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® Multipartite finite dimensional system

® State of the system, p ¢ BT

p:H—H, p=pl >0 Trp=1

® Separable state

N
P:Zpkpg)®"'®ﬂz(f )

o Hi— i, o =00 >0, Tl =1, Ypp=1

l.e. p,(f) € B;" - (some) states of the subsystems

® Entangled states = non-separable states
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Pure states

® o -pureiff rank(p) =1

® ) -pure & p? = p & p - orthogonal projection

® identify a pure p with (any) normalized vector |¢) in the direction on
which it projects

® pure separable states = simple tensors
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® distinguish between entangled and separable states

® doitin an effective (simple to implement) way

® characterize ‘the amount of entanglement’ and, ‘various types of
entanglement’

# construct quantities measurable in experiments




Entanglement measures

® [Functions on states such that

=0 for p separable
C(p)
> (0 for p entangled




Entanglement measures

® [Functions on states such that

=0 for p separable
C(p)
> (0 for p entangled

» (it would be better to have > instead of >, but ...)




Entanglement measures

® [Functions on states such that

=0 for p separable
C(p)
> (0 for p entangled

» (it would be better to have > instead of >, but ...)

#® (' locally unitary invariant, i.e. invariant under the direct product of the
unitary groups U(n;) = U(H,)

(U(ny) x ---xU(ny),BY) — BT
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® For a certain class of allowed operations O the measure C'is
monotonous

reoF(p) =p' = C(p) = C(p')

l.e. C(p) < C(p') = VrecoF(p) # p' i.e. p’ can not be reached from p
via operations from O

» ‘allowed operations’
# |ocal completely positive maps: A; : B, — B;

A: Hom(H) — Hom('H) is completely positive iff
(I ® A) : C*** @ Hom(H) — C** @ Hom(H)
is positive (i.e. p > 0= A(p) > 0) for all &

# ‘classical communication’

#® Experimentally measurable (e.g. C(p) = TrAp, A = AT)
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® Pure states: p = Pjgy = [UX¥|, (¥|V) = 1.
) = Zij Bijlei) @ | f;)

® 35T and 373 - two hermitian positive semidefinte matrices,
diagonalizable by unitary W and W1

WiBBTW = A2, VIgIgy = A2
» define
er) = 2o Wikled),  1fe) = 22 Vil fi)
then
W) =22 Ailed) @ 1)

where \? - nonzero eigenvalues of A% (or A?)

® ) - separable iff rank(A) = 1 (i.e. only one \; does not vanish).
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# Partial reduction of p = U)W, |U) = " \les) @ | f)

pr = Trap =34 Aglex)ex|

» Concurrence

C(W): = /(Trp)? = Trp? = (W[ W)2 — Tr, (Try WY - Try [ )W)

- e

» hence

C(p) =0 forp=|U)W¥| separable
7Y >0 for p = |P)YV¥| entangled
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cConcurrence

® Thereis noobservable A: H — H, A = AT, suchthat C (V) = Trdp = (U|A|¥)

»  but

C (V) = /(¥ ® VAT © V)

where Ais a linearoperator A: HQH — HQ H

(61 @ Ym|Ald; @ dr) = (D) |9, )(Drmldy) — Ty (Tra|d; Xy | - T2 By Xbr )

$ HOIH=H1OH29H1 Q@Hz ~ (H1QH1) ® (H2 ® Hz2)

® A is proportional to a projection on (H1 A H1) ® (Ha A Hz), A2 =44, A= Al
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involved an unphysical operation of complex conjugation (not expressible in the form of
a completely positive map),

# instead, the new (equivalent) definition

C=2\(¥|® (Y[A|Y) ® V)

involves a legitimate observable A on 'H ® ‘H, and as such can be directly measured,
provided two copies of the system are available

# S P Waldborn et al., Experimental determination of entanglement with single
measurement, Nature 440, 1022 (2006)

# | Aolita and F. Mintert, Measuring multipartite concurrence with a single factorizable
observable, quant-ph/0608012
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® An arbitrary mixed state, spectral decomposition:

p= 3 |6X0;]
where
[9i) = VAilei),
A; > 0 - eigenvalues of p,
l;) - normalized eigenvectors of p

® Any other decomposition,

can be found via a partial isometry
M
[W,) = Viklg;), VeCM*r M>r VIV=I
k=1

® s separable iff it can be decomposed as above with pure separable |1);)

2 Concurrence of a mixed state

M

C(p) = infdecompositions 'Zl C(%) >0
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in our case A - positive (as a projection)

define: T := (¢ilTales), T := >, 2T 3, 2al? =1
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Mixed states

>

® oo 0 b

e

Choi-Jamiotkowski-isomorphism
J 1 End(H®H) — End(End(H))

End(V)=VoV* J 1 HOIHIH @H* > HROH* @HQ H*
T~ z) @ |z2) ® (23] @ (4] ¥ |21) @ (23] ® |22) ® (24
A - positive iff A= J ~1(A) - completely positive (Jamiotkowski, Choi)
A - completely positive iff Ao = il TooTl for o € End(H) (Stinespring, Kraus)
in our case A - positive (as a projection)

define: T := (¢ilTales), T := >, 2T 3, 2al? =1

M—1
then C(p) > max{0, \py — > A},
i=1

2
where >‘k+1

for each choice of z; we obtain a measure (partially) discriminating between separable
and entangled mixed states.

> A2, k=1,... M - eigenvalues of 77"
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Multipartite systems

® Multipartite generalized concurrences

» P](F"') - projections on ‘H; A 'H; and H; V 'H;
(antisymmetric and symmetric parts of ‘H; ® H;)

#® N-partite concurrence operators A € End(H @ H)

# N-partite A-concurrence

A= 281,...,81\] Psq,....syPs1 @ Psy @ -+ @ Psy

Ca(|)) =2/ (W] ® (W[Al) @ [4),

® . orinterms of partial traces:

CA(IW):\/S ZS Psi,....sn 2.

T (s (1) (D) 11 5,
€S
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Monotones

» | OCC - monotonicity

# local, completely positive maps A; : H; — H;

Ao =3, BYoBPT S BUTBY —

# classical communication (exchange of results of measurements,
etc.)

#® Theorem. Concurrence C'4 Is an entanglement monotone if, for all
Se2tbo Ny gL 11 . N}, S+#2)

> Dsysn 11 8 <0.
S14...3SN ’LES
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Polynomial (in the elements of p) invariants:
I(p) = Tr(Arp®F), g®FAr(gH®F =A;, ged

Three qubits pure state: p = |V ) V|

»
»
»

(a) three independent quartic (in the components of ¥) invariants
(b) one 6-degree invariant
(c) one 8-degree invariant

ad@): A1 =P, ®@P_®P_,Ay:=P_®P,®@P_,A3:=P_®P_Q P,

ad(b,c): A € End(H®*), k = 3, 4 constructed in an anologous way
((anti)-symmetrized projections)
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Summary

® Concurrence-like quantities for multipartite systems via a bilinear
operator acting on 'H ® H.

» "Convex roof" construction for mixed multipartite states

® Bilinearity + "convex roof" allows for more effective estimation from
below (discriminating entangled from separable states)

® Expressed in terms of observables (‘directly measurable’)

® Generalization to multilinear analogues if complete characterization
of the entanglement classes is needed
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