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∑
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ρ - pure iff rank(ρ) = 1

ρ - pure ⇔ ρ2 = ρ⇔ ρ - orthogonal projection

identify a pure ρ with (any) normalized vector |ψ〉 in the direction on
which it projects

pure separable states = simple tensors

|ψ〉 = |ψ1〉 ⊗ · · · ⊗ |ψN 〉, |ψn〉 ∈ Hn
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distinguish between entangled and separable states

do it in an effective (simple to implement) way

characterize ‘the amount of entanglement’ and, ‘various types of
entanglement’

construct quantities measurable in experiments
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Entanglement measures

Functions on states such that

C(ρ)

{
= 0 for ρ separable
≥ 0 for ρ entangled

(it would be better to have > instead of ≥, but ...)

C locally unitary invariant, i.e. invariant under the direct product of the
unitary groups U(ni) = U(Hi)

(U(n1) × · · · × U(nN ),B+) → B+

ρ = ρ1 ⊗ · · · ⊗ ρN 7→ ρ′ = U1ρ1U
†
1 ⊗ · · · ⊗ UNρNU

†
N ⇔ C(ρ) = C(ρ′)

Ui ∈ U(ni)
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(Ik ⊗ Λ) : Ck×k ⊗Hom(H) → Ck×k ⊗Hom(H)
is positive (i.e. ρ ≥ 0 ⇒ Λ(ρ) ≥ 0) for all k
‘classical communication’

Experimentally measurable (e.g. C(ρ) = TrAρ, A = A†)
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i Wik|ei〉, |f ′k〉 =
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i V ik|fi〉
then

|Ψ〉 =
∑

i λi|e′i〉 ⊗ |f ′i〉
where λ2

i - nonzero eigenvalues of Λ2 (or Λ̃2)

ρ - separable iff rank(Λ) = 1 (i.e. only one λk does not vanish).
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=
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hence

C(ρ)

{
= 0 for ρ = |Ψ〉〈Ψ| separable
> 0 for ρ = |Ψ〉〈Ψ| entangled
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(
Tr2 |φj 〉〈φl | · Tr2 |φk〉〈φm|)

H⊗H = H1 ⊗H2 ⊗H1 ⊗H2 ∼ (H1 ⊗H1

) ⊗ (H2 ⊗H2

)
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(H1 ∧H1
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)
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M∑

k=1
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C(ρ) := infdecompositions

M∑
i=1

C(ψi) ≥ 0

– p. 11



Mixed states

Choi-Jamiołkowski-isomorphism

J−1 : End(H⊗H) → End(End(H))

End(V ) = V ⊗ V ∗, J−1 : H⊗H⊗H∗ ⊗H∗ → H⊗H∗ ⊗H⊗H∗

J−1 : |x1〉 ⊗ |x2〉 ⊗ 〈x3| ⊗ 〈x4| 7−→ |x1〉 ⊗ 〈x3| ⊗ |x2〉 ⊗ 〈x4|

– p. 12



Mixed states

Choi-Jamiołkowski-isomorphism

J−1 : End(H⊗H) → End(End(H))

End(V ) = V ⊗ V ∗, J−1 : H⊗H⊗H∗ ⊗H∗ → H⊗H∗ ⊗H⊗H∗

J−1 : |x1〉 ⊗ |x2〉 ⊗ 〈x3| ⊗ 〈x4| 7−→ |x1〉 ⊗ 〈x3| ⊗ |x2〉 ⊗ 〈x4|
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s∑

α=1
ταστ

†
α for σ ∈ End(H) (Stinespring, Kraus)

– p. 12



Mixed states

Choi-Jamiołkowski-isomorphism

J−1 : End(H⊗H) → End(End(H))

End(V ) = V ⊗ V ∗, J−1 : H⊗H⊗H∗ ⊗H∗ → H⊗H∗ ⊗H⊗H∗

J−1 : |x1〉 ⊗ |x2〉 ⊗ 〈x3| ⊗ 〈x4| 7−→ |x1〉 ⊗ 〈x3| ⊗ |x2〉 ⊗ 〈x4|
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A - positive iff Â := J−1(A) - completely positive (Jamiołkowski, Choi)
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Â - completely positive iff Âσ =
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then C(ρ) ≥ max{0, λM −
M−1∑
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where λ2

k+1 ≥ λ2
k, k = 1, . . .M - eigenvalues of TT †

for each choice of zi we obtain a measure (partially) discriminating between separable
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Λiσ =
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k B
(i)
k σB

(i)†
k ,

∑
k B

(i)†
k B

(i)
k = I

classical communication (exchange of results of measurements,
etc.)

Theorem. Concurrence CA is an entanglement monotone if, for all
S ∈ 2{1,...,N}, S 6= {1, . . . , N}, S 6= ∅)

∑
s1,...,sN

ps1,...,sN

∏
i∈S

si ≤ 0.
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Three qubits pure state: ρ = |Ψ〉〈Ψ|
(a) three independent quartic (in the components of Ψ) invariants

(b) one 6-degree invariant

(c) one 8-degree invariant

ad(a): A1 := P+ ⊗ P− ⊗ P−, A2 := P− ⊗ P+ ⊗ P−, A3 := P− ⊗ P− ⊗ P+

ad(b,c): A ∈ End(H⊗k), k = 3, 4 constructed in an anologous way
((anti)-symmetrized projections)
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Summary

Concurrence-like quantities for multipartite systems via a bilinear
operator acting on H⊗H.

"Convex roof" construction for mixed multipartite states

Bilinearity + "convex roof" allows for more effective estimation from
below (discriminating entangled from separable states)

Expressed in terms of observables (‘directly measurable’)

Generalization to multilinear analogues if complete characterization
of the entanglement classes is needed
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