. Then in view of (9.2.1) h™! = F~1 o Jgc on h(U N X) so k™! on h(U N X))
extends to a real analytic map on a neighbourhood of h(U N X) in N.

Now we use the assumption that h~! is continuous so h(U N X) contains an
open set v in Y. There exists a positive integer n such that ¢" (V) =Y hence
for every y € Y there exists a neighbourhood W of y in NV such that a branch
g, " of ¢7™ mapping y and even W NY into V is well defined. So we have
h=t = froh~log,™ extended on W to a real-analytic map. This gives a real-
analytic extension of =1 on a neighbourhood of Y because two such extensions
must coincide on the intersections of their domains by the real-analyticity and
the fact that Y has no isolated points.

Similarly using the non-linearity of (Y, ¢g) and the continuity of h we prove
that h extends analytically. By the analyticity and again lack of isolated points
in X and Y the extentions are inverse to each other, so h extends even to a
biholomorphic map.

Now we pass to the general case.

Lemma 9.2.4. Suppose that there exists x € X such that grad J fc(z) # 0
in the case X is real-analytic, or there exists an integer k > 1 such that
det(grad J fc, grad(J fc o f¥)) # 0 in the other case.

(In other words we suppose that Jfc, respect. (Jfc,Jfco f*), give a coor-
dinate system on a real, respect. complex neighbourhood of x.)

Suppose the analogous property for (Y, g).
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Let h : X — Y satisfy the property 3. assumed in Theorem 9.2.1. Then h
extends from a set of full geometric measure in X to a bi-Lipschitz homeomor-
phism of X ontoY conjugating f with g.

Proof. We can suppose that HD(X) > HD(Y"), recall that HD denotes Hausdorff
dimension. Pick x with the property assumed in the Lemma. Let U be its
neighbourhood in M ( as in Proof of Proposition 9.2.3) or in C if (X, f) is not
real-analytic, so that F := (Jfc,Jfc o f¥) is an embedding on U. Let y € Y
be a density point of the set h(U N X) with respect to the Gibbs measure py
equivalent to the geometric measure my. (Recall that we have proved that
almost every point is a density point for an arbitrary Borel probability measure
on a Euclidean space in Chapter 7, Theorem 7.5.4, relying on Besicovitch’s
Theorem.) So if we denote (Jgc, Jgc o g¥) in a neighbourhood (real or complex)
of y by G, we have for every § > 0 such g9 = £¢(d) > 0 that for every 0 < & < ¢g

py (B(y,e) N h(U N X))

B L °

and
hl=Flo@ on h(UNX).

(Observe that the last equality may happen false outside A(UNX) even very
close to y because h~! may map such points to (Jfc,Jfc o f¥)7! o G with a
branch of (J fc, Jfc o f¥)~t different from F~1.)

Now for every £ > 0 small enough there exists an integer n such that
diam ¢g" B(y, ¢) is greater than a positive constant , g"|p(y.c) is injective and the
distortion of ¢" on B(y,¢) is bounded by a constant C', both constants depend-
ing only on (Y, g). Then if € < g¢(d) we obtain for Ys := ¢g"(h(UNX)NB(y,¢)),

py (9" (B(y,€)) \ Ys) - oty (Bly,€) \ AU N X))
py (9™ (B(y,€))) py (B(y,e))

< C6.

So
py (Ys)

m > 1 - 05. (9.2.2)

We have
[(f™) (=1 ())|*PE) < Const J f (™ (y))
= Const Jg(y) < Const (") (1) "*).

As we assumed HD(X) > HD(Y) we obtain
|(f™) (h™ ()] < Comst | (f) ()| PV HPE) < Const (/") ()] (9.2.3)

Then due to the bounded distortion property for iteration of f and g we
obtain that h~! = f?h~'¢~! is Lipschitz on Y5 with Lipschitz constant inde-
pendent of &, more precisely bounded by Constsup ||D(F~1oG||, where F~1oG
is considered on a real (complex) neighbourhood of y and Const is that from
(9.2.3).
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There exists an integer K > 0 such that for every n, g% g"B(y,e(n)) covers
Y. Because .Jg is bounded, separated from 0, this gives h~! on g’ (Y5) Lipschitz
with a Lipschitz constant independent from § and (g% (Ys)) > 1 — Const § for
§ arbitrarily small. We conclude that h~! is Lipschitz on a set of full measure
wy so it has a Lipschitz extension to Y.

We conclude also that HD(X) = HD(Y). Otherwise diamh~!(Y;) — 0, so
because suppux = X we would get diam X = 0. So we can interchange above
the roles of (X, f) and (Y, g) and prove that h is Lipschitz.

The next step will assert that for non-linear repellers the assumptions of
Lemma 9.2.4 about the existence of coordinate systems are satisfied.

Lemma 9.2.5. If (X,f) is a non-linear CER then there exists v € X such
that either grad J fc(x) # 0 in the case X is real-analytic, or there exists an
integer k > 1 such that det(grad J fc,grad(J fc o f*)) # 0 in the case (X,f) is
not real-analytic.

Proof. We know already from Lemma 9.2.2 that there exists & € X such that
grad J fc(z) # 0 so we may restrict our considerations to the case (X, f) is not
real-analytic.

Suppose Lemma is false. Then for all £ > 0 the functions

@y, := det(grad J fc, grad(J fc o fk))

are identically equal to 0 on X. Let W be a neighbourhood of Z in C where
grad J fc # 0.

Let us consider on W the line field V orthogonal to grad J fc. Due to the
topological exactness of f on X for every z € X there exists y € W N X and
n > 0 such that f"(y) = x.

Thus define at x

Ve :=Df"(Vy) (9.2.4)

We shall prove now that if z = f*(y) = f!(z) for some y,z € WNX, k,l >0,
then
Dff(W,) = DfY(V.). (9.2.5)

If (9.2.5) is false, then close to = there exist 2/ € X and m > 0 such that
fm(2') € W (we again refer to the topological exactness of f) and Df*(V,) #
Df'(V..), where f*(y') = fi(2') = 2', ¥’ € X is close to y and 2’ € X is close
to z. We obtain D f¥+™ (V) # D f'7™(V..) so either D f*™(Vy/) # V(4 or
DfH™(V,)) # Vym (5. Consider the first case (the second is of course similar).
We obtain that Jf and Jf o f¥*™ give a coordinate system in a neighbourhood
of y' i.e. gy (y') # 0 contrary to the supposition.

Thus the formula (9.2.4) defines a line field at all points of X which is
D f-invariant. Observe however that the same formula defines a real-analytic
extension of the line field to a neighbourhood of z in C because V is real-
analytic on a neighbourhood of y € W and f is analytic. Each two such germs
of extensions related to two different pre-images of & must coincide because they
coincide on X, otherwise (X, f) would be real-analytic. Now we can choose a
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finite cover B; = B(x;, ;) of a neighbourhood of X with discs, z; € X so that
for the respective Fj-branches of f~" leading x; into W, we have F;(3B;) C W
where 3B; := B(z;,3d;). Hence the formula (9.2.4) defines V on 3B;. So if
B; N Bj # (), then we have 3B; C Bj or vice versa. So 3B; N3B; N X # 0 hence
the extensions of V on 3B; and on 35;, in particular on B; and on B, coincide
on the intersection. This is so because they coincide on the intersection with X
and (X, f is not real-analytic.

(We made the trick with 30 because it can happen that B; N B; # 0 but
B; N Bj nNXxX = (Z))

Thus V extends real-analytically to a neighbourhood of X. This field is D f-
invariant on a neighbourhood of X because we can define it in a neighbourhood
of v € X and f(z) by (9.2.4) taking the same y € W N X where f"(y) = z,
" (y) = f(z). So by Lemma 9.1.6 (X, f) is linear what contradicts the
assumption that (X, f) is non-linear.

Corollary 9.2.6. If for (X, f),(Y,q) the assumptions of Theorem 9.2.1 are
satisfied and if (Y, g) is real-analytic then (X, f) is real-analytic too.

Proof. Due to Lemma 9.2.5 the assumptions of Lemma 9.2.4 are satisfied. So
h=! = F~! o G on a neighbourhood of y € Y by the continuity of h=1, (see
the notation in Proof of Lemma 9.2.4). Denote a real-analytic manifold Y
is contained in by N. Then Jgc # Const on any neighbourhood of y in N.
Otherwise h~! would be constant, but y is not isolated in Y so h~! would not
be injective.

Remind that we can consider F~! o G as a real analytic extension of h~?
to a neighbourhood V of y in N. So the differential of F~'G is 0 at most at
isolated points, so different from 0 at a point ¢y’ € V NY. We conclude due
to the continuity of A that in a neighbourhood of A=1(y’), X is contained in a
real-analytic curve. So (X, f) is a real-analytic repeller.

Now we shall collect together what we have done and make a decisive step
in proving Theorem 9.2.1, namely we shall prove that the conjugacy extends to
a real-analytic diffeomorphism.

Proof of Theorem 9.2.1. 1f both (X, f) and (Y, g) are real-analytic then the
conjugacy extends real-analytically to a real-analytic manifold so complex an-
alytically to its neighbourhood by Proposition 9.2.3. Its assumptions hold by
Lemmas 9.2.4 and 9.2.2. If both (X, f) and (Y, g) are not real-analytic (a mixed
situation is excluded by Corollary 9.2.6), then by Lemma 9.2.4 which assump-
tions hold due to Lemma 9.2.5 we can assume the conjugacy h is a homeomor-
phism of X onto Y. But h~! extends to a neighbourhood of y € Y in C to a
real-analytic map. We use here again the notation of Lemma 9.2.4 and proceed
precisely like in Proposition 9.2.3, Lemma 9.2.4 and Corollary 9.2.6 by writing
h~! = F~' o G. This gives a real-analytic extension of h~! to a neighbourhood
of an arbitrary y € Y by the formula f* o h=! o g1 precisely as in Proof of
Proposition 9.2.3.

For two different branches F, F5 of g7, g~ ™2 respectively, mapping y into
the domain of F~! o G germs of the extensions must coincide because they
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coincide on the intersection with Y, see Lemma 9.1.4.

Now we build a real-analytic extension of A~' to a neighbourhood of YV
similarly as we extended V in Proof of Lemma 9.2.5, again using the assumption
(Y, g) is not real-analytic. Similarly we extend h.

Denote the extensions by h, h=1. We have h=1 o h and h o h~! equal to the
identity on X, Y respectively. The these compositions extend to the identities to
neighbourhoods, otherwise (X, f) or (Y, ¢g) would be real-analytic. We conclude
that h is a real-analytic diffeomorphism. Finally observe that gl~1 =h fon a
neighbourhood of X because this equality holds on X itself and our functions
are real-analytic, otherwise (X, f) would be real-analytic.

The only thing we should still prove is the following

Lemma 9.2.7. If (X, f) is a non-linear CER, not real-analytic , and there is
a real-analytic diffeomorphism h on a neighbourhood of X to a neighbourhood
of Y for another CER (Y, g) such that h(X) =Y and h conjugates f with g in
a neighbourhood of X then h is conformal.

Proof. Suppose for the simplification that f, g and h preserve the orientation of
C, we will comment the general case at the end.

For any orientation preserving diffeomorphism @ of a domain in C into C
denote the complex dilatation function by we . We recall that wg := % ‘fl—‘f.
(The reader not familiar with the complex dilatation and its properties is advised
to read the first 10 pages of the classical Ahlfors book [Ahlfors].) The geometric
meaning of the argument of wg(2z) may be explained by the equality %wq:. =«
where « corresponds to the the direction in which the differential D® at z
attains its maximum. In another words it is the direction of the smaller axis of
the ellipse in the tangent space at z which is mapped by D® to the unit circle.
Of course this makes sense if w(z) # 0. Observe finally that w(z) = 0 iff 2 = 0.
Let go back now to our concrete maps.

If % =0 on X then as % is a real-analytic function we have % =0ona
neighbourhood of X, otherwise (X, f) would be real-analytic. But this means
that h is holomorphic what proves our Lemma. It rests to prove that the case
% # 0 on X is impossible.

Observe that if %(x) = 0 then %(f(a:)) = 0 because h = ghf,; ! on a
neighbourhood of f(z) for the branch f, ! of f~! mapping f(z) to z and because
g and f; ! are conformal. So if there exists z € X such that %(m) # 0 then
this holds also for all x’s from a neighbourhood and as a consequence of the
topological exactness of f for all x in a neighbourhood of X. Thus we have a
complex-valued function wy nowhere zero on a neighbourhood of X.

Recall now that for any two orientation preserving diffeomorphisms ® and
U, if ¥ is holomorphic then

Wood = Wo

and if ® is conformal then

P \?
wyod = (m) Wyod = Wep
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Applying it to the equation h o f = g o h we obtain

7\ 2 7N\ 2 7\ 2
= () = (o= ('

Thus o(z) := Swp(z) satisfies the equation (9.1.4) and by Lemma 9.1.6
(X, f) happens linear what contradicts our assumption that it is non- linear.

In the case a diffeomorphism reverses the orientation we write everywhere
above wg instead of wg and if ® is conformal reversing orientation we write ®’
instead of ®'. Additionally some omegas should be conjugated in the formulas
above. We also arrive at (9.1.4). (In this situation the complex notation is
not comfortable. Everything becomes trivial if we act with differentials on line
fields. We leave writing this down to the reader.)

Example 9.2.8. If f.(2) = 22 + ¢ for ¢ € My, see Example 5.1.9 and Exam-
ple 8.5.6 (for 2%+ ¢), then Julia set J(f.) = Xy, is a Jordan curve and (X, f.)
is non-linear, except for ¢ = 0.

Indeed, if it is linear then by Definition 9.1.1 a), the function — HD (X, ) log | f/|
is cohomologous to constant on Xy, because this set is connected. Hence, by
Theorem 8.5.5, f.(z) = 2%, i.e. ¢ = 0.

In fact (J(f), fls(s)) is non-linear for every rational maps f without critical
points in its Julia set J(f), in particular f expanding on J(f), except for f(z) =
24, |d| > 2. This follows from [Zdunik 1990], compare [Przytycki & Urbariski 1999,
Section 3].

Example 9.2.9. Let X be a Cantor set in the line R which is image by h of %¢
as in Section 6.1, i.e. h € H. Consider the map hosoh™!, where s is the shift
to the left on ¢ Suppose that this map extends to s, which is locally affine,
that is the scaling function stabilizes, S,,/Sn+1 = 1 for all n large enough, cf.
Theorem 6.2.4. Then the repeller (X, sp) is linear, by Definition 9.1.1 ¢).

Remark 9.2.10. In presence of critical points in J(f) for f non-exceptional
(that is, with parabolic orbifold) J(f) contains non-linear invariant expanding
repellers for f. See [Przytycki & Urbariski 1999, Section 3|, [Zdunik 1990] and
[Prado 1997].
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Chapter 10

Holomorphic maps with
invariant probability
measures of positive
Lyapunov exponent

10.1 Reuelle’s inequality

Let X be a compact subset of the closed complex plane C and let .A(X) denote
the set of all continuous maps f : X — X that can be analytically extended to an
open neighbourhood U(f) of X. In this section we only work with the standard
spherical metric on C, normalized so that the area of C is 1. In particular all
the derivatives are computed with respect to this metric.

Let us recall and extend Definition 8.1.2. Let u be an f-invariant Borel
probability measure on X. Since |f’| is bounded, the integral [log|f’|du is
well-defined and moreover [log|f’|du < +o00. The number

Xu = Xu(f) = /long'Idu

is called the Lyapunov characteristic exponent of pand f. Note that [log|f'|du =
—00 is not excluded. In fact it is possible, for example if X = {0} and f(z) = 2°.

On the other hand for every rational function f : C — C and every f-
invariant p supported on the Julia set J(f), see Chapter 0, Example 0.6, it
holds x, > 0. For the proof see [Przytycki 1993].

Often we assume x, > 0 and then call p a hyperbolic measure (following
[Katok & Hasselblatt 1995]).

By Birkhoff Ergodic Theorem (Th. 1.2.5) the Lyapunov characteristic expo-
nent

Xule) = T log (")’ (2)]

309
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exists for a.e. x and [ x,(z)du(z) = x,. (Infact one allows log | f'| with integral
—00 here, so one need extend slightly Th. 1.2.5. This is not difficult.)
The section is devoted to prove the following.

Theorem 10.1.1 (Ruelle’s inequality). If f € A(X), thenh,(f) <2 [ max{0, x,(z)} du.
For ergodic p this yields h,,(f) < 2max{0, x,}.

Proof. Consider a sequence of positive numbers ax \, 0, and Py, k = 1,2,...

an increasing sequence of partitions of the sphere C consisting of elements of

diameters < ay, and of (spherical) areas > ia%. Check that such partitions exist.
For every g € A(X), vz € X and k > 1 let

N(g,2,k) = #{P € P : g(Pe(z) NU(g)) N P # 0}
Our first aim is to show that for every k > k(g) large enough
N(g,z, k) < 4n(|g' ()] +2)? (10.1.1)

Indeed, fix # € X and consider k so large that Px(z) C U(g) and a Lipschitz
constant of g|p, () does not exceed |g'(z)|+1. Thus the set g(Py(z)) is contained
in the ball B(g(z), (|¢'(z)| + 1)ax). Therefore if g(Py(x)) N P # (0, then

P C B(g(@), (I9'(x)| + Dak + ax) = B(g(x), (Ig'(x)| + 2)ax)

Hence N(g,z,k) < n(lg'(z)| + 2)%a}/1ai = 4n(|¢g'(z)] + 2)* and (10.1.1) is
proved.
Let N(g,7) = supysx(g) N(9, 7, k). In view of (10.1.1) we get

N(g,z) < 4n(|lg' (z)] + 2)? (10.1.2)

Now note that for every finite partition A one has

h(g, A) = lim

FH(A™)

I
g

(H(g™" (A4 ) + -+ Hg ™ (A)A) + H(A))

n—oo N +

< Tim  (H(g " (A)lg™ "I (A) + -+ g (A)]4)

T n—oon

= H(g ' (A)]A). (10.1.3)

(Compare this computation with the one done in Theorem 1.4.5 or in Proof of
Theorem 1.5.4, which would result with h(g, A) < H(A|g"!(A)).) Going back

to our situation, since
Hyp ) (97 (Pe)|Pr(e)) <log#{P € Py : g~ (P)NPy(x) # 0} = log N(g, , k)
and by Theorem 1.8.7a, we obtain

b, (9) < limsup H, (9~ (P)[Py) = limsup / Hp, ) (97 (PR)IPu(a) du(e)

k—oo k—oo

< Tim sup / log N(g, 2, k) dyu(z) < / log N(g, ) du(x).

k—o00
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Applying this inequality to g = f™ (n > 1 an integer) and employing (9.1.2) we
get

bu(f) = 2 bu(7") < o [ g N 2) dule) = [ 1 10g N/ dlz)
< / ~log 4 (|(/") (@) +2)? dul)

Since 0 < L log(|(f") (2)|+2)? < 2(los(sups |f/])+1) and limy o0 L log(|(F") (2)]+
2) = max{O Xu(2)} for p-a.e x € X, it follows from the Dominated Convergence
Theorem (Section 1.1) that

() < T [ Dlog(|(F7)' ()] +2)? / max{0, 2y,(x)} du.

The proof is completed. &

10.2 Pesin’s theory

In this section we work in the same setting and we follow the same notation as
in Section 10.1.

Lemma 10.2.1. If u is a Borel finite measure on R™, n > 1, a is an arbitrary
point of R™ and the function z +— log |z —a| is p-integrable, then for every C > 0

and every 0 <t <1,
Zu (a,Ct")) < 0.
n>1

Proof. Since p is finite and since given t < s < 1 there exists ¢ > 1 such that
Ct™ < s" for all n > ¢, without loosing generality we may assume that C' = 1.
Recall that given b € R™, and two numbers 0 < r < R, R(b,7,R) = {2z € C:
r < |z —0b] < R}. Since —log(t") < —log|z — al for every z € B(a,t") we get
the following.

S u(Bla i) = 3 nu(Rla, " 17) = TS log(u(R(a, 1" 1))
n>1 n>1
~1

< — —log|z —al|du(z) < 400
o5 /e |z — a| du(z)

The proof is finished. &

Lemma 10.2.2. If u is a Borel finite measure on C, n > 1, and log|f’| is p
integrable, then the function z — log |z—c| € L*(u) for every critical point ¢ of f.
If additionally 1 is f-invariant, then also the function z v+ log |z— f(c)| € L*(u).
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Proof. That log|z—c| € L' () follows from the fact that near ¢ we have C~1|z —
ql"7t <|f'(2)] < Clz—¢|971, where ¢ > 2 is the order of the critical point ¢ and
C > 1 is a universal constant, and since out of any neighbourhood of the set of
critical points of f, |f/(z)] is uniformly bounded away from zero and infinity. In
order to prove the second part of the lemma, consider a ray R emanating from
f(c) such that u(R) = 0 and a disk B(f(c),r) such that f1 : B(f(c),r)\R — C,
an inverse branch of f sending f(c) to ¢, is well-defined. Let D = B(f(c),r)\ R.
We may additionally require > 0 to be so small that |z — f(c)| < | f= () —¢|.
It suffices to show that the integral [}, log|z — f(c)|du(z) is finite. And indeed,
by f-invariance of u we have

/ log |2 — £(¢)| dyu(z) = / 1p(2)log |z — £(¢)|du(z)
D X
= [ 1p(=)log 117 (2) = el du(2)
X
- / (1p o f)(z) log |z — ¢l dp(z)
X
:/ Ly-1(pylog|z — c|? du(z)
X

Notice here that the function 1p(2)log|f. () —c|? is well-defined on X indeed
and that unlike most of our comparability signs, the sign in the formula above
means an additive comparability. The finiteness of the last integral follows from
the first part of this lemma. &

Theorem 10.2.3. Let (Z,F,v) be a measure space with an ergodic measure
preserving automorphism T : Z — Z. Let f : X — X be a continuous map
from a compact set X C C onto itself having a holomorphic extention onto
a neighbourhood of X (f € A(X)). Suppose that p is an f-invariant ergodic
measure on X with positive Lyapunov exponent. Suppose also that h : Z — X is
a measurable mapping such that voh™ =y and hoT = f o h v-a.e.. Then for
v-a.e. z € Z there exists r(z) > 0 such that the function z — r(z) is measurable
and the following is satisfied:

For every n > 1 there exists f;" : B(z,7(z)) — C, an inverse branch of
/™ sending x = h(z) to x, = h(T~"™(2)). In addition, for an arbitrary x,
—xu(f) < x <0, (not depending on z) and a constant K(z)

—n\/
ULV _
[(fz.")' (y)]
for all y,w € B(x,r(z)). K is here the Koebe constant corresponding to the
scale 1/2.

[(f2.") ()| < K(2)eX" and

Proof. Suppose first that (U, f"(Crit(f))) > 0. Since p is ergodic this
implies that pu must be concentrated on a periodic orbit of an element w €
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U,>; f™(Crit(f)). This means that w = f9(c) = f97%(c) for some ¢,k > 1 and
¢ € Crit(f), and

u({ 1), S ) 1)) = 1

Since [log|f’|du > 0, |(f*)(f%(c))| > 1. Thus the theorem is obviously true
for the set h=1({f4(c), f1*(c), ..., f7*=1(c)}) of v measure 1. B

So, suppose that ,u(Un21 f(Crit(f))) = 0. Set R = min{1,dist(X,C \
U(f))} and fix A € (e3X,1). Consider z € Z such that z = h(z) ¢ Uns1 f7(Crit(f)),

T~ log (/") (AT ()] = (/).

and x, = h(T7"(2)) € B(f(Crit(f)), RA") only for finitely many n’s. We
shall first demonstrate that the set of points satisfying these properties is of
full measure v. Indeed, the first requirement is satisfied by our hypothesis, the
second is due to Birkhoff’s ergodic theorem. In order to prove that the set of
points satisfying the third condition has v measure 1 notice that

S u(T (T (B (Crit(£), RA™)) = S v (b (B(f(Crit(f), RA™))

n>1 n>1

= 37 W(B(F(Crit(f)), RA")) < 0,

n>1

where the last inequality we wrote due to Lemma 10.2.2 and Lemma 10.2.1. The
application of the Borel-Cantelli lemma finishes now the demonstration. Fix
now an integer n; = ni(z) so large that x,, = h(T"(z)) ¢ B(f(Crit(f)), RA™)
for all n > ni. Notice that because of our choices there exists ny > nq such
that [(f) (z,)|~Y* < A" for all n > ny. Finally set S =3 o [(f) ()4,

by = 187 (f*Y (2041)| T, and
IT= H?f:l(l - bn)_l

which converges since the series > -, b, converges. Choose now r = r(z) so
small that 16r(z)[IKS? < R, all the inverse branches ol B(xo,r(z)) —
C are well-defined for all n = 1,2,...,no and diam(f;rz2 (B(z0, rHjzn, (1 —
bk)_l)) < A" R. We shall show by induction that for every n > ns there exists
an analytic inverse branch f; ™ : B(zq, rIlx>n(1 — bx) ') — C, sending zo to
x,, and such that

diam (f, ™(B(zo, rp>n(1 — b)) < A"R.

Indeed, for n = ns this immediately follows from our requirements imposed
on r(z). So, suppose that the claim is true for some n > ng. Since z, =
fol(wg) ¢ B(Crit(f), RA") and since A" R < R, there exists an inverse branch

L B(zp, \"R) — Csending xy, t0 Ty41. Since diam(f; ™ (B ((wo, "> (1—

Tn41
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bk)_l)) < A" R, the composition f ! of;le(xo, rg>n (1—bk) 1) — Cis well-

Tn4+1
defined and forms the inverse branch of f"*! that sends x¢ to x,,1. By the

Koebe distortion theorem we now estimate
diam (£, " (B (20, Thezng1 (1 — bi) ™))
< 2z 1 (1 = bi) TH(f"F) (nen)| RO
< 16rTIK S? () (g )| M ()2
= 16rTIKS?|(f" 1) (@n)|
< RA",
where the last inequality sign we wrote due to our choice of r and the number n..
Putting 7(z) = r/2 the second part of this theorem follows now as a combined

application of the equality lim, o 2 1og|(f™) (zn)| = Xxu(f) and the Koebe
distortion theorem. &

As an immediate consequence of Theorem 10.2.3 we get the following.

Corollary 10.2.4. Assume the same notation and asumptions as in Theo-
rem 10.2.3. Fixz ¢ > 0. Then there exist a set Z(e) C Z, the numbers
r(e) € (0,1) and K(e) > 1 such that u(Z(€)) > 1 —¢, r(z) > r(e) for all
z € Z(g) and with x, = h(T~"(z))
K(e)™ exp(=(xu +)n) < |(f2.") W)
|(fz) (w)]|
< K(e)exp(—(xu —€)n) and ——= <K
. |(fz.") ()]

for allm > 1, all z € Z(e) and all y,w € B(xzg,r(e)). K is here the Koebe
constant corresponding to the scale 1/2.

Remark 10.2.5. In our future applications the system (Z, f,v) will be usually
given by the natural extension of the holomorphic system (f, u).

10.3 Mané’s partition

In this section, basically following Mané’s book [Mané 1987], we construct so
called Mané’s partition which will play an important role in the proof of a part
of the Volume Lemma given in the next section. We begin with the following
elementary fact.

Lemma 10.3.1. If z,, € (0,1) for every n > 1 and >.,°  nx, < 0o, then
Yoty —n log @, < oo

Proof. Let S = {n:—logx, >n}. Then

oo

Z —x, logx, = Z —x, logx, + Z —x, logx, < i nT, + Z —x, logx,

n=1 n%S nes n=1 nes
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Since n € S means that z,, < e~ and since logt < 24/t for all t > 1, we have

1
Zmnlog—<22xn\/z nzz: 37

nes n
The proof is finished. &

The next lemma is the main and simultaneously the last result of this section.

Lemma 10.3.2. If u is a Borel probability measure concentrated on a bounded
subset M of a Euclidean space and p: M — (0,1] is a measurable function such
that log p is integrable with respect to w, then there exists a countable measurable
partition, called Mané’s partition, P of M such that H,(P) < co and

diam(P(z)) < p(x)
for p-almost every x € M.

Proof. Let g be the dimension of the Euclidean space containing M. Since M
is bounded, there exists a constant C' > 0 such that for every 0 < r < 1 there
exists a partition P, of M of diameter < r and which consists of at most Cr—4
elements. For every n > 0 put U, = {x € M : e~ ("t < p(x) < e~™}. Since
log p is a non-positive integrable function, we have

> —nu(U,) > Z/ log pdp = / log pdp > —o0
n=1 n=1 UW M
so that

Z nu(Uy,) < 4oo0. (10.3.1)

Define now P as the partition whose atoms are of the form Q@ NU,,, where n > 0
and Q € Py, , 7 = e~ (®TD. Then

(o]

H(P)=> (- > w(P)logu(P)).

n=0 U,DPeP

But for every n >0

- Y PP = U - o tos(£E0) (U)X 2 o
P
)

U, DPeP N( n
< u(Un)(logC - qlogrn) — pu(Un) log u(U.
< pu(Un)log C + q(n + 1)pu(Un) — p(Uy) log p(Un).

Thus, summing over all n > 0, we obtain

H, (P)<1ogC+q+anu +Z n) log w(Up,).
n=0
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Therefore looking at (10.3.1) and Lemma 9.3.1 we conclude that H,(P) is finite.
Also, if € U,, then the atom P(x) is contained in some atom of €, —and
therefore

diam(P(z)) < 1, = e~ "D < p(x).

Now the remark that the union of all the sets U, is of measure 1 completes the
proof. &

10.4 Volume lemma and the formula HD(u) =
h,(f)/xu(f)

In this section we keep the notation of Sections 10.1 and 10.2 and our main
purpose is to prove the following two results which generalize the respective
results in Chapter 8.

Theorem 10.4.1. If f € A(X) and u is an ergodic f-invariant measure with
positive Lyapunov exponent (i.e. hyperbolic), then HD(u) = h,(f)/xu(f).

Theorem 10.4.2 (Volume Lemma). With the assumptions of Theorem 10.4.1

i 08((B(@,r)) _ hu(f)
r—0 log Xu(f)

for p-a.e. x € X.

In view of theorem 7.6.5, Theorem 10.4.1 follows from Theorem 10.4.2 and
we only need to prove the latter one. Let us prove first

.. Jdog(p(B(z,r))) _ hu(f)
e Z )

(10.4.1)

for p-a.e. € X. By Corollary 8.1.10 there exists a finite partition P such that
for an arbitrary € > 0 and every x in a set X, of full measure p there exists
n(x) > 0 such that for all n > n(x).

B(f™(z),e™") C P(f"()). (10.4.2)

Let us work from now on in the naturad~ extension (X, f,f1). Let X(g) and
r(e) be given by Corollary 10.2.4, i.e. X(g) = Z(¢). In view of Birkhoff’s
Ergodic Theorem there exists a measurable set F'(g) C X (¢) such that i(F(e)) =

A(X () and

lim — ZXX(E i) = (X (e))

n—oo n

for every @ € F(e). Let F(¢) = m(F(c)). Then pu(F(e)) = j(n~Y(F(e)) >
f(F(e)) = (X (e)) converges to 1 if € \, 0. Consider now = € F(¢) N X, and
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take & € F(e) such that x = n(#). Then by the above there exists an increasing
sequence {ng = ny(x) : k > 1} such that (&) € X(¢) and

Nkgy1 — Nk

< 10.4.3
<. (10.4.3)

for every k > 1. Moreover, we can assume that ny > n(z). Consider now an
integer n > ny and the ball B(z,Cr(e) exp(—(x, + (2 4+ log | f'||)e)n)), where
0 < C < (Kr(e))~! is a constant (possibly depending on z) so small that

FU(Ba,Cr(e)exp —(x + 2+ log | e)n) € P(f2(x))  (10.4.4)

for every ¢ < ny and K(e) > 1 is the constant appearing in Corollary 10.2.4.
Take now any g, m < q < n, apd associate k such that ny < ¢ < ngy1.
Since f (#) € X(¢) and since m(f™ (&)) = f™(z), Corollary 10.2.4 produces
a holomorphic inverse branch f; ™ : B(f"(x),7(¢)) — C of f™ such that

fom(f"*(x)) = 2 and
fo (B(f™(x),7(e))) D B(w, K(e)r(e) ™" exp(—(xu +€)ny))-
Since B(z, Cr(e) exp —(xu + (2 +1og || f']))e)n) C B(a:, K(e)7tr(e)exp —(xu +
e)nk)), it follows from Corollary 10.2.4 that
fm(B(w, Cr(e) exp — (xu + (2 + log || f']))e)n)) €
C B(f™(w), CKr(e)e "™ exp(e(ng — (2 + log | f|)n))).
Since n > ny and since by (10.4.3) ¢ — ng < eny, we therefore obtain
f1(B(z,Cr(e) exp —(x, + (2 + log | f'[))e)n)) C
C B(f%(x), CK (e)r(e)e "™ exp(e(ny, — (2 +log || ']|)n)) exp((q — nx) log || ]])

(
)r(
C B(f(x), CK(e)r(e) exp(e(ru log | /]| + ni — 2n — nlog | f'[]))
C B(f(z), CK(e)r(e)e™™") C B(f(x),e™").

Combining this, (10.4.2), and (10.4.4), we get
B(x,Cr(e) exp —(xu + (2 +log || f'l|)e \/

Therefore, applying Theorem 1.5.5 (the Shannon-McMillan—Breiman Theorem),
we have

liminf —— log,u( (z,Cr(e) exp —(xu+(2+og | f'Ne)n)) = hu(f, P) = h,u(f)—¢

n—oo

It means that denoting the number Cr(e) exp —(x, + (2 + log || f']|)e)n) by .y,

we have 1 B h
lim inf og (B(@;7n) > ”(f) - 7
n—00 log 7, Xu(f) + (2 +1og | f'|)e
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Now, since {r,} is a geometric sequence and since € > 0 can be taken arbitrarily
small, we conclude that for p-a.e. x € X

boing OB AB@ 1) by(f)
e ogr - xulf)

This completes the proof of (10.4.1). &

Remark. Since here X C C, we could have considered a partition P of a
neighbourhood of X in C where dp , would have a more standard sense, see
Remark after Corollary 8.1.9.

Now let us prove that

1 B
Jimn sup og(u(B(z,1)))
r—0 log r

< (f)/xu(f) (10.4.5)

for p-a.e. x € X.

In order to prove this formula we again work in the natural extension ()~( ., i)
and we apply Pesin theory. In particular the sets X (), F(e) C X (&) and the
radius r(g), produced in Corollary 10.2.4 have the same meaning as in the proof
of (10.4.1). To begin with notice that there exist two numbers R > 0 and
0 < @ < min{1,r(e)/2} such that the following two conditions are satisfied.

If z ¢ B(Crit(f), R), then f|p(.,q) is injective. (10.4.6)
If z € B(Cl‘it(f), R), then f|B(z,Q dist(z,Crit(f))) is injective. (1047)

Observe also that if z is sufficiently close to a critical point ¢, then f/(z)
is of order (2 — ¢)?7!, where ¢ > 2 is the order of critical point c¢. In partic-
ular the quotient of f’(z) and (z — ¢)9~! remains bounded away from 0 and
oo and therefore there exists a constant number B > 1 such that |f/(z)] <
Bdist(z, Crit(f)). So, in view of Lemma 10.2.2, the logarithm of the function
p(z) = Qmin{1,dist(z, Crit(f)) is integrable and consequently Lemma 10.3.2
applies. Let P be the Mané’s partition produced by this lemma. Then B(z, p(x))
P(z) for p-a.e. x € X, say for a subset X, of X of measure 1. Consequently

Bu(e.p) = () £ (BUF (@), o (@))) > P§ () (10.4.8)
j=0

for every n > 1 and every x € X,. By our choice of () and the definition of p, the
function f is injective on all balls B(f7(x), p(f7(x))), j > 0, and therefore fF is
injective on the set B, (x,p) for every 0 < k <n —1. Now, let z € F(e)N X,
and let k be the greatest subscript such that ¢ = ng(z) < n — 1. Denote by
f 2 the unique holomorphic inverse branch of f¢ produced by Corollary 10.2.4
which sends f7(x) to z. Clearly B, (x,p) C f~UB(f%x),p(f(x)))) and since
f? is injective on By, (z, p) we even have

Bn(z,p) C £ 1(B(f*(x), p(f(2))))-
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By Corollary 10.2.4 diam (f;4(B(f4(z), p(f4(x))))) < K exp(—q(x,—¢)). Since
by (10.4.3), n < g(1 + ¢) we finally deduce that

Xp — €
By(x,p) C Bl x, K — .
(2, p) (ﬂ? eXP( e ))

Thus, in view of (10.4.8)

Xp — € n
B K — .
<x, exp( n Tz )) D Py(x)

Therefore, denoting by r,, the radius of the ball above, it follows from Shanon-
McMillan-Breiman theorem that for p-a.e v € X

1
limsup — = log u(B(z, 7a) < bu(f,P) < ()

n—oo

So
log p(B(x, 14 - h,(f)

n—o00 logrn = xu(f) —¢

Now, since {r,} is a geometric sequence and since £ can be taken arbitrarily
small, we conclude that for p-a.e. x € X

(1+e¢).

sy 122 8(B ) _ b ()
n—o00 logr B Xu(f).

This completes the proof of (10.4.5) and because of (10.4.1) also the proof of
Theorem 10.4.2. &

10.5 Pressure-like definition of the functional b, + [ ¢ du

In this section we prepare some general tools used in the next section to ap-
proximate topological pressure on hyperbolic sets. No smoothness is assumed
here, we work in purely metric setting only. Our exposition is similar to that
contained in Chapter 2.

Let T : X — X be a continuous map of a compact metric space (X, p) and
let i be a Borel probability measure on X. Given ¢ > 0 and 0 < 6 < 1 a set
E C X is said to be u — (n, €, d)-spanning if

u( U Bn(x,e)) >1-0.
zEE
Let ¢ : X — R be a continuous function. We define
Qu(T.6.n,e,8) = inf{ 3" exp Suo(x) }
z€E

where the infimum is taken over all u — (n,¢,d)-spanning sets E. The main
result of this section is the following.
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Theorem 10.5.1. For every 0 < § < 1 and every ergodic measure p

1
hu(T)+ [ dp = limy inint * log Qu(T' 6,1.,5)

= lim lim sup — logQu( , 0, n,€,0)

e—=0 nooo

Proof. Denote the the number following the first equality sign by P, (T, ¢,0) and

the number following the second equality sign by P, (T, ¢,6). First, following
essentially the proof of the Part I of Theorem 2.4.1, we shall show that

P, (T,¢,0) (/¢du (10.5.1)

Indeed, similarly as in that proof consider a finite partition & = {A,..., As}
of X into Borel sets and compact sets B; C A;, i =1,2,..., A}, such that for
the partition V = {By,...,Bs, X \ (B1U...U B;)} we have H,(U|V) < 1. For
every § > 0 and ¢ > 1, set

1
X, = {x eX: ——1og,u(V"(x)) >h,(T,V)—6 foral n>gq

—S o(x /(ﬁdu 0 for all n>q}

Fix now 0 < § < 1. It follows from Shannon—McMillan—Breiman theorem and
Birkhoft’s ergodic theorem that for ¢ large enough pu(X,) > . Take 0 < ¢ <
L min{p(B;, B;) : 1 <i < j < s} > 0 so small that

[¢(x) — o(y)| <0

if p(z,y) < e. Since for every x € X the set B, (z,e) N X, can be covered by at
most 2" elements of V",

1(By (2, ) N X,) < exp(n(log2 —h,(T,V) +6)).

Now let E be a u — (n,e ,5) spanning set for n > ¢, and consider the set E’ =
{z € E: B,(z,e) N X, # 0}. Take any point y(z) € B,(z,e) N X,. Then by
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the choice of €, S, ¢(x) — S, P(y) > —nb. Therefore we have

> exp Sno(z) exp (—n (hM(T, V) + / ¢ dp — 30 — log 2)> >

relR

> exp Spo(x)exp| —n| h, (T, V) + [ ¢dp — 36 —log?2
Té p p( ( / m g ))

= exp(Spo(x) —n | ¢du)exp| —n(h,(T,V) — 30 —log2)
ng:/ p( / M) p( : )

= 5 exp((S00le) = 5,00) + S0l — 1 [[0de ) exp (1, (7V) 30 - 1og2)
IS

> Z exp(—nb) exp(—nb) exp(2nd) exp(—n(h,(T,V) — § — log 2))
RIS

= Z exp(n(log2 —h,(T,V) +6))
IS

> 3 (B, N Xy) > p(X,) — 6 > 0
zc b’

which implies that
QIL(T) ¢a n,é&, 5) 2 h,u,(T7 V) + /(bd,u — 30 — 10g 2.

Since 6 > 0 is an arbitrary number and since h, (T, U) < h,(T,V)+ H,(U|V) <
h, (T, V) + 1, letting € — 0, we get

B}L(T7¢75) Z h,u,(T,u) - 1+/¢d,u—1og2

Therefore, by the definition of entropy of an automorphism, P, (7, ¢,5) >
h,(T)+ [ ¢ du—log2—1. Using now the standard trick, actually always applied
in the setting we are whose point is to replace T" by its arbitrary iterates 7% and
¢ by Sk¢, we obtain kP, (T, ¢,6) > kh,(T)+ k [ ¢du —log2 — 1. So, dividing

£

this inequality by k, and letting k — oo, we finally obtain
P,(7.6.0) 2 1, (T) + [ du

Now let us prove that
P.(T,$,0) <h,(T)+ /¢du (10.5.2)

where P, (T, ¢, §) denotes limsup appearing in the statement of Theorem 10.5.1.
Indeed, fix 0 < § < 1, then € > 0 and 6 > 0. Let P be a finite partition of X of
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diameter < e. By Shannon-McMillan-Breiman theorem and Birkhoff’s ergodic
theorem there exists a Borel set Z C X such that p(Z) > 1— 6 and

—S oz /¢du g -1 1ogﬂ(7>”( ) < by (T) + 0 (10.5.3)

for every n large enough and all x € Z. From each element of P™ having non-
empty intersection with Z choose one point obtaining, say, a set {1, z2, ..., Zq}.

Then By, (xj,e) D P"(x;) forevery j = 1,2,..., ¢ and therefore the set {z1, zo, ...

is p—(n, ¢, 6)-spanning. By the second part of (9.5.3) we have ¢ < exp(n(h,(T)+
0)). Using also the first part of (9.5.3), we get

> exp Sud(e;) < expln(h, (1) + 0 + [ odu-+0)

Jj=1

Therefore Q. (T, ¢, n,e,8) < exp(n(h,(T) + 0 + [ ¢du+ 0)) and letting conse-
qutively n — oo and € — 0, we obtain P, (T, ¢,8) < h,(T) + [ ¢du+ 26. Since
0 is an arbitrary positive number, (10.5.2) is proved. This and (10.5.1) complete
the proof of Theorem 10.5.1. &

10.6 Katok’s theory—hyperbolic sets, periodic
points, and pressure

In this section we again come back to the setting of Section 9.1. So, let X
be a compact subset of the closed complex plane C and let f : X — X be a
continuous map that can be analytically extended to an open neighbourhood
U=U(f)of X.

Let p be an f-invariant ergodic measure on X with positive Lyapunov expo-
nent and let ¢ : U — R be a real continuous function. Our first aim is to show
that the number h,(f) 4+ [ ¢dp can be approximated by the topological pres-
sures of ¢ on hyperbolic subsets of U and then as a straightforward consequence
we will obtain the same approximation for the topological pressure P(f, ¢).

Theorem 10.6.1. If p is an f-invariant ergodic measure on X with positive
Lyapunov exponent x,, and if ¢ : U — R is a real-valued continuous function,
then there exists a sequence X, k = 1,2,..., of compact f- invariant subsets
of U, (topologically) Cantor sets, such that for every k the restriction f|x, is a
conformal expanding repeller,

11m1an(f|Xk,q5 ) > hy,( /(ﬁdu (10.6.1)

and if px s any ergodic f-invariant measure on Xy, then the sequence i,
k=1,2,..., converges to u in the weak-*-topology on U. Moreover x,, (f|x,) =
[log|f'| dur — [log|f'ldp = xu(f). If X is repelling then one finds X, C X.

In particular gy can be supported by individual periodic orbits in Xj. For
more properties of X see the Remarks after the proof.
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Proof. Since P(f|x,, ¢ + ¢) = P(f|x,,®) + ¢ and since h,(f) + [(¢ + ¢)du =
h,(f)+ | ¢du+ ¢, adding a constant if necessary, we can assume that ¢ is pos-
1t1ve that is that inf ¢ > 0. As in Section 9.2 we work in the natural extension
(X, f,1). Given & > 0 let X(8) and 7() be produced by Corollary 10.2.4. The
set (X (8)) is assumed to be compact. This corollary implies the existence of
a constant ' > 0 (possibly with a smaller radius r(d)) such that

’

diam(f, " (B(n(z),r(5))) < e ™ (10.6.2)

for all & € X(§) and n > 0. Fix a countable basis {1152, of the Banach space

C(U) of all continuous real-valued functions on U. Fix # > 0 and an integer
s > 1. In view of Theorem 10.5.1 and continuity of functions ¢ and 1); there
exists € > 0 so small that

hnrrilgf —log Qu(T, p,n,e,6) — (hu(f) + /(ﬁdu) > —0, (10.6.3)
if | —y| < ¢, then
lp(x) — (y)| < 6 (10.6.4)
and ,
[Yi(x) = ¢uly)l < 50 (10.6.5)

foralli=1,2,...,s.

Set 8 = r(8)/2 and fix a finite §/2-spanning set of 7(X (0)), say {x1,...,2}.
That is B(z1,3/2) U... U B(x, 3/2) D n(X(6/2)). Let U be a finite partition
of X with diameter < /2 and let ny be sufficiently large that

exp(—n1x’) < min{3/3, K~'}. (10.6.6)
Given n > 1 define

Xps = {2 € X(0): f1(2) € X(6) n(fU(a)) € U(n(%))
for some g € [n+1,(1+0)n]

1 . 1
Fsu(w(a@) ~ [ vsda| < 0
for every k >n and all 4=1,2,...,s}.
By Birkhoff’s ergodic theorem lim,, oo (X, s) = (X (8)) > 1 — &. Therefore
there exists n > n; so large that (X, ) > 1—4d. Let X, o = 7((Xp.s)). Then
w(Xns) > 1—0 and let E,, C X, s be a maximal (n,¢)- separated subset of

Xp,s- Then E, is a spanning set of X,, s and therefore it follows from (10.6.3)
that for all n large enough

nlogZexpS¢ /(ﬁdu

zel,
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Equivalently

S exp(S,0(0)) > explny() + [ odu—0)
zel,

For every g € [n+ 1, (1 + 0)n] let

Vo={z € En: f9(x) eU(x)}

and let m = m(n) be a value of ¢ that maximizes }_ .y, exp(Sn¢(z)). Since
Uy — B, we thus obtain

g=n+1
(1+9)n
Z exp Spo(x) > (nd)~ Z Z exp Spo(x
€V, g=n+1zcVj,
> (6) Y exp(S,6(0) = exp(nlu, (1) + [ 6d—20)
rzel,

Consider now the sets V,,, N B(z;,(/2), 1 < j < t and choose the value i =
i(m) of j that maximizes 3 cy. p(s, 5/2) €XP(Sn@(x)). Thus, writing Dy, for

Vin N B(x(n, 8/2) we have V,,, = U§:1 Vi N B(x;,4/2) and

> expS,0(e) 2 1 expn(() + [ ddu—26)

rED,,

Since ¢ is positive, this implies that

Z exp Sy o(x) > — exp /qﬁdu —20)) (10.6.7)

z€D,,

Now, if € D,,, then |f™(z) — z;| < |f™(x) — x| + |z — x| < B/2+ /2 =75
and therefore

f"(x) € B(xi, B) € B(f™(),20).
Thus, by (10.6.2) and as m > n > ny, we have diam(f,—m(B(f™(z),20)) <
exp(—mx’) < /3, where & € 7~ (x) N X,, ;. Therefore

fo"(B(xi,8)) C B (ffz‘, g + g) =B (xi, %5)
In particular

fa " (B(xi, 8)) € B(wi, B) (10.6.8)

Consider now two distinct points y1,y2 € Dy,. Then f " (B(z4, 3))N0f,, " (B(xi, 3)) =
() and decreasing 3 a little bit, if necessary, we may assume that

fp " (B(xi, B)) 0 £, (B(zi, 8)) = 0.
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Let
¢ = min { 8, min {dist(f,," (B(@:, B), £, (B@:. ) : 41,2 € Dot # 42} }

Define now inductively the sequence of sets {X (j)}j‘?‘;o contained in U(f) by
setting
XO =(B(w:,0) and XU = ] f7m(xXD)
TEDp,

By (10.6.8),{X(j)};?°;0, is a descending sequence of non-empty compact sets, and
therefore the intersection

X =X"(0,s) =XV
j=0

is also a non-empty compact set. Moreover, by the construction f™(X*) = X*,
f™|x+ is topologically conjugate to the full one-sided shift generated by an
alphabet consisting of #D,,, elements and it immediately follows from Corol-
lary 10.2.4 that f™|x- is an expanding map. Since f™|x« is an open map, by
Lemma 5.1.2 the triple (f™, X*,U,,) is a conformal expanding repeller with a
sufficiently small neighborhood U,,, of X*. Thus (f, X (6, s), W), is a conformal
expanding set, where

m—1

m—1
X(0,s)=|J f{(x*) and We= ] f'(Un).
=0

=0

It can be extended to a conformal expanding repeller X (0, s) in W, by Propo-
sition 3.5.6.

Fix now an integer j > 1. For any j-tuple (zo, 21, ..., 2j—1), 21 € Dy, choose
exactly one point y from the set f2" o f7" o.. .0 f2(X™) and denote the made

up set by A;. Since by (10.6.4) and (10.6.6) Sjmo(y) > Z{;& Smd(z1) — jmb
we see that

> expSimo(y) > (D exp Smo(x))’ exp(—jmob)

YyEA; zED,,

and

%log Z exp Sjmd(y) > log Z exp Sy d(x) — mb

YyEA; TED,

In view of the definition of &, the set A; is (j,{)-separated for f™ and £ is an
expansive constant for f™. Hence, letting j — oo we obtain

P(f™|x+,Sm¢) > log > expSpd(z) —mb

rED,,

> n(h,(f) —|—/¢5d,u— 26) — logt — m#
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where the last inequality was written in view of (10.6.7). Since n +1 < m <
n(1+ 6) and since inf ¢ > 0 (and consequently h,(f) + [ ¢dp > 0), we get

P(fl%(0,5:¢) = P(flx(0,5):¢) = L P(fm|X(0 ) Sm®) > L P(f™|x+, Sm®)

m
logt
20 ) — =~ _
—1+9( /(bd” 9)

Supposing now that n (and consequently also m) was chosen sufficiently large
we get

(f|Xes)¢)_1+9 /¢dM

If now v is any ergodic f-invariant measure on X (6, s), then it follows from
the definition of the set )N(ms, the construction of the set X(6,s) and since
X (0, s) is arbitrarily close to it, and else by the Birkhoff ergodic theorem, that
| [¢idv — [4;du| < 6 for every i = 1,2,...,s. A similar estimate for log|f’|
follows from the definition of X (§) and Corollary 10.2.4. Therefore for example
the sets X = X (1/k, k), satisfy the assertions of Theorem 10.6.1.

Finally if the set X is repelling, that is if (), f~"(U) = X, then the sets
X}, are all contained in X. B &

Remark 10.6.2. In fact the sets X in Theorem 10.6.1 can be found indepen-
dent of ¢.
Indeed. Set just ¢ = 0. Find X}, for this function. We get

lim sup hyop (f|X%) > hy(f).

k—oo

Let pj, be a measure of maximal entropy on Xy, for k= 1,2,..., i.e. h, (f) =
hiop (f|x, ). Consider an arbitrary continuous function ¢ : U — R. Then puy —
p weakly* hence [¢ dur — [ ¢ dp. Hence with the use of the Variational
Principle

likmian(f|Xk,¢)zlikminf . ( /qbd,uk >h,( )—f—/qﬁd,u.
Notice also that though for the maximal measures p; we have

liminfh,, (f) > h,(f),

— 00

this need not be true for all sequences py.

It is possible to find the sets X with f topologically mixing on them, com-
mon for (finite) families of measures u, thus common for families of ¢ in Corol-
lary 10.6.4, by building “bridges”. For details see [Gelfert, Przytycki & Rams 2009]
(basing on [Prado 1997]).
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Remark 10.6.3. One can find (correct) X, above so that each fx, is topolog-
ically transitive, and even topologically mixing.

This follows from the general Theorem 3.3.8 on the existence of Spectral
Decomposition. It implies that for each k there exists Q) C X}, such that f|q,
is open, see Lemma 3.3.10, topologically transitive and satisfying hop (f|a,) =
hiop(fx, ), see Exercise 3.4. Hence, using pj measures of maximal entropy on
Qy, we obtain (10.6.1) as in Remark 10.6.2.

In fact one can prove that (f, Xj) found in the proof of Theorem 10.6.1 are
already topologically transitive. Indeed. (f™, X*(6,s) are topologically mixing
since by construction they are topologically conjugate with one-sided shifts.
Hence each (f, X (6,s)) is topologically transitive. So the transition matrix
A = (a;,5), considered in the proof of Proposition 3.5.6, defined by a;; = 1 if
there exists g; ; : U; — U;, a branch of f~! with nonempty g(U;) N X, and 0
otherwise, is irreducible. This follows from the existence of a trajectory dense
in X. The same matrix A is the transition matric of a topological Markov chain
Y 4 topologically conjugate to the resulting (f, Xx).

This (f, Xx) extends to a topologically mixing Cantor expanding repeller by
adding a “bridge” of length mutually prime with respect to m. We leave this to
the reader as an exercise.

Corollary 10.6.4. If P(f,¢) > sup ¢, then there exists a sequence Xy, k =
1,2,..., of compact f-invariant subsets of an arbitrarily small neighbourhood of
X such that for every k, (X, f|x, is a Cantor conformal expanding repeller
satisfying

liminf P(fx,,¢) > P(f,9). (10.6.9)

If X is repelling then one finds X, C X and

Proof. By the Variational Principle P(f,¢) = limj_oo(hy, (f) + [ ¢ dvg) for
a sequence of Borel probability measures v, on X. Due to P(f,¢) > sup¢
we have h,,(f) > 0 for k large enough. Hence, due to Ruelle’s inequality,
Theorem 10.1.1, x,, > 0. Now we apply Theorem 10.6.1 and for each k large
enough find X}, satisfying the assertion of the theorem for u = vy such that

P(f]x,.6) > by (f) +/¢duk ~ 1k,

Any limit for k& — oo satisfies (10.6.9). In the case X is repelling the estimate
from the other side follows immediately from X} C X.
Our last immediate conclusion concerns periodic points.

Corollary 10.6.5. If f : X — X s repelling and heop(f) > 0, then f has
infinitely many periodic points. Moreover the number of periodic points of period
n grows exponentially fast with n.
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Exercises

10.1. Prove the following general version of Theorem 10.1.1 (Ruelle’s inequal-
ity): Let X be a compact f-invariant subset of a smooth Riemannian manifold
for a C! mapping f : U — M, defined on a neighbourhood U of X. Let u be
an f-invariant Borel probability measure X. Then

ha(f) < /X max{0, x* (2)} d(z),

where x}(z) = lim, o Llog ||(Df™)"||. Here Df™ is the differential and
(Df™)" is the exterior power, the linear operator between the exterior alge-
bras generated by the tangent spaces at x and f™(x). The norm is induced
by the Riemann metric. Saying directly [[(Df™)"| is supremum of the vol-
umes of D f™-images of unit cubes in k-dimensional subspaces of T,M with

k=0,1,...,dim M.

Bibliographical notes

Theorem 10.1.1 and the Exercise following it rely on [Ruelle 1978a].

The content of Sections 10.2, 10.5 and 10.6 corresponds to facts from Pesin’s
and Katok’s theories for diffeomorphisms [Katok & Hasselblatt 1995] Supple-
ment 5. For Theorem 10.2.3 see for example [Przytycki, Urbariski & Zdunik 1989).
Maiié’s partition for diffeomorphisms was discussed in [Mafié 1987]. References
to volume lemma are for example [Mané 1988], [Przytycki 1985], [Ledrappier 1984].

The problem of constructing X C X in the case (X, f) is not a repeller, in
Theorem 10.6.1, was recently dealt with in [Przytycki 2005]

The theorem in Exercise 10.1 is due to Ruelle, see [Ruelle 1978a]. Compare
Theorem 10.1.1.



Chapter 11

Conformal measures

11.1 General notion of conformal measures

Let T : X — X be a continuous map of a compact metric space (X, p) and let
g : X — R be a non—negative measurable function. A Borel probability measure
m on X is said to be g—conformal for T : X — X if

m(T(A)) = / gdm (11.1.1)
A

for any Borel set A C X such that T'| 4 is injective and T'(A) is Borel measurable.

Sets with this property will be called special sets.

If g > 0, then T is backward quasi-invariant (non-singular) with respect to
the g—conformal measure m, see Chapter 4, Section 4.2.

Consider now an arbitrary Borel probability measure m on X, backward
quasi-invariant for 7. Assume that 7" is uniformly bounded—to—one, or countable—
to-one, i.e. X =|J X, where X; are measurable, pairwise disjoint, and for each
J the map T'|x, — T'(X;) is a measurable isomorphism, as in Section 4.2. De-
note g :=d(mo (T|x,)"")/dm.

Consider, as in Section 4.2, the operator L, : L'(m) — L. defined in the
present notation and the notation of (4.2.8) by

Lon(u)(z) = Liogg(x) = Y u®)iy),

T(y)=z

So, for all u € L'(m),

/C:n(]l)udm:/Ilﬁm(u)dm:/udm,

see (4.2.4). We conclude that, by Proposition 4.2.1, if m is a g—conformal
measure and g > 0 then § = 1/¢g and

L7y, (1) = L5, (1) = 1, (11.1.2)

329
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Conversely, if m is backward quasi-invariant, ¢ > 0 and (11.1.2) holds, then for
g = 1/§ the measure m is g—conformal.

Notice that even if T is continuous, £, need not map C(X) into C(X),
unlike for 7" open, continuous. However, if we assume £, : C(X) — C(X) and
T being uniformly bounded—to—one, then £, : C*(X) — C*(X). Then, under
the above constrains concerning positivity, we conclude with

Proposition 11.1.1. A probability measure m is g—conformal if and only if

i logg(m) =m.

Now, since we can have troubles with the operator £* for T not open, we
shall provide another general method of constructing conformal measures, called
Patterson—Sullivan method. The construction will make use of the following
simple fact. For a sequence {a, : n > 1} of reals the number

czlimsupa—n (11.1.3)

n—oo N

will be called the transition parameter of {a,, : n > 1}. Tt is uniquely determined
by the property that

Z exp(a, — ns)

n>1

converges for s > ¢ and diverges for s < ¢. For s = ¢ the sum may converge or
diverge. By a simple argument one obtains the following.

Lemma 11.1.2. There exits a sequence {b, : n > 1} of positive reals such that

o0

< >
anexp(an—ns){ o s
n=1

=0 s<c

and lim,,_, - biﬁ =1

Proof. Tt > exp(a, — nc) = oo, put b, = 1 for every n > 1. If > exp(a, —
nc) < oo, choose a sequence {ny : k > 1} of positive integers such that
limg 00 nkn,:il =0 and g := anknlzl — ¢ — 0. Setting

ng—n n—Ng_
b, = exp (n(kisk_l + #Ek)) for ng_1 < n < ng,
N — Ng—1 N — Ng—1
it is easy to check that the lemma follows. &

Getting back to dynamics let {E,}52, be a sequence of finite subsets of X
such that
T YE,) C Ena for every n>1 (11.1.4)

Let ¢ : XR be an arbitrary measurable function of bounded absolute value.
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Functions of the form —¢+ Const will play the role of “potential” functions;
exp(—¢ + Const) corresponds to the Jacobian g discussed above.

Let

an =log( ) exp(Sno(x)))

xelE,

where Sp,¢ = > pcn @0 T*. Denote by ¢ the transition parameter of this
sequence. Choose a sequence {b, : n > 1} of positive reals as in lemma 10.1.2
for the sequence {a, : n > 1}. For s > ¢ define

M, = Z by, exp(a, — ns) (11.1.5)

and the normalized measure

Z Z by, exp(Sno(z) — ns)dy, (11.1.6)
n=1zck,

where J, denotes the unit mass at the point x € X. Let A be a special set.
Using (11.1.4) and (11.1.6) it follows that

ms(T(A)) = ! > buexp(Sad(x) — ns)

n=1zeE,NT(A)

=2 Y bexp(Sud(T(x) — ns)

= LS ST bexplSasié(a) — (1 + 1)s] exp(s — 6(a))

! 3 3 b exp(Spd(T(z)) — ns).  (11.1.7)

n=1 IEAQ(E,PFl\T_lEn)

Set

> Y bexplSupéle)—(ntDslexp(s—o(a)~ [ exple=o)dm,

’ S n=1 Tc€EANE, 11
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and observe that

Bale) = 51| 3 elSunole) - (n-+ sl exp(—o() bne® ~ buire’]

n=1z€cANE,4+1

- b1 e
rEANE;
1 & by, s
< — €7 *|bny1 exp(s — () exp[Sn+10(x) — (n +1)s]
Ms anrl
n=1x€ANE +1
1
+ A by exp(c — s)8(AN Ey)
1 & by, s
<> — ¢ busr exp(s — 6(2)) exp[Sns16(x) — (0 + 1)
Ms bn+1
n=1z€FE +1
1
+ iR by exp(c — s) tE7.

By lemma 10.1.2 we have lim,,— oo byt1/b, = 1 and limg|. M, = oo. Therefore

lianA(s) =0 (11.1.8)
uniformly for all special sets A.

Any weak accumulation point, when s \ ¢, of the measures {m; : s > c}
defined by (11.1.6) will be called a limit measure (associated to the function ¢
and the sequence {E,, : n > 1}).

In order to find conformal measures among the limit measures, it is necessary
to examine (11.1.7) in greater detail. To begin with, for a Borel set D C X,
consider the following condition

oo

lim — > > by exp[Spd(T(x)) — ns] = 0. (11.1.9)

sle M,
y % n=12eDN(E,  \T 1E,)

We will need the following definitions.
A point z € X is said to be singular for T if at least one of the following two
conditions is satisfied:

There is no open neighbourhood U of z such that 7|y is injective.
(11.1.10)
Ves0Jo<r<e such that T'(B(x,r)) is not an open subset of X.  (11.1.11)

The set of all singular points is denoted by Sing(7"), the set of all points
satisfying condition (11.1.10) is denoted by and the set of all points satisfying
condition (11.1.11) is denoted by Xo (7).

It is easy to give examples where Xo(T) N Crit(T) # (0. If T: X — X is an
open map, no point satisfies condition (11.1.11) that is Xo(7T") = 0.
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Lemma 11.1.3. Let m be a Borel probability measure on X and let T be a com-
pact set containing Sing(T'). If (11.1.1) for g integrable holds for every special
set A whose closure is disjoint from T’ and such that m(0A) = m(0T(A)) = 0,
then (11.1.1) continues to hold for every special set A disjoint from T

Proof. Let A be a special set disjoint from I'. Fix ¢ > 0. Since on the com-
plement of I' the map T is open, for each point € A there exists an open
neighbourhood U(x) of  such that T'|y(,) is a homeomorphism, m(0U (x)) =
m(0T(U(z))) =0, U(z) NT = () and such that

/ gdm < ¢
UU(z)\ A

Choose a countable family {Uj} from {U(x)} which covers A and define recur-
sively Ay = Uy and A,, = U, \ U<, Ux- By the assumption of the lemma, each
set Ay satisfies (10.1.1) and hence

m(T(4)) = m( Jrean A) < S m(r(a)
k=1 k=1
:;/Ak gdmz/}qum%—;/Ak\AQdm
S/Agdm+e.

If e — 0, it follows that
m(T(B)) < / gdm
B

for any special set B disjoint from I'. Using this fact, the lower bound for
m(T(A)) is obtained from the following estimate, if ¢ — 0:

m(T(A)):m(D AﬂAk) Zm (AN Ap))
k=1

=3 (T (ae) @A\ ) 2 Y [ gam— [ gam
k=1 k=17 Ak Ap\A
:/ gdm — gdmz/gdm—e.
Ur>1A4k Ur>145\A A
This proves the lemma. &

Lemma 11.1.4. Let ¢ : X — R be a function of bounded absolute value and
m be a limit measure as above, and let T be a compact set containing Sing(T).
Assume that every special set D C X with m(0D) = m(9T (D)) = 0 and DNI" =
0 satisfies condition (11.1.9). Then m(T(A)) = [, exp(c — ¢)dm for every
special set A disjoint from T'.
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Proof. Let D C X be a special set such that D N T = ( and m(0D) =
m (0T (D)) = 0. Tt follows immediately from (11.1.7)—(11.1.9) that m(T (D)) =
Jp exp(c — ¢) dm. Applying now Lemma 11.1.3 completes the proof. &

Lemma 11.1.5. Let m be a limit measure. If condition (11.1.9) is satisfied for
D =X, then m(T(A)) > fA exp(c— f)dm for every special set A disjoint from
Crit(T).

Proof. Suppose first that A is compact and m(0A) = 0. From (10.1.7), (11.1.8)
and the assumption one obtains

lim |ms(T'(A)) — /Aexp(c —¢)dms| =0

seJ

where J denotes the subsequence along which mg converges to m. Since T'(A)
is compact, this implies

m(T(A)) > liminf ms(T'(A)) = lim [ exp(c— ¢)dms = / exp(c — ¢)dm
seJ s€J Ja A

Now, drop the assumption m(9A) = 0 but keep A compact and assume addition-

ally that for some € > 0 the ball B(A,¢) is also special. Choose a descending

sequence A, of compact subsets of B(A,¢) whose intersection equals A and

m(0A,) = 0 for every n > 0. By what has been already proved

m(T(A)) = lim m(T(4,)) > /A exp(c— ¢)dm = /Aexp(c — ¢)dml

n—oo

The next step is to prove the lemma for A, an arbitrary open special set disjoint
from Crit(T") by partitioning it by countably many compact sets. Then one
approximates from above special sets of sufficiently small diameters by special
open sets and the last step is to partition an arbitrary special set disjoint from
Crit(T) by sets of so small diameters that the lemma holds. &

Lemma 11.1.6. Let I" be a compact subset of X containing Sing(T"). Suppose
that for every integer n > 1 there are a continuous function g, : X — X and a
measure my, on X satisfying (11.1.1) for g = g, and for every special set A C X
with

ANT =0 (a)

and satisfying

mn(B) 2 [ gudm,
B
for any special set B C X such that BN Crit(T) = 0. Suppose, moreover, that

the sequence {gn}52, converges uniformly to a continuous function g : X — R.
Then for any weak accumulation point m of the sequence {my}5%,; we have

m(T(4)) = / gdm (b)

A
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for all special sets A C X such that ANT =0 and

m(T(B) = [ gdm ©
B
for all special sets B C X such that B N Crit(T) = 0.
Moreover, if (a) is replaced by

A0 (I (Crit(T) \ Xo(T))) = 0, (@)
then for any x € Crit(T') \ Xo(T)
m({T(2)}) < gle)ym({z}) < q(z)m({T(x)}) (d)

where q(x) denotes the mazimal number of preimages of single points under the
transformation T restricted to a sufficiently small neighbourhood of x.

The proof of property (b) is a simplification of the proof of Lemma 11.1.4
and the proof of property (c) is a simplification of the proof of Lemma 11.1.5.
The proof of (d) uses the same technics and is left for the reader.

11.2 Sullivan’s conformal measures and dynam-
ical dimension, I

Let, as in Chapter 10, X denote a compact subset of the extended complex
plane C and let f € A(X) which means that f: X — X is a continuous map
that can be analytically extended to an open neighbourhood U(f) of X.

Let t > 0. Any |f’|'~conformal measure for f: X — X is called a Sullivan’s
t—conformal measure or even shorter a t—conformal measure. Rewriting the
definition (11.1.1) it means that

m(r() = [ 11" am (11.2.1)

for every special set A C X. An obvious but important property of conformal
measures is formulated in the following

Lemma 11.2.1. If f : X — X is topologically exact, then every Sullivan’s
conformal measure is positive on nonempty open sets of X.

In particular it follows from this lemma that if f is topologically exact, then
for every r > 0
M(r) = inf{m(B(z,r)) 2 € X} >0 (11.2.2)

Denote by d(f) the infinium over all exponents ¢ > 0 for which a t—conformal
measure for f: X — X exists. Call §(f) conformal dimension of X.

Our aim in the two subsequent sections is to show the existence of conformal
measures and moreover to establish more explicit dynamical characterization of
the number §(f). As a matter of fact we are going to prove that under some
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additional assumptions §(f) coincides with the dynamical dimension DD(X) of
X and the hyperbolic dimension HyD(X) of X which are defined as follows.

DD(X) = sup{HD(u) : jr € M7 (f)}
HyD(X) = sup{HD(Y) : f|y is a conformal expanding repeller}

In HyD one can even restrict to Y being topological Cantor sets.

In this section we shall prove the following two results.

Lemma 11.2.2. If f: X — X is topologically exact, then DD(X) < 6(f).

Proof. Our main idea “to get to a large scale” is the same as in [Denker & Urbariski 1991b)].
However to carry it out we use Pesin theory described in Sec. 9.2 instead of
Mané’s partition, applied in [Denker & Urbanski 1991b]. So, let u € M (f)
and let m be a t—conformal measure. We again work in the natural extension
(X, f,i1). Fix ¢ > 0 and let X(g) and r(¢) be given by Corollary 10.2.4. In
view of the Birkhoff ergodic theorem there exist a measurable set F(e) C X (¢)
such that @(ﬁ'(s)) = (X (€)) and an increasing sequence {nj, = ny (%) : k > 1}
such that f (%) € X (¢) for every k > 1. Let F(e) = n(F(e)). Then u(F(e)) =
(Y (F(e)) > u(F(e)) > 1 —¢. Consider now = € F(e) and take Z € F(e)
such that 2 = 7(%). Since f™ (&) € X(e) and since 7(f™ (&) = f™(x), Corol-
lary 10.2.4 produces a holomorphic inverse branch f " : B(f"(z),r(¢)) — C
of f™ such that f_ ™ f™(z) = z and

fZ (B (2),7(e))) € Bz, KI(f™) ()] "'r(e))
Set r(z) = K|(f™)'(z)|"'r(e). Then by Corollary 10.2.4 and ¢- conformality

of m
m(B(x, i (x))) > K~(f™) ()| "'m(B(f™ (x),7(¢)))
> M(r(e) " K 2r(e) " riela)’

Therefore, it follows from Theorem 7.5.1 (Besicovitch covering theorem) that
Ay (F(2)) < M(r(e))K*r(e)'b(2) < co. Hence HD(F(¢)) < t. Since u(U;~; F(1/n)) =
1, it implies that HD(x) < ¢. This finishes the proof. &

Theorem 11.2.3. If f : X — X is topologically exact and X is a repelling set
for f, then HyD(X) = DD(X).

Proof. In order to see that HyD(X) < DD(X) notice only that in view of
Theorems 4.3.2, 8.1.6 and Corollary 8.1.7 there exists u € M (f|y) C MS(f)
such that HD(u) = HD(Y') . In order to prove that DD(X) < HyD(X) we will
use Katok’s theory from Section 10.6 applied to p, an arbitrary ergodic invariant
measure of positive entropy. First, for every integer n > 0 define on X a new
continuous function

¢n = max{—n, log|f[}.

Then ¢, > log|f’| and ¢, \, log|f’| pointwise on X. Since in addition ¢, <
log||f/]|so, it follows from the Lebesgue monotone convergence theorem that
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lim, oo [ ndp = xu(f) = [log|f'|dp > 0. Fix € > 0. Then for all n
sufficiently large, say n > ng, [ ¢ndp < x,/(1 — €) which implies that

b () = HD()xs = (1= ) HD(p) [ (11.23)

Fix such n > ng. Let X C X, k > 0, be the sequence of conformal expand-
ing repellers produced in Theorem 10.6.1 for the measure p and the function
—HD(u) s and let py, be an equilibrium state of the map f|x, and the potential
—HD(u) ¢y, restricted to Xj. It follows from the second part of Theorem 10.6.1
that limg oo [ ¢n dug = [ ¢n dp > 0. Thus by Theorem 10.6.1 and (11.2.3)

liminf (b, ~HD() [ 00 dyr) =l int P(fx,. - HD()1)
> b, (f) ~ HD(0) [ 60 d
>~ HD() [ ondn
Hence, for all k large enough
by > HD(e) [ 6 s — 22 HD() [ 6,
> HD(u) [ Gndpr — 320D () [ 60
— (1= 39)HD() [ on dyr > (1~ 32) HD(u) [ log| ' dys.

Thus

So, letting ¢ — 0 finishes the proof. &

11.3 Sullivan’s conformal measures and dynam-
ical dimension, I1

In this section f : C — C is assumed to be a rational map of degree > 2 and
X is its Julia set J(f). Nevertheless it is worth to mention that some results
proved here continue to hold under weaker assumption that f|x is open or X
is a perfect locally maximal set for f. By Crit(f) we denote here the set of all
critical points contained in the Julia set J(f).

Lemma 11.3.1. If z € J(f) andWﬂCrit(f) =0, then the series
Yomey I(f™) (2)|3 diverges.
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Proof. By the assumption there exists € > 0 such that for every n > 0 the map
[ restricted to the ball B(f"(z),¢) is injective. Since f is uniformly continuous
there exists 0 < o < 1 such that for every = € C

f(B(z,ae)) C B(f(x),¢e). (11.3.1)
Suppose that the series Y 0 |(f™)(2)|3 converges. Then there exists ng > 1
such that supn2n0(2|(f")’(z)|)% < 1. Choose 0 < &1 =3 =... =¢g,, < Q€ s0
small that for every n =1,2,...,ng
f" restricted to the ball B(z,¢,) is injective. (11.3.2)
and
F(B(z,e0)) € B (2),2) (11.3.3)
For every n > ng define €,,41 inductively by
n 1
curr = (1= @Y (2))F)en. (11.3.4)

Then 0 < &, < ae for every n > 1. Assume that (11.3.2) and (11.3.3) are
satisfied for some n > ng. Then by the Koebe Distortion Lemma 5.2.4 and
(11.3.4) the set f™(B(z,en+1)) is contained in the ball centered at f™(z) and of
radius

2 26|V
0 eari/en? AU

Therefore, since f is injective on B(f"(z),¢), formula (11.3.2) is satisfied for
n + 1 and using also (11.3.1) we get

FB(z,en41)) = F(f"(B(2,6n41))) C f(B(f"(2), a)) € B(f"(2), ¢).

Thus (11.3.3) is satisfied for n + 1.

Let e, \, €. Since the series >~ | |(f™)(2)|3 converges, it follows from
(10.3.4) that g9 > 0. Clearly (11.3.2) and (11.3.3) remain true with ,, replaced
by go. It follows that the family {f"|p(. 1, }nZ1 is normal and consequently
z ¢ J(f). This contradiction finishes the proof. &

ens1l(f") (2)]

=épnt+1 < Q€.

As an immediate consequence of this lemma and of Birkhoff’s Ergodic The-
orem we get the following.

Corollary 11.3.2. If i be an ergodic f—invariant measure for which there exists
a compact set Y C J(f) such that p(Y) =1 and Y N Crit(f) =0, then x, > 0.

In fact the assumption Y N Crit(f) = 0 is not needed, see [Przytycki 1993].
Compare Theorem 11.3.10.

Let now € be a finite subset of [ J,—, f*(Crit(f)) such that

Qn{frc):n=1,2...3 #0 for every ¢ € Crit(f) (11.3.5)
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and
QN Crit(f) = 0. (11.3.6)

Sets satisfying these conditions exist since no critical point of f lying in J(f)
can be periodic. Now let V' C J(f) be an open neighbourhood of Q and define
K (V) to be the set of those points of J(f) whose forward trajectory avoids V.
Equivalently this means that

K(V)={z€J(f): f"(2) ¢ V for every n. > 0} = (] f"(J(f)\ V)

n=0

Hence K(V') is a compact subset of J(f) and f(K(V)) C K(V). Conse-
quently we can consider dynamical system f|x () : K(V) — K(V). Note that
f(K(V)) = K(V) does not hold for all sets V' and that usually f~*(K(V)) ¢
K (V). Simple considerations based on (10.3.5) and the definition of sets K (V)
give the following.

Lemma 11.3.3. Crit(f|x ) C Crit(f) N K(V) =0, K(V)o(f) = Sing(f) C
OV, and —tlog|f’'| is a well-defined continuous function on K (V).

Fixnow z € K(V) and set By, = f|} /1, (2),n > 0. Then Ep 4y = f|;(1(v)(En)
and therefore the sequence {E,} satisfies (10.1.9) with D = K(V). Take t > 0
and let ¢(¢, V) be the transition parameter associated to this sequence and the
function —tlog|f’|. Put P(t,V) = P(f|x(v), —tlog|f']). We shall prove the
following.

Lemma 11.3.4. ¢(t,V) < P(¢,V).

Proof. Since K (V') is a compact set disjoint from Crit(f), the map f|x vy is
locally 1-to-1 which means that there exists 0 > 0 such that f|x () restricted
to any set with diameter < § is 1-to-1. Consequently, all the sets E,, are (n,¢)-
separated for ¢ < 0. Hence, the required inequality c(¢t,V) < P(t,V) follows
immediately from Theorem 2.3.2.

The standard straightforward arguments showing continuity of topological
pressure prove also the following.

Lemma 11.3.5. The function t — c(t, V) is continuous.

Set
s(V)y=inf{t >0:¢(t,V) <0} < +c0

We shall prove the following.
Lemma 11.3.6. s(V) < DD(J(f)).

Proof. Suppose that DD(J(f)) < s(V) and take 0 < DD(J(f)) < t < s(V).
From this choice and by Lemma 11.3.4 we have 0 < ¢(t,V) < P(¢,V) and by
the Variational Principle, Theorem 2.4.1, there exists u € Mc(fx(v)) C Mc(f)
such that P(¢, V) <h,(f) — tx,.(f) + ¢c(t,V)/2. Therefore, by Corollary 11.3.2
and Lemma 11.3.3 we get h,(f) > ¢(t,V)/2 > 0 and applying additionally
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Theorem 10.1.1 (Ruelle’s inequality), x,.(f) > 0. Hence, it follows from Theo-
rem 10.4.1 that

le(t,V
<10 - 3 XY <) < DD
n
This contradiction finishes the proof. &

Let m be a limit measure on K (V') associated to the sequence F,, and the
function —s(V)log|f’|. Since ¢(0,V) > 0 and s(V) < oo, it follows from
Lemma 11.3.5 that ¢(s(V),V) = 0. Therefore, applying Lemma 11.1.4 and
Lemma 11.1.5 with I' = 9V we see that m(f(A)) > [, If'1°V) dm for any spe-
cial set A C K(V) and m(f(4)) = [, |£/[5V) dm for any special set A C K (V)
such that AN 9V = (. Treating now m as a measure on J(7T') and using
straightforward measure-theoretic arguments we deduce from this that

m(f(4)) > /A 1Y) dm (113.7)

for any special set A C J(f) and
m(fa) = [ 17P0 dm (1135
A

for any special set A C J(f) such that ANV = ). Now we are in position to
prove the following.

Lemma 11.8.7. For every Q there exist 0 < s(Q) < DD(J(f)) and a Borel
probability measure m on J(f) such that

m(f(A)) > /A 1P dm

for any special set A C J(f) and

m(f(4)) = /A 1 dm

for any special set A C J(f) disjoint from €.

Proof. For every n > 1let V,, = B(, 1) and let m,, be the measure on J(f)
satisfying (11.3.7) and (11.3.8) for the neighbourhood V,,. Using Lemma 11.1.6
we shall show that any weak—* limit m of the sequence of measures {m,}>°
satisfies the requirements of Lemma 11.3.7. Indeed, first observe that the se-
quence {s(V,,)}>2; is nondecreasing and denote its limit by s(€2). Therefore the
sequence of continuous functions g, = |f/[*\V*), n = 1,2,..., defined on J(f)
converges uniformly to the continuous function g = [f/|*(¥). Let A be a special
subset of J(f) such that

AN (Sing(f)uQ) =0. (11.3.9)
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Then one can find a compact set I' € J(f) disjoint from A and such that
Int(T") D Sing(f) U . So, using also Lemma 11.3.3, we see that for any n
sufficiently large, say n > ¢,

Voc  and  V,NCrit(f) =0. (11.3.10)

Therefore, by (11.3.7) and (11.3.8), we conclude that Lemma 11.1.6 applies
to the sequence of measures {mn}z":q and the sequence of functions {gn};'f:q.
Hence, the first property required in our lemma is satisfied for any special subset
of J(f) disjoint from Crit(f) and since ANT = @), the second property is satisfied
for the set A. So, since any special subset of J(f) disjoint from Sing(f) U
Q can be expressed as a disjoint union of special sets satisfying (11.3.9), an
easy computation shows that the second property is satisfied for all special sets
disjoint from Sing(f) U Q. Therefore, in order to finish the proof, it is enough
to show that the second requirement of the lemma is satisfied for every point
of the set Sing(f). First note that by (11.3.10) and (11.3.8), formula (a’) in
Lemma 11.1.6 is satisfied for every n > ¢ and every x € Crit(f) \ J(f)o(f).
As f: J(f) — J(f) is an open map, the set J(f)o(f) is empty and Sing(f) =
Crit(f). Consequently formula (d) of Lemma 10.1.6 is satisfied for any critical
point ¢ € J(f) of f. Since g(c) = |f'(c)]*® = 0, this formula implies that
m(f()) <0. Thus m({f(c)}) = 0=|f'(c)]*“Pm({c}). The proofis finished. &

Lemma 11.3.8. Let m be a the me the measure constructed in Lemma 11.53.7. If
for some z € J(f) the series S(t,z) = > o |(f™) (2)|" diverges then m({z}) =
0 or a positive iteration of z is a parabolic point of f. Moreover, if z itself is

periodic then m({f(2)}) = |f'(z)|*m({z}).

Proof. Suppose that m({z}) > 0. Assume first that the point z is not eventually
periodic. Then by the definition of a conformal measure on the complement of
some finite set we get 1 > m({f"(z) : n > 1}) > m({z}) > .2, [(f") (z)|" = o0,
which is a contradiction. Hence z is eventually periodic and therefore there
exist positive integers k and ¢ such that f*(f9(z)) = f9(z). Since f9(z) € J(f)
and since the family of of all iterates of f on a sufficiently small neighbourhood
of an attractive periodic point is normal, this implies that |(f*)'(f9(z))| > 1.
If |(f*)(f%(2))] = A > 1 then, again by the definition of a conformal measure
on the complement of some finite set, m({f9(z)}) > 0 and m({f*"(f9(2))}) >
Nm({£9(2)}). Thus m({f*"(f4(z))}) converges to oo, which is a contradiction.
Therefore |(f*)'(f9(z))| = 1 which finishes the proof of the first assertion of the
lemma. In order to prove the second assertion assume that ¢ = 1. Then, using
the definition of conformal measures on the complement of some finite set again,
we get m({f(z)}) > m({z})|f'(2)|" and on the other hand

m({z}) = m({f* (f)D) = m{F DI (FE =m{f()DIf ()]
Therefore m({f(z)}) = m({z})|f'(z)|*. The proof is finished. &

Corollary 11.3.9. If for every x € Crit(f) one can find y(x) € {f™(x) : n > 0}
such that the series S(t,y(x)) diverges for every 0 <t < DD(J(f)), then there
exists an s-conformal measure for f: J(f) — J(f) with 0 < s < DD(J(f)).
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Proof. Let m be a the me the measure constructed in Lemma 11.3.7. Since
S(t,y(x)) diverges for every 0 < t < DD(J(f)), we see that y(x) ¢ Crit(f).
If for some = € Crit(f), y(x) is a non-periodic point eventually falling into a
parabolic point, then let z(z) be this parabolic point; otherwise put z(z) = y(x).
The set Q = {z(z) : © € Crit(f)} meets the conditions (11.3.5), (11.3.6) and
is contained in |J;2, f*(Crit(f)). Since for every t > 0 and z € J(f) the
divergence of the series S(t, z) implies the divergence of the series S(t, f(z)), it
follows immediately from Lemma 11.3.7 and Lemma 11.3.8 that the measure m
is s-conformal. &

Fortunately the assumptions on the existence of y(z) with the divergence of
(t,y(x)) hold. They follow from the following fact, for which we refer the reader
to [Przytycki 1993] and omit the proof here.

Theorem 11.3.10. For every f-invariant probability measure v on J(f), [log|f'| dp >
0, in particular log|f’| is p-integrable. For u ergodic this reads that the Lya-
punov characteristic exponent is non-negative, x,(f) > 0. For i a.e. y

limsup (") (y)| = 1.

n—0o0

Now we are in position to finish the proof the following main result of this
section.

Theorem 11.3.11. HyD(J(f)) = DD(J(f)) = 6(f) and there exists a §(f)-
conformal measure for [ : J(f) — J(f).

Proof. For every x € Crit(f) the set {f™(z):n >0} is closed and forward
invariant under f. Therefore, in view of Theorem 2.1.8 (Bogolubov-Krylov
theorem) there exists p € M.(f) supported on {f™(z):n >0}. By Theo-
rem 11.3.10 there exists at least one point y(z) € {f™(z):n > 0} such that
limsup,,_ o [(f™)(y(x))] > 1 and consequently the series S(t,y(x)) diverges
for every ¢ > 0. So, in view of Corollary 11.3.9 there exists an s-conformal
measure for f : J(f) — J(f) with 0 < s < DD(J(f)). Combining this with
Lemma 11.2.2 and Theorem 11.2.3 complete the proof. &

11.4 Pesin’s formula

Theorem 11.4.1 (Pesin’s formula). Assume that X is a compact subset of the
closed complex plane C and that f € A(X). If m is a t- conformal measure for
[ and p € M} (f) is absolutely continuous with respect to m, then HD(u) =t =

(f)-

Proof. In view of Lemma 11.2.2 we only need to prove that ¢ < HD(u) and
in order to do this we essentially combine the arguments from the proof of
Lemma 11.2.2 and from the proof of formula (10.4.1). So, we work in the
natural extension (X, f,/i). Fix 0 < & < x,/3 and let X(¢) and r(¢) be given
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by Corollary 10.2.4. In view of the Birkhoff ergodic theorem there exists a
measurable set F'(¢) C X () such that a(F(g)) > 1 — 2¢ and

n—1
Jim =3 g 0 (@) = X))
j=1

for every & € F(e). Let F(e) = m(F(¢)). Then u(F(e)) = j(r~Y(F(e)) >
i(F(e)) > 1 — 2e. Consider now z € F(¢) N X, and take & € F(e) such that
x = 7(&). Then by the above there exists an increasing sequence {n; = ng(z) :
k > 1} such that f™ (&) € X () and

n —n
k+1 kSE

11.4.1
= (11.4.1)

for every k > 1. Moreover Corollary 10.2.4 produces holomorphic inverse
branches f ™ : B(f™ (x),r(¢)) — C of f™ such that f "™ f"(z) = x and

fom(B(f™ (2),7(€))) € B, K|(f™)' ()] r(e))

Set rj, = ri(x) = K~(f™) (z)|~'r(e). By Corollary 10.2.4 1), < K~ ?exp(—(xu—
e)nk)r(e). So, using Corollary 10.2.4 again and (11.4.1) we can estimate

i = Tt | () (F ()] < e K exp(xp + €) (a1 — nk))
< rp1 K exp(xy + €)nis1€) < Krpq1 exp(xu — €)2np41€)
< r K (K 2@ ) = K1 ter(eperty

Take now any 0 < r < r; and find & > 1 such that ri; < r < r,. Then using
this estimate, t-conformality of m, and invoking Corollary 10.2.4 once more we
get
m(B(z,r)) <m(B(z,rx)) < K'[(f™) ()] "'m(B(z,r(c)))
< K?r(e)~trt
< K(3_4€)t7"(8)26t7’(1_2€)t

So, by Theorem 7.5.1 (Besicovitch covering theorem) A _o2y¢(X) > A1_ooy¢ (F(g)) >
0, whence HD(X') > (1 — 2¢)t. Letting € — 0 completes the proof. &

Remark 11.4.2. For m being the Riemann measure on C, which is 2-conformal
by definition, HD(m) = 2 is obvious, even without assuming the existence of .

Of course there exist 2-conformal measures for which no p € M (f) with
p < m exists. Take for example f(z) = 22 + 1/4. It has a parabolic fixed
point z = 1/2, as f’(1/2) = 1. Put m(1/2) = 1 and for each n > 0 and w €
f7(1/2) put m(w) = |(f*)'(w)|~". Fort > 2 the series X2 := 3 [(f™)'(w)|~*
converges (Exercise, use Koebe Distortion Theorem). Normalize m by dividing
by 3. Check that there is no u € M. with u < m. In this example, for
t = 0(f), the measure u exists. However it is also not always the case. Consider
f(z) = 22 — 3/4 and m built as above starting from the fixed point —1/2. See
[Aaronson, Denker & Urbanski 1993]
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Other, very nice examples can be found in [Avila & Lyubich 2008].

For an arbitrary 2-conformal m the equality h, (f)/x.(f) = HD(u) = 2, i.e.
hu(f) = 2x,(f) is nontrivial. For m Riemann measure, the first equality is
nontrivial. In higher dimension its analog is usually called Pesin’s formula, see
[Mané 1987]. It corresponds to Rohlin’s equality in Theorem 1.9.7.

The following theorem converse to Theorem 11.4.1, holds. We formulate it
for f a rational function on C and X its Julia set. We shall not prove it here.
We refer to [Ledrappier 1984] and recent [Dobbs 2008].

Theorem 11.4.3. If m is a t-conformal measure supported on J(f) for f : C —
C a rational function of degree at least 2 on the Riemann sphere, and p is an
f-invariant ergodic probability measure on J(f) of positive Lyapunov exponent
such that HD(u) > t, then u < m. Moreover the density du/dm is bounded
away from 0. In particular p is unique satisfying these properties.

11.5 More about geometric pressure and dimen-
sions

Here we provide a simple proof of HyD(J(f)) = d(f), see Theorem 11.3.11
omitting the construction via the sets K (V') and omitting Pesin’s theory.

Let f : C — C be a rational mapping of degree d > 2 on the Riemann
sphere C. Here we denote by Crit = Crit(f) the set of all critical points in C,
that is f'(x) = 0 for x € Crit(f). The symbol J = J(f) stands as before for
the Julia set of f. Absolute values of derivatives and distances are considered
with respect to the standard Riemann sphere metric. We consider pressures
below for all ¢ > 0. All the pressures will occur to coincide giving rise to a
generalization of the geometric pressure P(¢) introduced in Section 8.1 in the
uniformly expanding case.

Definition 11.5.1 (Tree pressure). For every z € C define

Piree(2,t) :zlimsup%log Z [(F™) ()"

n—00 Fr(2)=2

Definition 11.5.2 (Hyperbolic pressure).
Pryp(t) = sup P(fx;, —tlog|f'),

where the supremum is taken over all compact f-invariant (that is f(X) C X)
Cantor repelling hyperbolic (expanding) subsets of J. The property of X being
a Cantor set can be skipped giving the same definition, compare Theorem 10.6.1.
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P(f|x,—tlog|f’]) denotes the standard topological pressure for the contin-
uous mapping f|x : X — X and continuous real-valued potential function
—tlog |f'| on X, as in the previous sections.

Note that these definitions imply that Ppy,(t) is a continuous monotone
decreasing function of ¢.

One can restrict in the definition of the hyperbolic pressure the supremum
to be over Cantor repelling hyperbolic sets X such that f|x is topologically
transitive, see Remark 10.6.3.

Definition 11.5.3 (Conformal pressure). Set Pcont(t) := log A(¢), where
A(t) = inf{\ > 0: thereis u, a A|f’|'— conformal probability measure on J(f)}.

We know that the set of A\’s above is non-empty from Section 11.3. However
we want this section to be independent. So the existence of A(¢) will be proved
later on again, more directly.

In the sequel we shall call any M| f’|t-conformal probability measure on J(f)
a (A, t)-conformal measure for f and a (1,t)-conformal measure by a t-conformal
measure for f.

Proposition 11.5.4. For each t > 0 the number Pcont(t) is atltained, that is
there exists a (A, t)-conformal measure with log A = Poont(t).

This Proposition follows from the following (compare the proof of Lemma 11.3.7).

Lemma 11.5.5. If p, is a sequence of (An,t)-conformal measures for f on
J(f) for an arbitrary t > 0, weakly™ convergent to a measure p and A, — X
then w is a (A t)-conformal measure.

Proof. Let E C J be a Borel set on which f is injective. Then E can be
decomposed into a countable union of critical points and sets F; pairwise disjoint
and such that f is injective on a neighbourhood V of cl E;. For every ¢ there exist
compact set K and open U such that K C E; C U C V and u(U)—p(K) < € and
p(f(U)—p(f(K)) < e. Consider an arbitrary continuous function y : J — [0, 1]
so that x is 1 on K and 0 on J \ U. Then there exists s : 0 < s < 1 such that
for A =x"1([s,1]), u(0f(A)) =0. Then the weak* convergence of j,, implies
un(f(A)) — u(f(A)), as n — oo, see Theorem 2.1.4. Moreover this weak*
convergence and A\, — A imply [ x\,|f'|"dpn — [ xA|f'|'dp. Therefore from
pn(f(A) = fA Anlf/|tdpin, letting € — 0, we obtain u(f(E;)) = fEi Alf )t

If E = {c} where ¢ € Crit(f) N J(f) then for every » > 0 small enough
and for all n, we have p,(f(B(c,7))) < 2(supy A\x)(2r)! and since the bound
is independent of n we get u(f(c)) = 0, hence u(f(c)) = [.|f'|"du, as f'(c) =
0. &

Remark 11.5.6. For a continuous map 7' : X — X of a compact metric
space X, for an integrable function g : X — R, and for an arbitrary ¢ > 0, a
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probability measure m on X is said to be e-g-conformal if for every special set
A C X we have

|m(T(A)) —/ gdm| <e.

A
Compare (11.1.1). Then, in Lemma 11.5.5, it is sufficient to assume that pu, is
a sequence of €,-A,|f’[*-conformal measures, with &, — 0.

Definition 11.5.7. We call z € C safe if
(1) z ¢ UjZ, f7(Crit(f)) and
(2) liminf, . Llogdist(z, f"(Crit(f))) = 0.

Remark 11.5.8. For every safe z € C and every ¢ > 0 the pressure Piee(2,t)
is finite. Indeed, if z ¢ B(f"(Crit),eA™") for all n = 1,2,... and some & >
0 and A > 1, then for each € f~"(z) the mapping f™ is univalent on
Comp,, f~"B(f"(Crit), §A7") with distortion bounded by a constant C' > 0,
see Koebe Distortion Lemma 5.2.3. Recall that Comp, denotes the component
containing x. Hence

e\—n
2 > c—lgx—".

(™) (@) > ™' = “nB(s Eaon =
diam Comp,, f~"B(z, §A

Summing up over x and letting A — 1 and n — co we obtain
Piree(2,t) < logdeg f. (11.5.1)

Definition 11.5.9. We call a point z € C expanding (or hyperbolic) if there
exist A > 0 and A = A, > 1 such that for all n large enough f is univalent
on Comp, f~"(B(f"(z),A)) and |(f")'(2)] = A™.

Proposition 11.5.10. The set S of expanding safe points in J is nonempty.
Moreover HD(S) > HyD(J).

Proof. The set NS of non-safe points is of zero Hausdorff dimension. This fol-
lows from NS C Ujoi1 I (Crit(f)) U Ue<1 N2, Ujoin B(f7(Crit(f)), &%), finite-
ness of Crit(f) and from ), (£™)" < oo for every 0 < £ < 1 and ¢ > 0. Therefore
the existence of expanding safe points in J follows from the existence of hyper-
bolic sets X C J with HD(X) > 0. Note that every point in a hyperbolic set X
is expanding. &

Theorem 11.5.11. For all t > 0, all expanding safe z € J and all w € C
Ptree(za t) S Phyp (t) S PConf(t) S Ptree(wa t)

We will provide a proof later on. Now let us state corollaries.
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Corollary 11.5.12. For all t > 0 Puyp(t) = Pcont(t) and HyD(J) = 6(f)

Proof. The first equality follows from Theorem 11.5.11 and existence of expand-
ing safe points in J. The second from the fact that both quantities are first zeros
of Pryp(t) and Peone(t). We shall prove the latter, including the existence of a
finite zero.

First notice that Ppyp(¢) is monotone decreasing, which follows immediately
from the monotone decreasing of P(X,t) := P(f|x, —tlog|f’|) for every expand-
ing repeller X C J, see for example the discussion after Theorem 8.1.4 and Def-
inition 11.5.2. Continuity follows from the equicontinuity of the family P(X,¢)
following, using the definition of pressure, from its uniform Lipschitz continuity
with the Lipschitz constant suplog|f’|. (In fact by Variational Principle the
Lipschitz constant of all P(X, ) is bounded by sup,, x,(f), the supremum over
all probability f-invariant measures on J.) If ¢ is the first zero of Pyyp(¢) (we
have not excluded yet the case Phyp(t) > 0 for all ¢; in such a case write ty = o)
and to(X) is zero of P(X, t), then P(X,¢) — Puyp(¢) for all ¢ implies ¢o(X) — to.
Since to(X) = HD(X) < 2, see Corollary 8.1.7, t¢ is finite.

Observe finally that 6(f) is also the first zero tg of Pcont(t) (which we know
already to be equal to Phyp(t)). It cannot be larger, because there exists a
to-conformal measure, due to Proposition 11.5.4. It cannot be smaller since
Pconf(t) > 0 for t < tg. &

We obtain also a simple proof of the following

Corollary 11.5.13. Piyee(2,t) does not depend on z for z € J repelling safe.

Proof of Theorem 11.5.11. 1. We prove first that Piree(2,t) < Pryp(t). Fix
repelling safe z = zp € J and A = A\, > 1 according to Definition 11.5.9. Since
zo is repelling, we have for 6 = A/2, | = 2an and all n large enough

W := Comp,, f~'B(f'(20),26) C B(z,eA™"),

and f! is univalent on W. Since z is safe we have

B(z0,A™™) N U F(Crit(f)) =0

J=1

for arbitrary constants €, a > 0.
By the Koebe Distortion Lemma for & small enough, for every 1 < j < 2n
and zj € f77(z) we have

Comp,, 9 B(20,eA™") C B(z;,9).

Let m = m(6) be be such that f™(B(y,d/2)) D J for every y € J. Then, putting
y = flY(z0), for every z, € f~"(z) we find 2/, € f~™(z,) N f™(B(y,5/2)).
Hence the component W, of f="(Comp, f~"(B(z0,eA™*")) containing z,, is

contained in C B(y, 36)) and f™" is univalent on W, (provided m < n).
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Therefore f™ " is univalent from W, := Comp(f~(m+7+0(B(y,26)) C
W,, onto B(y,20). The mapping

F=gmtnite ) WL — B(y,20)

ZnEf_"(Zo)

has no critical points, hence Z := (;—, F~*(B(y, 28)) is a repelling expanding
F-invariant Cantor subset of J.
We obtain for a constant C' > 0 resulting from distortion and L = sup |f’|,

P(Flz,—tlog|F) > log(C S° |/ (=0)| ")
Znef_n(zo)

> log(C 3 |(f")’(zn)|‘tL‘t(m+l)). (11.5.2)

2n€f " (20)

Hence on the expanding f-invariant set Z’ := U;:Bnﬂfl f7(Z) we obtain

1
P(flz,—tlog|f']) > mP(R —tlog |F'])
é(logC—t(m—i—l)logL—Hog Z |(f")'(zn)|_f)
T m4n+l

2n€f =™ (20)

Passing with n to oo and next letting o ™\, 0 we obtain

P(flz, _t10g|fl|) > Pirec(20,1).

Finally one can find an f-invariant repelling expanding Cantor set Z” con-
taining Z’, contained in J as in the Proof of Theorem 10.6.1, relying on Propo-
sition 3.5.6. The latter inequality for Z” in place of Z’ is of course satisfied.

Notice that we proved by the way that P(zg,t) < oo for zg safe and repelling.
This is however weaker than (11.5.1), proved for all z safe.

2. Phyp(t) < Pcont(t). Let p be an arbitrary (A, t)-conformal measure on
J. From the topological exactness of f on J, see [Carleson & Gamelin 1993], we
get [, AWN[(fN)|'dp > 1. Hence pu(U) > 0 (compare Lemma 11.2.1).

Let X be an arbitrary f-invariant non-empty isolated hyperbolic subset of
J. Then, for U small enough, (3C)(Vzo € X)(Vn > 0)(Vz € X N f~"(x)) f"
maps U, = Comp,, f~"(U) onto U univalently with distortion bounded by C.
So, for every n,

w0 Y AT @t <o Y wun)<c

zef~"(xo)NX zef~"(xo)NX

Hence

P(f]x,—logX —tlog|f']) <0 hence P(f|x,—tlog|f’|) <logA\.
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3. Now we prove Peont(t) < Pipee(w, t) and in particular that the definition
of Peont(t) makes sense. The proof is via Patterson—Sullivan construction, as
started in Section 10.5.1, but it is much simpler and direct, omitting approxima-
tion via K (V)’s in the following sections. We can assume that Piree(w,t) < 00,
otherwise there is nothing to prove.

Let us assume first that w is such that for any sequence w, € f~"(w) we
have w,, — J. This means that w is neither in an attracting periodic orbit, nor
in a Siegel disc, nor in a Herman ring, see [Carleson & Gamelin 1993]. Assume
also that w is not periodic. Let Piree(w,t) = A. Then for all A" > A

Yo TG @) =0

zEf~(w)

exponentially fast, as n — oo. We find a sequence of numbers ¢,, > 0 such
that imp, —.co ¢p/dpt1 — 1 and for Ap := 30 1oy AT"(f™) (x)| 7t the series
>, ¢nAy is divergent, compare Lemma 11.1.2. For every X > X consider the

measure
00

i = > Da b )T (@) 7S

n=0zef-"(w)

where D, is the Dirac delta measure at x and Xy is the sum over all z of
the weights at D, so that py(J) = 1. Notice that m} is (1/Zx)-(N|f']*)-
conformal.

Indeed, the only point where this purely atomic measure is not conformal, is
w. But f(w) does not belong to | J,,~, f~"({w}) since w is not periodic, hence
i (Lf()}) = 0.

Finally we find a (A, t)-conformal measure u as a weak™ limit of a convergent
subsequence of ) as N N\, A, see Lemma 11.5.5 and Remark 11.5.6.

If w is in an attracting periodic orbit which is one of at most two exceptional
fixed points (oo for polynomials, 0 or co for z — z*, in adequate coordinates)
then it is a critical value, $0 Pipee(w,t) = oco. If w is in a non-exceptional
periodic orbit or in a Siegel disc or Herman ring S, take w’ € f~*(w) not in the
periodic orbit of w, neither in the periodic orbit of S in the latter cases. Then
for w’ we have the first case, hence Poont(f) < Piree(w,t) < Piyeo(w,t). The
latter inequality follows from

. 1 —(n— -
Puee(w,f) =lmsup o= >, (7@ <

n— oo wef*(“*l)(w’)

. 1 " _
<limsup— 3 |(f") (@) sup /] < Pureo(w, ).

n—oo z€f—(n=1) (w’) zeC

&

Remark 11.5.14. There is a direct simple proof of Piree(2,t) < Peont(t) for
p-a.e. z, using Borel-Cantelli Lemma, see [Przytycki 1999, Theorem 2.4].



350 CHAPTER 11. CONFORMAL MEASURES

Remark 11.5.15. In [Przytycki 1999, Th.3.4] a stronger fact than Corollary
2 has been proved, also by elementary means, namely that Pyee(z,%) does not
depend on z € C except zero Hausdorff dimension set of z’s.

To complete this section it is worthy to mention one more definition of pres-
sure, called hyperbolic variational pressure see [Przytycki 1999] and [Przytycki, Rivera—Letelier & Smirno

Definition 11.5.16.

Pvarhyp(t) - Sup{hu(f) - txu(f)}y

the supremum taken over all f-invariant probability ergodic measures on J with
positive Lyapunov exponent (i.e. hyperbolic measures).

The inequalities Phyp(t) > Pyarhyp (t) > Pryp(t) hold by Theorem 10.6.1 and
the Variational Principle, Theorem 2.4.1, respectively.

Remark 11.5.17. In conclusion we can denote all the pressures above by P(t)
as anticipated at the beginning of this section and call it geometric pressure.

A remarkable dichotomy holds for rational maps: Either P(¢) is strictly
decreasing to —oo as t " oo, or P(¢t) = 0 for all ¢ > to = HyD(J). The first
happens precisely for so-called Topological Collet—Eckmann maps, abbr. TCE-
maps . Here is one of characterization of this class, which explains another
name: non-uniformly hyperbolic A rational map fC — C is TCE if and only if

inf Xll(f) > 07
o

the infimum taken over all probability f-invariant measures on J. For details
of this theory see [Przytycki, Rivera—Letelier & Smirnov 2003].

Bibliographical notes

Section 11.1 roughly follows [Denker & Urbanski 1991a]. However here the set
Sing need not be finite; this is the version introduced and used in [Denker & Urbariski 1991b).
Sections 11.2 and 11.3 follow [Denker & Urbanski 1991b], with some simplifica-
tions. For example the proof of Lemma 11.2.2 is much simpler.
The construction of conformal measures was first sketched in [Sullivan 1983]
and followed an analogous notion and construction by S.J. Patterson on the
limit sets of a Kleinian group.
The content of Section 11.5 has been extracted from [Przytycki, Rivera—Letelier & Smirnov 2004],
see [Przytycki 2005K].
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