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Abstract. We say that a Banach space C(K) has few operators if for every

operator T on C(K) we have T = gI + S or T ∗ = g∗I + S where g is contin-
uous on K, g∗ is Borel on K and S are weakly compact on C(K) or C∗(K)

respectively. Banach spaces of continuous functions with few operators pro-

vided solutions to several long standing open problems in the theory of Banach
spaces. The class of spaces is being gradually illuminated and applied further

in the recent work of P. Borodulin-Nadzieja, R. Fajardo, V. Ferenczi, E. Med-

ina Galego, M. Mart́ın, J. Meŕı, G. Plebanek, I. Schlackow and the author.
We describe basic properties, applications and relevant open problems.

Keywords: Banach spaces of continuous functions, Banach spaces with few

operators, Linear operators.

All Banach spaces in this paper are infinite dimensional and over the field of the
real numbers. All topological spaces are compact Hausdorff and infinite. C(K),
as usual, stands for the Banach space of all real-valued continuous functions on a
compact Hausdorff space K with the supremum norm. Operators are always linear
and bounded, and so continuous. X ∼ Y means that Banach spaces X and Y are
isomorphic and X ≡ Y that they are isometric.

1. Weak multipliers and weak multiplications

A natural question concerning operators on Banach spaces is what operators
necessarily exist on an arbitrary Banach space. In recent years there are fascinating
developments in this direction ([37], [4], [3]) showing that no other operator than a
sum of a compact one plus a constant multiple of the identity has to exist. One may
ask a similar question about a subclass of Banach spaces. This survey concerns the
spaces which answer this question for the class of Banach spaces of the form C(K).

If K is a compact Hausdorff space, then the simplest linear bounded operators
on C(K) are multiplications by continuous functions, i.e., Tg(f) = gf for some
g ∈ C(K) and all f ∈ C(K). Since compact Hausdorff spaces are normal, there
are many different elements of C(K), each giving rise to a distinct multiplication
operator Tg.
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The search for other operators on an arbitrary C(K) is not that simple. But
at once, using the existence of bounded linear functionals on any Banach space we
come up with finite dimensional operators, and forming their series and using the
completeness, we always obtain other compact operators like nuclear ones.

If φ : K → K is a continuous map, then Tφ(f) = f ◦φ for f ∈ C(K) well-defines
a linear operator on C(K). But there are strongly rigid compact spaces K ([7]),
i.e., such that every continuous map φ : K → K is constant or the identity, which
gives that the operator Tφ induced by φ is finite-dimensional or a multiplication
by the constant function equal to one.

If K is a metrizable compact space, it has a convergent sequence, which gives
rise to a complemented copy of c0 which produces (for example by permutations of
its coordinates) many operators which are not combinations of multiplications or
compact operators. But there are many compact Hausdorff Ks with no nontrivial
convergent sequences like for example, βN, producing C(βN) ≡ l∞ (with many
operators Tφ induced by the permutations of N). If K is scattered we have a
convergent sequence in K and so, again many operators. But if K is non-scattered,
the space l2 is a quotient of C(K) ([34]) as well as a subspace of it (by the Banach-
Mazur theorem) and so, the composition of the quotient map and the inclusion
gives us an interesting operator. It is weakly compact and noncompact. Weakly
compact operators on C(K) spaces coincide with strictly singular operators ([38]).

This way we arrive at a conjecture that the only operators which can be con-
structed on an arbitrary Banach space of the form C(K) are of the form T = Tg+S
where g : C(K) → C(K) and S is weakly compact. We will also be concerned
with the adjoint operators, and operators on the dual to C(K). Recall that
by Gantmacher’s theorem S : C(K) → C(K) is weakly compact if and only if
S∗ : C∗(K) → C∗(K) is weakly compact and that if g∗ : K → K is any Borel
function on K then g∗T : C∗(K)→ C∗(K) given by g∗T (µ) = g∗µ is a well defined
operator, where elements of C∗(K) are identified by the Riesz representation the-
orem with Radon measures on K. Note that the adjoint operator T ∗ of a T of the
form Tg + S is of the form gT + S∗. We are ready for the main definitions:

Definition 1.1. Let T : C(K)→ C(K) be a linear bounded operator. We say that
T is a weak multiplication if and only if there is a g ∈ C(K) and a weakly compact
operator S : C(K)→ C(K) such

T = Tg + S.

We say that T is a weak multiplier if and only if there is a Borel g∗ : K → K and
a weakly compact operator S : C∗(K)→ C∗(K) such that

T ∗ = g∗T + S.

We will say that a space C(K) has few operators if and only if all operators on
C(K) are weak multiplications or weak multipliers.

Of course a weak multiplication is a weak multiplier and the form of the weak
multiplication is much nicer. However, as we will see, the notion of a weak multiplier
plays a more natural role (see e.g. 1.4, 3.3), the difference between weak multipliers
and weak multiplications is of somewhat different character (see 1.3) and the notion
of a weak multiplier plays a central role in all constructions of C(K)s with few
operators. In [39], [44] and [43] spaces where all operators are weak multiplications
(multipliers) are called (weakly) Koszmider spaces. We do not use this terminology
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for obvious reasons. Also weak multipliers are called centripetal operators in [44]
which was the original terminology of earlier versions of [29].

It is easy to construct a weak multiplier on C(K) which is not a weak multiplica-
tion if we have a function which is discontinuous at one point and the discontinuity
cannot be removed by changing the value in this point. For example χ[0, 12 ] is such
a function on [0, 1] and we get T : C([0, 1])→ C([0, 1]) defined by

T (f) = χ[0, 12 ](f − f(
1
2

)),

then T ∗ = g∗T where g∗ = χ[0, 12 ] is the Borel function which is discontinuous at
one point 1

2 . This argument can be generalized:

Theorem 1.2 (4.10 [44], 3.2 [12]). Any C(K) is isomorphic to a C(L) where there
is a weak multiplier which is not a weak multiplication.

Proof. To see this, let L = Kx,y ∪ {z}, where the union is disjoint and Kx,y is
obtained fromK by identifying two distinct nonisolated points x, y obtaining a point
x ∗ y ∈ L. We may assume that K has two nonisolated points because otherwise
C(K) is isomorphic to c0 and we have many operators. C(Kx,y) is isomorphic to a
hyperplane of C(K) and a hyperplane of C(L) which is necessarily complemented,
and so C(K) ∼ C(Kx,y) ⊕ R ∼ C(L). Now, define an operator T : C(L) → C(L)
by

T (f) = g∗(f − f(x ∗ y)),

where g∗ : L→ R is a function which is continuous on L\{x∗y} and which cannot
be extended to a continuous function on L. It can be obtained using the quotient
map and a continuous function g : K → R such that g(x) = 1 and g(y) = 0. A
simple calculation gives, however, that for every µ ∈ C∗(K) we have T ∗(µ) = g∗µ,
that is the adjoint operator is a multiplication by a noncontinuous but a Borel
function g∗. �

The Borel g which appears in any weak multiplier must be quite close to a
continuous function, namely for every ε > 0 the set {x ∈ K : |osc(g, x)| > ε} is
finite where osc(g, x) = sup{diam(g[U ]) : x ∈ U,U open in K} (2.2. [29]). This
is so close that there are spaces where all Borel functions as above are already
continuous. It happens exactly when for every x ∈ K any bounded continuous
f : K \ {x} → R can be continuously extended to the entire K, which by the
definition means that for every x ∈ K the space K − {x} is C∗-embedded in K.
Thus we have:

Theorem 1.3 (2.7 [29], 4.2. [44]). The following are equivalent for a compact space
K:

(1) All operators T : C(K)→ C(K) are weak multiplications.
(2) All operators on C(K) are weak multipliers and for every x ∈ K the space

K − {x} is C∗-embedded in K.

The property “All operators on C(K) are weak multipliers” is preserved by
isomorphisms of Banach spaces and the property “All operators on C(K) are weak
multiplications” is not. More exactly, we have the following

Theorem 1.4 (4.11 [44]). Suppose that K and L are compact spaces such that
C(K) ∼ C(L). Then
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• If all operators on C(K) are weak multipliers, then all operators on C(L)
are weak multipliers
• If K and L have no isolated points and all operators on C(K) are weak

multiplications, then all operators on C(L) are weak multiplications.

2. The existence of C(K)s with few operators

If K is metrizable, then it contains a convergent sequence and so C(K) has
many operators obtained through a complemented copy of c0. Hence, there are no
separable C(K)s with few operators. As happens often, the existence of interesting
nonseparable Banach spaces may be undecidable by the usual mathematical axioms
ZFC. If it is decidable we say that such a space exists or does not exist in ZFC.
If the existence is only consistent or some extra set-theoretic assumption is needed
we always mention it at the beginning of a relevant existence theorem below. In
some cases, we know that the existence is consistent, but possibly it is provable
ZFC. In other cases it is known that the existence is consistent but not provable in
ZFC alone. This will always be commented below. We consider additional axioms
like the continuum hypothesis CH or a stronger than CH axiom ♦ (see [25] or
[33]). The consistency of the existence of some spaces is obtained directly by the
method of forcing, i.e., it is consistent but the construction is not based on a nicely
stated principle whose consistency is proved (by the method of forcing) elsewhere.
Concerning these logical matters see [25] or [33].

By now (September 2009) there are available many constructions of spaces C(K)
where all operators are weak multipliers or weak multiplications, however there are
still basic questions about the existence of such spaces with some additional prop-
erties (see the section on problems). Practically all constructions (with notable
exception of [28]) have totally disconnected and connected versions: the totally
disconnected being the easier ones and the connected containing tedious arguments
mimicking their totally disconnected versions. It was only in the case of the original
ZFC constructions of Sections 3 and 5 of [29] that the constructed C(K) has all
operators weak multipliers, other constructions had all operators weak multiplica-
tions. But this was enough for several remarkable applications in [29] (see 3.2). It
still remains open if one can get a space like in [29] Section 3 with all operators
weak multiplications (see problem 6.11). The first construction of a C(K) where
all operators are weak multiplications was under the assumption of CH (Section 6
of [29]) which was removed by Plebanek in [39].

Theorem 2.1 (Sections 3 and 5 of [29]). There is a totally disconnected and there
is a connected compact separable K of countable π-weight such that all operators
on C(K) are weak multipliers. C(K) embeds into l∞.

In 4.4 of [30] we described a slight modification of the above totally disconnected
space which additionally is perfect. Actually this was the original construction, but
did not appear in [29] since we followed an observation of G. Plebanek noting that
it can be greatly simplified if one has a dense set of isolated points.
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Theorem 2.2 (Section 6 of [29]). Assume CH. There is a totally disconnected
and there is a connected compact separable K of countable π-weight such that all
operators on C(K) are weak multiplications. C(K) embeds into l∞.

This is related to problem 6.11.

Theorem 2.3 ([39]). There is a totally disconnected and there is a connected com-
pact K of density and π-weight equal to 2ω such that all operators on C(K) are
weak multiplications. C(K) embeds into L∞(µ) for a finite measure.

This was the first ZFC construction of a C(K) where all operators are weak
multiplications. The property (2) of 1.3 was obtained through working in much
bigger measure algebra of type 2ω rather than in ℘(N) as in [29] which allowed (2)
of 1.3 at a price of K being non-separable and C(K) being not a subspace of l∞.

Theorem 2.4 ([28]). It is consistent that there is a totally disconnected K where
every clopen set has weight bigger than 2ω such that all operators on C(K) are weak
multiplications. The density of K is ω1 and π-weight is 2ω1

It is not known if a space with the above properties can be constructed in ZFC
alone. This is related to application 3.2 and problem 6.1.

Theorem 2.5 (Section 2.1. of [12]). Assume ♦. There is a connected separable
compact K of countable π-weight such that all operators on C(K) are weak multipli-
cations and if L ⊆ K is closed, then all operators on C(L) are weak multiplications.

This is an attempt of obtaining a quotient hereditarily indecomposable C(K)
corresponding to a construction from [15], which is impossible in full generality
because any C(K) with few operators has a quotient isomorphic to l2. Here the
use of some extra set theoretic assumption is necessary as Haydon, Levy and Odell
proved that under Martin’s axiom and the negation of CH any Banach space C(K)
has c0 or l∞ as its quotient ([24]). Of course the above space K cannot contain a
copy of βN since l∞ ≡ C(βN) has many operators. See problem 6.10. But a copy
of βN in K does not contradict the fact that C(K) has few operators as shown in
the following:

Theorem 2.6 (Section 2.2. of [12]). Assume CH. There is a connected separa-
ble compact K of countable π-weight such that all operators on C(K) are weak
multiplications and K contains a homeomorphic copy of βN.

It is not known if CH is necessary in the above result. There also could be C(K)s
with few operators of densities strictly smaller than 2ω.

Theorem 2.7 ([13]). It is consistent that there is a connected separable compact K
of countable π-weight and weight smaller than 2ω such that all operators on C(K)
are weak multiplications.

This result cannot be proved in ZFC alone (as under CH, smaller than 2ω means
countable) nor in ZFC plus the negation of CH, as Martin’s axiom implies that each
compact K of weight smaller than 2ω has a nontrivial convergent sequence. The
following is the most recent construction which supercedes, with respect to many
properties, these of [29] and [39].

Theorem 2.8 ([43]). There is a totally disconnected and there is a connected sep-
arable compact K of π-weight equal to 2ω such that all operators on C(K) are weak
multiplications.
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The chart below, which uses self-explanatory abbreviations, summarizes the
properties of the constructions described above:

[13] [12] [29] Sec. 3,5 [29] Sec. 6 [28] [39] [43]
weight ω1 < 2ω ω1 2ω ω1 2ω1 > 2ω 2ω 2ω

π-weight ω ω ω ω 2ω1 > 2ω 2ω 2ω

density ω ω ω ω ω1 = 2ω 2ω ω
0-dim X X X X X X X
conn X X X X no X X

g∗T + S X X X X X X X
Tg + S X X no X X X X
axioms forcing ♦ ZFC CH forcing ZFC ZFC

3. Properties and direct applications

Weak multipliers and weak multiplications are quite simple operators. If addi-
tionally they are surjections, projections or isomorphic injections, then they have
very special and strong properties.

Theorem 3.1. Suppose that K is a compact space and T : C(K) → C(K) is a
weak multiplier. Then,

(1) If K contains no convergent sequence, then T is onto C(K) if and only if
it is an isomorphism onto its range.

(2) If T = T 2, i.e., if T is a projection, then T ∗ = χA
T +S where A is a clopen

subset of K \ F for F ⊆ K finite and S is a finite dimensional operator.
Suppose that K is a compact perfect space and T : C(K) → C(K) is a weak

multiplication. Then,
(1) If T = T 2, i.e., if T is a projection, then T = TχA

+ S where A is a clopen
subset of K for finite and S is a finite dimensional operator.

Proof. (1) is Theorem 2.3 of [29], (2) is implicit in the proof of 2.5 of [29]. (3) was
presented in the earlier drafts of [29]:

(3) T = Tg+S, so T 2 = Tg2 +S′ where S′ is weakly compact, as weakly compact
operators form a two-sided ideal. So, Tg2−g is weakly compact. A multiplication
operator on C(K) for K perfect is weakly compact if and only if it is zero because
it is strictly singular. So we obtain that g2−g = 0 which gives that g assumes as its
values only 0 or 1. Finally S must be finite dimensional because T is a projection
if and only if I − T is a projection and weakly compact projections are only finite
dimensional in C(K) spaces, again by the fact that they are strictly singular. �

As a corollary from the above result we obtain a long list of properties of C(K)
spaces with few operators:

Theorem 3.2. Suppose that K is a compact space such that all operators on C(K)
are weak multipliers, then

(1) [Section 2 of [29]] No proper subspace nor any proper quotient are isomorphic
to C(K), in particular the hyperplanes are nonisomorphic to the entire C(K).
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Finite co-dimensional subspaces of C(K) are isomorphic if and only if they
have the same co-dimension.

(2) [Theorem 2.5 of [29]] If K \ F is connected for all finite F ⊆ K, then C(K)
is an indecomposable Banach space, in particular it is non-isomorphic to any
space C(L) for any zero-dimensional compact L.

(3) [Theorem 2.4 of [29]] C(K) is a Grothendieck Banach space

(4) Theorem 4.5 of [44]] The ring of all operators on C(K) modulo weakly compact
operators is commutative.

(5) [Theorem 3.5 of [30]] If K is perfect, then C(K) is extremely non-complex, in
particular C(K) does not have complex structure.

Suppose that K is a compact space such that all operators on C(K) are weak mul-
tiplications, then

(a) If K is connected, then C(K) is an indecomposable Banach space, in particular
it is non-isomorphic to any space C(K ′) for any zero-dimensional compact K ′.
(Follows directly from 3.1 (4)).

(b) [Theorem 5.3 of [44]] If K is connected, then K \ F is connected for any finite
F ⊆ K.

(c) [Theorem 5.4 of [44]] K is strongly rigid i.e., the identity and constant mappings
are the only continuous functions on K.

(d) [Theorem 4.11 of [44]] if K is perfect and C(K) ∼ C(L) where L is perfect as
well, then K and L are homeomorphic.

3.1. Properties and classifications of spaces C(K). Even though the class
of separable C(K) spaces is quite important in the theory of Banach spaces in
general, we have its complete isomorphic classification obtained in the fifties by
Milutin and Bessaga and Pe lczyński (see [5], [45]). All the representatives are C(K)s
for Ks totally disconnected. This is quite important because Hausdorff totally
disconnected compact spaces by the Stone duality are Stone spaces of countable
Boolean algebras, objects which are relatively combinatorial and well-understood.
Theorem 3.2 (2) provides the first example of a C(K) which is not isomorphic to
any C(L) for L totally disconnected.
Another well-known question related to general understanding of Banach spaces of
the form C(K) is whether the hyperplanes of such spaces are isomorphic to the
entire spaces. This came up in the context of the search of any proper subspace
of an arbitrary infinite dimensional Banach space which is isomorphic to the entire
space which was already intriguing for S. Banach. T. Gowers provided in [18] the
first example of a Banach space where no proper subspace is isomorphic to the
entire space. By 3.2 (1) C(K)s with few operators provide new examples of such
spaces additionally of the form C(K). Another interesting result shedding light on
the class of the Banach spaces of the form C(K) is the following:
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Theorem 3.3 (Theorem 4.5 of [44]). The only operators on a C(K) Banach space
are weak multipliers if and only if the ring of all operators on C(K) modulo weakly
compact operators is commutative.

3.2. Densities of complemented subspaces of Banach spaces. In [26], an-
swering a question of Pe lczyński, Johnson and Lindenstrauss showed that between
a separable Banach space and its Banach superspace there may not be any comple-
mented subspaces isomorphic to a subspace of l∞ and asked if instead a subspace
of l∞ there must be a complemented subspace of density less or equal to the con-
tinuum. This kind of issues as well as results similar to Amir’s and Lindenstrauss’
results on complemented subspaces of WCG Banach spaces gave rise to a research
direction concerning densities of complemented subspaces of Banach spaces nicely
surveyed in [40]. The Banach spaces of [28] provide a consistent negative answer to
the question of Johnson and Lindenstrauss and actually provide the first examples
of Banach spaces which do not have infinite dimensional complemented subspaces
of density smaller or equal to the continuum (apply 3.1 (4) and 2.4). It is not known
if such a space can be constructed in ZFC alone.

3.3. Indecomposable Banach spaces. It was in [35] where one of fundamental
structural problems of the theory of Banach spaces was posed: Does every ininite
dimensional Banach space decompose as Y ⊕ Z where both Y and Z are infinite
dimensional and closed? Only in the nineties Gowers and Maurey provided first
counterexamples ([20]). The spaces C(K) with few operators provide by 3.2 (2)
and (a) quite different new examples. The main structural difference is that the
spaces of [20] are hereditarily indecomposable while spaces of the form C(K), for
example, contain isometrically all separable Banach spaces. It may also be the case
that C(K)s may shed light on the entire class of indecomposable Banach spaces
(see Problem 6.1).

3.4. Which spaces C(K) have more than few operators. Quite a strong nec-
essary condition for C(K) to have few operators is that K is strongly rigid i.e., 3.2
(c). There are strongly rigid compact metrizable spaces ([7]) but metrizable case
is excluded since such Ks contain a convergent sequence which gives rise to a com-
plemented copy of c0 immediately providing many operators. Probably the easiest
way of showing that they are not weak multipliers is using 3.3. This generalizes
by the characterization from [42] to all spaces C(K) which are not Grothendieck,
including all scattered Ks. By result of [6] this class include C(K)s for K which
is minimally generated. Thus even the spaces of Fedorchuk ([14]) have more than
few operators.

3.5. Other remarks. The original motivation of the author was to investigate
the C(K) where K is hereditarily separable compact with no convergent sequence
of [14]. It is obtained under the assumption ♦ as an inverse limit of minimal
extensions of compact spaces. However, modified constructions of the space seemed
more interesting. Indeed, by recent results of Borodulin-Nadzieja, if K is minimally
generated this way, C(K) has many operators since it is not Grothendieck ([6]).
The first (spring 2002) unpublished constructions of C(K)s where all operators are
weak multiplications used ♦ in the spirit of [14], then only CH in the spirit of [46].
After learning in the summer 2002 about the paper of Haydon [23] the use of CH was
removed by the author from one of the constructions due to the use of Lemma 1.D of
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[23], but then all operators on C(K) where only weak multipliers and so concluding
(1) and (2) of 3.2 was not immediate. First (1) was concluded in the fall of 2002.
Various version of preprints were circulating, which were not always distributed
by the author. This probably caused some misquotations in the literature like for
example in [1] (4.4.2) or [2] p. 528, where the above ZFC result about hyperplanes
or totally disconnected spaces is atributed to Plebanek. During the revision of the
paper [29], in the summer 2003, the author also found a way of concluding that the
C(K) is indecomposable (i.e., (2) of 3.2) from his ZFC construction of a C(K) where
all operators are weak multipliers. Roughly at the same time the preprint [39] of
Plebanek became availabe where a different realization of the methods of [29] lead
to a ZFC construction of C(K) where all operators are weak multiplications, and
so, where (1) and (2) could be concluded in ZFC like in the earlier versions of [29]
which used CH. Thus, the removing the assumption of CH from our result saying
that there are indecomposable C(K)s and so which are nonisomorphic to C(L) for
L totally disconnected can be considered as obtained using different methods and
independently by G. Plebanek and the author (MathSciNet review of [2] attributes
it to Plabenek). While removing the assumption of CH from the existence of a
C(K) where all operators are weak multiplications was first obtained entirely by
G. Plebanek.

In [39] also a new language for taking care of the connectedness of the inverse
limit construction was developed. Recently, in [43] most convenient sufficient con-
dition was proved (5.3 (4), 5.4 (3)) which allowed to see that one can construct
in ZFC a separable K such that all operators on C(K) are weak multiplications
essentially multiplying the approximating spaces by the unit intervals during the
inductive construction. For some, historical remarks of the above sort see also the
introduction to [39].

4. Applications to other constructions

Banach spaces with few operators have been used as ingredients of other con-
structions in the papers [16], [30], [31] and [32]. One natural construction is to
consider finite or infinite sums of spaces with few operators. Sums of two copies
were used in [16] The l∞-sum and c0-sums of pairwise incomparable spaces with
few operators are considered in [30] and [31]. In [32] a more exotic sum is used. An-
other natural idea employed in [31] is to consider some special subspaces of C(K)s
with few operators.
C(K) spaces with few operators are more natural than HI spaces in the context

of questions which are isometric and not isomorphic in their nature. This is be-
cause C(K) spaces have one of the simplest norms while the norms on HI spaces
are obtained through quite complex process. The papers [30] and [31] contain ap-
plications to the isometric theory. We do not know if similar applications can be
obtained using HI spaces (see Problem 6.9).

4.1. Even and odd Banach spaces. Notions of even and odd Banach spaces were
introduced in [16]. Even Banach spaces are those real Banach spaces which admit
complex structure but their hyperplanes do not. Odd spaces are the hyperplanes
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of even spaces. E. Galego and V. Ferenczi obtain several examples of even spaces.
The C(K) spaces with few operators provide examples of the form C(K):

Theorem 4.1 ([16]). Suppose that K is such a compact space that each operator
on C(K) is a weak multiplication. Let K1 and K2 be disjoint homeomorphic copies
of K. Then C(K1 ∪K2) is an even Banach space.

4.2. Extremely non-complex Banach spaces. In [30] we use infinite sums of
incomparable spaces C(K) with few operators. Of course, first, it is useful to have
the following:

Proposition 4.2 (Proposition 4.5 of [30]). There is a family (Ki)i∈N of pairwise
disjoint perfect and totally disconnected compact spaces such that every operator on
C(Ki) is a weak multiplier and for i 6= j every operator from C(Ki) to C(Kj) is
weakly compact.

This family is obtained by taking pairwise disjoint clopen subsets of a perfect
K such that all operators on C(K) are weak multipliers. How to modify the con-
struction of Section 3 of [29] to obtain a perfect K is described in Proposition 4.4
of [30].

We call a Banach space X extremely non-complex (Definition 1.1 of [30]) if an
only if every linear bounded operator T : X → X satisfies the norm equality

||T 2 + Id|| = 1 + ||T 2||.

This is, so called, the Daugavet equation for T 2 which has deep theory on its
own and the question if Banach spaces which satisfy the above condition exist was
motivated by it (see [30]). A real Banach space has complex structure if and only
if there is on it an operator T satisfying T 2 = −Id. On the other hand in an
extremely non-complex space the squares of all operators as far as possible from
−Id. The existence of extremely non-complex Banach spaces was proved in the
following:

Theorem 4.3 (Theorem 3.5 of [30]). Suppose that K is perfect compact space
such that all operators on C(K) are weaak multipliers. Then C(K) is extremely
non-complex.

As usual, the proof for weak multiplications is somewhat simpler than the proof
for weak multipliers and is given separately in Theorem 2.3 of [30]. At the first
sight the hypothesis that ||T 2 + Id|| = 1 + ||T 2|| holds for every operator T , seems
to imply that there are few operators on the space. This actually motivated M.
Mart́ın and J. Meŕı who worked with the Daugavet equation to analyse the spaces
with few operators. However, it turns out that infinite sums of incomparable C(K)s
with few operators provide examples of extremely non-complex Banach spaces with
many operators.

We say that K is a compactification of a pairwise disjoint family of Kis if
⋃
i∈N Ki

is dense in K. Then K−i denotes the difference K \Ki.

Proposition 4.4 (Proposition 4.6 of [30]). Let (Ki)i∈N be the family given in
Proposition 4.2 and let K be a compactification of

⋃
i∈NKi so that every operator

T : C(Ki) −→ C(K−i) is weakly compact or every operator T : C(K−i) −→ C(Ki)
is weakly compact. Then, C(K) is an extremely non-complex space.
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The hypothesis of the above proposition is satisfied for the c0-sum or the l∞-
sum for two different reasons mentioned in the proposition. Actually we have more
general theorems:

Theorem 4.5 (Proposition 4.7 of [30]). Let B ⊂ ℘(N) be a Boolean algebra con-
taining all finite and cofinite subsets of N, (Ki)i∈N a family of totally disconnected
compact spaces, and K the Stone space of

⊕B
i<ω Clop(Ki). Suppose that C(Ki) are

Grothendieck Banach spaces so that, for j 6= i, every operator in L
(
C(Ki), C(Kj)

)
is weakly compact and suppose that BM(L) is weak∗-sequentially compact where L
is the Stone space of B. Then, every operator from C(Ki) into C(K−i) is weakly
compact.

Theorem 4.6 (Proposition 4.11 of [30]). Let (Ki)i∈N be a family of totally discon-
nected compact spaces so that C(Ki) does not include any copy of `∞ and such that
every operator from C(Ki) into C(Kj) is weakly compact for j 6= i, and let K be
the Stone space of

⊗
i<ω Clop(Ki). Then, every operator from C(K−i) into C(Ki)

is weakly compact.

Another operation we may perform naturally with the spaces of the form C(K)
is to choose a nowhere dense closed L ⊆ K, any linear subspace E ⊆ C(L) and
consider

CE(K‖L) = {f ∈ C(K) : f |L ∈ E}.
These spaces may have many operators, as the previously mentoned c0-sums or

l∞-sums for some choices of Kis can be interpreted this way. However we have the
following:

Theorem 4.7 (Theorem 3.9 of [31]). Let K be a perfect compact space such that
all operators on C(K) are weak multipliers, let L ⊆ K be closed and nowhere dense,
and E a closed subspace of C(L). Then, CE(K‖L) is extremely non-complex.

4.3. The groups of isometries. The spaces CE(K‖L) for suitable K such that
all operators on C(K) are weak multipliers allows to prove the following theorem
concerning the group of isometries. Here Iso stands for the group of surjective
isometries.

Theorem 4.8 (Theorem 6.2 of [31]). For every separable Banach space E, there
is a Banach space X(E) such that Iso(X(E)) = {Id,−Id} and X(E)∗ = E∗ ⊕1 Z
for a suitable space Z. In particular, Iso(X(E)∗) contains Iso(E∗) as a subgroup.

The case E = `2 gives the following specially interesting example:

Theorem 4.9 (Example 6.4 of [31]). There is a Banach space X(`2) such that
Iso(X(`2)) = {Id,−Id} but Iso(X(`2)∗) contains Iso(`2) as a subgroup. There-
fore, Iso(X(`2)) is trivial, while Iso(X(`2)∗) contains infinitely many uniformly
continuous one-parameter semigroups of surjective isometries.

4.4. The Schroeder-Bernstein Problem for Banach spaces. In a recent work
[32] we construct a totally disconnected compact Hausdorff space K1 which has
clopen subsets K2 ⊆ L1 ⊆ K1 such that C(K1) is isomorphic as a Banach space to
C(K2) but not to C(L1). This gives two nonisomorphic Banach spaces of the form
C(K) which are isomorphic to complemented subspaces of each other, providing a
solution to Schroeder-Bernstein problem of the form C(K). K1 is obtained as a
compactification of a pairwise disjoint union of a sequence of Ks for which C(K)s
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have few operators. Here the compactification of the infinite union of countably
many copies of spaces K such that all operators on C(K) are weak multiplications
is more complicated. Actually, the best for our purposes is the space K of [43]
because it has a dense subalgebra of Clop(K) which has a nontrivial automorphism
which moves all points of K. Our spaces have complemented copies of l∞ and
c0. Any invertible operator is approximated on a representative subspace by the
multiplication by an infinite matrix consisting of continuous functions in C(K).
This is similar to the construction of [21] where infinite matrices of complex numbers
are used for this purpose.

5. Methods of constructions

5.1. A characterization of weak multipliers. Actually a complete method of
constructing a C(K) with few operators is provided already in a paper [23] of Hay-
don from 1981. However no tool existed to argue that the space has few operators.
So, perhaps the major progress achieved in [29] was isolating the notion of a weak
multiplier and obtaining its workable combinatorial characterization:

Theorem 5.1 (Theorem 2.2 of [29]). An operator T : C(K) → C(K) is a weak
multiplier if and only if for every bounded sequence (en : n ∈ N) of pairwise disjoint
elements of C(K) (i.e., en .em = 0 for n 6= m) and any sequence (xn : n ∈ N) ⊆ K
such that en(xn) = 0 we have

lim
n→∞

T (en)(xn) = 0.

If K is totally disconnected, T : C(K) → C(K) is a weak multiplier if and only
if for every sequence (An : n ∈ N) of pairwise disjoint clopen sets of K we have
χK\An

T (χAn
)→ 0.

This characterization is quite resembling the following characterization of weakly
compact operators: an operator T : C(K) → C(K) is weakly compact if and only
if for every bounded sequence (en : n ∈ N) of pairwise disjoint elements of C(K)
we have T (en)→ 0 ([9]).

Before describing various methods we need to introduce some notation and ter-
minology concerning the dual of C(K). Recall that Radon measures are signed,
countably additive, regular measures and that by the Riesz representation theorem
the Banach space of continuous functionals on a C(K) space is isomorphic to the
space of all Radon measures with the variation norm. This space will be denoted
M(K). One of the natural topologies on M(K) is the weak∗ topology, i.e., the one
whose subbasis is formed by the sets {µ ∈M(K) : µ(f) ∈ I} where f ∈ C(K) and
I is an open interval in R. The embedding ι : K → M(K) defined by τ(x) = δx is
a homeomorphic embedding when one considers the weak∗ topology on M(K). We
will also consider the weak topology on M(K) whose subbasic sets are of the form
{µ ∈M(K) : x∗∗(µ) ∈ I} where x∗∗ ∈ C∗∗(K) and I is an open interval in R.

All constructions of spaces C(K) with few operators available by now, take care
of (1) and (2) of 1.3 separately. We discuss the methods of achieving (1) and (2)
in the following two subsections respectively.
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5.2. The weak∗ rigidity. A function from a topological space into M(K) will be
called weak∗ continuous if it is continuous with respect to the weak∗ topology in the
codomain M(K) and the given topology on the domain. It turns out that there is
one-to-one correspondence between operators on C(K) spaces and weakly∗ contin-
uous functions from K into M(K) (Theorem VI 7.1 of [10]). This correspondence,
obtained via T ∗ ◦ ι−1, tells us that operators on C(K), in a sense, are all similar to
operators Tφ induced by continuous functions from K to K. In the general case,
however, we need to replace K in the codomain by M(K). It turns out that the
operator rigidity condition that all operators are weak multipliers is equivalent to a
peculiar topological strong rigidity condition for weakly∗ continuous functions from
K into M(K) modulo a perturbation with a weakly compact range.

Theorem 5.2. Let K be a compact Hausdorff space. The following are equivalent:

(1) All operators on C(K) are weak multipliers,
(2) For every weak∗ continuous function τ : K →M(K) the set of measures

{τ(x)|(K \ {x}) : x ∈ K}

is compact in the weak topology on M(K),
(3) For every weak∗ continuous function τ : K → M(K), for every sequence

of distinct points xn ∈ K and for every sequence of pairwise disjoint open
(clopen for K totally disconnected) sets An ⊆ K satisfying xn 6∈ An for
n ∈ N we have

|τ(xn)|(An)→ 0.

Proof. (1) implies (2). If τ : K → M(K) is weak∗ continuous, then T : C(K) →
C(K) defined by

T (f)(x) =
∫
fdτ(x)

is a well defined bounded operator of C(K). But then T ∗(δx) = τ(x). If it is a
weak multiplier then T ∗(δx) = g(xn)δx+S(δx) for each x ∈ K, for a Borel function
g : K → R. So,

{τ(x)|(K \ {x}) : x ∈ K} = {S(δx) : x ∈ K}

which is weakly compact, since {δx : x ∈ K} is a bounded subset of the dual and
S is a weakly compact operator.
(2) implies (3). This is an immediate application of the Dieudonne-Grothendieck
characterization of weakly compact sets the duals to C(K)s ([22]).
(3) implies (1). Let T : C(K)→ C(K) be a linear operator. Define τ(x) = T ∗(δx).
It is a weak∗ continuous function. Let (en) be a bounded sequence of pairwise
disjoint functions and let xn ∈ K such that en(xn) = 0. Let An = {x ∈ K :
en(x) 6= 0} for n ∈ N. We have

|T (en)(xn)| = |T ∗(δxn
)(en)| = |

∫
endτ(xn)| = |

∫
An\{xn}

endτ(xn)| ≤

≤ ||en|||τ(xn)|(An \ {xn})→ 0.

Hence T is a weak multiplier by 5.1.
�
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Note that continuous functions φ : K → K on K can be identified with weak∗

continuous function τ(x) : K → ι[K] ⊆ M(K) given by tau(x) = δφ(x), since i[K]
is the subspace of M(K) homeomoprphic to K. It is easy to see in the case of
such a τ that the above rigidity condition (2) means that such a τ is identity on
some subset A of K and has finite range F on the remaining points. Then A \F is
clopen in K \ F . In the case of connected K \ F this means that τ is the identity
or constant.

Below we provide lists of “utility-grade” sufficient condition for the weak∗ rigidity
described in the previous theorem. Note that they all say that disjoint “pieces” of
K are so is different that there cannot be a weak∗ continuous function between
them.

Theorem 5.3. Suppose K is a compact totally disconnected space. The following
conditions imply that all operators on C(K) are weak multipliers:

(1) [Section 3 of [29]] There is a dense set (xn : n ∈ N) ⊆ K such that given
(a) a sequence (An : n ∈ N) of pairwise disjoint elements of Clop(K) and
(b) a sequence (xn : n ∈ N) of distinct elements such that xn 6∈ Am for

n,m ∈ N,
there is an infinite b ⊆ N such that
(a) {Am : m ∈ b} has its supremum A in Clop(K) and
(b) the intersection of the sets {xn : n ∈ b} and {xn : n 6∈ b} is nonempty.

(2) [Definition 6.1 of [39]] There is a dense set D ⊆ K such that given
(a) a sequence (An : n ∈ N) of pairwise disjoint elements of Clop(K) and
(b) a sequence (xn : n ∈ N) of elements of D such that {xn : n ∈ N} ∩⋃

n∈N An = ∅
there are infinite a, b ⊆ N such that
(a)

⋃
n∈aAn ∩

⋃
n∈bAn = ∅, while

(b) {xn : n ∈ b} ∩ {xn : n ∈ a} 6= ∅.

(3) [Section 3 of [28]] There is a dense set D ⊆ K such that given
(a) a sequence (An : n ∈ N) of pairwise disjoint elements of Clop(K) and
(b) a relatively discrete sequence (xn : n ∈ N) of elements of D such that

xn 6∈ Am for each n,m ∈ N
(c) ε > 0,
(d) a sequence (µn : n ∈ N) of bounded Radon measures on K such that
|µn(An)| > ε for each n ∈ N ,

there are δ > 0, infinite b ⊆ a ⊆ N and clopen sets A′n ⊆ An for n ∈ a
such that
(a) The supremum of {A′n : n ∈ b} exists in Clop(K).
(b) |µn(A′n)| > δ and

∑
{|µn|(A′m) : m 6= n, m ∈ a} < δ/3 for all n ∈ a.

(c) there is no B in Clop(K) such that n ∈ b implies xαn ∈ B and n ∈ a−b
implies xαn

6∈ B.

(4) [3.1.1 of [43]] Given
(a) two sequences (An : n ∈ N) and (Bn : n ∈ N) of pairwise disjoint

elements of Clop(K) such that An ∩Bm = ∅ for each n,m ∈ N,
there is an infinite a ⊆ N such that
(a) (An : n ∈ a) has its supremum in Clop(K) while
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(b) there is no clopen C ⊆ K such that An ⊆ C and Bn ∩ C = ∅ for each
n ∈ N.

For K possibly connected we have the following sufficient condtions for elimi-
nating nontrivial weak∗ coontinuous functions from K into M(K):

Theorem 5.4. Suppose K is a compact space. The following conditions imply that
all operators on C(K) are weak multipliers:

(1) [Theorem 5.1 of [29]] There is a dense set (xn : n ∈ N) ⊆ K such that given
(a) a sequence (fn : n ∈ N) of pairwise disjoint elements of C(K) with

ranges in [0, 1] and
(b) a sequence (xn : n ∈ N) of distinct elements such that fm(xn) for

n,m ∈ N,
there is an infinite b ⊆ N such that
(a) {fm : m ∈ b} has its supremum f in C(K) and
(b) the intersection of the sets {xn : n ∈ b} and {xn : n 6∈ b} is nonempty.

(2) [Definition 3.1 of [39]] There is a dense set D ⊆ K such that given
(a) a sequence (Fn : n ∈ N) closed subsets of K a sequence (Vn : n ∈ N)

of pairwise disjoint open subsets of K such that Fn ⊆ Vn
(b) a sequence (xn : n ∈ N) of elements of D such that {xn : n ∈ N} ∩⋃

n∈N Vn = ∅
there are infinite a ⊆ b ⊆ N such that
(a)

⋃
n∈a Fn ∩ int(

⋃
n∈b Vn) = ∅, while

(b) {xn : n ∈ a} ∩ {xn : n 6∈ b} 6= ∅.

(3) [Definition 4.3.1 of [43]] Given
(a) a sequence (fn : n ∈ N) of pairwise disjoint functions in C(K) with

ranges in [0, 1],
(b) a pairwise disjoint sequence (Un : n ∈ N) of open nonempty subsetes

of K such that supp(fn) ∩ Um = ∅ for all n,m ∈ N
there is an infinite a ⊆ N such that
(a) the sequence (fn : n ∈ a) has its supremum in C(K) while
(b)

⋃
n∈a Un ∩

⋃
n 6∈a Un 6= ∅,

5.3. Open butterflies. The next lemma provides a sufficient condition for obtain-
ing (2) of 1.3 which is the only method used by now which serves for upgrading “all
operators are weak multipliers” to “all operators are weak multiplications”.

Lemma 5.5 (Lemma 2.8 of [29]). Suppose that K is a compact space such that
whenever U1, U2 are open subsets of K satisfying U1∩U2 6= ∅, then U1∩U2 contains
more than one point, then for every x ∈ K the space K − {x} is C∗-embedded in
K.

In Definition 2.3 of [39] the following terminology is introduced: K is said to
have open butterflies if and only if there are two open subsets of K whose closures
intersect in exactly one point.

5.4. The constructions. As can be seen from the various conditions sufficient for
the weak∗ rigidity, to obtain it one needs to construct a compact Hausdorff topology
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which is different on any two disjoint pieces, so that there is no continuous function
which sends one piece to the other.

An approach applied in all constructions is to approximate the entire topology
with its fragments of smaller weight. The partial order of approximations can be
linear of length continuum as in [29], [39], [43], chapter 2 of [12]. So, points of
the approximating topological space are not points of the final spaces, they are
only continuous images of the final construction points, i.e., the approximations
are inverse limits. This way standard enumeration techniques and reflection of
some topological properties to smaller fragments guarantee that all relevant pairs
of pieces of the final space are considered. By being considered we mean that some
difference between them is introduced, i.e., one piece is separated along one set
of indexes and the other is not like in all sufficient conditions above. This “kills”
some possible nontrivial weak∗ function. To argue at the end of the construction
that the sufficient conditions are satisfied we need to preserve quite a number of
conditions like {xn : n ∈ b} ∩ {xn : n ∈ a} 6= ∅ or

⋃
n∈a Un ∩

⋃
n 6∈a Un 6= ∅. If we

are at an uncountable stage, crucial for preserving uncountable collections of the
above promises is the following:

Lemma 5.6 (Lemma 1D of [23]). Suppose A is a Boolean algebra of subsets of a
set K, for n ∈ N we have distinct xn ∈ K and for m ∈ N the elements Am ∈ A are
pairwise disjoint. Let (aα : α < γ) be a family of infinite subsets of N such that for
no element A ∈ A we have

(∗) {n ∈ N : xn ∈ A} = aα.

Then, there is an infinite b ⊆ N such that (*) holds for all elements A of the Boolean
algebra generated by A and

⋃
n∈bAn.

The constructions of [12], [13], Section 6 of [29] and [28] have the approximating
fragments countable. Then, the metrizability of the approximating compact topol-
ogy provides different tools for preserving the above promises. Also the forcing
constructions of [13] or [28] do not use the enumeration arguments but so called,
the density arguments to take care of all pairs of pieces of the final K. One should
note, also that the construction [13] has linear order of approximations to the final
topology of length smaller than the continuum and that the partial order of approx-
imations to the final topology in [28] is not linear but a directed set of countable
fragments.

To make sure that there are no open butterflies in the final K one needs to
enumerate all potential open sets which would give rise to such points and to “kill”
them by splitting the intersections of their closures into many points preserving
the promises we mentioned above. If we have only countably many promises (or
as noted in [39] less than the reaping number promises) then we can easily enrich
the topology and pass to the next stage doing the killing and maintaining that the
previous topology is a π-base for the next as in [13], [12], Section 6 of [29] and [28].
But if we are already facing uncountably many promises a way off splitting the
intersections of the closures of open sets is to make use of a “new coordinate” like
in [39] or [43]. In this version of the construction the π-base is not preserved. In
[28] the π-weight of the final stage is uncountable, because we deal not only with
next stages of the constructions but also with incomparable stages, since the partial
order of these stages is not linear.
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6. Open Problems

The following question was asked by S. Argyros after learning about the results
of [28] and is probably the most interesting question in the context of C(K) spaces
with few operators:

Problem 6.1. Is there any bound of the densities of indecomposable Banach spaces?

Hereditarily indecomposable spaces are necessarily of density ≤ 2ω ([40]). All
indecomposable C(K) constructed by now have the density bounded by 2ω. But,
consistently there is K of [28] of density bigger than 2ω such that all operators
on C(K) are weak multiplications, however it is not connected, so 3.2 cannot be
applied. Thus, it is sufficient to find a connected version of the construction from
[28] to obtain the first indecomposable Banach space of density bigger than 2ω.
The space of [28] is also systematically of density not bigger than 2ω1 , so a weaker
version of the above question is:

Problem 6.2. Is there any bound of the weight of a compact K such that all
operators on C(K) are weak multiplications (multipliers)?

Problem 6.3. Is there in ZFC a compact K of weight ω1 such that C(K) is
nonisomorphic to any C(L) where L is totally disconnected.

Argyros and Arvanitakis (Problem 1 of [2]) even ask if the ball of a nonseparable
Hilbert space in the weak topology is such a space.

The following question was asked by A. Pe lczyński in a personal conversation
with the author:

Problem 6.4. Suppose n ∈ N \ {0}. Is there a compact n-dimensional K such
that C(K) is not isomorphic to any C(L) for L compact and m-dimensional where
m < n?

The author even does not know the answer for the case m > n > 0. Here 4.11
of [44] may be useful. It says that if K and L are perfect, C(K) ∼ C(L) and all
operators on C(K) are weak multiplications, then K and L are homeomorphic and
so, their dimension must be the same.

Problem 6.5. Is there a C(K) Banach space which is not isomorphic to its square
but isomorphic to its cube?

The problem above is well known. It it relevant to the spaces C(K) with few
operators since the solution to Schroeder-Bernstein problem in [19] has this property
but apparently our solution of the form C(K) from [32] does not have this property.

Problem 6.6. Suppose that the hyperplanes of a C(K) are not isomorphic to the
entire C(K)? Does C(K) have to be with few operators? What could be the group
of homeomorphisms of such a K? What must be the continuous functions on K?
Must such a K be strongly rigid?

Problem 6.7. Suppose K is such that all operators on C(K) are weak multipliers.
Let K1 and K2 be disjoint homeomorphic copies of K. Is always C(K1 ∪K2) an
even Banach space?

This is the case if all operators on C(K) are weak multiplications as proved in
[16].
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Problem 6.8. Can every Banach space be isomorphic to a complemented subspace
of an extremely noncomplex Banach space?

The problem above is inspired by the results of [30] where we proved that Ba-
nach spaces from two quite different classes can be complemented in extremely
noncomplex Banach spaces, namely injective Banach spaces and spaces with weak∗

sequential dual ball. For the definition of extremely noncomplex Banach space see
Section 4.2.

Problem 6.9. Is any HI space an extremely non-complex space?

Problem 6.10. Does every Banach space of the form C(K) have a quotient of the
from C(L) such that there is an operator on C(L) which is not a weak multiplier?

This would strengthen 2.5.

Problem 6.11. Is there a ZFC compact K with countable π-weight such that all
operators on C(K) are weak multiplications?

Or in other words, was some extra set-theoretic assumption necessary in the
construction of section 6 of [29]? As far as now, it is proved in [43] that for the
separability of K it was not necessary. Plebanek noted (Sec. 6 of [39]) that the
assumption of CH made in this construction can be weakened to the assumption
that the reaping number is less than the continuum.

Problem 6.12. What is the number of nonisomorphic spaces C(K) where all op-
erators are weak multipliers (multiplications)?

In [12] it is proved that there are continuum such nonisomorphic spaces. Can
it be the maximal 22ω

? For HI spaces one has the maximal possible cardinality of
such a family ([17]).

Problem 6.13. Is there a compact (necessarily scattered) K such that all operators
on C(K) are of the form T = cI + S where S has separable range and c ∈ R?

We obtained such examples only under special set-theoretic assumptions in [27].

Problem 6.14. Is there a compact K such that all operators on C(K) are weak
multipliers and C(K) is nonisomorphic to any C(L) where all operators are weak
multiplications?

This would complete 1.2.
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