Configurations of smooth rational
curves
on superspecial K3 surfaces
In small characteristics

Toshiyuki Katsura (Hosei University)

(Jointwork with S. Kondo and |.
Shimada)
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Introduction
Example 1

C' : a nonsingular complete curve of genus 2

J(C) : the Jacobian variety of C
¢ . the inversion of J(C
J(C), : the group of n-torsion points of J(C')
J(C) /() : the quotient surface,
@ J(C) — J(C)/{) : the projection
Km(J(C))
. the resolution of singularities of J(C')/(¢)
. Kummer surface (K3 surface)



—{T.C | a€J(C)}

. 16 smooth curves of genus 2

. sets of 16 smooth rational curves
which mutually don’t intersect
HINESS N . there exsist 6 curves in

ich intersect GG traIlSVeTSGIYa and v




Example 2

P%(F,) : the projective plane over F,

A : the set of F,-rational points on P*(F,)

lithe set of
A= B

lines defined over F, on P*(F,)

gt

Take a point P € A.
There exist g 4+ 1 lines in B passing through P.

Take a line £ € B.
There exist ¢ + 1 points in A contained in /.

Such a configuration is called

((¢* + q + 1)gr1, (¢ + g + 1)441)-configuration
or (¢ + q + 1),.1-(symmetric) configuration.
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%-'_ebraically closed field of characteristic p

surface over k

i
B Ricard number
(X) : the second Betti number

disc (NS(X)) = —p*°

A rtin invariant




aracteristic 2, let X be the SUPErs}
B dce.  Then, there exists
on on X.
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rem 1.3 (T.K.-S.Kondo-I.Shimada)
- an algebraically closed field of character-

e sunegspecial K3 surface ovep
“““““‘\“‘ 'hen there exists a set S of 96 smooth ra- "*:

curves on X which are divided into six e‘us‘s‘*‘w”‘m“lf

So0, So1; S02, S10, S11, S12

1ng properties:

B ihen S, and S,; form o (e
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Theory of superspecial abelian surface
F: a supersingular elliptic curve

B EXE
B4 . Néron Severi group of A
e X P} +{P.} X E

a principal divisor on A

= End(E), B =End(F) ® Q

B : a quaternion division algebra over Q

with discriminant p
i taximal order of B
a : the canonical involution of a € B
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the multiplication by an integer
: Frobenius morphism
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Kerlp + 1|g = E(F2).
e | F(F,2) = (p+ 10

we have F2(P) = P if and only if [p + 1
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we have a decomposition

e - Ey — A — Alﬂ- e 2A17_0 i 2A1,_7-0—.

o 4o

3 — (1 ++ 7).

B tctdtet f
L c L dtelf
6=a+b+2d+e+2f
6=a+b+2c+2e+ f

 3=a+b+c+2d+2f
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rem 1.3 (T.K.-S.Kondo-I.Shimada)
- an algebraically closed field of character-

e sunegspecial K3 surface ovep
“““““‘\“‘ 'hen there exists a set S of 96 smooth ra- "*:

curves on X which are divided into six e‘us‘s‘*‘w”‘m“lf

So0, So1; S02, S10, S11, S12

1ng properties:

B ihen S, and S,; form o (e
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B iplanes: R = {(v)- | vE RN

B\ Uocr, (v)

Definition:

The closure of a connected component of Pp\Uper, (V)
in Py is called an R7-chamber.

i

In particular, an R;-chamber of even unimodular lat-

tice L with index (1,25) is said to be a Conway chamber.
Facts:

Weyl group W (L) acts on Py,
Fach R7-chamber is a fundamental domain.



w € L : a non-zero primitive vector with w? = 0.

w 18 called a Weyl vector if w satisfied the following two
conditions.

(i) w is contained in the closure of Py, in L ® R.

(i) (w)*/(w) = A

For a Weyl vector w, set
B = {r c Ry | (s
Theorem 1.6 (Conway) For a Weyl vector w,
B xc P | (r,z) >0 re Al

15 @ Conway chamber. Conversely, for a Conway cham-
ber D, there exists a unique Weyl vector w such that

D = D(w)
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and § = NS
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L
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embedding: S = N
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Therefore, NC(X) is a union of induced chambers.

Among these induced chambers, we have 3 induced cham-
bers:

Dy : the induced chamber which contains 252 (—2)-
vectors as walls.

D, : the induced chamber which contains 168 (—2)-
vectors as walls.

D5 : the induced chamber which contains 96 (—2)-
vectors as walls.

Dy 1s adjacent to D;.

The number of common (—2)-vectors is 126.
Dy 1s adjacent to Ds.

The number of common (—2)-vectors is 48.
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