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| Baltic SetTheory Seminar, File 2022

Astationay-towefeepoofofWoodiisSeaÜgThoem_
I with G. Sargsjan and B . Wüslo)

Shoeufield
'

s Absolutenss Theorem
' EE -facts are foräng absolute

Thin (Warden)
:

If A is a university
Baie Set of Rails and there is a class of

Wooden Cardinals ,
then the theory of LC A,R) cannot be

Changed by fozig , i.e., frag
set geueic extensions Kg

) ≤ "5g*D,

there is an ehem . emb .

←
☒[g)

The Canonical interpretation
of A in "[g), i.e . ,

if
(Til Witness that A

is u)Ä91*9 )→ L ( Ag*h, Rg*n) .

then Ag = (PEPNG .



Definition ( Woodin )
:

Skating I is the conjunction of the following statement :

(1) For eaysetgen.gov Y L (PJ, Rg ) f- AD
+
and

PIRg) n LIT, Rg )
= rg?

(2) For eveysef geueic extensions Vtg)
≤ "Eg* h) , there is

an ehem .

emb c-g)

j : LITE, IRE→ L( Tm Rgx-D,
the UB

Sets-

ofreals in" s.tn . for every
A- c- PJ

, jl A) = Ah .

QuestionA' Is there a large
archive that inplies Seelig?

Observation ' Mice cannot satisfy Sailing , clause (1) .

Quest.vn/3:-DoesSealehgholdaftercoKapsigabrgeearekuae ? yes
.



.IE?Ys::I::F:-eassotwooanaasaua " is a

supercompact card
.
Then Sailing Golds after colbpsmg 22

"

to be couutable .

• (Sargsjan
-Trang , 2019 ) If there

is a Wooden limit of Wooden Cards,
then Seahng is

cousisteut
.

• (Sargsjan-Trang , 2019 ) Suppose
there is a proper class of Warden

cards

and a strong card , and seef-Etyholds.hu
Seaeeng

holds after colbpsig the successor of
the least strong

ard .

to be ④untuble
.

• (M -Sargsjan
-Wüst
,
20227 There is a new station

arg
-tower-free

proof of Woodin 's Seahhg Theorem , build on
(Sargsjan, Trang , 2019 ) .



Outhheofthepoof.Analyzel.IT
, Rg ) and obtain it as a denial model of

adiectliuitqmode.pt/ymake reaesgeuoic +
We needto euswe make UB set genetic , in feat

itoability of the models ☆
their representatives

in question , for this
we will usetues.ci ! E#jüngst .

• This regimes
to preserve UB sets to 2g

ultraPowers
via extender

now

+
nett { ↳ isolate apoprty that aKaos as

to do that
von

↑
here the sc . will also

show up .



V
, VEGJ , g ≤

Cd ( w
, E) , k s.c.

WTS , VEGIE Sailing . K¥9, IRG*n)
↑ fwthergen.at.

Dez: A set A ≤ ×
"

is8-hom.sush-iftheeiso.gr-Complete

homggeueity system T
= 1µs / SEX

"

) and afreeT SA
.

A =p ET)

and
, for all SEXY pls (Tg )

= 1

↑ Ts = ft

"

I s# e-T}

In particular, A = f ✗ c. ✗
w |④eÜ}

.

We wüte Twy for the at of
all towers of measures

↑ = (µ :( Kw
) st . Mit Y.



ftp.ngfuuctionslemma-LTlizpingeemma) :

het s be a
Woodward

.

and eet Y ≤ uaasgt best . IYI
<S

.

Then for any y
< f

,

there is some R
≤ ueasg as well as

a Lipschitz function f : Twy
→TWR st .

(1)ft, and
(2) for all

<gr
-

generis
G and all pi c-4-Wy)

"[G)

,

pi is well
- fouuded ⇔ flpü ) is ieefouuded

Eff #je
:

q ueasyg
R da



Dif : het k be a Card .

,
let So <& be Woockh ard -

abou K
.

6T Wo ≤ measKt
with Wo C- Ugo

,

leg W , ≤ measgot
with Wei EY
,
tweet < So

,
→ , wg

let f : Tww,→Twwo be a fhppigfuudon .

E¢, wo
(et E be an extender

with crit.pt . H .

- „

then E is uB-preseni.mg forNo ,
W
, /f) iff

h ) eh (E) = Str (E) > & , and

K ) theeaEF-mbeddingsho.hn st .
TW '! ITEITWW, )

Kap" : hom Systems
will

mind
live in some

"[g) .
f-↓ 0 ↓TEA) But the

measures

TWwo TE (TW wo)
.

come from " -
measures.

Question : What is the large Card . assanpton necessary to get such an E ?



Oct 11,2022

Def . We say a Cardinal
H is uB-preserahg-if.fr ale

Woodin Cards
.

So < Ss above k and for all Wo, Ws , andf, as abace ,
there is an extender E with op- k ft .

Eis UB-pressung
for ( Wo , Wir , f) .

Leung
: Sps- there is a paper

class of Warden Cardinals and het k

be a Supercopa
et Cardinal . Then k is

uB-presenihg.pro/=: (et k < So
< Sn

,
Wo
,
Wi ,f be as

above
.

cet j : V →M be an elem .

emb
.

Witnessihg
that k is Si-S.a .

and het E be the ( K
,
Si ) - extender

derixed fomj .

Now ho
= j TTWWO

and hi JTTWW, .

Then ho
,
h
,
C- M

.

Moreau
,

ho of = jlf ) 0h1 .

u v→M
het l ( f , jlf)) =

"

3- ho
,
h
,
as above ↑ k factor

4-
Metal, E)

""P
Then ME 4 ( f. jlf ) )

.



(et kittet
(YEI →M be the factor map .

Then Kills
,

-

- id and here If, jlf / / ≤ ruglk !

Infact , hilft -7 and K
" /jlfl )

-
- TEA!

Therefore, Metal, E) 1=914 a-Elft)
.

Tww
,

a-Elwwn)
dt Ctt.az.iq/luU#E-/TWwo-TElWwo)

☐



Aim : Show that UB- Presenting extender in fact preserve the

uB ness of a given
at A to their ultra power

and its

geuoic extensions ,
even if A is only UB in Domenig?

5ps .

there is a proper
class of Wdus , let A be UB in VEG?

for some g ≤ Cdlw , 8) for
some find

.

Moreau
,
Gt

we
-f

h be Col Hy ) -genie
over küg) for some fxed y

>

filetf > y
be Woodmand dt

W
,
≤measgi-bemeasurei-I-ys.f.yuoeisahon.sys.pe") for A in KG] with meas- from↳§ g( . -

their lift ops to Hip) .

Bythe fleißig
eeeuma
,
there is some Wo ≤media and wo

_ß
a Kipping function F :

TW
von
→TWwo .

tut /µ-_ü



Lenny
: In the Situation abNe , let E bean VR - complete
UB- presentirg V- extender for two

,Wmf / with cp . k and

length 78 .

Then A is 8-UB in Metal, E) [g) [h) .

proof-i.TT ho
,
he
,

witnessing that Eis
UB - preserxihg .

Recall that
" I witness that A is St- how .

Besten in VEGJ .

As A is St- ab
,
we can

make Senseof AIFS"
"

.

Clain : For any
uc- UHH, E) [g)[h) nR

,

u c- AMT
""
⇔ ( ho

" Ähm / now) is ie -fouuded
⇔ ( h

" ÖL!" I now) is well
- fouuded

In particular, A is St - nom .

Susan in Ulf (YE) Eg ) and

AÜ"
""

^ Hetty, E) [g)[h) = Annett"E) G)
IN

1



pfofclaimm : het M be the collapse of a che hill of I/⊖

for some large ⊖ .

Take g- c- Ilgen.%Ä E- be the collapse of E .

6th EY be Colla ,Y ) -gem over Mig) ≥ UETCM,
E) Tg)

.

WIS : For any u
c- Vllt M , E) [g)EHINIR,

UEA ⇔ (To
"

5%! lucw ) is illfdd
⇔ (I.

"

3-Ein hart is weeefdd

WIE
"

,
54
,

hi
,
hi
,
f- are the collapse of FPÖ

"

/↳ hyf .

(et H be a hall of "⊕ / V0 ☒ ereähzatson
(1) IR" ≤ H → ↑ 'n NENE

%
'" H→Uefa ,MED

1211 HI = IIR
" /

↑→MIT(3) MLH
µ-

NEHME)

595'" h-o.in



Subclain: For any
u c- Metal ,E)[5)II) n IR ,

1h5
"

3-%
"
In < nw ) is well-feld ⇔ ( Is

"

3-↓? Iucn ) isiee-fdd.EE#pfnigeInotonpfm:

(hi
"

5%! In <w ) is iltfdd⇔ (TELE)
"

hi " 5%! Inow ) is weltfdd.

⇔ ( To
"

f-
"

5% (neu) is well
-fdd

Ü
,

Ä
TE (WT )

f-↓ 0 ↓TEE ) ⇔ ( hi
"

5%! In auw ) is well-fdd ,
WIF

TE (WT )

since 3-
'"
= F-

"

5
" '

.

☐

Note : The saure argument yieeds

( c
"

hi
"

T! In <w ) is weeefdd
⇔

( c

"

4¥
"
o!! Iucn) is ie -feld .



<

Oct 18,2022

LCPG :L, Rg*n )
← Aim : End a doixed se

.

model representation←
☒
"'9ᵗ )h

ofthis g ≤
Collar,

22¥)↑
UB Sets
in VEGITH)

→ For uotahonalsinph.ci/y,sassumelhafh is trivial .

More preäsely : Find some
model NS.t.ws

"
is a limit of

Woodir cardinals in
N and

LLBTRgt-LCHomYRHNEGJ-wehoeG.is#wiEaarN.



(et g
' be Collins !) - gen . over küg) and eet

(Ai Ii<WI be an
euumoaton of MJ in llügxg

' ) and

lef (xilicw
) be an euuueraton of gzküg]

.

let K < So < die Sz
<83 < S4 be Woochh Cards .

As there is
a proper

class of Woodehs , each Ai is
Kom

.

Susan in KEß.

For@ach icw,
let Wi

"
EVG be aSet of measures with Wii

)
≤mag,

Fx hom.syst.fi
" St

.

Ai =L ✗c- ww / Kpö)„„ lucw) isufdd
.} .

By Fhppig
Gemma
,
there is Wii ) ≤ measgi-aude-nupschitzfauet.vn

ftp..TWwii ,
→TNWii ) Et .

for all <fi -generis It

and all ↑ c- ( TWwär)
"[A)

, pi is well
-feld ilf fi" (F) is id-fdd .



Again, by the Kipping Genua
,
there is some W ! ' ≤ mea) aswedas

a 1-6-1 lipschitz function föi ) : Thhwii, →Twwoii)
.

Using the fleißig functions, let

jeii ) = fi
" "

mi" and

Ä -
- fi
" "

ti
"

.



Pide a suff . lage ordiral ⊖ and a sequence

( Ä ; , Mi , gi Ii- w) of models
Ä and Mi as well as Mi

-

gaaicsg;

togetho with
ehem .

emb .

Fi : Ä → Ha Ey) and Ii : Mi→ Von et forall icw

(1) Äh =Milgi) is
Ade in VEGJ

,

(2) IT; C- VEG)
" Ä:13 ) ptzi ' ≤ night;) , f!", fo" c- iugliti ),

14) rngliti ) ≤ ruglititn ) , and
Me

Mo
(5) Ti TPLH ) = id

.

Cale such a sequence a blocke
.



In ordo to euswe that we can keepitoatigthese Mi 's ,
we will oeähze them into a large model W .

Let j : V
-W be a ⊖ - sc. embeddeng with cp. " .

Then WO- ≤ W and JLK ) > ⊖ .

In port, Von ≤ W audgis generiere
W

.

Note that jovi
c- WEG) as

↓
c.p.

H

"" " "" "
" "" " " "

|
"""

Weite sei = joiti
: Mi →WJI ⊖) .

The"

?µ(1) Mi -_Milg;) is ctble in Whig) ①

☐

(2) PIK )
Mi
=p(H) Mit

,

(3) si EWIG)
(4) j

" Fi" ≤ night ;), jlfi
"

)
,jlfo
") omgGil,

and [
""

Mo

(5) ruglsri ) ≤ mglsritn) . MirPHI -_ id

(all this a weakbtocki



Lemmy : For each i-
w
, j

" Fü)givesrisetoahom.gs/em.forAirWIg7paof~Note that j
"

ptii ' c- WEG?

Weile ptü ' = 1µs Is c- war) .
Claire : For each ✗ c- IR

"
= RWTH ,

1µm In <v1 isweel-fdd.nl/igJiff(jlpnm)Incw)isudll-fddieWtg?proof~:

"

⇐
"

easy , as (qm Kw
) ieefdd ⇒ (jfuxru ) Kw ) itfdd .

" ⇒
"

Sps. 1µm/neu) is
well-feld inHip .

Recall f!
" fkppugfuud.MX.

Then fi" ( µ „Inu) is illfdd .

So jlfi" ( pankow) )

= jlf!") ljlmxr.lu <w)) is ill-fdd.in IN Eg) .

¥ So ( jl Man / In<w ) is
well-feld . D-

Kipping function
in W ☐



-

g ≤
Collar

,
22¥)pidweofthepaf-p-ij.im . system (Ai / Kw) euum .

a
for Ai of of

"

%)
"

jipii
" ≤mgtoi)

:
=

:(M-nlf.ngf-j-MHMIE.to -
- -

,

M "- vk.fff.ES#-UeHM?En)
-
-

60 HIM! /* > Es

M0-yjfo-MYM%ED-TUEHMi.tn) -→ Mow
HI

⇔ HIGH
""'""

%eakb1④ wea ggM¥1 > Efa
- pressung



Fix some i<w andAt A --Ai
,
✗= ✗i. Write MI for j

"

pH
.

Fix a weak
block ( Ä , Mj, 6g, 9¥ / if) . Wie fn , fo for the

fleming functions.kt hä
,
si
,545,7 ,Ä , wiiöznüo} v72≤ Mi

6th = f.
"

Äz
,

be the preiuages of f . - 3 upiz ≤Wunder Gi .
Flo = fo

"

Mi .
kt Ja = Ä

"

Di and To
-
-Ä

"

I. .

(Malunterricht
To be the it free on Mi acc.to

the radiation Strategy
Into W☒) ) resultingfommakingxgenericbebwfo-aec.to

Maman
.

let c. MIO→ Wjio , be the reahzeton.fg.IT⇒f)
Mi ME



IMakeahom.systemglheic-t-wg.io,
6ft, bette

ittreeon M£0
„↑

acc.to/hereale2atonstraIegy
M MIO ME

that act between iii. IST )
and ieiolsi )

E-IE.E-ia-ds.IE
and makes Gene

"

inxüp¥ """ Task
acc.to Meehan .

meas.inTrio
A

"
s!letl-F-IJ-g.IE?g-EM*l-gDwuereg*iscoelw,icsiD-gen /Mit

• Flip backup : III ÄH " Rexosingte
= ( ICED

" " v7 fhp
WB : TE Witness that

"

A
"

is Kom .
Sohn in Mt

.



Neemaisgeuericityiterat.DE#:LetlPc-Mbeaposef.

An iteration free I on M is said to

absortsx to an extension by
an image of IP in •se

for exey
well -feld cofinal brauch

b through I, there is

a generis extension
ME Ig] of ME by the posetj% ( P)

,

so that ✗ E ME[g) .

Thun (Neeman ) : Get M be a
modelof ZFC , eet S be Woo

du in M ft .

-

PMS) is couutable inY. Then for exerg
real × there is alength w

itoatoutree I on M which absorbsx info an
extensionbgf

image of Collar
,
S )
.

Fedja
- + posef S-cc
Refereenos ' . Neeman , Optimal pooofsofdetruuhacy,BSL | "extender algebra

"

↳ (ondlary 1.8

• Neeman
,Detrmiracg in LKR ), Handbook of - it oeqeeires more

ilerability , in general,
↳ Sector7 ☒ Theory µ,+ n)- itrabieity



Tz with measures from Wz*

?⃝
measgj ≥WZ -83
*3 pm with med . from WI

meassi: ≥ Wn -Sz a Hip of Ö≥

In

In
"making

nom systemfor
Aigen .

"[
¥
→

Tönung
meas

, +
≥WIE

,
%)

.

✗igen . MT with meas . fomwo,
a flip of MT

V0 " collapesedpicture
"

in Mi



We have = lilfo))
- ^ "

v7 = (i (Ä) )
" "

(i "Jo ) as To is betowso
.

c-

iii.
"

Io

Henie , as To
=Ä

"

Ä
, JE = i

"
I

.

Siuilay , JE
= i

" Tz . 6T WE = i IWF ) frj c- {9%2} .t

Leung
: 61-8≥ ICE ) be a cardinal in M

" h* be Collar
, 8)gen

oder M
*

Eg) with
h
"

c- Vig) . Then for any
u c- M

*[g)[ lit) n
IR
,

nett ⇔ ((TI ) um / neu ) is wfdd
⇔ ((TI)um Iucn ) is ie

-feld .

pfui The second equixäleuce follows from the feeds that

TE- ilfn )
"
IFE ) and if) is a fuppieg function .



For the first eglirabnce, recall that MI u ffifo } ≤ mg (bi ) and
here MT ≤ rug

Gil
.

We have

ne d- ⇔ ( (Fz)um Iucw ) is
well- feld .

⇔ I ☒um Iuco ) is
ie- feld .

MIMI Wj (⊖ )
n

⇒ ISE' ( Itu ) un ) how)
is ielfdd .

⇔ ( (ö, / am Iucn ) is illfd
-

IE
Mi→ MIE

,
i

⇒ ( i (F) „m) / ucw) is
ie -feld .

⇔ (KF)uruln.no ) is ill -feld .

Moreau, u#A ⇒ ( (IE ) „in lncw)
is ie-fdd , similolg .

☐



Nextgoäl: Exlend the CharacterEaton in the prexiouseemma from M"

to Met(MY E ) by some Short extender
EEM?

Key point :
We want sueh an extension with system of

measures

that are
<TECH) - complete, even if TECK ) > ICSI ) .

Why? -TEAM .
-
-

To show that A

precious is in Hout)
MBT

anna /← sowie
,

⇐Ä÷÷ü e. •≤an.
""

weueedtheen ↑ '

to be <IE.lk?weueedeveutual
image of "complete nom. Systems

that are < Ho
-Complete!

Mi Mit Altai
,
E:c) Now =dran

→To find Miese uewsiff.conpklekou.gs/eeufwewilluseuB--Teserxatoy!


