Integrability conditions of the
Euler-Lagrange Equation
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Calculus of variations:
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Reg. Lagrangian = SODE

The inverse problem:
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Frolicher-Nijenhuis theory:

A(M): the C*°(M) modulus of the scalar forms.
W(M): the C*°(M) modulus of the vector valued forms.

Definition:
(1) A morphism D : A(M) — A(M) is a derivation of A(M) of degree r if
a) DA(M)C AT (M),
b) D(aw+bw')=aDw+bDdJ,
¢) DwAT)=DwAr+(—1)"%y A Dnr.
(2) The bracket of two derivations Dy and Dy is defined by
(D1, Dy] = D1 Dy — (_1)(degD1)(degD2)D2D1

(3) A derivation is called of i, type or algebraic, if its action is trivial on A°(M),
and of d, type, if it commutes with the operator d.
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(4) An i, and a d, type derivation can be associated to L € W!(M):
e 1, type derivation: 7y,
itw(X1, ..., X)) = w(L(Xy, ..., X)), w e AY(M)
e d, type derivation: dj,
dpf( Xy, -+, X)) =df(L(Xy, -+, X)), feN(M).
(5) Let L and M be vector valued differential I- and m-forms. Then there exists
a unique vector valued (I + m)-form (denoted by [L, M]) which satisfies the

equation

[dr, dy) = diz -

(6) The (W(M),[, ]) is a graded Lie algebra.
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Geometric tools:

Vertical endomorphism .J

Liouville vector-field: C

Spray: S

Path of the spray: Sy =7
Connection: I'=[J,95]
Curvature: R = —1[h, h],

Jacobi endomorphism: ® = v[h, S]h,

h:%(I+F), v:%(I—F), F = hlS.h] —
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The Euler-Lagrange PDE system

N jaQ_E+fj 0°E _9E _
Y OxI 0y’ Oyioyt  Oxi

= wgp=15dd;E+dLoE —dE =0

sz()

First compatibility condition: (with the notation Qg = dd,E)

Qe =0 || ifQp=0 || QphX,hY)=0
Second compatibility conditions:
O’FE O’FE
. k &k _ k k _
Z@QE =0 - ®; DYk oy T oykoyi 0 - q)@ 9kj — q)jgk:z =0
1) = , O’E , O’FE , O°E L l Lo
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Definition: L € V(T M)
e The semi-basic derivation of L with respect to the spray S' is

L' = h*v[S, L].

e The semi-basic derivation of L with respect to h is
d"L = [h, L].

Definition: The graded Lie algebra Ag associated to the spray S is the graded
Lie sub-algebra of the vector-valued forms generated by
- the vertical endomorphism J,
- the Jacobi endomorphism ¢ = v[h, S|,
- the action of the semi-basic derivation with respect to .S,
- the action of the derivation d”,
- and the Frolicher-Nijenhuis bracket |, |.
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Theorem: Let S be a variational spray and E a Lagrangian assoctated to S.
(1) For every element L of Ag we have
1.2 = 0.

(2) The elements of Ag give algebraic conditions on the variational multi-
plier.
Proof of the Theorem:

e The vertical endomorphism:
i)Qp = iydd;E = d7E = 3d; g FE = 0,

e The Jacobi endomorphism:
1680p = i[h,S]QE + 1O = 1,LsO0 5 — Lg13,)E

= idwp — Es(QE -+ %dwa) = dywg — %ESdJWE =0
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o ! =h"w[S,L]=[S,L|+ FL — LA\F,
If the equation 7,2 = 0 holds, then
1§ = i[S,L]Q +iprQ) — iR ) = ’Z[S’L]Q +1pt ) — 1S

=Lt —drw+ipip Q) — i1 =0

o ipr) = (—1)!(indy — dpin — dpzp)
If the equation 7;{2r = 0 holds, then
i Qp = (=) (ipdipdd; E — dpipddsE — L dipdd;E) = 0.

o Let K € AS(TM), L € AL(TM) be such that ixQp = 0 and i;Qp = 0.
(=1 g Qp = (ixdp, — (=1 Vdpix — dprg) Qp
—ig(ird — dig) dd;E — (=) Y igdd; F — dprxddE
— igdirQp — (=DM Vi Qp = 0.
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If L€ A" C V(TM), then

L=’
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The graduation of Ag is given by Ag = &F_ A% where A% = Ag N U (TM).

AL ={J, ®, @', " " .}

J,&] =3R, R, R", R", ...
A% =4 [0,9], [0,0], [0,P]", ...
h, @], [h, ®], [h, ", ...

([J,R], [J,R], [J,R]", [J,R]", ... )
[, R], [, R, [®, R]", [®, R]"”, ...
[[@,®), k], [[®,®],A]", [[®,],A]", ..

"

| [[@, 2], 2], [[®,2], 2], [[©,P],0]", ..
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Theorem 2: If
. + 1)
dm (T o @ ¢ o 1 Mrntl
1m{ y T ) ) ) } 9 )

then S is not variational ([D], [AT], [S], [SCM]).

If
dim Ag > w,

then S is not variational ([D], [AT], [S], [SCM]).

Theorem 3: [M] If there exists an integer & < n for which
n+1
dim A% > k
m As (k + 1) !

then the spray is not variational.
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Theorem 4: [M] Let us consider the system of linear equations
S = Z sign (i )L‘Z1 4T, =0 L € As

in the symmetric variables z;; (z;; = xj;). If
n(n+1)

kS >
rank S > 5

then S is non-variational.
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Example 1 :
o {i1 =0, Iy=0}
o Fi. =0, ¢=0,
e Al ={J}, A*=0, A=0, ..

Example 2
o (i =2 =gl
ol = o I‘% y2 I2=0,T3=—1, ®=0
o Al = {J} A2:O, A3 =0, ...

)

Example 3 :
o {i = flar, @), 9 = f*(x9,42)}
e 2=T1=02=P =7 =} =0
o Al = {J ®},
o dim A =2
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Example 4: [D]
o {i1 = (11)° + (12)?, T2 =11} where °f} ;.. # 0.
o {J, O, P D" &"} are independent
o dimA' >4

e No corresponding variation problem exists.
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Example 5 :
e Lic group: G
e Tangent space: TG ~ G X g

e Coordinate system (x, «), where « is the Maurer-Cartan form

e SODE: associated to the canonical connection: ¥ =tx T
o O, (a") = 1[la,al,a], P =09"=..=0, Al ={J, o},
° R(x a)(a bh) [[a b] ] R=R"=..=0,

[CD? (D](x,a)( a” bh) % [([W? Ck], O‘}v a] o [Haa O‘}v Ck], b] o HCL, O‘]a [b7 a“) ) O‘}

o G=AS50(n): @, 9] = IR

e G=GL(2,R): [P, P]and R are independent
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Variational principle for the canonical SODE:

General case : partial results, there is no a complete theory (G. Thompson:
(GMIT], [MT])

Invariant case : there is a complete answer, because the Euler-Lagrange system
is integrable

2
wp(X,) = |a, Oz]a—E + zaa IE _ xaa—E

oo Oxrda ox

Proposition: [M]| The canonical SODE is variational with respect a left-invariant
Lagrangian if and only if there exists a regular function £ : g — R such that

[a,a}g—izo, Va € g.

Theorem: [M] There exists a left-invariant variational principle for the canon-
ical flow of the Lie group G in a neighborhood of a generic element o € g if
and only if the linear system

k .
Cia5w =0, 1=1,...,n,
Ciixg + O amzy =0, 1,7 =1,...,n,

has a solution {x; = €;, z;; = €;; } satisfying det(e;;) # 0.
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Corollary 1: The canonical connection of a commutative Lie group is variational
with respect to a left-invariant Lagrangian.

Corollary 2: If the derived Lie algebra is one dimensional, then there is no left-
invariant variational principle for the canonical flow.

2-dimensional Lie groups

e [, ] =0: Corollary 1: there is an invariant variational principle
e [, ] # 0: Corollary 2: there is no invariant variational principle

3-dimensional Lie groups

e dim(g") = 0: there is an invariant variational principle
o dim(g") = 1: (the Heisenberg algebra and the upper triangular matrices):
there is no invariant variational principle
o dim(g\") = 3: ¢ is simple, the Killing form provides a metric.
4-dimensional Lie groups:
e Non-variational Lie algebra: A4z, A4, As 114
e Variational Lie algebra:
- There is an invariant variational principle: Ay g, A4 10;
- There is no invariant variational principle: Ayi, A4z, Asa, Asg, Asio,
A4,2a; A4,5ab> A4,6ab-
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