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Two-step flag varieties

Fix 0<a<b<n.

Y = Fl(a,b;n) = {(A,B)|AcC BC C";dim(A) =a; dim(B) = b}

Def: A 012-string for Y is a permutation of 0216=22n—b,
C" has basis {e1, ez,...,en}. u=(u1,un,...,u,) 012-string.

Def. (Ay,By) € Y by A, =Span{e; : uj =0} and B, = Span{e; : u; <1}

Example: Y =FI(1,3;5). u=10212. (Ay,By) = (Cez, Ce; & Cey & Cey).



Two-step flag varieties

Fix 0<a<b<n.
Y = Fl(a,b;n) = {(A,B)|AcC BC C";dim(A) =a; dim(B) = b}

Def: A 012-string for Y is a permutation of 021°=227—b,
C" has basis {e1, ez,...,en}. u=(u1,un,...,u,) 012-string.

Def. (Ay,By) € Y by A, =Span{e; : uj =0} and B, = Span{e; : u; <1}
Example: Y =FI(1,3;5). u=10212. (A, By) = (Cey, Ce; & Cer & Ces).
B* C GL(C") upper triangular ; B~ C GL(C") lower triangular matrices.

Schubert varieties: Y, =B*.(A,,B,) ; Y“=B-.(A,B,) CY
dim(Yy,) = codim(Y",Y) = l(u) = #{i <j|ui > uj}



Equivariant cohomology
T C GL(C") max. torus of diagonal matrices.
N = H¥(point; Z) = Zly1,...,ys] . where y; = —ci(Ce).
H7(Y;Z) = @ A-[Y*] is an algebra over A.
u
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Equivariant cohomology

T C GL(C") max. torus of diagonal matrices.
N = Hy(point; Z) = Zly1,...,yn) ., where y; =—ci(Ce).
H7(Y;Z) = @ A-[Y*] is an algebra over A.

u

Equivariant Schubert structure constants C, € A :
Y- [Y] = ) Gh vl
Poincare duality: Cf, = / [Y-[Y"]-[Yw]
Y
C.y € Zly1,-- -, yn] is homogeneous of degree £(u) + £(v) — £(w).

u)+L4(v) =Lw) =
Cr,=#(Y"ng.Y'nY,) for ge GL(C") general

Theorem (Graham) CJ, € Zsoly2 = yi,-- -3 ¥n — Yn—1]



Puzzle pieces
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Simple labels: 0,1, 2

Composed labels: 3=10, 4=21, 5=20, 6=2(10), 7=(21)0



Equivariant puzzles




Equivariant puzzles

1 2 n 2 1
L Z U Z L

Note: The composed labels are uniquely determined by the simple labels.



Equivariant puzzles

1 2 n 2 1
L Z U Z L

Note: The composed labels are uniquely determined by the simple labels.

Boundary: 0P = ALY where v =110202, v = 021210 , w = 120210.



Equivariant puzzle formula

Theorem

Cr, = Z H weight(<>)

OP=A," OG p

i J
weight(()) = y; — yi



Equivariant puzzle formula

Theorem

Cr, = Z H weight({))

OP=A," Oe p

i J
weight(()) = yj — yi

Known cases:
Puzzle rule for H*(Gr(m, n)) (Knutson, Tao, Woodward)
Puzzle rule for H3(Gr(m, n)) (Knutson, Tao)

Puzzle rule for H*(FI(a, b; n)) (conjectured by Knutson,
proof in [ B-Kresch-Purbhoo-Tamvakis],

different positive formula by Coskun.)



Example: Let Y =FI(2,4;5). In Hi:(Y) we have:
[y01201] . [y10102] — ?




Example: Let Y =FI(2,4;5). In Hi(Y) we have:
[y01201] . [y10102] _ 7




Example: Let Y =FI(2,4;5). In Hi:(Y) we have:
[Y01201] . [Y10102] —

[y11200] 4 (y4 _ yl)[y12001]

+  (stya—y3—y)[YO0] 4 (ya— y3)(ya — y1)[ Y102



Gromov-Witten invariants of Grassmannians
X = Gr(m,n) = {VCC"|dim(V)=m} = FI(m, m;n)
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X0222020220 ., 222020220
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Def: A (rational) curve C C X is any image of a polynomial map P! — X.
Degree:  deg(C) = #(C N g.Xb)



Gromov-Witten invariants of Grassmannians
X = Gr(m,n) = {VCC"|dim(V)=m} = FI(m, m;n)

Schubert varieties +— 02-strings +— Young diagrams )\

’ﬁl’)
Z Z

X0222020220 o, (222020220 <«—

N
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N
N

Def: A (rational) curve C C X is any image of a polynomial map P! — X.
Degree:  deg(C) = #(C N g.Xb)

Def: Given A, u, v with |A| + || = |v| + nd, define

(XML XM, X))y = # curves C C X of degree d
meeting X*, g.X*, and X,.



Kontsevich moduli space

Mo 3(X,d) = {stable f : C — X | £[C] = d[line]}

ev; Mo,3(X, d) — X
ev;(f) = f(i-th marked point)



Kontsevich moduli space

Mo 3(X,d) = {stable f : C — X | £[C] = d[line]}
ev; : Mo,3(X, d) — X
ev;(f) = f(i-th marked point)

Equivariant Gromov-Witten invariant:

Given aq,ap,a3 € H¥(X;Z) define

(ag,00,03)y = /_ evi(a) - evy(az) -evi(az) € A
Mo 3(X,d)



Kontsevich moduli space

Mo 3(X,d) = {stable f : C — X | £[C] = d[line]}
ev; : Mo,3(X, d) — X
ev;(f) = f(i-th marked point)

Equivariant Gromov-Witten invariant:

Given aq,ap,a3 € H¥(X;Z) define

(a1, 0, 03) g = / evi(a) - evy(az) -evi(az) € A
Mo 3(X,d)

Note: ([X*],[X"],[Xu])y € Zly1,---,yn] is homogeneous of degree
Al 4 [p] = v = nd.

Note: C),\/,,u = /X[X)\]'[XM]‘[XV] = <[X)\]v[Xu]’[XV]>O



Small equivariant quantum ring
QH7(X) is an algebra over A[q].

As A[gl-module:  QH(X) = H7(X;Z)®zZlq] = @Al [X]
A

Quantum product:  [X % [X#] = Z (XM, XM XD g @9 [XY]
v,d>0



Small equivariant quantum ring

QH7(X) is an algebra over A[q].

As A[gl-module:  QH(X) = H7(X;Z)®zZlq] = @Al [X]
A
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Theorem (Ruan—Tian, Kontsevich-Manin, Kim):
QHT(X) is !



Small equivariant quantum ring

QH7(X) is an algebra over A[q].

As A[gl-module:  QH(X) = H7(X;Z)®zZlq] = @Al [X]
A

Quantum product:  [X % [X#] = Z (XM, XM XD g @9 [XY]
v,d>0

Theorem (Ruan—Tian, Kontsevich-Manin, Kim):
QHT(X) is !

Mihalcea: ([X*], [X*], [XoDa € Z>oly2 — Y15+ s ¥Yn — Yn—1]



Kernel and Span

Let C € X = Gr(m, n) be a curve.

Def: (B) Ker(C) = ﬂ V ¢ C" and Span(C) = Z vVcci”
veC veC

Obs: dimKer(C) > m —deg(C) and dimSpan(C) < m + deg(C)

Application (B) Simpler proofs of structure theorems for QH(X)
first proved by Bertram.



Quantum = classical theorem

Def: Yy =FI(m—d,m+d;n)
—{(AB)|AC BCC", dim(A)=m—d, dim(B) = m+ d}

Given subvariety  C X, define
Q={(AB)eYy|3VeQ:ACVCB}



Quantum = classical theorem

Def: Yy =FI(m—d,m+d;n)
={(A,B)|AcBcC", dm(A)=m—d, dim(B) = m+d}

Given subvariety Q C X, define
Q={(AB)eYy|3VeQ:ACVCB}

Theorem (B, Kresch, Tamvakis) Assume that |A| + |u| = |v| + nd.

{curves C C X of degree d

o
meetingX)‘,g.X“,X,,} = XANgXinX, C Yy

C — (Ker(C),Span(C))

Cor: (X', [X"],[Xu])a = /Y[;(A]'[;(“]'[Xu]



Generalized quantum = classical theorem

) X = Gr(m,n) ={V}

Zg——X Y4 = FI(m —d,m+ d; n) = {(A,B)}
q Zd:Fl(m—d,m,m+d.n):{(A7 V,B)}
Yd

Note: Q= q(p~1(Q))

Theorem (B, Mihalcea) Let o, 8,7 € H5(X;Z). Then

(0, B,7)g = /Y 0.(p*(@) - 0.(6°(8)) - 0. (5" (7))



Generalized quantum = classical theorem

Mg My = Mos(X,d)

) Levi X = Gr(m,n) ={V}

Lg—=X Ys =Fl(m—d,m+d;n)={(A B)}
lq Zg=Fl(m—d,m,m+d;n)={(A,V,B)}
Yd

Note: Q= q(p~1(Q))

Theorem (B, Mihalcea) Let o, 8,7 € H5(X;Z). Then

(0, B,7)g = /Y 0.(p*(@) - 0.(6°(8)) - 0. (5" (7))



Generalized quantum = classical theorem

Bly - Mq Mg = Mo (X, d)
i¢’ L X = Gr(m,n) = {V}
(3) e 7 P X
d d Yg=Fl(m—d,m+d;n)={(A B)}
lq Zy=Fl(m—d,m,m+d;n) = {(A,V,B)}
Yd (f,A,B) € My x Yy :
A C Ker(f) and Span(f) C B
Vl,V27V3,A B) e X3 x Yy :
ACV,CB
w(f,A,B) =1

o(f, A, B) = (evi(f), eva(f),evs(f), A, B)
ei(V17 V27 v37A7 B) = (A7 \/i7 B)



Generalized quantum = classical theorem

B¢y ul

lo

Mg

Z§3) e Zd p

Facts:

(1) = is birational.

(2) ¢ is birational.

B, — (f,A,B) € Mg x Yy
Lev, 97 | AcC Ker(f) and Span(f) C B

X Z(3) _ (V17 VZ’ V3’A7 B) S X3 X Yd
T ACV;CB

(A general curve has kernel and span
of expected dimensions.)

(A general curve is determined by 3 points
for d < min(m,n—m).)

(3) 253) =Zg Xy, Zqg Xy, Zq

|

)



Generalized quantum = classical theorem

Bty il My

lo L

7Z®» &z, P X

|

Yd

Let o, B,y € H¥(X; Z).

Bl — (f,A,B)EMdXYd :
97 | AcC Ker(f) and Span(f) C B

Z(3) _ (V17 V27 V37A7 B) S X3 X Yd :
T AcCV,cB

/ evi(a) - evi(8) - evi(n) = / (evim)*(a) - (evam)*(B) - (evam)*()
My

Bty



Generalized quantum = classical theorem

Bty My Bl — (F,AB)E My x Yy -
l(ﬁ Lev, 97 1 Ac Ker(f) and Span(f) C B
() &z, P X S0 _ [(V1,V2,V3,AB) € X3 x Yy
d = ACV,cB

|

Yd
Let o, B,y € H¥(X; Z).

/M evi(a)-evy(B) -ev3(v) = eVl?T) (@) - (evam)*(B) - (evam)*(7)

, éL(pra) - e (p5) - e3(p™)

\\



Generalized quantum = classical theorem

Bty My Bl — (F,AB)E My x Yy -
l(ﬁ Lev, 97 1 Ac Ker(f) and Span(f) C B

7Z®» &z, P X

|

Yd

Z(3) _ (V17 V27 V37A7 B) S X3 X Yd :
T AcCV,cB

Let o, B,y € H¥(X; Z).

/ evi(a) - evi(B) - evi(y) = / (evim) (@) - (evam)*(8) - (evam)*(4)
My B
— / el(p*a)- &3(p°8) - &(p™)

(3)
d

- /Y ¢.p*(@) - 4:P*(8) - 9-P"(7)

N



Littlewood-Richardson rule for QH+(X)

Let A(d) is the 012-string obtained from A by replacing

the first d occurrences of 2 and the last d occurrences of 0 with 1.

Then X* = Yj‘(d).

N
N

A =0222020220 and d =2 gives A(d) = 0112021221.

N

e
==

Corollary:

X X Dg = G = D T weight(¢)

oP= Au(d <>€P




The mutation algorithm

Puzzle: e Shapeis a hexagon.
e All pieces may be rotated.

e Boundary labels are simple.



The mutation algorithm

vvmv «
DAY

Flawed puzzle containing the gash pair:



The mutation algorithm

Remove problematic piece.



The mutation algorithm




The mutation algorithm




The mutation algorithm

vvmv «
DAY

The piece EA fits. Always at most one choice !!!




The mutation algorithm

But no puzzle piece fits this time.



The mutation algorithm
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The mutation algorithm
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The mutation algorithm
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The mutation algorithm

VA‘VAVAVA‘
WAVAV




The mutation algorithm

Flawed puzzle containing the temporary puzzle piece: W



The mutation algorithm

VA‘VAVAVA‘
WAVAV




The mutation algorithm

Use directed gashes.



The mutation algorithm




The mutation algorithm

VA‘VAVAVA‘
WVAVAV




The mutation algorithm
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The mutation algorithm
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The mutation algorithm

VA‘VAVAVA‘
WAVAV




The mutation algorithm




The mutation algorithm

VA‘VAVAVA‘
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The mutation algorithm
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The mutation algorithm




The mutation algorithm
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The mutation algorithm

Flawed puzzle containing a gash pair.



The mutation algorithm
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The mutation algorithm
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The mutation algorithm
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The mutation algorithm

VA‘VAVAVA‘
WAVAV
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The mutation algorithm
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The mutation algorithm

VA‘VAVAVA‘
WVAVAV




The mutation algorithm

VAVAVAVA‘
WAVAV




The mutation algorithm

Flawed puzzle containing the temporary puzzle piece: v



The mutation algorithm




The mutation algorithm
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The mutation algorithm

VAVAVAVA‘
VAVAV




The mutation algorithm

VAVAVAVA‘
B AVAV




The mutation algorithm

'l

LI
A‘A‘
VAVAVAVA

Flawed puzzle containing the marked scab: %




The mutation algorithm




The mutation algorithm
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The mutation algorithm

VAVAVAVA‘
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The mutation algorithm
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The mutation algorithm

VAVAVAVA‘
WAVAV




The mutation algorithm




The mutation algorithm

VAVAVAVA‘
WAVAV




The mutation algorithm

VAVAVAVA‘
WVAVAV




The mutation algorithm

VAVAVAVA‘
WAVAV




The mutation algorithm

'l\\ \Vﬂ\‘ﬁ'

AVA’A‘
VVAVAV
WAVAV

Flawed puzzle containing a marked scab.



Component of the mutation graph:




SR
4 %<3
< §4 %<t
& &<t
& 4123
& %<3

-

Al

Resolutions of temporary puzzle pieces:



208208208 205
pgegeged
208208208 205
§ BB P
208208 208 08
EP<P<B<P
o oooo
i e



Example:

LA
AV






Proof that mutation algorithm works:

JAVA
Y AVAVEVN
VAVAY:

\\
U
§ £ O \




Proof that mutation algorithm works:

A
W
N 0 & 0 Y

\‘9\‘ \‘QG

A’AV‘V
v ‘

Consider connected component of the edges:

H
N
H

/ / 1 [0} C i
L Z J T



Proof that mutation algorithm works:

A
W
N 0 & 0 Y

o
\‘9\\ \\QG

A‘.’AV‘V
v ‘

Consider connected component of the edges:

H
N
H

/ / 1 [0} C i
L Z J T



Proof that mutation algorithm works:

Consider connected component of the edges:

/ / 1 [0} C i
L Z J T



Proof that mutation algorithm works:

\\QG

AIAV‘V
VAV : ‘
v ‘

Consider connected component of the edges:

/A = = = %X

H
N
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Proof that mutation algorithm works:

\\QG

AIAV‘V
VAV : ‘
v ‘

Consider connected component of the edges:

/A = = = %X

H
N
H




Proof that mutation algorithm works:

Consider connected component of the edges:

/ / 1 [0} C i
L Z J T



Proof that mutation algorithm works:
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Proof that mutation algorithm works:




Proof that mutation algorithm works:




Proof that mutation algorithm works:




Proof that mutation algorithm works:




Proof that mutation algorithm works:




Proof that mutation algorithm works:

Technical result: The two gashes will propagate to the same location.

In particular, the above situation is I



Aura of semi-labeled edges

An is a linear form in R = C[do, d1, 2] - /]\ € C is a unit vector.



Aura of semi-labeled edges

An aura is a linear form in R = C[do, 1, 02] - /]\ € C is a unit vector.
0 o ) 01 5 P
Def: A(—) = /]\ A(—=) = /]\ A(=) = /]\
AN

If LX )/A is a puzzle piece, then .A(A) —|—.A()>\) +A(%) = 0.

V4



Aura of semi-labeled edges

An aura is a linear form in R = C[do, 1, 02] - /]\ € C is a unit vector.
0 o ) 01 5 P
Def: A(—) = /]\ A(—=) = /]\ A(=) = /]\
AN

If LX yA is a puzzle piece, then .A(A) —|—.A()>\) +A(%) = 0.

do 02



Aura of gashes

Definition: A(Z-) =

y
. 0y =
Example: A7)



Aura of gashes

Definition: A(5-) = AZS) + A7) o

y
Example: A(%) = A(i)—i-A(T) _
01 02

Properties:

e The aura of a gash is invariant under propagations.



Aura of gashes
Definition: A(%) — A(L)—l-A(T) 5
0
Example: A(%) = A(i)—i-A(T) _
01 02

Properties:

e The aura of a gash is invariant under propagations.

e Sum of auras of gashes of any resolution is zero.

WZ\?\ Y%\% A(—4=) + A(N) = 0




Aura of gashes
Definition: A(%) — A(L)—l-A(T) 5
0
Example: A(%) — A(i)—l-A(T) _
o1 0

Properties:

e The aura of a gash is invariant under propagations.

e Sum of auras of gashes of any resolution is zero.

WZ\?\ ?N A(—4=) + A(N) = 0

e Sum of auras of right gashes of resolutions of temporary piece is zero.

Aﬁﬁ[ﬁ A(/+A\




Aura of puzzles
Let P be a resolution of a flawed puzzle P.

P) = = A( right gash in P

)= A(%) E@& A(Eﬁ@:m&)



Aura of puzzles
Let P be a resolution of a flawed puzzle P.

Def: A(P) = A( right gash in P)

A() = A(%) “‘“E@&) = A(-5) A(&) = A(%)

If P is the only resolution of P, then set A(P) = A(P).

Key identity: Let S be any finite set of flawed puzzles that is
closed under mutations. Then

AP+ D> AP) =0

PGSS(;ab PGSgash



AVAVA
LT
VAVAAY
VATAVAVAY
LS VAYAY

AVAVAS

S
LTI
N

LEVT N

PRLTAAY.

VAVAVAVAY.
L VAVAV A

AVAVAY. VAVAVAVA“
WOATAN & VAVAY,

L\

o W NN
WAVAVA VAVMVA AVAVAVAVAY.
LRVAVAV LVAVAV NRTAVAV



From now on: e All puzzles are triangles.

e All equivariant puzzle pieces and scabs are vertical.

Def: For any 012-string v = (u1,u2,...,up) we set
n
C, = Z duYi € Rlyi,...,ynl
i=1

Exercise: 0P =A;" =

S —weight(s)A(s) = G~ + Gz + Gu)

s scab in P



From now on: e All puzzles are triangles.

e All equivariant puzzle pieces and scabs are vertical.

Def: For any 012-string v = (u1,u2,...,up) we set
n
C, = Z duYi € Rlyi,...,ynl
i=1

Exercise: 0P =A;" =
ST —weight(s)A(s) = G-+ G-z + G-l
s scab in P
Write u— o' if u<d inBruhat order and £(u)+1=¢(J).
Examples: 022221 — 122220 ; 02 — 20 ; 100002 — 200001

Set 6(7) = Oy — 0y where i is minimal with u; # uj.



From now on: e All puzzles are triangles.

e All equivariant puzzle pieces and scabs are vertical.

Def: For any 012-string v = (u1,u2,...,up) we set
n

Cu = Zéu;}/i € R[}/l,---’yn]

i=1

Exercise: 0P =A;" =
ST —weight(s)A(s) = G-+ G-z + G-l
s scab in P
Write u — " if u < inBruhat order and £(u) +1 = £(u).
Examples: 022221 — 122220 ; 02 — 20 ; 100002 — 200001

Set 6(7) = Oy — 0y where i is minimal with u; # uj.

Def: Z‘l‘,"’v = Z H weight(())

=D (e



Molev—Sagan type recursion:
(G- + Gz + G-,
= Z Z —A(s) weight(s) H weight(())

u,v H
GPZAW s scab in P O cp



Molev—Sagan type recursion:
(G- + Gz + G-,
= Z Z —A(s) weight(s) H weight(())

u,v H
GPZAW s scab in P O cp

_ ST —A(P) weight(s) [ weight(¢))



Molev—Sagan type recursion:
(G- + Gz + G-,
= Z Z —A(s) weight(s) H weight(())

u,v H
GP:AW s scab in P OGP

_ ST —A(P) weight(s) [ weight(¢))

o=\ Q cp
P has s
= Yo AP [T weight($)
o=\, Hep



Molev—Sagan type recursion:

(G + Gz + G- g,

— Z Z —A(s) weight(s) H weight(@)

u,v 1
8P=AW sscabin P Oep

_ ST —A(P) weight(s) [ weight(¢))

oP=A\" QEP
P has S
— Z A(P) H weight(())
oP=A\" er
P has
S S L+ 7 Z (= c



Theorem (Method first applied by Molev and Sagan.)

The equivariant Schubert structure constants CYY, € Z[y1, ..., ya|
of Y =Fl(a, b;n) are uniquely determined by

(1) Cv'f//,w: H (yj—)/i) (Kostant-Kumar)

i<j:wi>w;
2) (G- + G + G P)cw,
= S A+ T D) G+ Y ) C

u—u’ v—v/ w/ —w



Theorem (Method first applied by Molev and Sagan.)

The equivariant Schubert structure constants CYY, € Z[y1, ..., ya|
of Y =Fl(a, b;n) are uniquely determined by

(1) Cv'f//,w: H (vj — i) (Kostant-Kumar)

i<j:wi>w;
2) (G- + G + G P)cw,
= S A+ T D) G+ Y ) C

u—u’ v—v/ w/ —w

Consequence:

G, = Z‘L‘,":\, = Z H weight(@)

oP=N\" QGP



