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χλ - character of the irreducible repr. ρλ of the symmetric group ≡ Tr(ρλ(·))
sλ(p) := 1

n!

∑
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∏
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cµ =
∑
σ∈Cµ σ•

[id]cµ1 · · · cµk = 1
n!

∑
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χλ(cµ1 )···χλ(c
µk
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Corollary (cool formula):

τ
(0)
k =

∑
n≥0 t

n
∑
λ`n

dim(ρλ)
n!

2∏k+2
i=1 s̃λ(p(i)) where s̃λ := n!

dim(ρλ)sλ

Proof: Definition + Frobenius formula
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If you are an expert in symmetric functions theory you can recognise that:

• s̃λ = J
(1)
λ , ‖J (1)

λ ‖2(1) = dim(ρλ)2

(n)!2

• Zλ = J
(2)
λ , ‖J (2)

λ ‖2(2) = dim(ρ2λ)
(2n)!

where J (α)
λ is a Jack polynomial

Two-lines crash-course on Jack polynomials:

•

•

J
(α)
λ = hookα(λ)mλ +

∑
µ<λ a

λ
µ(α)mµ, a

λ
µ(α) ∈ Q(α)

〈J (α)
λ , J

(α)
µ 〉(α) = δµ,λ hookα(λ) hookα(λ)′

where 〈pλ, pµ〉(α) := δµ,λ|Cλ|α`(λ)

(uppertriangularity)

(orthogonality)

α-deformations of classical hook products

Think: Jack polynomials are symmetric functions obtained by applying
Gram-Schmidt orthogonalization process to the monomial basis
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There exists a statistic MON
(Measure Of Non-orientability) such that
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Many special cases proved: [Burchardt, D., Feŕay, Goulden, Jackson, Kanunnikov, La Croix, Promyslov,
Vassilieva,Visentin], Still wide open in general...
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rooted orientable k-constellations

The most fundamental function in the field: many beautiful properties; natural
appearence in enumerative geometry, probability, mathematical physics [Eynard,

Harnad, Okounkov, Orlov, Pandharipande, many others...]
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b-deformed tau function

Keep first two infinite set of variables → tau function of the Toda hierarchy

τ
(0)
k =

∑
n≥0 t

n dim(ρλ)
n!

2∑
λ`n s̃λ(p)s̃λ(q)

∏k
i=1 s̃λ(ui), where ui = (ui, ui, . . . )

Theorem [Chapuy, D. ’20]

(1 + b) tddt log τ
(b)
k =

∑
f :S→S+ κ(f)t|f |bMON(f),

rooted generalized branched coverings f of the sphere S by a connected
compact surface, orientable or not, with k + 2 ramification points

κ(f) = pλ−1(f)qλ0(f)u
v1(f)
1 . . . u

vk(f)
k

ramification profile of
the first point

ramification profile of
the second point

0

1
1

2

−1S

S2
+

0
1

2

−1

f

i.e. p(i)
1 = p

(i)
2 = p

(i)
3 = · · · = ui

τ
(b)
k =

∑
n≥0 t

n
∑
λ`n

J
(1+b)
λ (p)J

(1+b)
λ (q)

∏k
i=1 J

(1+b)
λ (ui)

‖J(1+b)
λ ‖(1+b)

.

Inspired by Goulden and Jackson’s b-conjecture define the b-deformed tau function:

The most fundamental function in the field: many beautiful properties; natural
appearence in enumerative geometry, probability, mathematical physics [Eynard,

Harnad, Okounkov, Orlov, Pandharipande, many others...]
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Inspired by Goulden and Jackson’s b-conjecture define the b-deformed tau function:

The most fundamental function in the field: many beautiful properties; natural
appearence in enumerative geometry, probability, mathematical physics [Eynard,

Harnad, Okounkov, Orlov, Pandharipande, many others...]



Weighted Hurwitz numbers

Observation: (essentially Weyl’s dimension formula)

s̃λ(u) =
∏

�∈λ(u+ c(�))

content of a box:
0

0

1 2

−1

−2

−2
−1

0
1

2

Corollary:

τ
(0)
k =

∑
n≥0 t

n dim(ρλ)
n!

2∑
λ`n s̃λ(p)s̃λ(q)

∏k
i=1

∏
�∈λ(ui + c(�))

−1



Weighted Hurwitz numbers

Definition: [Harnad, Guay-Paquet ’15]
Let G(z) =

∏k
i=1(1 + ai · z)

∏l
i=1(1− bi · z)−1. We define the tau function of

G-weighted Hurwitz numbers as:

τ
(0)
G =

∑
n≥0 t

n dim(ρλ)
n!

2∑
λ`n s̃λ(p)s̃λ(q)

∏k
i=1

∏
�∈λG(~c(�))



Weighted Hurwitz numbers

Examples: (cover important classical cases)

• G(z) = exp(z)

Definition: [Harnad, Guay-Paquet ’15]
Let G(z) =

∏k
i=1(1 + ai · z)

∏l
i=1(1− bi · z)−1. We define the tau function of

G-weighted Hurwitz numbers as:

τ
(0)
G =

∑
n≥0 t

n dim(ρλ)
n!

2∑
λ`n s̃λ(p)s̃λ(q)

∏k
i=1

∏
�∈λG(~c(�))

log τ
(0)
G =

∑
n≥1 t

n
∑
λ,µ`n

∑
`≥0H

`(λ, µ)~`
`! pλqµ

double Hurwitz numbers with ` simple branch points

• G(z) = (1 + z)

log τ
(0)
G =

∑
n≥1 t

n
∑
λ,µ`n

∑
g≥0H

Bip
g (λ, µ)~`(λ)+`(µ)+2g−2pλqµ

• G(z) = (1− z)−1

log τ
(0)
G =

∑
n≥1 t

n
∑
λ,µ`n

∑
`≥0H

mon
` (λ, µ)~`

`! pλqµ

Bipartite maps

double monotone Hurwitz numbers = #{σ1 · σ2 · τ1 · · · τ` = id}

fixed in Cλ fixed in Cµ
monotone:
τi = (ai, bi), τi+1 = (ai+1, bi+1),
ai < bi, bi < bi+1



Weighted Hurwitz numbers

Theorem: [Stanley ’89]

J
(1+b)
λ (u) =

∏
�∈λ(u+ cb(�))

b-content of a box:

Definition: [Chapuy, D. ’20]
Let G(z) =

∏k
i=1(1 + ai · z)

∏l
i=1(1− bi · z)−1. We define the tau function of

G-weighted b-deformed Hurwitz numbers as:

τ
(b)
G =

∑
n≥0 t

n
∑
λ`n

J
(1+b)
λ (p)J

(1+b)
λ (q)

∏
�∈λG(~·cb(�))

‖J(1+b)
λ ‖(1+b)

0

b

1 + b 2 + 2b

−1

−2 b− 1

+b+ 1 +b+ 1



Weighted Hurwitz numbers

Theorem: [Stanley ’89]

J
(1+b)
λ (u) =

∏
�∈λ(u+ cb(�))

b-content of a box:

Definition: [Chapuy, D. ’20]
Let G(z) =

∏k
i=1(1 + ai · z)

∏l
i=1(1− bi · z)−1. We define the tau function of

G-weighted b-deformed Hurwitz numbers as:

τ
(b)
G =

∑
n≥0 t

n
∑
λ`n

J
(1+b)
λ (p)J

(1+b)
λ (q)

∏
�∈λG(~·cb(�))

‖J(1+b)
λ ‖(1+b)

Theorem [Chapuy, D. ’20]

(1 + b) tddt log τ
(b)
k =

∑
M∞

κG(M∞)t|M∞|bMON(M∞),

rooted infinite-constellations,
orientable or not with some regular
condition

similar weight as before (degrees of faces
+ degrees of vertices labeled 0) which
additionally depends on G

0

b

1 + b 2 + 2b

−1

−2 b− 1

+b+ 1 +b+ 1



II. Integrable hierarchies and
matrix models



KP hierarchy

• F2,2 − F3,1 + 1
12F1,1,1,1 + 1

2F
2
1,1 = 0,

Kadomtsev–Petriashvili hierarchy of partial differential equations (PDE):

•

•

F3,2 − F4,1 + 1
6F2,1,1,1 + F2,1 · F1,1 = 0,

F4,2 − F5,1 + 1
4F3,1,1,1 − 1

120F1,1,1,1,1,1 + F3,1 · F1,1 + 1
2F

2
2,1 − 1

8F
2
1,1,1 −

1
12F1,1F1,1,1,1 = 0,

• · · ·

The function exp(F ) is called a tau function of the KP hierarchy

where Fi1,...,ik := ∂k

∂pi1 ···∂pik
F .



KP hierarchy

• F2,2 − F3,1 + 1
12F1,1,1,1 + 1

2F
2
1,1 = 0,

Kadomtsev–Petriashvili hierarchy of partial differential equations (PDE):

•

•

F3,2 − F4,1 + 1
6F2,1,1,1 + F2,1 · F1,1 = 0,

F4,2 − F5,1 + 1
4F3,1,1,1 − 1

120F1,1,1,1,1,1 + F3,1 · F1,1 + 1
2F

2
2,1 − 1

8F
2
1,1,1 −

1
12F1,1F1,1,1,1 = 0,

• · · ·

physics: studying
colliding ocean waves mathematical physics:

Witten–Kontsevich
theorem → the g.f. of

intersection numbers is a
tau-function of KdV
hierarchy (KP which
depends only on
p1, p3, p5, . . . )

The function exp(F ) is called a tau function of the KP hierarchy

where Fi1,...,ik := ∂k

∂pi1 ···∂pik
F .



KP hierarchy

• F2,2 − F3,1 + 1
12F1,1,1,1 + 1
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2
1,1 = 0,

Kadomtsev–Petriashvili hierarchy of partial differential equations (PDE):
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12F1,1F1,1,1,1 = 0,

• · · ·

The function exp(F ) is called a tau function of the KP hierarchy

where Fi1,...,ik := ∂k

∂pi1 ···∂pik
F .

Theorem: [Okounkov ’00, Orlov ’00] + [Harnad, Guay-Paquet ’15]

τ
(0)
G is a tau function of the KP

hierarchy.
τ

(0)
ez is a tau function of the KP

hierarchy.
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• F2,2 − F3,1 + 1
12F1,1,1,1 + 1

2F
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1,1 = 0,

Kadomtsev–Petriashvili hierarchy of partial differential equations (PDE):

•

•

F3,2 − F4,1 + 1
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Theorem: [Okounkov ’00, Orlov ’00] + [Harnad, Guay-Paquet ’15]

τ
(0)
G is a tau function of the KP

hierarchy.
τ

(0)
ez is a tau function of the KP

hierarchy.

Theorem: [Kazarian, Lando ’06] this result implies
Witten–Kontsevich theorem.



KP hierarchy

• F2,2 − F3,1 + 1
12F1,1,1,1 + 1

2F
2
1,1 = 0,

Kadomtsev–Petriashvili hierarchy of partial differential equations (PDE):

•

•

F3,2 − F4,1 + 1
6F2,1,1,1 + F2,1 · F1,1 = 0,

F4,2 − F5,1 + 1
4F3,1,1,1 − 1

120F1,1,1,1,1,1 + F3,1 · F1,1 + 1
2F

2
2,1 − 1

8F
2
1,1,1 −

1
12F1,1F1,1,1,1 = 0,

• · · ·

The function exp(F ) is called a tau function of the KP hierarchy

where Fi1,...,ik := ∂k

∂pi1 ···∂pik
F .

Theorem: [Okounkov ’00, Orlov ’00] + [Harnad, Guay-Paquet ’15]

τ
(0)
G is a tau function of the KP

hierarchy.
τ

(0)
ez is a tau function of the KP

hierarchy.

Question: Is there a similar result for τ (b)
G ? Or at least for some special choices

of G?? Or at least for some special choices of G and b 6= 0???



BKP hierarchy

• for general b we don’t know any integrable hierarchy that will work...

• interesting case is b = 1:

→ for the classical case of bipartite maps G(z) = 1 + z the specialization
qi = δi=2 corresponds to maps and has a "matrix model":

τ
(b)
G (qi = δi=2) = cN,b ·

∫
RN
∏N
j=1 exp(

−x2
j

2+2b +
∑
i≥1

pi·xij
i )

∏
1≤i<j≤N |xi − xj |2/(1+b)dx

[Okounkov ’97]Gaussian β Ensemble

~ = 1/N



BKP hierarchy

• for general b we don’t know any integrable hierarchy that will work...

• interesting case is b = 1:

→ for the classical case of bipartite maps G(z) = 1 + z the specialization
qi = δi=2 corresponds to maps and has a "matrix model":

τ
(b)
G (qi = δi=2) = cN,b ·

∫
RN
∏N
j=1 exp(

−x2
j

2+2b +
∑
i≥1

pi·xij
i )

∏
1≤i<j≤N |xi − xj |2/(1+b)dx

[Okounkov ’97]Gaussian β Ensemble

~ = 1/N

→ for b = 1 this corresponds to moments of Gaussian Orthogonal Ensembles:

τ
(1)
G (qi = δi=2) = cN,b ·

∫
H(N)

exp(−Tr(H2)
4 +

∑
i≥1

pi·Tr(Hi)
i )dH

random symmetric matrices with i.i.d. normal entries



BKP hierarchy

• for general b we don’t know any integrable hierarchy that will work...

• interesting case is b = 1:

→ for the classical case of bipartite maps G(z) = 1 + z the specialization
qi = δi=2 corresponds to maps and has a "matrix model":

τ
(b)
G (qi = δi=2) = cN,b ·

∫
RN
∏N
j=1 exp(

−x2
j

2+2b +
∑
i≥1

pi·xij
i )

∏
1≤i<j≤N |xi − xj |2/(1+b)dx

[Okounkov ’97]Gaussian β Ensemble

~ = 1/N

Theorem: [van de Leur ’01]
τN (p) := dN · τ (1)

G (2p, qi = δi=2, ~ = 1/N)

is a tau function of the BKP hierarchy.
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• interesting case is b = 1:

→ for the classical case of bipartite maps G(z) = 1 + z the specialization
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Theorem: [van de Leur ’01]
τN (p) := dN · τ (1)

G (2p, qi = δi=2, ~ = 1/N)

is a tau function of the BKP hierarchy.

Theorem: [Bonzom, Chapuy, D. ’21] (but essentially [van de Leur ’01])

τN (p) := eN · τ (1)
G (2p, qi = 1

N+δ , ~ = 1/N)

is a tau function of the BKP hierarchy.



BKP hierarchy

• for general b we don’t know any integrable hierarchy that will work...

• interesting case is b = 1:

→ for the classical case of bipartite maps G(z) = 1 + z the specialization
qi = δi=2 corresponds to maps and has a "matrix model":

τ
(b)
G (qi = δi=2) = cN,b ·

∫
RN
∏N
j=1 exp(

−x2
j

2+2b +
∑
i≥1

pi·xij
i )

∏
1≤i<j≤N |xi − xj |2/(1+b)dx

[Okounkov ’97]Gaussian β Ensemble

~ = 1/N

Theorem: [van de Leur ’01]
τN (p) := dN · τ (1)

G (2p, qi = δi=2, ~ = 1/N)

is a tau function of the BKP hierarchy.

Theorem: [Bonzom, Chapuy, D. ’21] (but essentially [van de Leur ’01])

τN (p) := eN · τ (1)
G (2p, qi = 1

N+δ , ~ = 1/N)

is a tau function of the BKP hierarchy.

→ tau function of k-constellations is not a tau function of the BKP hierarchy
for k > 1! (reason: no matrix model?) Matrix model → monotone Hurwitz!



HCIZ and BGW integrals via monotone Hurwitz numbers

•

A,B,C ∈ GLN (C), U(N) - unitary group

• BGWU(N)(C) :=
∫
U(N)

exp(
√
tTr(UC + C†U†))dU

HCIZU(N)(A,B) :=
∫
U(N)

exp(tTr(AUBU†))dU

Harish-Chandra–Itzykson–Zuber integral (depends only on the eigenvalues
(a1, . . . , aN ) and (b1, . . . , bN ) of A,B

Brézin–Gross–Witten integral (depends only on the eigenvalues (c1, . . . , cN ) of C



HCIZ and BGW integrals via monotone Hurwitz numbers

•

A,B,C ∈ GLN (C), U(N) - unitary group

• BGWU(N)(C) :=
∫
U(N)

exp(
√
tTr(UC + C†U†))dU

HCIZU(N)(A,B) :=
∫
U(N)

exp(tTr(AUBU†))dU

Harish-Chandra–Itzykson–Zuber integral (depends only on the eigenvalues
(a1, . . . , aN ) and (b1, . . . , bN ) of A,B

Brézin–Gross–Witten integral (depends only on the eigenvalues (c1, . . . , cN ) of C

Theorem: [Harish-Chandra, Itzykson–Zuber] [Mironov–Mrozov–Semenoff]

We have the following explicit determinantal formulas:

HCIZU(N)(a1, . . . , aN , b1, . . . , bN ) =
det
(

exp(taibj)
)
1≤i,j≤N

V
(
a1
√
t,...,aN

√
t
)
V
(
b1
√
t,...,bN

√
t
) ·∏N−1

i=1 i!

BGWU(N)(c1, . . . , cN ) =
det
(

(tci)
n−j
2 In−j(2

√
tci)
)
1≤i,j≤N

V
(
c21t,...,c

2
N t
) ·

∏N−1
i=1 i!

Vandermonde determinant:
∏
i<j(xi − xj)

n− j-th modified Bessel function of the first kind



HCIZ and BGW integrals via monotone Hurwitz numbers

•

A,B,C ∈ GLN (C), U(N) - unitary group

• BGWU(N)(C) :=
∫
U(N)

exp(
√
tTr(UC + C†U†))dU

HCIZU(N)(A,B) :=
∫
U(N)

exp(tTr(AUBU†))dU

Harish-Chandra–Itzykson–Zuber integral (depends only on the eigenvalues
(a1, . . . , aN ) and (b1, . . . , bN ) of A,B

Brézin–Gross–Witten integral (depends only on the eigenvalues (c1, . . . , cN ) of C

Theorem: [Collins, Mironov–Mrozov–Semenoff, Novak]

Topological expansion of HCIZ and BGW integrals is given by double and single
monotone Hurwitz numbers:

HCIZU(N)(a1, . . . , aN , b1, . . . , bN ) ≈∑
n≥0 t

n
∑
λ,µ`n

∑
`≥0H

mon
`,• (λ, µ) 1

(−N)`
pλ(a1, . . . , aN )qµ(b1, . . . , bN )

BGWU(N)(c1, . . . , cN ) ≈∑
n≥0 t

n
∑
λ,µ`n

∑
`≥0H

mon
`,• (λ, (1n)) 1

(−N)`
pλ(c1, . . . , cN )



HCIZ and BGW integrals via monotone Hurwitz numbers

Let τ (b)
G be the tau function of b-deformed monotone Hurwitz numbers (i.e. G = 1

1−z )

Theorem: [Bonzom, Chapuy, D. ’21]

Topological expansion of β −HCIZ and β − BGW integrals (introduced by
[Brézin–Hikami ’03]) is given by double and single b-monotone Hurwitz numbers
with
• ~ = − 1

N ,
• β = 2

1+b .



HCIZ and BGW integrals via monotone Hurwitz numbers

Let τ (b)
G be the tau function of b-deformed monotone Hurwitz numbers (i.e. G = 1

1−z )

Theorem: [Bonzom, Chapuy, D. ’21]

Topological expansion of β −HCIZ and β − BGW integrals (introduced by
[Brézin–Hikami ’03]) is given by double and single b-monotone Hurwitz numbers
with
• ~ = − 1

N ,
• β = 2

1+b .

•

b = 1 ≡ β = 1: A,B ∈ SymN (R), C ∈MN (R), O(N) - orthogonal group

• BGWO(N)(C) :=
∫
O(N)

exp(
√
tTr(CO))dO

HCIZO(N)(A,B) :=
∫
O(N)

exp( t2 Tr(AOBO†))dO

Question: Is it true that BGWO(N)(c1, . . . , cN ) is a tau-function of the BKP
hierarchy?



HCIZ and BGW integrals via monotone Hurwitz numbers

Let τ (b)
G be the tau function of b-deformed monotone Hurwitz numbers (i.e. G = 1

1−z )

Theorem: [Bonzom, Chapuy, D. ’21]

Topological expansion of β −HCIZ and β − BGW integrals (introduced by
[Brézin–Hikami ’03]) is given by double and single b-monotone Hurwitz numbers
with
• ~ = − 1

N ,
• β = 2

1+b .

•

b = 1 ≡ β = 1: A,B ∈ SymN (R), C ∈MN (R), O(N) - orthogonal group

• BGWO(N)(C) :=
∫
O(N)

exp(
√
tTr(CO))dO

HCIZO(N)(A,B) :=
∫
O(N)

exp( t2 Tr(AOBO†))dO

Question: Is it true that BGWO(N)(c1, . . . , cN ) is a tau-function of the BKP
hierarchy?

YES



BKP hierarchy

• −F3,1(N)+F22(N)+ 1
2F12(N)2+ 1

12F14(N) = S2(N)τ(N−2)τ(N+2)τ(N)−2,

BKP hierarchy of [van de Leur, Kac ’97] of partial differential equations (PDE):

•

•

−2F4,1(N)+2F3,2(N)+2F2,1(N)F12(N)+ 1
3F2,13(N) =

S2(N) τ(N−2)τ(N+2)
τ(N)2 (F1(N+2)− F1(N−2)),

−6F5,1(N)+4F4,2(N)+2F32(N)+4F3,1(N)F12(N)+ 2
3F3,13(N)+4F2,1(N)2+

2F22(N)F12(N)+F22,12(N)+ 1
3F12(N)3+ 1

6F14(N)F12(N)+ 1
180F16(N) =

S2(N) τ(N−2)τ(N+2)
τ(N)2

(
F12(N+2) +F12(N−2) + 2F2(N+2)− 2F2(N−2) + (F1(N+

2)− F1(N−2))2
)
,

• · · ·
The function τ(N) := exp(F ) is called a tau function of the BKP hierarchy



BKP hierarchy

• −F3,1(N)+F22(N)+ 1
2F12(N)2+ 1

12F14(N) = S2(N)τ(N−2)τ(N+2)τ(N)−2,

BKP hierarchy of [van de Leur, Kac ’97] of partial differential equations (PDE):

•

•

−2F4,1(N)+2F3,2(N)+2F2,1(N)F12(N)+ 1
3F2,13(N) =

S2(N) τ(N−2)τ(N+2)
τ(N)2 (F1(N+2)− F1(N−2)),

−6F5,1(N)+4F4,2(N)+2F32(N)+4F3,1(N)F12(N)+ 2
3F3,13(N)+4F2,1(N)2+

2F22(N)F12(N)+F22,12(N)+ 1
3F12(N)3+ 1

6F14(N)F12(N)+ 1
180F16(N) =

S2(N) τ(N−2)τ(N+2)
τ(N)2

(
F12(N+2) +F12(N−2) + 2F2(N+2)− 2F2(N−2) + (F1(N+
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prove it?

The function τ(N) := exp(F ) is called a tau function of the BKP hierarchy
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• · · ·
Proposition: [Bonzom, Chapuy, D. ’21] (folklore?)

Let

Let

τ(N) =
∑
λ aλ(N)sλt

|λ| ∈ C[p][[t]] and (Ai,j)i,j∈Z s.t.

aλ(N) =

{
Pf(Aλi+N−i,λj+N−j)1≤i,j≤N for N even,
Pf(Aλi+N−i,λj+N−j)1≤i,j≤N+1 for N odd.

∀`(λ) ≤ N

Then τ(N) is a tau function of the BKP hierarchy.
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There exists a polynomial Pf(A) ∈ C[ai,j : 1 ≤ i, j ≤ 2n] s.t.

Theorem: [Cayley ’1848]

det(A) = Pf(A)2.

Pf(A) =
∑
σ∈S2n

sgn(σ)
∏n
i=1 aσ(2i−1),σ(2i).
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the coefficients are Pfaffians.
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(1)
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∏
�∈λ

1
z+c1(�) =
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n
∑
λ`n

sλ(p/2)
hook2

λ oλ(1z)

the dimension of the irreducible representation of the orthogonal
group O(z) as a rational function of z
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the coefficients are Pfaffians.
Step 3 find a good reason why these coefficients are Pfaffians (use your imagination).
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Step 5 prove the formula you’ve guessed!
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Theorem: [Bonzom, Chapuy, D. ’21] (BKP hierarchy for non-oriented monotone Hurwitz numbers)∏N−1
i−1 (2i)!−1 ·

∑
n≥0 t

n
∑
λ`n

Zλ(2p)
hook2λ

∏
�∈λ

1
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is a τ(N) function of the BKP hierarchy (with an explicit formula).
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Theorem: [Harish-Chandra ’57]

• G: compact, connected semisimple Lie group;
• x, y ∈ h (Cartan of Lie(G)),
• W : the associated Weyl group.
• 〈, 〉: Ad-invariant inner product.

∆g(x)∆g(y)
∫
G

exp
(
〈Adg x, y〉

)
dg = const(g)

|W |
∑
w∈W sgn(w) exp

(
〈w(x), y〉

)• ∆g(x) =
∏
α∈Φ+

〈α, x〉.
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• G: compact, connected semisimple Lie group;
• x, y ∈ h (Cartan of Lie(G)),
• W : the associated Weyl group.
• 〈, 〉: Ad-invariant inner product.

∆g(x)∆g(y)
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exp
(
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)
dg = const(g)

|W |
∑
w∈W sgn(w) exp

(
〈w(x), y〉

)• ∆g(x) =
∏
α∈Φ+

〈α, x〉.

• G = U(N)→ Lie(G)C = MN (C)

• G = O(N)→ Lie(G) = {A : AT = −A}
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Problem: [Eynard ’07]

One of the most important problems in this business is to find a formula for
the O(N)-HCIZ and BGW integrals, when the external matrices are arbitrary
(not necessarily antisymmetric)

Theorem: [Bonzom, Chapuy, D. ’21]

Let C ∈M2N (R) has a double spectrum: C = (c1, c1, c2, c2, . . . , cN , cN ).
Then

BGWO(2N)(c1, c1, . . . , cN , cN ) =
Pf
(
M(t,c2i ,c

2
j )
)
1≤i,j≤N

V
(
c21t,...,c

2
N t
) ·

∏N−1
i=1 (2i)!

explicit matrix involving modified Bessel functions of the first kind.



Something that we don’t understand

• Let C ∈ GLN (R). We know that

∫
O(N)

exp
(√
tTr(CO)

)
dO =

∑
n≥0 t

n
∑
λ`n

sλ

(
p/2(CCT )

)
hook2

λ oλ(1N )

What is a direct explanation of this identity?

• We have the BKP hierarchy for three classical models of non-oriented
weighted Hurwitz numbers with very different proofs. What is a better reason
for the BKP? Where else it occurs?

• What about the integrability for arbitrary b?



THANK
YOU!

• arXiv:2004.07824
• arXiv:2109.01499
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We will define MON by edge-delation process.
Types of edges:
• bridge - deleting it decomposes a map into two connected components,
• handle - deleting it increases the number of faces by 1,
• border - deleting it decreases the number of faces by 1,
• twisted edge - deleting it does not change the number of faces.
Definition of MON
• If M has no edges then MON(M) = 0.
• Otherwise, we delete a specific edge e and we produce one, or two rooted
maps:
◦ If e is a bridge, we obtain maps m1,m2, and MON(m) := MON(m1) + MON(m2),
◦ If e is not a bridge, we produce a single map m′:
− If e is a border then MON(m) := MON(m′),
− If e is a twisted then MON(m) := MON(m′) + 1,
− If e is a handle then there exists a second map σem obtained from m by
twisting the root edge e, such that the root edge of σem is a handle too.
We define {MON(m),MON(σem)} := {MON(m′),MON(m′) + 1}
chosen such that MON(m) = 0 and MON(σem) = 1 for m orientable.


