
Geometry of the Legendre transformation

Paweł Urbański
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1. Introduction.

Lagrangian systems and Hamiltonian systems offer different representations of the same
object - the dynamics of a mechanical system. The Legendre transformation is the passage
from one of these representations to the other. To get rough idea what is the story about,
let us consider the case of a hyperregular lagrangian. Lagrangian is a function

L: TM −→ R,

with the vertical derivative
dvL: TM −→ T∗M.

Lagrangian L is called hyperregular if dvL is a diffeomorphism. If it is the case, then we can
define Hamiltonian by

H: T∗M −→ R: p 7→ 〈p, d−1
v L(p)〉 − L ◦ d−1

v L(p).

We use this Hamiltonian to generate a vector field XH on T∗M :

−〈dH,Y 〉 = ω(XH , Y ).

This vector field can be obtained directly from the Lagrangian by the canonical diffeomor-
phism given by the equivalence of functors TT∗ and T∗T

αM : TT∗M −→ T∗TM.

We have for p = dvL(v)
αM (XH(p)) = dL(v).

We can summarize this example with a picture

T∗T∗MN
N
NNPπT∗M

TT∗MN
N
NNPTπM








�
τT∗M

wαMu
βM T∗TM







�

πTM

T∗M'
'
'
')πM

TM[[[[̂ τM

M

(1)

The dynamics is in the center, Langrangian system is on the right, Hamiltonian system on
the left. This diagram is known as Tulczyjew triple.

It follows from this picture that each of the top objects is a symplectic manifold and also
has two (compatible) vector bundle structures, i.e. they are double vector bundles. Thus
the following structures are involved in the Legendre transformation:

(1) Lagrangian submanifolds and generating objects,
(2) Iterated tangent functors and their equivalence,
(3) Double vector bundles.
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2. Generating objects of Lagrangian submanifolds.

In Physics, we have to accept more general dynamics then vector fields, more general
lagrangian submanifolds in T∗N then sections of πN and more general generating objects
(Lagrangian, Hamiltonian systems) then functions on N .

2.1. Morse and regular families.
Let

R

u
ρ

X

(2)

be a differential fibration. We denote by VR the bundle of vertical vectors defined by

VR = {v ∈ TR; Tρ(v) = 0} (3)

We denote by V◦R the polar of the vertical bundle defined by

V◦R =
{
s ∈ T∗R; ∀v∈VRτR(v) = πR(s)⇒ 〈s, v〉 = 0

}
(4)

A function F :R → R can be considered a family of functions defined on fibres of the
fibration ρ. We will represent a family of functions by a diagram

R

u
ρ

wF R

X

(5)

The critical set for a family of functions F :R→ R is the set

S(F, ρ) =
{
r ∈ R; ∀v∈VrR

〈dF, v〉 = 0
}
. (6)

At each point r ∈ S(F, ρ) we define a bilinear mapping

W (F, r): VrR× TrR→ R
: (v, w) 7→ D(1,1)(F ◦ χ)(0, 0), (7)

where χ is a mapping from R2 to R such that v = tχ(·, 0)(0) and w = tχ(0, ·)(0). The
family F is said to be regular if S(F, ρ) is a submanifold and the rank of W (F, r) at each
r ∈ S(F, ρ) is equal to the codimension of S(F, ρ). The family F is called a Morse family if
the rank of W (F, r) is maximal at each r ∈ S(F, ρ). Morse family is regular.

It is known that if F is a regular family, then the set

N =
{
p ∈ T∗X; ∃r∈R ρ(r) = q = πX(p)

∀v∈TqX∀w∈TrR
Tρ(w) = v ⇒ 〈p, v〉 = 〈dF,w〉

}
(8)

is an immersed Lagrangian submanifold of the symplectic space (T∗X,ϑX). This Lagrangian
submanifold is said to be generated by the family (5).

For each regular family F we have the mapping κ:S(F, ρ)→ T∗X characterized by

〈κ(r), v〉 = 〈dF,w〉 (9)
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for each v ∈ TX such that τX(v) = ρ(r) and each w ∈ TR such that Tρ(w) = v. The
mapping κ is a subimmersion. If F is a Morse family, then κ is an immersion. The immersed
Lagrangian submanifold (8) is the image im(κ) of the mapping κ.

There is a surjective submersion λ : V◦R→ T∗X characterized by

〈λ(q), v〉 = 〈q, w〉 (10)

for each v ∈ TX such that τX(v) = ρ(πR(q)) and each w ∈ TR such that Tρ(w) = v. The
intersection im(dF ) ∩ V◦R is clean if and only if F is a regular family. This intersection is
transverse if and only if F is a Morse family. The immersed Lagrangian submanifold (8) is
the set λ(im(dF ) ∩ V◦R).

If the fibration ρ is the identity morphism 1X :X → X, then the family of functions is a
function

F :X → R (11)

and the Lagrangian submanifold N is the set

N =
{
p ∈ T∗X; πX(p) = q, ∀v∈TqX

〈p, v〉 = 〈dF, v〉
}

= im(dF ). (12)

We have to consider even more general generating object. It is when we generate a sub-
manifold of T∗Q and the manifold X of the family is not the whole Q, but an immersed
submanifold of Q only.

T∗Q

u
πQ

R

u
ρ

wF R

Q Xu ιX

(13)

2.2. Reduction of generating objects. Let

R

u
ρ

wF R

X

(14)

be a family of functions generating a Lagrangian submanifold N of (T∗X, dϑx).

Proposition 1. If N is generated by a family (14) such that the fibration ρ is the compo-
sition ρ̃ ◦ ρ′ of fibrations ρ′:R→ R̃ and ρ̃: R̃→ X and the critical set S(F, ρ′) is the image
of a section σ: R̃→ R of ρ′, then N is generated by the family

R̃

u
ρ̃

wF̃ R

X

(15)

with F̃ = F ◦ σ.
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2.3. Lagrangian system. Let M be the configuration manifold of a mechanical system.

A generating object

TT∗M

u
TπM

Y

u
η

wL R

TM Cu ιC

(16)

is called a Lagrangian system. The family of functions

Y

u
η

wL R

C

(17)

is called a Lagrangian family.

2.4. Hamiltonian system.
Let (P, ω) be a symplectic manifold representing the phase space of a mechanical system.

A generating object

TP

u
τP

Z

u
ζ

w−H R

P Ku ιK

(18)

is called a Hamiltonian system. The family of functions

Z

u
ζ

wH R

K

(19)

is called a Hamiltonian family. A Hamiltonian system

T∗P

u
πP

P Ku ιK w−H R

(20)

is called a Dirac system. A more general Hamiltonian system (18) is called a generalized
Dirac system.

3. Double vector bundles.

Let K be a system (Kr,Kl,E,F) of vector bundles, where Kr = (K, τr, E), Kl =
(K, τl, F ), E = (E, τ̄l,M) and F = (F, τ̄r,M), such that the diagram
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K







�
τl

N
N
NNPτr

FN
N
NNPτ̄r

E







�
τ̄l

M

(21)

is commutative. By mr, ml, m̄r, and m̄l we denote the operations of addition in Kr, Kl,
E and F respectively. A system K is called double vector bundle if the diagram (21) is
commutative and the following conditions are satisfied:

(1) pairs (τl, τ̄l), (τr, τ̄r) are vector bundle morphisms,
(2) pairs of additions (ml, m̄l) and (mr, m̄r) are vector bundle morphisms Kr ×F Kr →

Kr and Kl ×E Kl → Kl respectively,
(3) zero sections 0r: E→ Kl, 0l: F→ Kr are vector bundle morphisms.

Proposition 1. The vector bundle structures of Kr and Kl coincide on the intersection
C of ker τl and ker τr.

Thus,C = (C, τ,M), where τ = τ̄lτr = τ̄rτl is a vector bundle is called the core of K. We
have the diagram

K







�
τl

N
N
NNPτr

FN
N
NNPτ̄r

C

u

y

u
τ

E







�
τ̄l

M

(22)

which will be used instead of the diagram (21) to represent the double vector bundle.

Proposition 2.

(1) ker τr with the vector bundle structure induced from Kr is canonically isomorphic
to the Whitney sum F⊕M C.

(2) ker τr with the vector bundle structure induced from Kl is canonically isomorphic to
the vector bundle F ×M C, i.e., to the pull-back of C by the projection τ̄r.

(3) ker τl with the vector bundle structure induced from Kl is canonically isomorphic to
the Whitney sum E⊕M C.

(4) ker τl with the vector bundle structure induced from Kr is canonically isomorphic to
the vector bundle E ×M C, i.e., to the pull-back of C by the projection τ̄l.

3.1. Examples. Let (E, τ,M) be a vector bundle. The tangent manifold TM is in a ca-
nonical way a double vector bundle with the diagram

TE







�
Tτ

N
N
NNPτE

TMN
N
NNPτM

E

u

y

u
τ

E







�
τ

M

. (23)
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Also its dual with respect to the canonical projection, i.e the cotangent bundle T∗E is a
double vector bundle with the diagram

T∗EN
N
NNPT
∗τ






�
πE

E4
4
446τ

T∗M

u

y

u
πM

E∗hhhhk
π

M

, (24)

where T∗τ is dual to the vertical lift E ×M E → TM .
This is an example of a general situation.

3.2. Duality. Let K∗r be the vector bundle, dual to Kr. We denote by K∗r the total fiber
bundle space and by πl the projection

πl:K∗r → E.

Let a ∈ K∗r and k ∈ C satisfy τ(k) = τ̄l(πl(a)). We can evaluate a on a vector (πl(a), k)
of ker τl. We define a mapping πr:K∗r → C∗ by the formula

〈k, πr(a)〉 = 〈(πl(a), k), a〉. (25)

It follows directly from this construction that

Proposition 3. The mapping πr:K∗r → C∗ is a morphism of vector bundles

πr: K∗r → C∗.
We define a relation

Pr(ml):K∗r ×K∗r → K∗r
in the following way: c ∈ Pr(ml)(a, b) if

(1) πl(c) = πl(a) + πl(b),
(2) 〈w, c〉 = 〈v, a〉 + 〈v′, b〉 for each w, v, v′ ∈ K such that τr(w) = πl(c), τr(v) = πl(a),

τr(v′) = πl(b) and w = ml(v, v′).

Local coordinates. Let (xi, ea, fA, cα) be an adapted coordinate system on K and let
(xi, ea, pA, qα) be the adapted coordinate system on the dual bundle K∗r , i. e., the canonical
evaluation is given by the formula

〈v, a〉 =
∑

A

pA(a)fA(v) +
∑
α

qα(a)cα(v). (26)

We use (xi, cα) as a coordinate system in C and (xi, qα) as a coordinate system on C∗. In
these coordinate sytems we have

xi ◦ πr(a) = xi(a),

qα ◦ πr(a) = qα(a) (27)

and

xi(a+r b) = xi(a) = xi(b),

ea(a+r b) = ea(a) + ea(b),

pA(a+r b) = pA(a) + pA(b),

qα(a+r b) = qα(a) = qα(b). (28)

It follows that (K∗r , πr, C∗) is a vector bundle. We denote it by K∗rr . The vector bundle
(K∗r , πl, E) we denote by K∗rl .
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Theorem 4. The system K∗r = (K∗rr ,K∗rl ,C∗,E) is a double vector bundle with the
diagram

K∗rN
N
NNPπr








�
πl

EA
A
AAC
π̄r

F∗

u

y

u
π

C∗
�

�
���

π̄r

M

. (29)

In the following, we show that there is a canonical isomorphism of double vector bundles
K and ((K∗r )∗r )∗r . Through this section we denote by τr, πr, ξr, ϑr and by τl, πl, ξl, ϑl the
right and left projections in K, K∗r , (K∗r )∗r , ((K∗r )∗r )∗r respectively. Identifying vector
bundles with their second duals, we have

ξr: (K∗r )∗r → F ξl: (K∗r )∗r → C∗
ϑr: ((K∗r )∗r )∗r → E ϑl: ((K∗r )∗r )∗r → F.

The core of (K∗r )∗r is E∗ and the core of ((K∗r )∗r )∗r is (C∗)∗ = C.
We define a relation RK ⊂ K × ((K∗r )∗r )∗r in the following way:
Let v ∈ K, φ ∈ ((K∗r )∗r )∗r be such that τ̄l(τr(v)) = ϑ̄l(ϑr(φ)). We say that (v, φ) ∈ RK

if for each a ∈ K∗r , α ∈ (K∗r )∗r such that

τr(v) = πl(a), πr(a) = ξl(α), ξr(α) = ϑl(φ)

we have
〈a, α〉 = 〈v, a〉+ 〈α, φ〉. (30)

Theorem 5. The relation RK is an isomorphism of double vector bundles.

Example. 2. Let K = T∗E:

T∗E







�

T∗τ
N
N
NNPπE

E∗4
4
446π

T∗M

u

y

u
πM

Ehhhhk
τ

M

. (31)

Then the first, second and third right duals can be identified with double vector bundles
TE, TE∗ and T∗E∗, represented by the diagrams

TEN
N
NNPTτ








�
τE

EN
N
NNPτ

E

u

y

u
τ

TM







�
τM

M

TE∗







�
Tπ

N
N
NNP
τE∗

TMA
A
AACτM

E∗

u

y

u
π

E∗
�
�

���
π

M

T∗E∗N
N
NNPT
∗π






�
πE∗

E∗4
4
446π

T∗M

u

y

u
πM

Ehhhhk τ

M

. (32)

7



In this case the formula (30) means that the relation RK , interpreted as a submanifold
of T∗(E × E∗, is a lagrangian submanifold generated by the canonical pairing viewed as a
function E ×M E∗ → R.

If we replace the right-hand side of (30) by a different combination of 〈v, a〉 and 〈α, φ〉,
we obtain another isomorphism. The isomorphism corresponding to 〈v, a〉 − 〈α, φ〉 we de-
note by R±K , the isomorphism corresponding to −〈v, a〉+ 〈α, φ〉 we denote by R∓K and the
isomorphism corresponding to −〈v, a〉 − 〈α, φ〉 we denote by R=

K .
Thus the canonical isomorphisms RK , R±K , R∓K , R=

K define diffeomorphisms from T∗E∗
to T∗E. For RK , R=

K these diffeomorphisms are antisymplectomorphisms with respect to
the canonical symplectic structure of the cotangent bundle and for R±K , R∓K we obtain
symplectomorphisms.

4. Iterated tangent functors.

The Lagrange formulation of the dynamics is based on the canonical diffeomorphism
αM : TT∗M −→ T∗TM . It can be obtained by by the composition of βM : TT∗M → T∗T∗M
and the canonical diffeomorphism (see previous sections) γM : T∗T∗M → T∗TM . It is
known that the canonical symplectic structure on a tangent bundle is linear, i.e. the corre-
sponding map βM is a morphism of double vector bundles. It follows that γM ◦ βM is also
a morphism of double vector bundles.

However, to avoid discussion concerning proper choice of sign in (30), it is better to have
αM defined independently.

Elements of the iterated bundle TTM are equivalence classes of curves in a set of equ-
ivalence classes of curves in M . A simpler representation of these elements is needed. Let
χ:R2 →M be a differentiable mapping. For each s ∈ R we denote by t(0,1)χ(s, 0) the vector
tχ(s, ·)(0) ∈ TM . For each t ∈ R we denote by t(1,0)χ(0, t) the vector tχ(·, t)(0) ∈ TM . We
have curves

t(0,1)χ(·, 0):R→ TM (33)

and
t(1,0)χ(0, ·):R→ TM. (34)

Vectors tt(0,1)χ(·, 0)(0) ∈ TTM and tt(1,0)χ(0, ·)(0) ∈ TTM will be denoted by tt(0,1)χ(0, 0)
and tt(1,0)χ(0, 0) respectively. For each w ∈ TTM there is a mapping χ:R2 →M such that
w = tt(0,1)χ(0, 0). The mapping specified by coordinate relations

(qκ ◦ χ)(s, t) = (qκ(w) + q̇κ(w)t+ q′κ(w)s+ q̇′κ(w)st) (35)

has the required property. We consider mappings χ:R2 →M and χ′:R2 →M equivalent if

tt(0,1)χ′(0, 0) = tt(0,1)χ(0, 0). (36)

These mappings are equivalent if

χ′(0, 0) = χ(0, 0), (37)

D(1,0)χ′(0, 0) = D(1,0)χ(0, 0), (38)

D(0,1)χ′(0, 0) = D(0,1)χ(0, 0), (39)

and
D(1,1)χ′(0, 0) = D(1,1)χ(0, 0). (40)

We have obtained an efficient representation of elements of TTM . In terms of this repre-
sentation we define the canonical involution

κM : TTM → TTM

: tt(0,1)χ(0, 0) 7→ tt(1,0)χ(0, 0) = tt(0,1)χ̃(0, 0), (41)
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with

χ̃:R2 →M

: (s, t) 7→ χ(t, s). (42)

The coordinate expression of this involution is given by

(qκ, q̇λ, q′µ, q̇′ν) ◦ κM = (qκ, q′λ, q̇µ, q̇′ν). (43)

The commutative diagram

TTM

u
TτM

wκM TTM

u
τTM

TM TM

(44)

is a vector fibration isomorphism. The diagram

TTM

u
τTM

wκM TTM

u
TτM

TM TM

(45)

is the inverse isomorphism. It follows that κM is a morphism of double vector bundles.

TTM

N
N
N
NNQ

TτM

'
'
'')τTM

wκM TTM

N
N
N
NNQ

τTM

'
'
'')TτM

TM

'
'
'
''*

τM

wid TM

'
'
'
''*

τMTM�����τM
wid TM�����τM

M wid M

. (46)

For a differentiable mapping α:M → N we have

TTα(tt{(0,1)}χ(0, 0)) = tt{(0,1)}(α ◦ χ)(0, 0) (47)

and
κM ◦ TTα = TTα ◦ κN , (48)

i.e. κ is a natural equivalence of functors.
The morphism αM is defined as the dual to (45).

TT∗M
N
N
N
NNQ

TπM

'
'
'')
τT∗M

wαM T∗TM
N
N
N
NNQ

πTM

'
'
'')T
∗τM

T∗M
�
�

�
���

πM

wid T∗M
�
�

�
���

πMTM




�
τM

wid TM




�
τM

M wid M

. (49)
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5. The Legendre transformation.

Let M be the configuration manifold of a mechanical system. The phase space of the
system is the symplectic manifold (T∗M, dϑM ).

The identity morphism 1TT∗M is a symplectic relation generated by the generating object

TT∗M × TT∗M

u
τT∗M × TπM

T∗M × TM T∗M ×M TMu
ιT∗M×MTM w−〈 , 〉

R

(50)

and by the generating object

TT∗M × TT∗M

u
TπM × τT∗M

TM × T∗M TM ×M T∗Mu
ιTM×MT∗M w〈 , 〉

R

(51)

where 〈 , 〉 is the canonical pairing

〈 , 〉∼: TM ×M T∗M → R
: (v, p) 7→ 〈p, v〉. (52)

Starting with a Lagrangian system

TT∗M

u
TπM

Y

u
η

wL R

TM Cu ιC

(53)

we construct a Hamiltonian system

TT∗M

u
τT∗M

Z

u
ζ

w−H R

T∗M Ku ιK

(54)

with

K = πM
−1(τM (C))

=
{
p ∈ T∗M ; ∃v∈CπM (p) = τM (v)

}
, (55)

Z = {(p, v, y) ∈ T∗M ×M TM × Y ; v ∈ C, η(y) = v}, (56)

ζ:Z → K

: (p, v, y) 7→ p, (57)

and

H:Z → R
: (p, v, y) 7→ 〈p, v〉 − L(y). (58)
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This Hamiltonian system is obtained by composing the Lagrangian system with the genera-
ting object (50). The two systems generate the same dynamics since the generating object
(50) generates the identity relation. The passage from the Lagrangian system (53) to the
Hamiltonian system (54) is called the Legendre transformation.

Conversely, given a Hamiltonian system

TT∗M

u
τT∗M

Z

u
ζ

w−H R

T∗M Ku ιK

(59)

we construct a Lagrangian system

(TT∗M, dTϑM )

u
TπM

Y

u

η

wL R

TM Cu ιC

(60)

with

C = τM
−1(πM (K))

=
{
v ∈ T∗M ; ∃p∈KπM (p) = τM (v)

}
, (61)

Y = {(p, v, z) ∈ T∗M ×M TM × Z; p ∈ K, ζ(z) = p}, (62)

η:Y → C

: (p, v, z) 7→ v, (63)

and

L:Y → R
: (p, v, z) 7→ 〈p, v〉 −H(z) (64)

by composing the Hamiltonian system with the generating object (51). This passage is
called the inverse Legendre transformation.

In addition to the Legendre transformations we have Legendre relations. Given a Lagran-
gian system (53) we have the first Legendre relation

Λ1(L):Y → T∗M, (65)

whose graph is the set

graph(Λ1(L)) =
{

(p, y) ∈ T∗M × Y ; y ∈ S(L, η), πM (p) = q = τM (η(y))

∀u∈C∩TqM∀z∈TyY
Tη(z) = χM (η(y), u)⇒ 〈p, u〉 = 〈dL, z 〉

}

(66)

and the second Legendre relation

Λ2(L): TM → T∗M, (67)

whose graph is the set

graph(Λ2(L)) =
{

(p, v) ∈ T∗M × TM ; ∃y∈Y η(y) = v, (p, y) ∈ graph(Λ1(L))
}
. (68)

If D ⊂ TT∗M is the dynamics generated by the Lagrangian system, then

graph(Λ2(L)) = (τT∗M ,TπM )(D). (69)

A Lagrangian system is said to be hyperregular if the second Legendre relation Λ2(L) is
a diffeomorphism.
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6. Lie algebroids.

A Lie algebroid structure on a vector bundle τ :E → M is usually defined in terms of
a Lie bracket on sections of τ . However, it can be characterized (and defined) in terms of
associated structures

(1) linear Poisson structure on the dual bundle E∗,
(2) a morphism ε: T∗E → TE∗ of double vector bundle,
(3) a relation κ: TE → TE, dual to ε,
(4) complete lift of multisections of E to multivector fields on E.

For the Lie algebroid of a tangent bundle TM , the linear Poisson structure is given by the
canonical symplectic structure on T∗M , ε = α−1

M , and κ = κM . The complete lift of a Lie
algebroid is the well known complete lift dT of multivector fields. Unlike for general Lie
algebroid, it can be defined also on differential forms. In particular, dTωM is a symplectic
form on TT∗M . With this form αM and ezbM become symplectomorphisms.

We see, that it is Lie algebroid structure of the tangent bundle, which makes possible
Lagrangian formulation of the dynamics and consequently, the Legendre transformation.

7. Homogeneous systems.

Here, we consider an important for physics class of singular Lagrangian systems, which
appear in the calculus of variations for non-parameterized curves (space-time trajectories).

7.1. Homogeneous Lagrangian systems. Let M be a differential manifold and let κ be
the action

κ:R+ × TM → TM

: (k, v) 7→ kv. (70)

Let ◦
TM = {v ∈ TM ; v 6= 0} (71)

be the tangent bundle of M with the image of the zero section removed. The set
◦
TM is an

homogeneous open submanifold of TM .
A Lagrangian system

(TT∗M, dTϑM )

u
TπM

Y

u

η

wL R

TM Cu ιC

(72)

is said to be homogeneous with respect to an action

R+ × Y

u
1R+ × η

wρ
Y

u
η

R+ × C wκ C

(73)

if C is an homogeneous submanifold of
◦
TM ,

κ:R+ × C → C

: (k, v) 7→ kv. (74)

is the restriction of the action κ to C, and

L(ρ(k, y)) = kL(y) (75)
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for each y ∈ Y and each k ∈ R+. The Lagrangian family

Y

u
η

wL R

C

(76)

is said to be a homogeneous Lagrangian family.
The action κ is lifted to the action

R+ × TT∗M

u
1R+ × TπM

wκ̂ TT∗M

u
TπM

R+ × TM wκ TM

(77)

with the action
κ̂:R+ × TT∗M → TT∗M (78)

defined by
κ̂(k, ·) = α−1

M ◦ κ(k, ·) ◦ αM (79)

for each k ∈ R+. The relation
κ̂(k,w) = kw (80)

holds for each w ∈ TT∗M and each k ∈ R+.
The dynamics D generated by a homogeneous Lagrangian system is homogeneous.

7.2. Homogeneous Hamiltonian systems.
Let (P, ω) be a symplectic manifold representing the phase space of a mechanical system

and let

(TP, iTω)

u
τP

Z

u
ζ

w−H R

P Ku ιK

(81)

be a Hamiltonian system. Let
σ:R+ × Z → Z (82)

be an action of the group (R+, ·) such that ζ ◦σ(k, ·) = ζ for each k ∈ R+. The Hamiltonian
system (81) is said to be homogeneous with respect to the group action σ if

H(σ(k, z)) = kH(z) (83)

for each z ∈ Z and each k ∈ R+. The Hamiltonian family

Z

u
ζ

wH R

K

(84)

is said to be a homogeneous Hamiltonian family.
The same concepts of homogeneity apply to a Hamiltonian system

13



(TT∗M, iTdϑM )

u
τT∗M

Z

u
ζ

w−H R

T∗M Ku ιK

(85)

based on a phase space (T∗M, dϑM ).
The dynamics D generated by a homogeneous Hamiltonian system is homogeneous.

8. Relativistic mechanics.

Let (Q,V, σ, g) be the affine space-time of special relativity. The triple (Q,V, σ) is an
affine space and g:V → V ∗ is the Minkowski metric.

8.1. Relativistic particle. The dynamics of a free particle of mass m is generated by the
Lagrangian system

(TT∗Q,dTϑQ)

u
TπQ

TQ Cu ιC wL R

(86)

where
C = Q× {q̇ ∈ V ; 〈g(q̇), q̇〉 > 0} (87)

and

L:C → R

: (q, q̇) 7→ m
√
〈g(q̇), q̇〉. (88)

The dynamics is the set

D =

{
(q, p, q̇, ṗ) ∈ TT∗Q; 〈g(q̇), q̇〉 > 0, p =

mg(q̇)√
〈g(q̇), q̇〉 , ṗ = 0

}
. (89)

The set C is a homogeneous submanifold of
◦
TQ and L(q, kq̇) = kL(q, q̇). It follows that

the Lagrangian system (86) is homogeneous.
The Legendre transformation applied to the Lagrangian system (86) leads to a Hamilto-

nian system

(TT∗Q, iTdϑQ)

u

τT∗Q

Z

u
ζ

w−H R

T∗Q T∗Q

(90)

with
Z = T∗Q× {v ∈ V ; 〈g(v), v〉 > 0} , (91)

ζ:Z → T∗Q
: (q, p, v) 7→ (q, p), (92)

14



and

H:Z → R

: (q, p, v) 7→ 〈p, v〉 −m
√
〈g(v), v〉. (93)

The Hamiltonian system (90) can be simplified. The fibration ζ can be represented as a
composition ζ ′′ ◦ ζ ′ of fibrations

ζ ′:Z → Z ′

: (q, p, v) 7→ (q, p, ‖v‖), (94)

and

ζ ′′:Z ′ → T∗Q
: (q, p, λ) 7→ (q, p), (95)

where
Z ′ = T∗Q× R+ (96)

and
‖v‖ =

√
〈g(v), v〉. (97)

Equating to zero the derivative of H along the fibres of ζ ′ we obtain the relation

p = µg(v) (98)

valid for some values of the Lagrange multiplier µ. It follows from this relation that the
covector p is in the set {

p ∈ V ∗; 〈p, g−1(p)〉 > 0
}

(99)

and that
{(q, p, v) ∈ Z; ‖v‖p = ±‖p‖g(v)} (100)

is the critical set S(H, ζ ′). We have denoted by ‖p‖ the norm
√
〈p, g−1(p)〉 of p. The images

K̃ = ζ(S(H, ζ ′)) and Z̃ = ζ ′(S(H, ζ ′)) of the critical set S(H, ζ ′) are the sets

K̃ = Q× {p ∈ V ∗; 〈p, g−1(p)〉 > 0
}

(101)

and
Z̃ = K̃ × R+. (102)

The mapping

ζ̃: Z̃ → K̃

: (q, p, λ) 7→ (q, p). (103)

is a differential fibration. The critical set S(H, ζ ′) is the union of images of two local sections

ξ+: Z̃ → Z

: (q, p, λ) 7→
(
q, p,

λ

‖p‖g
−1(p)

)
(104)

and

ξ−: Z̃ → Z

: (q, p, λ) 7→
(
q, p,− λ

‖p‖g
−1(p)

)
(105)
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of the fibration ζ ′. We have two families of functions

Z̃

u
ζ̃

wH̃− R Z̃

u
ζ̃

wH̃+ R

K̃ K̃

(106)

The functions

H̃−: Z̃ → R
: (q, p, λ) 7→ −λ (‖p‖+m) (107)

and

H̃+: Z̃ → R
: (q, p, λ) 7→ λ (‖p‖ −m) (108)

are the compositions H ◦ ξ− and H ◦ ξ+ respectively. It is easily seen that the family
(106) generates an empty set. The dynamics of the particle is generated by the reduced
Hamiltonian system

(TT∗Q, iTdϑQ)

u

τT∗Q

Z̃

u
ζ̃

w−H̃+ R

T∗Q K̃u
ι
K̃

(109)

The critical set S(H̃+, ζ̃) is the submanifold

{
(q, p, λ) ∈ Z̃; ‖p‖ = m

}
(110)

and the image ζ̃(S(H̃+, ζ̃)) is the mass shell

Km =
{

(q, p) ∈ K̃; ‖p‖ = m
}
. (111)

The mapping

ζ̂:S(H̃+, ζ̃)→ Km

: (q, p, λ) 7→ (q, p) (112)

is a differential fibration with connected fibres.

8.2. Space-time formulation of geometric optics. The dynamics of light rays in affine
Minkowski space-time (Q,V, σ, g) is generated by the Lagrangian system

(TT∗Q,dTϑQ)

u
TπQ

Y

u

η

wL R

TQ Cu ιC

(113)

with
C =

◦
TQ, (114)
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Y = C × R+, (115)

η:Y → C

: (q, q̇, µ) 7→ (q, q̇), (116)

and

L:Y → R

: (q, q̇, µ) 7→ 1
2µ
〈g(q̇), q̇〉. (117)

The dynamics is the set

D =
{

(q, p, q̇, ṗ) ∈ TT∗Q; 〈g(q̇), q̇〉 = 0,∃µ∈R+
p =

1
µ
g(q̇), ṗ = 0

}
. (118)

The Lagrangian system (113) is homogeneous.
The result of the Legendre transformation applied to the Lagrangian system (113) is the

Hamiltonian system

(TT∗Q, iTdϑQ)

u

τT∗Q

Z

u
ζ

w−H R

T∗Q T∗Q

(119)

with
Z = T∗Q×

◦
V × R+, (120)

ζ:Z → T∗Q
: (q, p, v, µ) 7→ (q, p), (121)

and

H:Z → R

: (q, p, v, µ) 7→ 〈p, v〉 − 1
2µ
〈g(v), v〉. (122)

The Hamiltonian system (119) can be simplified as in the case of a relativistic particle
with mass m > 0. The reduced system is the Hamiltonian system

(TT∗Q, iTdϑQ)

u

τT∗Q

Z̃

u
ζ̃

w−H̃ R

T∗Q K̃u
ι
K̃

(123)

with
K̃ =

{
(q, p) ∈ T∗Q; p 6= 0

}
, (124)

ζ̃: Z̃ → K̃

: (q, p, µ) 7→ (q, p), (125)

and

H̃: Z̃ → R

: (q, p, µ) 7→ µ

2
〈p, g−1(p)〉. (126)

No further simplification is possible.
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9. Dirac systems.

In [1] Dirac proposed the following procedure of deriving Hamiltonian formulation of a
system with singular Lagrangian. Let L: TM → R be the Lagrangian of a system. Suppose
that the Legendre mapping dvL: TM → C ⊂ T∗M is a fibration over a submanifold C
with connected fibres. It is easy task to verify that 〈p, v〉 − L(v) is constant on fibres.
Consequently, we have a function H on C and a Dirac system

TT∗M

u
τT∗M

T∗M Kmu ιC w−H R

(127)

The dynamics D̂ of this system includes the dynamics D of the original Lagrangian
system. It may happen that they are not equal. An example is given by the relativistic
particle of previous section. The corresponding Dirac system is

TT∗M,

u
τT∗M

T∗M Kmu
ιKm w0 R

and D̂ ! D.

10. Legendre transformation and convex analysis.

Not yet ready.
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