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Abstract

In this article we calculate the asymptotic behaviour of the point spectrum for some special self-adjoint unbounded Jacobi operators
J acting in the Hilbert space 2= lz(N). For given sequences of positive numbers 4, and real g, the Jacobi operator is given by
J=SW+ WS*+ O, where Q =diag(g,) and W =diag(4,) are diagonal operators, S is the shift operator and the operator J acts on
the maximal domain. We consider a few types of the sequences {g, } and {4, } and present three different approaches to the problem
of the asymptotics of eigenvalues of various classes of J’s. In the first approach to asymptotic behaviour of eigenvalues we use a
method called successive diagonalization, the second approach is based on analytical models that can be found for some special J’s
and the third method is based on an abstract theorem of Rozenbljum.
© 2006 Published by Elsevier B.V.

MSC: 47B25; 47B36
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1. Introduction

In this work we calculate the point spectrum or the asymptotic behaviour of the point spectrum for some special
unbounded Jacobi operators J acting in the Hilbert space /2 = /2(N). We shall present three different approaches to the
problem of the asymptotics of eigenvalues of various classes of J’s. Let {e,},° ; be the standard orthonormal basis in
I2. S stands for the shift operator on /> given on the basis vectors as follows Se, = e,+1, n> 1. For given sequences
of positive numbers 4, and real g, one defines the Jacobi operator by J = SW + WS* + Q, where Q and W are the
associated diagonal operators, Qe,, = gne, (Q =diag(g,)) and We,, = 4, e, (W =diag(4,)) for n > 1 and the operator
J acts on the maximal domain. We call 2,,’s the weights of J. It turns that in the case lim inf, oo g2 (J2 4+ 22_) 71 > 2
and lim;,_, » |¢»| = +00 the operator J is self-adjoint and its spectrum is discrete [9].

As far as we know the problem of finding the asymptotics of eigenvalues of Jacobi matrices has not been systematically
studied in a general situation. However, the density of eigenvalues of rational Jacobi matrices was analysed by Dehesa
in [2,3]. Let us also mention that there are special Jacobi matrices which appear in quantum optics with known
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asymptotics of their eigenvalues [16]. In [11] the asymptotics of eigenvalues for a special class of Jacobi matrices was
found. Moreover, the method proposed in [11] (so called successive diagonalization method) can be applied for a quite
general set of J’s ( Theorem 2.2, Section 2 of this paper). The method presented in Theorem 2.2 resembles the idea
used in [14] in his studies of the asymptotic of eigenvalues of some pseudo-differential operators on the unit circle. By
using his abstract result [14, Theorem 1] we can find asymptotics of eigenvalues of a certain J when Theorem 2.2 does
not apply (see Section 4). Our application of Rozenbljum result is rather simple, and we hope to find more interesting
one in the future.

The third approach we propose here concerns special classes of Jacobi matrices for which analytical model can be
found. Then we deal with differential operator J (unitarly equivalent to J) of the first order acting in a Hilbert space of
holomorphic functions. This method is rather limited to special J’s but the results give very sharp asymptotical formulae
(exponential decays of errors). Let us mention that the method of successive diagonalization has been recently applied
in [1] by Boutet de Monvel et al. to find the asymptotics of eigenvalues of a modified Jaynes—Cummings model.

This paper only deals with Jacobi matrices with discrete spectra. There is already a large literature devoted to infinite
self-adjoint Jacobi matrices and their relation to the theory of orthogonal polynomials. In recent years several methods
were found for studies of spectral properties of general Jacobi matrices in /2(N) and [%(Z), see [5,4,8—11]. Finally, let
us also mention the recent monograph of Teschl [15].

The paper is organized as follows. In Section 2 the method of successive diagonalization is briefly described. Section
3 contains several natural examples of Jacobi matrices for which analytical models can be found and uses them to
compute precise asymptotic behaviour of their eigenvalues. Finally, in Section 4 simple applications of the Rozenbljum
abstract theorem are given.

2. Successive diagonalization method

The idea of successive diagonalization was introduced for a special class of Jacobi matrices in [11]. It is based on
the following general lemma:

Lemma 2.1 (Lemma 2.1, Janas and Naboko [11]). Let D be a self-adjoint diagonal operator in a Hilbert space H
given by De, = u,e,, where {e,} is an orthonormal basis in H and simple eigenvalues u, — oo are ordered by
[ | <y q |- Assume that |, — w | >eo if i # k. If R is compact (not necessary self-adjoint) operator in H then the
operator T = D + R has discrete spectrum which consists of complex eigenvalues 2,(T) and 7, (T) = 1, + O(||R*e, ||)
for large n.

Successive diagonalization method was applied in [11] to a special class of Jacobi operators. It was used there in
three steps. Then every next step allows to obtain the asymptotics of the eigenvalues of Jacobi operator more precisely
then the previous one. In this article we apply this method using only one step, but it gives (we hope) satisfactory
explanation of the main idea of successive diagonalization.

Let X1/, (p > 0) denote the set of compact operators such that its singular numbers s; satisfy sy = O(1/k?). By
Zlf /p We mean the subset of X/, of operators in 12 which possess a band type matrix form in the basis {ea}ne ;-
Theorem 2.2. Let

J1=0+ SW+ WS*, 2.1
where Q = diag(g,), W = diag(4,) and assume that

(i) gn=pn*(1 4+ 4,), 4, — 0, p € R\{0};
Jn =P+ w,), w, — 0;
(i) f=0, a>2p+1;
(iii) Ap41 — 4y =0(1/n).

Then the eigenvalues 4,(J1) of Ji satisfy 4,(J1) = qn + O(l/n“_zﬂ_l)for large n.
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Proof. Following the method introduced in [11] we look for the diagonal operators A1, A2 € Zl]’ J(o—f—1) such that

X = (I +SA1 + M8 — QU + SA; + 4,5 € 25 (2.2)
for some p. If we use the notation [A, B] = AB — B A for any operators A and B then we have
X =18, QlA; + A2[S*, Q1 + SW + WS* + SA|SW + AW + SALWS* + A, S*WS™.

Note that SA|SW, AoW, SAWS*, A,S*WS* € Zlf/(a—2/3—l) provided A1, A, are chosen as above.

Denote (Ag)(n) := qn+1 — qn then [S, Qle, = —(Aq)(n)ey+1 = SDe,, where D = diag(—(Ag)(n)) and similarly
we have that [S*, Q] = —DS*. Next, note that

(Ag)(n) = p(n + D*(1 + A1) — pn®(1 + 4)
=p(n+ D" = pn® + pl(n + 1)* = n*14p11 + pn*(Aps1 — 4n)

and (n + D* — n* = an® ' + O(m*2). But n* (441 — 4,,) = o(n® 1) by (iii), so we have
(Ag)(n) = pan” ™" + o(n™ 7).

There exists a finite dimensional diagonal operator O such that D + Q) is invertible and we can define operators
Ay = —(D + Q1)_1W and A> := W(D + Q1)_1. The operators A; and A, are diagonal and belong to b

by their definitions. Then the operators otk
[S, Q141 + SW =S[(D + QA1 + W] = S0141 =—=850 /14

and
A[S*, Q1+ WS* = A,0,5*

are finite dimensional and belong to Zlf /p for every p and consequently X belongs to le’ (=2p—1)" Denote K =1 +

SA1 + A>8*. We can choose Q1 such that K is invertible, then KJ; — QK = X, i.e.
N=K'(Q+XKHK.
Therefore, o(J;) = 6(Q + XK ') and by Lemma 2.1

In(J1) =2 (Q + XK~ =g, + O(I(K ™) X*e,|])
=g+ 01/ (> "1y, O

3. Special classes of Jacobi matrices with analytic models

In this section we shall study a few examples of unbounded Jacobi matrices in 12, which do not fall into the class
considered in Theorem 2.2. It happens that all examples are defined by sequences of power like behaviour i.e. ¢, = on?,
In = ynﬁ (14 4,), 4, — 0, n — 0, with o — f§ equals, respectively, to 1, % 0. Nevertheless, by using specific forms
of their weights and diagonals, we shall find the asymptotic of the eigenvalues. This approach was used for example in
[7]. In all three examples, unitarly equivalent operator models of J’s in some Hilbert spaces of holomorphic functions.
These model operators turn out to be differential operators. The original equation for the eigenvalues Jf = Af is
transformed into the corresponding differential equation. However, analysis of these differential equations is not so
trivial because they do not fall in general into any (known to us) classical classes describing special functions. In this
section we investigate the spectra of Jacobi matrices given by (3.1), (3.12), (3.28).

Recall that the Hardy spaces H2 = H>(D) in the unit disc D={z € C : |z| < 1} consists of all holomorphic functions
f(2) =312 anz" in D such that sup, _ f02n |f(re2dt =352 lan|* < + oo.

Let A = diag(n),—, be the diagonal operator determined by the sequence {n}>" .
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3.1. Analytic model for an example of a Jacobi matrix with o — f = 1.

We start with a simple operator
Jy=Ag+cS+cS*. 3.1

Note that J is formally in the class of Jacobi matrices defined in Theorem 2.2 with =1 and =0. Therefore, it is clear
that the assumptions of Theorem 2.2 are not satisfied. The spectrum of J, is discrete and consists of the eigenvalues
only. Assume that ¢ # O (the case ¢ = 0 is trivial and o(J2) = {1, 2, ...}).

Recall the first type Bessel functions for k € N and x € C given by the power series Jx(x) =Y v o (—1)"1/nl(n +
k)!(%)k“" [17]. Using the Gamma function I'(z) and taking 1/I'(z) =0 for z € {—1, —2, ...} the Bessel functions
can be defined for complex indices by

o]

L@ =) (="

n=0

forve C,x € R(J,(0) =o00if Zev < 0). Moreover; J_;(x) = (—l)ka(x) fork € N [17].

nl'n+v+1) (%)VHn

Theorem 3.1. Let J> be an operator on [ given by (3.1) then

. 2 g 1 .
O'(JZ):{AERA—FCZ—IZI;ME U{kGNJk(ZC):O}
= {4, (D) : n>ko},

where

CZn
In()=n—-r,, 1r,=0 (m) , n=ko

for some k.

Proof. Let us consider the equation

Lhf=1f, (3.2)

where f = {f,}72,. In (3.2) is the second order difference equation, we will change it to a differential equation by
the method suggested in [7]. Take the coherent state for the shift operator S in 12 [13] f. = ZZO:I 7" le, and let
f= thil Jfnen. Then (3.2) is equivalent to the relation (f, Jo f) = A(f, f) forall z € D.

In the other words (f;, Ao f) + c(fz, Sf) + c(fz, S*f) = A(fz, f) for z € D.

Denote by

D(2) == (fz, ). (3.3)

Straightforward calculations prove that
(for Ao f) = P(2) + 2@/ (2);
(f2, 8f) =29 (2);

1
(f2. 8" )= E@(Z) — 2(0)) (3.4
and we get the equation
2@ (2) + (1 + c2)P(z) + c%((b(z) — @(0)) = AP(2). (3.5)

Note that (3.2) has a solution f € [2\{0} if and only if (3.5) has solution & € H?\{0}. Assume that we have /. € R
such that (3.5) has a solution @ € H>. If #(0) = 0 then by taking the limit at 0 in (3.5) we get ¢®'(0) = 0. Because
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5

¢ # 0 we have @(0) = f; =0 and @' (0) = f> = 0. By the difference (3.2) we have f =0, s0 1 ¢ ap(J). Therefore,

instead of (3.5) we can consider the equation

2V + e+ (1 =Dz +cld)=c, D0)=1.

(3.6)

We will look for all parameters 4 € R for which (3.6) has non trivial solution in H2. It is clear that the point spectrum
of J» consists of all such numbers . Let @ be in the form @(z) = e “%¢(z). Of course, & € H> < ¢ € H?. Then

(3.5) is equivalent to
20/(2) + [(1 = )z + clp(z) = ce,  ¢(0) = 1.

Let ¢ have the power series

o
0(2) =) an".
n=0

Then (3.7) is satisfied when

ap =1,
ca; + (1 = Dag = c?,
n+1
(n—ANay,_1 +ca, = — n=2.
n!

Denote dy = (A — k) ... (A —2)(—1)*1, k=2, then we calculate the solution of (3.8)
ai=c 'O+ =1

and
n CZk
an =c_"I;F(X—n)...(l— k+1), n=>2.

For 1¢ {2, 3, ...} we can rewrite (3.9) as
( l)n ld o ( l)k 1 2k
a, = o 1+c Z 4k , n=2.

We should answer the question: for which 4 € R the sequence {a,} € [°.
Consider the case 4 € {0, 1, 2, 3, ...}. Using (3.9)

R n C2k B (_1)11—/1(,1 _ )\‘)| n— (—1)kC2k
ap, =c ;F(i—n)...(i—(k—i-l))_ = k:ZO(kJri)!k!’

Now, notice that in this case

) ( l)k 2k _ B B
{an} €1 @ZUHF I =06 J,200=05J_;2c)=0

3.7)

(3.8)

(3.9)

(3.10)



1

3

5

11

13

15

CAM5615

6 J. Janas, M. Malejki / Journal of Computational and Applied Mathematics 111 (1111) IR

For A ¢ {0, 1,2, ...}, using (3.10), the following relations hold:

( 1)]( 2k

2 -1
{a,} €l & ay=c Z akl

& k .2k
-1
si-t+2=y 0

2kl
00 k 2k
(=D%c
¢ TaTr—om TA+k—ikl
k=0
& J_,Q2c) =

Because

i (—1)/ 1
k=G —2) j—%

Jj=2
then we have

o0

(=Dhe* 1)k 2k i( ek K (—1)/ 1
Akl — k=G =2 j—4

k=2

=~

=2

( 1)k ot (_1)j+kc2(j+k) 1
*—2)! ]2 Groyl k=4

E'qg

Ed
||
NS}

ok i (—1) 2 1

T

APl e ARSI
_ i AJ2e) 1
= (k—2)! k— )L

So, by the facts given above and the properties of the Bessel functions, we obtain
op(n)={1eR:J_;2c)=0}

©  k
_ 1 . R e [N ) _
_!AeR.iJrc 1_2(](_2)!]6_}“ Ufk € N : Jy(2c) =0}. (3.11)

Because J,,(2¢) > 0 for n>¢?, there exists a number / € op()N(m—1,n)ifn> A letl=n—r, € op(J2),
rn € (0, 1), n > ¢* and denote A; = ckJ;(2¢)/(k — 2)! then

n—1 0
2
- —-1= — < A
n—ry,+c ;k—rhl—rn n+k_z+l —n+r ZI k|+

son—+c2—2— 3, A < An/ .
There exists ny > ¢2 such that %ngA,,/r,, for n>ny. So, we get r, <24, /n,n>ny, where An<c2"/(n —2)!

Z?O:o Al 4+n)jI< e e /(n—2)!n!. Finally, using the above estimation it can be proved that for large n >ng > n
there exists exactly one number A=n —r, € (n —1,n) Nag,(J2). O

Let us mention that it is not difficult to prove the following fact:
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Remark 3.2. If A = diag(n)2>° __ is a diagonal operator and S is a shift operator in [?(Z) then J» = A + ¢S + ¢S*

n=—0oo
considered in /2(Z) has the spectrum equal to Z. [

3.2. Analytic model for an example of a Jacobi matrix with o. — f = 0.

The Jacobi matrix J = Q + SW + WS* in [2(Z) with diagonals given by Q = diag(én),fﬁ’ioo, W = diag
(v (n +¢)* + b2 __ has been considered in [12] and in [6]. They have found the formulae for eigenvalues of

n=—00
this operator. Here and in Section 4.1 we investigate Jacobi matrix J3 with the same entries as J but acting on [>(N). It

turns out that spectral analysis of J3 looks differently than that of J. Our approach is again based on analytical model
of J3in H 2,
This section is devoted to the operator

J3 =049+ S(Ag + cl) + (Ag + cI)S*, 3.12)

in 12 = [2(N). Assume that d > 2, ¢ >0, for such parameters ¢(J3) = 7, (J3) and the spectrum is discrete.
Let us consider the relation J3 f = Af. Again take the coherent state f, =Y -, 7"le, and f = Y02 | [nen then

using (fz, J3f) = A(fz, f) we get
(for SAOS) + c(fz S) + (for A0S ) + c(fe, S* ) + 0(fz, Ao f) = A(fzs )
for |z| < 1. Let @(2) = (f;, f) then we have

(f2r SAof) = 22¥ (2) + 29(2),
(fz, A0S* f) = ' (2),

(fe, S*f) = %(dj(Z) — 9(0)) (3.13)
and by (3.4)

22 (2) + 20(2) + czP(z) + D' (2) + cg(‘f’(z) — ®(0) + (P(2) + 2P (2)) = AP(2) (3.14)
and so

22 +0z4+ D () =—((14+ )22+ (6 — Dz + ) P(2) + cd(0),

for z € D. As in the previous situation, this differential equation has a solution in H2\{0} exactly when J3 f = Af has
a solution f € I2\{0}.

Notice that 22407+ 1=(z—z1)(z—22), where 2] =— (3+V 0% — 4) /2, 20=—(0—+/6* —4)/2and z; <—1 < 75 <O.
We consider the following two cases of the parameter c.

D c=0.

In this case, (3.14) is equivalent to

P z+(@-A)
d(z) 2240z +1

because

24+ —2) A B
> = + :
24+0z+1 z—z1 z—22

where A=(z1 —A4+9)/(z1 —z2)and B=(A— 90 —22)/(z1 —22),s0In ®(z) = —Aln(z — z1) — Bln(z — z2) + C,
In ®(2)=C+In(z—z1) *(z—22) %, #(2)=Ci(z—21)"*(z—22) "®. Therefore; ® € H?ifandonlyif (z—z2)"% € H?,
but this condition is equivalent to the fact that —B =k, where k=0, 1, 2, ... . It follows that the spectrum of J3 consists
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of the numbers

(3 =k 52—4+%<\/5Z—4+5> (3.15)

fork=0,1,2,....

D) ¢ € (0, 1].

We can assume that @(0) = 1. Indeed, suppose that @ is an analytic function in some open set that contains 0, @(0) =0
and satisfies (3.14) in this set. Then taking the limit at O of both sides of (3.14) we get @' (0)(c+1) =0 and so ¢'(0) =0
(because ¢ + 1 # 0). Thus f; = @(0) =0, f> = @' (0) =0 and using the relation J3 f = 4 f, we have f, =0,n>1 and
A is not the eigenvalue of J3.

Now, we will look for the function @ of the form @(z) = (z — zl)A(p(z) for some real number A. Notice that ¢ € H?
if and only if ¢ € H?, because |z1| > 1.

We have the new equation:

22— 20 @ =200/ @) = ~[(1 +c+ A)> + (0 — L — 224)z +clz — 2104 9(2) +c.

One can choose A such that (1 + ¢ + A)z? + (6 — A — 220A)z + ¢ = (z — z1)(pz + @), for some p, ¢. It follows that
pztq=A+1+c)z+0—2+z1(1 +¢c)+ A(zy —z2)and A = (6(c — 1) — z1 + 2)/(z1 — z2). Hence

(2= 220’ D1+ [(A+ 1+ )z — caalp(2) = m (3.16)
The function of the right hand side of (3.16) is analytic in D,

(z— Zl)A+1 anz ’
(the power series converge in |z| < |z1]) and

by = c(=z2)"",

by = c(=1)"(—zp)A " A+ +5/ "), n=l1. (3.17)

n!
We look for an analytic in D function ¢(z) = ) oo a,z" satisfying (3.16). Thus the coefficients of ¢ must satisfy

b
—c2n

A.
ap = =(—22)";

by —(A+1+0)ag (—z2)4 5
- > A+l D +ecl; 1
“ —(c+ Dz e Do AT Dzt D el (3.18)

and the recurrence relation
(n+A+cap—1 — (c +n)zpa, =b,, n=2.

This is the first order linear difference equation. We can solve it:

n n
bx I+A+c
a, = g,d| — 3.19
n = gl ,;(C-i-k)Zzl:l;[rl (c+ Dz G-19)

or

n
b
= — _ ], =2 3.20
an = &n |:Cll e c+ k)Zng:| n ( )
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ifl4+ A+ c #O0foralll>1, where

n
k+A+c
o=l
i (c+k)z

Notice thatif c ¢ {—1, —2, ...} then (¢ + k)z» # O for every k € N.
Proposition 3.3.

(D) Ifk+A+4c#O0forallk € {2,3,...} then
o0

by
apy) €1> & a; = _ 3.21
{an) i gzz(c—i—k)gk (3.21)
2) Ifc € (0,11 and ko + A 4+ ¢ =0 for some ko € {2, 3, ...} then {an}gélz.

Proof. Ad.1= Because |g,| — oo it must be that the second term of the product in (3.20) must be convergent to 0.
<= In this situation we have (see the definition of gx)

e i b _ b i bi ’ﬁ (Z2 24 )
n — &n — P - < . |-
k=n+]zz(€+k)gk n+l1+A+c k=n+2k+A+Cl=n+1 I+A+c

By (3.17) |b,| <Ch™ and |20 — z20A/(n + A + ¢)| < h for large n, where h = 1/|z1| + ¢ = |z2] + ¢ < 1, and we have
lan| <Ch"™ ™+ CY 2 o KRR 2O (" + " F21/(1 — h)) < C’h"*! for large n, this implies {a,} € 2.
Ad.2.Let A= —kop —c,then A 41+ ¢ # 0 for all [ > kg and using (3.19) and (3.17) for n > k¢, we have

= T - -
= 22(k +¢) =il (c+Dz2
n n
(ko —c+1)...(—kg—c+k) _, _ I —k
A+l E A0 g (z; )+ | | 0

k! c+1°
k=ko I=k+1 +

=c(—22)
Hence we can write (for some constant M (c, z2, k))

ap = M(c, 22, kO)Zn+l

w(L=kp—¢c)...tk—ko—c¢c) o4 [—ko
4 k! l_[

k=ko : i L€
22ko n n—ko ko+k
(k—=o) [+c
_M(C Zz’k)z_ VH—] 1_[ Z 2k 1_[
) l +c (k + 1) . (ko + k) kg1 [ — ko
and so there is a constant M (c, z2, k) > 0 such that
n+1 - [ — ko
lan > Mi(e, 22 ko)™ [ =" = o0, m—oo. D
I=ko+1 ¢
Let us come back to (3.21). Using (3.17), after some calculations, we obtain
00 k=2
by A+k A+1+1
——uwlzw I1( ).
i 2le gk ko o \A+2+1+c
where
k—1 B
py=1, 7, = <1+—>,k 2. 3.22
" n=[1(1+7) k> (3.22)

=2
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1 Then condition (3.21) from Proposition 3.3 can be transformed to

k

Akl 1
[(A+ D+ 1) +c= Zwk - H(l— =

1
clc+1) =

/IEGI,(J3) & A=

5  where x is a real number such that

_c(c—i—l) Pt

[ —)ezz + 1) +cl= Zz

=1

(x—1=0¢)z1—22)+z1 —0(c—1),

kk 1<
=1

c+1
x+1

A+1+1+c

).

3 Denote by x = A + 1 + ¢, then we have the condition for 4 to belong to the spectrum of J3:

).

L(x)

7  The computations given below will allow to localize the point A very precisely. Notice that

k—1 k—1
1 A
|| 1_C—|— :]+§ i’
x+1 pzlx—}—p

=1

9  where

A21 = _(C + 1)9
k—2

P(x)

c+1
Aklz—(c+1)l_[<l— ; ) Ap—1=—(+ Dy k—1); k>2,

11 1=1

c+1

k—p—1
Akp=—(c+ Dy,pp 1_[ (1— ]
=1

13 Denote dy = 23Xy, (x — 1 — ¢ + k)/k, then

P(x) = de+2deX+J

J=

); k>2, 2<p<k—2.

Py
o0 o0 1
P = diAj—
1 z(z " 1)) -
o0 o
y X+l—-1-c¢ ) 1
:Z Zzz“/z Ak
k=1 (Z:k 1 ! x+k
o0 o0
A x+k—k —c 1
21 lk
= Z Z 5 “/z—> Z(Z 2’ Vz Alk)
=1 (l=k+1 ! tk —1 \I=kt1 x+k
- > Ak > A
=z(2 o )+z[ (z e )+ 3 2!
k=1 \i=k+1 k=1 I=k+1
o0 o0 o0 o0
A1k> |: l—k—1—-c¢
=Z Zzz N +Z Zszz Ajk .
15 =1 <l=k+1 I=kt1 Xtk

(3.23)
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Denote
B+l By
= +)
clc+1) k
k=2
and
2 00 0o 0
CZ2 2%k k—1—c 2] A[k
=—= — z _ = E E 25 Y —.
l+c 2 Yk X 271 l

k=2 k=11=k+1

Notice that a < 0 because ¢ > 0 and y;, > 0. By the above calculations we look for x € R such that

- —CAri1k > v Ak
ax+b=3 3Py | = Y zi“"”—’—(l—k—l—c)}
=1

i k+1 Pty Ver1 x+k
B iZZkHV —CAk+1k > Zz(j_1)"/k+j a kj —1+c 1
- 2 k+1 | =7 | 1 2 o Gkt . .
Pt i k+1 s k+j x+k
Therefore,
oo 0o j—1 .
1 20—1) Vj+k c+1\j—-1—-c 1
ax+b=clc+ 1)y 2222 k| —— 4+ VDI 1- , . (324
( >I;2wk+1 P DL nHU ) T e 6
By
Denote by
Ar =clc+ D V2, kBy. (3.25)
Notice that
jHk—1
Vjtk ( c
Vi+1 g s !
> il c+1
2(j—1
Bl <1+ Y oYy [T - ‘(1+c)=:M1
j=2 s=2 §
and let
o0
My = cc+ DMy Y 5% 02 k. (3.26)
k=1
Denote f(x) = Z,fil A/ (x 4 k). Note two simple facts.
Fact 1. Because Ay > 0, then fis continues and decreasing in every interval (—n — 1, —n), wheren=1,2,3, ... and

in (—1, 400); moreover lim, _, _,= f (x) = d00. This implies that in (—n — 1, —n) there exists exactly one x such that
ax +b=f(x)(forne{l,2,...})

Remember that we denoted by L(x) the left side of Eq. (3.23) and by P (x) the right side of this equation. We can
check that L(0) > 0 and P (0) <0 (because we have assumed that ¢ € (0, 1]), so it is trivial that L(0) > P(0), but this
implies that b > f(0). Therefore there exist exactly two points in (—1, +o00) satisfying equation ax +b = f (x). Finally
xeR:ax+b=fx)}={x,=—n+r,:n=0,1,...} forsome r, € (0, 1), when n>2.

Fact2. If f(x) =ax +band x +n =r, € (0, 1), then there exists n| such that |r,| <2A,/|aln forn>ny.
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Indeed, we have |a|n+ar, +b=A,/r, —i—Zk#n Ar/(k—n+ry) gA,l/rn—i—Z,fO:nJrl Ak —n+ry) <|Aul/|rnl +
Z,fil A <|Apl/lrn|l +2M>, so |aln — |a| + b — My <|Ap|/|rn|. Then there exists ny such that |a|n/2 <|A,|/|r,| for
alln>ny.

Finally, we have just proved the following theorem:

Theorem 3.4. Let J3 = 54 + S(Ag + ¢) + (Ao + ¢)S* be a Jacobi operator in 1> and § > 2 then
6("3) = {in(‘]3) n= 07 15 27 . ‘}’

where

1. in the case c =0

in(J3) =ny6? — 4+ % <\/52 —4+5);

2. inthe case ¢ € (0, 1]
1
In(J3) =/ 0% — 4+ 3 <\/52 —4+ 5) +c (,/52 —4— 5) —ray 0% — 4, (3.27)

where |r,| <C(c, 5)z§(”+1)y% Jfor n > ny for some large n.
(Note that zo = —(3 — V0% —4)/2 € (=1,0) and y, = [[}2 (1 + ) O

The spectrum of J3 for the parameter ¢ > 1 will be considered in Section 4.1.
3.3. Analytic model for an example of a Jacobi matrix with o« — [} = %

In this section we calculate the point spectrum for

Jo = Ao +9SAY* + 942 5%, (3.28)

where Ao =diag(n)>>, and y € R. The reason for presenting this here is twofold. Firstly, the analytic model of J4 uses
the Bargmann space. Secondly, knowledge of a(J4) can be used to compute asymptotic of the eigenvalues of some
perturbations of Jy. It is easy to check that Jy is unitarly equivalent to the operator T = yT, + yT* + TT,, where T,
is the operator of multiplication by the variable z on the Bargmann space B> of entire functions on C that belong to
L%(u), with du(z) = %e’mz dm(z), where m is the Lebesgue measure [13].

Then

Tf=Af
is equivalent to
vaf 0+ @ =4f
FIf=0= 1=+
Hence
fIf==r+0G+7 =De+n~!
In(f) = In[C(z + )+~

for some constant C # 0.
It follows that

f=Clt e
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andso f € B2\{0} & A +79> —1¢€{0,1,2,...}. Therefore;
op(Ja)=0,(T)={k+1—-9: k=0,1,2,...}.

4. Rozenbljum theorem

In this section we are going to find an asymptotic behaviour of eigenvalues for a few Jacobi operators applying the
following abstract theorem of Rozenbljum.

Theorem 4.1 (Rozenbljum [14]). Assume that A and B are self-adjoint bounded below operators having purely discrete
spectra and 0 is not an eigenvalue of any of them. Let o. € (—00, 1). Assume that there exist bounded and boundedly
invertible operators K1, K, and bounded operators C1,Cy such that

K 'AK,| - B=C|BI,
Ky 'BKy — A= CylA™
If 6(A) = {n(A) :n2>1}, 0(B) = {4y (B) : n> 1} and 7,(A) < Ayy1(A), 2y (B) <lpg1(B), n>1 then
12n(A) = Jn(B)| = O(|2n(A)|*), n—>o00. O
Let us mention that in [14] one can find much general version of Theorem 4.1 that includes similar result also for
operators with discrete spectra but not bounded below. We apply Theorem 4.1 to the following Jacobi operators.
At the beginning of we will complete analysis of asymptotics of eigenvalues for the Jacobi matrices on /% = [2(N)
with the entries considered in Section 3.2 with the parameter ¢ > 1. We consider the operator J3 =049 + SW + WS*

(like the one given by 3.12), where W = Ay + ¢! for ¢ > 1. In this case c=n+c forsomen € {1,2, ...} and ¢ € [0, 1].
Take the Jacobi operator

J —iidl = (849 — iidl) + S(Ag + &I) + (A + &) S*
(1—i)s 1+¢
1+¢& Q-9

B i—1+4é
- i-14¢ 00 it
it 5 | +ii+é
I +i+é 20 24i+é

Notice that

¥ oaor Mz S
J nél—(S: J3>’

and so
™ Mz O _ (0 S\ _ —a
(J —nol) (O J3>_<Sj O)_C(oc)/l0 ,
for some finite dimensional operator C(x) and for any number o> 1. Observe that
ap(J —idl) = (Jn(J) =16 :n=0,1,2,...}
and

M; 0O )
Op ( On Jz) = {00, ..., %51} U{4do(J3), 41(J3),...}.
O'[,(Mﬁ) (7/)(-]3)
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We apply the Rozenbljum theorem (Theorem 4.1) to operators A = (J~ —nol) 4yl and B=( MO" })3 ) + 71, where the
parameter y € R is such that 6(A), o(B) C (0, 400). Therefore, by the Rozenbljum theorem we obtain

In(J3) = Iy (J) — 10 + 7,

where 7, = O(n~%) for large n and any natural number o> 1. Finally, using Theorem 3.4, calculate that

- 1(. - - - ~

In(J3) = (n + 1) 52—4+§<b+\/b2—4}+c(\/52—4—5>—rn\/52—4—n5+rn
1 ~
2 2 2 ~
=ny/d —4+§(5+\/5 —4>+c<\/5 —4—5)—rn,

forn=0,1,2,..., where ’?V,, = O(n~%) for large n and for any o> 1.
Now, let us come back to the operator with diagonals like these considered in [12,6]. Let g, = on and 4, =
vV (n+ c)2 + b. Take the diagonal operators Q = diag(g,), W = diag(4,) and define the Jacobi operator

Js=SW + WS* + Q.

Let B=Js + yI, A= J3 + yI, where J3 is given by (3.12) with the parameter 6 > 2 and ¢ >0 and y € R is such that
d(A), a(B) C (0, +00). Applying Theorem 4.1, take K1 = K> = I, o = —1. Define

R::diag(\/(n+c)2+b—(n+c)),\/(n+c)2+b—(n+c):\/ﬁ_’_( N ):O(%).
n C n C

Then we have B— A=Js — J3=SR — RS* = CiA~' = B! for some bounded operators Ci and C. Again by
the Rozenbljum theorem and (3.27),

/1,,(J5)=i,,(13)+0<%> :n\/52—4+%(5-}-\/52—4)-{-0(\/52—4—5) +O<,17>

for large n.
Recall that Masson and Repka [12] and Edward [6] proved that if JS’ with a diagonal and weights like Js is considered

as an operator in / 2(Z) then

ap(J5’)={n\/52—4+%<5+\/52—4>+c(\/52—4—5>: neZ}.

Moreover, they found exact formulae for eigenvalues of J5 and proved that the eigenvalues do not depend on the
parameter b >0. We see that the asymptotic behaviour in 400 of the point spectra of J; and Js is obviously similar,
but generally the eigenvalues of the operator J5 acting in /2(N) do not equal to formulae that give their asymptotics,
what can be observed by looking at (3.23) and (3.24) in Section 3.2.

The final (easy) application of Theorem 4.1 is given to a Jacobi operator which also does not fall into the class
described in Theorem 2.1. Let us try to calculate asymptotic behaviour of the point spectrum of

Jo=SW +WS*+ 0,

where

W = diag (%) . Q =diag(y/n).

It is trivial that Jo — Q = SW + WS* = C1|Js| ™! = C2|Q|~!, so by Theorem 4.1

1
in(J) = i+ 0 (ﬁ)

n>1.
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However, using the Rozenbljum theorem we can obtain even better result. Notice that J62 =02+ W24+ SW25* +
* 2 2 N2 _ — — 1
S+ OSW)+(S+ OSW)* +(SW)*+ (WS, 0°=Apand S+ QSW =25+ SD, where De,, = NN T

forn=1,2,....Then J62 — (A +285 +285*) € 211)/1’ so using the result of Section 3 and the Rozenbljum theorem

we have the asymptotic for the eigenvalues of ]62 given by 4, (162) =n+ O(%) and the asymptotics for Jg is

; 1
In(J6) =\ 7n(J§) = /n + O (nﬁ) :
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