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Rooted maps

Each edge consists of two half-edges. A region between two consecutive half-edges
attached to a vertex is called corner. A map is rooted if it is equipped with a
distinguished half-edge (called the root), together with a distinguished side of this

half-edge.
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Degree of the:
e vertex is the number of half-edges incident to it,
e face is the number of edges that belong to that face (some edges can be counted

twice!) = number of corners that belong to that face.

Remark:
Tutte noticed that maps are much simpler to enumerate,

when rooted, because of the lack of symmetry. From now on,
all maps will be rooted!
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Labeled and well-labeled maps

A map is called labeled if its vertices are labeled by integers such that:
e the root vertex has label 1;
e if two vertices are linked by an edge, their labels differ by at most 1.
If in addition we have:
e all the vertex labels are positive,
then the unicellular map is called well-labeled.
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Hall's marriage theorem

' v
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matching!
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wo formal power series defined by: T =1+3tT%, U =tT*(1+U +U?).
hen Qs(t) is a rational function in U.
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emark

ur main theorem allows us to recover Bender and Canfield results. In
particular we can give some explicit (but very complicated) formula for the
onstant p,.




Random maps

Let (M, v) be a map with distinguished vertex v. We define:
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Let (M, v) be a map with distinguished vertex v. We define:
e radius of a map M centered at v by the quantity
R(M,v) = max,cvam) dm (v, u);
e profile of distances from the distinguished point v (for any r > 0) by:
I(Mm)(?“) = #{u - V(./\/l) : dM(U,u) = 7“}.

[Theorem [Chapuy, D. 2014]

ILet ¢,, be uniformly distributed over the set of rooted, bipartite
lquadrangulations with n faces on S, and let vy, v, be two independent
uniformly chosen vertices of ¢,,. Then, there exists a continuous, centered
Gaussian process L° = (Lf, 0 <t <1) such that:

1/4R(qn, vy) — sup L® — inf L°;

9 1/4
° dqn(vg,v*),S—n d

Ly ,v0) ((8n/9)1/4-) Lgp ) ((8n/9)1/4-) N IS

1/4
’8% / R(Qnav(J)?g%

o (U, Vs ) — sup L°;

n+2—2h ) n+2—2h
where Z° is defined as follows: for every non-negative, measurable
g : R+ — R+,

(1°,9) = [ dtg(L§ — inf L8).
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vertex visited in the i-th step during the walk along the boundary of ¥(q,).

e after proper normalization, the contour of uniformly chosen random rooted
tree with n edges converges in distribution to the co-called normalized
Brownian excursion ¢® (informally - standard Brownian motion conditioned
to remain non-negative on [0, 1] and to take value 0 at the time 1).

e Label process L,, : |0,2n] — R of the rooted, pointed quadrangulation g,
with n faces: L, (i) = £(c;), where ¢g - root corner of ¥(q,), ¢; - corner
visited in the i-th step during the walk along the boundary of ¥(q,).

L 1/4 . .
e after normalization by 8% / , label process of uniformly chosen pointed,

rooted, planar quadrangulation with n faces converges to the so-called head
of the Brownian snake L° = (L§,O <t < 1) which is, conditionally on o
continuous Gaussian process with covariance:

Cov(L?, L) = inf{c> : min(s,t,) < u < max(s,t)}.
S t (7



V. Further directions



e Generalization of the Bouttier-Di Francesco-Guitter bijection for non-
orientable maps (bijection between bipartite 2p-angulations, or, more generally
bipartite maps with n faces of prescribed degrees and some kind of non-
orientable mobiles?)



e Generalization of the Bouttier-Di Francesco-Guitter bijection for non-
orientable maps (bijection between bipartite 2p-angulations, or, more generally
bipartite maps with n faces of prescribed degrees and some kind of non-
orientable mobiles?)

e Studying random maps on ANY surface in Gromov-Hausdorff topology
(convergence of bipartite quadrangulations up to extraction of SUBSEQUENCE
is proved (Bettinelli, Chapuy, D.) - what about full convergance)?).



THANK
YOU!



