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Plan for today

@ Symmetric functions and representation theory

© Dual combinatorics

© Young diagrams and bipartite graphs

O Maps



Symmetric functions and representation theory

Young diagrams

@ A partition X of the integer n
(A F n): finite non-increasing
sequence of positive integers
A1 > Ao > .-+ > A\, such that
Al =20 =m;

o Graphical representation by a
Young diagram of size n (with n
boxes).
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Symmetric functions and representation theory

Young diagrams

o \=(7,7,4,4,2) 24,

(] m7()\) = 2, m4()\) = 2, mz()\) =
1,mi(A\) =0 fori ¢ {2,4,7},
where m;(\) denotes the number
of parts of X\ equal to i/,

@ {(\) =5, where ¢(\) denotes the
number of rows of A.




Symmetric functions and representation theory

Young diagrams

@ A partition X of the integer n
(A F n): finite non-increasing
sequence of positive integers
A1 > Ao > .-+ > A\, such that
Al =20 =m;

o Graphical representation by a
Young diagram of size n (with n
boxes).

W

Young diagrams are important objects in
@ symmetric functions theory,
@ representation theory.



Symmetric functions and representation theory

Symmetric functions

A symmetric function f is a symmetric polynomial in infinitely many
variables x1, x2,..., i.e.
(-] f:Z J:(jhjz,“.)ENN CJXJ7 CJEQ, XJ:X{IX‘éz"';
[Jl:=ja i+ <K
e f(x1,x2,...,%,0,0,...) is a symmetric polynomial, i. e. for any
permutation o € & polynomial f(xi, x2,...,x,0,0,...) is equal to
f(Xa(l),Xg(z), ce 7X[,(k), 0,07 e )

v

F=(C+x3+x+-)xa+x2+xs+--)
=Xi°’+X23+X33+~-~

2 2 2 2
+ X{Xo + X1X5 + Xy X3+ X1X3 + .
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Symmetric functions

A symmetric function f is a symmetric polynomial in infinitely many
variables x1, x2,..., i.e.
(-] f:Z J:(jhjz,“.)ENN CJXJ7 CJEQ, XJ:X{IX‘éz"';
[Jl:=ja i+ <K
e f(x1,x2,...,%,0,0,...) is a symmetric polynomial, i. e. for any
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v

Py = (4 +6 +8 + - )(a+xe+xs+--)
=X+ +x5 + (= m))

i+ x0G + xPxs X + o (= M)




Symmetric functions and representation theory

Symmetric functions

A symmetric function f is a symmetric polynomial in infinitely many
variables x1,x, ..., i.e.
o f=> J=(rjar JEN ax?, ceQ, x) =P
[J:=ja+j+2+-<K
o f(x1,%2,...,%,0,0,...) is a symmetric polynomial, i. e. for any
permutation o € &y polynomial f(xi, x2,...,x,0,0,...) is equal to
f(Xg(l),Xa(z), ce 7Xo'(k)7 0,07 o )

Monomial symmetric functions my:

my = E XJ7

JENN

summation over all J € NN equal to A after reordering its parts.




Symmetric functions and representation theory

Symmetric functions

A symmetric function f is a symmetric polynomial in infinitely many
variables x1,x, ..., i.e.
© F=2" j(hiar... )eN" axl, aeQ, x=xix
[J]:=jHj+2+<K
o f(x1,x0,...,X%,0,0,...) is a symmetric polynomial, i. e. for any
permutation o € & polynomial f(xy,xo,...,xk,0,0,...) is equal to
f(XJ(1)7XJ(2)7 ooo 7X0(k)7 0707 s )

o m(l) = ZI-X,',
o m(2) = ZI-X’?,

@ M) = Zi<j 25255

A




Symmetric functions and representation theory

Symmetric functions

A symmetric function f is a symmetric polynomial in infinitely many
variables x1, x2, ..., i.e.
o f=> J=(rar JEN ax?, ¢ eQ, xI=xfxge;
[J|:=ja 2t <K
o f(x1,x0,...,%,0,0,...) is a symmetric polynomial, i. e. for any
permutation o € &y polynomial f(xi,x2,...,x,0,0,...) is equal to
f(Xa(l)aXo(2)a BN 7Xg(k), 0,07 e )

Power-sum symmetric functions py:

Pk = ZX,-k, Py = HPA,--




Symmetric functions and representation theory

Symmetric functions

A symmetric function f is a symmetric polynomial in infinitely many
variables x1, x, ..., i.e.

o fzz J:(jl,jz,m)ENN CJXJ, cy EQ, XJ:X‘{1 22"';
a2+ <K
o f(x1,%2,...,%k,0,0,...) is a symmetric polynomial, i. e. for any
permutation o € &y polynomial f(xi, x2,...,xk,0,0,...) is equal to
f(Xg(l),Xg(Q), “e ,Xg(k), 0,07 PN )

v

® pa) = Z,‘ Xi,
° p) =2 X,
® P = (Z,'Xi)2-

N




Symmetric functions and representation theory

Symmetric functions

A symmetric function f is a symmetric polynomial in infinitely many
variables x1,x, ..., i.e.
© F=2" j(hiar... )eN" axl, aeQ, x=xix
[J]:=jHj+2+<K
o f(x1,x0,...,X%,0,0,...) is a symmetric polynomial, i. e. for any
permutation o € & polynomial f(xy,xo,...,xk,0,0,...) is equal to
f(XJ(1)7XJ(2)7 ooo 7X0(k)7 0707 s )

.

@ pa1) = (Z,'Xi)2 = Z;X? + 2Zi<j XiXj = m2) +2mq 1).

A




Symmetric functions and representation theory

Schur symmetric functions

Definition
Hall scalar product:
(Px, Pu) = 0,12,
where zy = [, m;(A)lim ).
Schur symmetric functions sy:

@ obtained from monomial symmetric functions ordered by
lexicographic order by Gram-Schmidt orthonormalization process.




Symmetric functions and representation theory

Schur symmetric functions

Definition

Hall scalar product:

(Pxs Pu) = O, u2Z,
where zy = [, m;(A\)limO).
Schur symmetric functions sy:

@ obtained from monomial symmetric functions ordered by
lexicographic order by Gram-Schmidt orthonormalization process.

SEE
(1,1) < (2).

— M@y _ (1,1) —
@5 = = =m
(1,1) [Imea,yll 11/2(p,1)—P2))l (1,1)

| A




Symmetric functions and representation theory

Schur symmetric functions

Definition
Hall scalar product:
{(Px; Pu) = 6x,u2»,
where zy = [, m;(A)limO).
Schur symmetric functions sy:

@ obtained from monomial symmetric functions ordered by
lexicographic order by Gram-Schmidt orthonormalization process.

| A

Example
(1,1) < (2).
® 52y = (m(2) — (51,1, M2))s1,1)) /11 (M2) = (s(.1): M2))sa,m) |

A\




Symmetric functions and representation theory

Schur symmetric functions

Definition
Hall scalar product:
(P, Pu) = Ox,u2n,
where zy = [, mi(A\)lim®).
Schur symmetric functions sy:

@ obtained from monomial symmetric functions ordered by
lexicographic order by Gram-Schmidt orthonormalization process.

| \

Example
(1,1) < (2).

@ S2) = (m(z) - <5(1,1), m(2)>5(1,1)) /H(m(z) - <5(1,1), m(2)>5(1,1))|| =
((s,1), M) = (1/2(pa1) — P)) P2))) = —1) ...




Symmetric functions and representation theory

Schur symmetric functions

Hall scalar product:

(P, Pu) = Ox 2,
where zy =[], m,-()\)!,'mf(/\)_
Schur symmetric functions sy:

@ obtained from monomial symmetric functions ordered by
lexicographic order by Gram-Schmidt orthonormalization process.

(1,1) < (2).
e s = (M) — (51,1, mey)san) /Nl (me) — (sa,1), me)san) |l =
(s, mey) = (1/2(p1) — P2): P2))) = —1) ... =
(me2) + m,p) /lIme) + may |l = mey + may).




Symmetric functions and representation theory

Representation theory of the symmetric groups

Let G be a finite group and V be a finite dimensional linear space over
C.

@ A homomorphism p: G — End(V) is called representation.
Representation p is called irreducible (irrep for short) if
p(G)W & W for any 0 & W ¢ V linear subspace.

@ A function x : G — C given by x(g) = Tr(p(g)) is called character
(conjugacy invariant).




Symmetric functions and representation theory

Representation theory of the symmetric groups

Let G be a finite group and V be a finite dimensional linear space over
C.

@ A homomorphism p: G — End(V) is called representation.
Representation p is called irreducible (irrep for short) if
p(G)W & W for any 0 & W ¢ V linear subspace.

@ A function x : G — C given by x(g) = Tr(p(g)) is called character
(conjugacy invariant).

Fact

There is a one to one correspondence between:
@ partitions of n and conjugacy classes of a permutation group &,,;
@ partitions of n and irreps of a permutation group & ,;

Character (1) := Tr(px(m,)) is indexed by a pair (A, p) of partitions of
n, where 7, is any permutation from the conjugacy class given by (..

v




Symmetric functions and representation theory

Representation theory vs. symmetric functions theory

Let us consider an expansion of Schur symmetric function of degree n in
power-sum basis:

S = Z cu(A)py-

pkn

Theorem (Frobenius formula)

For any pair (X, i) of partitions of n one has

) = (1)

A
cu( z,

)

where z, = [], mi(1)'i™") is a standard numerical factor.




Symmetric functions and representation theory

Jack symmetric functions

Definition

Deformation of Hall scalar product:
<p)\a pu>oc = (16()‘)(5}\7”2)\,

where zy =[], mi(A)im ),

Jack symmetric functions J/(\o‘):

@ obtained from monomial symmetric functions ordered by
lexicographic order by Gram-Schmidt orthonormalization process and
multiplied by explicit constant c(®)(\);

e for any pair (X, ) of partitions of n we define Jack characters
65 (A) by

5 =300 ()

pEn




Symmetric functions and representation theory

Jack symmetric functions

Deformation of Hall scalar product:

<p)\a pu>oc = 0/()\)6)\,;1,2)\7
where zy = [, m;(A\)lim®).
Jack symmetric functions for « = 1 :

@ obtained from monomial symmetric functions ordered by
lexicographic order by Gram-Schmidt orthonormalization process and
multiplied by explicit constant c(Y)()\) =

dum()\).
e for any pair (X, ) of partitions of n we define Jack characters
65)(2) by |
(nk (1) _ .
Fm > = A =Y 0D (\)py;

pEn

o hence {7)(\) = Z"—; ﬁﬁﬁ?i)) where 7, - any permutation of type .




Dual combinatorics

|dea of dual picture

Typically, character x»(p) is considered as a function of variable y, while
M\ is fixed. Kerov and Olshanski introduced the dual combinatorics of
characters:

Definition (Kerov, Olshanski (o = 1))

Let u - k does not contain parts equal to 1. Then

n! X/\(Tr,LJn—k)

. _ 4 T .
chO() = { mom—dmiy = 2 O (A) A==k
g 0 if |A] < k.




Dual combinatorics

|dea of dual picture

Typically, character xx(p) is considered as a function of variable y, while
A is fixed. Kerov and Olshanski introduced the dual combinatorics of
characters. Lassalle, generalized it for any a:

Definition (Kerov, Olshanski (« = 1), Lassalle (general a))

Let p - k does not contain parts equal to 1. Then

_ k=t(n) @ 0
Ch(w)()\) _ ) 2 z, 9;1)”40\) if [\|=n>k;
g 0 if A < k.




Dual combinatorics

|dea of dual picture

Typically, character xx(p) is considered as a function of variable y, while
A is fixed. Kerov and Olshanski introduced the dual combinatorics of
characters. Lassalle, generalized it for any a:

Definition (Kerov, Olshanski (« = 1), Lassalle (general a))

Let p - k does not contain parts equal to 1. Then

_ k=t(n) @ 0
Ch(w)()\) _ ) 2 z, 9;1)”40\) if [\|=n>k;
g 0 if A < k.

Problem

| A

It seems that these objects have a rich and complicated combinatorial
structure. What can we say about this structure?




Dual combinatorics

Stanley coordinates and first conjecture of Lassalle

Let p=(p1,-..,pk) and g = (q1, ..., gx) denotes two lists of positive
integers (where g is non-increasing). We define a multirectangular Young

diagram:
>\(p7q):(q17"'7q17"'?qé7"'7qé)'
—— —
p1 times pe times
FERETES |k
as | P3
1
k ——-———-——--tl—-——— T N
gz X
' p2
1
1
q1 ' P1
| \
1] .




Dual combinatorics

Stanley coordinates and first conjecture of Lassalle

Let p=(p1,-..,pk) and g = (g1, ..., qx) denotes two lists of positive
integers (where g is non-increasing). We define a multirectangular Young
diagram:
A(P,q) = (qlv'“aqla"'aqﬁv"'vqf)'
—_——— —_——

p1 times pe times

Proposition (Lassalle)

Let us fix u = k. Then Ch/(f‘)(/\(p, q)) is a polynomial in
(pla pP2;,...,41,q2,. .. ) Ofdegree k + g(lu)




Dual combinatorics

Stanley coordinates and first conjecture of Lassalle

Let p=(p1,...,px) and ¢ = (g1, . - ., k) denotes two lists of positive
integers (where @ is non-increasing). We define a multirectangular Young
diagram:
AP, q) = (qu:--- qu,- -1 Qe - -5 Qo)
——— —

p1 times pe times

Conjecture (Lassalle)

k—=2(p)

Let us fix u = k. Then 3 (—1)k Chgf‘)()\(p, q)) is a polynomial in
(p1,p2,---,—Gq1,—qo, ..., — 1) with non-negative, integer coefficients..




Dual combinatorics

Stanley coordinates and first conjecture of Lassalle

Let p=(p1,...,px) and ¢ = (g1, . - ., k) denotes two lists of positive
integers (where @ is non-increasing). We define a multirectangular Young

diagram:
A(pvq) = (q17"'7q15"'aqfa"'7qf)'
——— ———
p1 times pe times

Conjecture (Lassalle)

(1)

Let us fix p = k. Then o' (—1)k Chgf‘)()\(p, q)) is a polynomial in
(p1,p2,---,—Gq1,—qo, ..., — 1) with non-negative, integer coefficients..

Partial result: it is polynomial in (p1, p2,...,—q1,—@G2,...,a — 1) with
rational coefficients (D., Féray 2012). Positivity and integrality suggests
combinatorial interpretation!



Dual combinatorics

Free cumulants

Proposition (Lassalle)
Let \ be given by Stanley coordinates: A = (p, q). For any positive
integer n > 1 we define dilated Young diagram
Dn(>\) = (”Pv nq) = (npb -+, NPk, Nq1, . . ., ”Qk)-
@ . @ . Ch{®(Da(A
e free cumulant Ré' J()\) is defined by R,(( YA = limps o %

o for any i m there is a polynomial K\ (RS RS . .Y such that

KR (), RN, ... ) = ChE(n).




Dual combinatorics

Kerov polynomials and second conjecture of Lassalle

Polynomials K,(La) are called Kerov polynomials. Kerov polynomials for
one-part partitions

(o) _
Koy = Re,
Ks) = Rs+ R,

K((%) = Ry +3vRs + (1 + 29°) Ry,

Kia) = Rs +6YRs + 7R3 + (5+ 119°)Rs + (77 + 67°) Ry,

K3 = Rs +107Rs + 5YRs Ry + (15 + 3592) Ry + (5 + 109%)R3
+ (557 + 507%)Rs + (8 + 4672 + 24v*) Ry,

where vy = \/a " — Ja.



Dual combinatorics

Kerov polynomials and second conjecture of Lassalle

Polynomials K,(La) are called Kerov polynomials. Kerov polynomials for
one-part partitions u:

Conjecture (Lassalle)

Let k > 1 be a positive integer. Then K( )) is a polynomial in

~, R (a) R(a) ... with positive, integer coefficients.




Dual combinatorics

Kerov polynomials and second conjecture of Lassalle

Polynomials K,Sa) are called Kerov polynomials. Kerov polynomials for
one-part partitions u:

Conjecture (Lassalle)

()

Let k > 1 be a positive integer. Then K(k) is a polynomial in

v, Réa), Rga), ... with positive, integer coefficients.

Partial result: it is polynomial in 7, Rz(a), R§a), ... with rational

coefficients (D., Féray 2012). Positivity and integrality suggests
combinatorial interpretation!

Originally, conjecture of Lassalle was stated rather vaguely, since he used
a different normalization of Kerov polynomials and he suggested that
there is a was to write it as a polynomial in free cumulants and

a, B := 1 — « with non-negative, integer coefficients.




Young diagrams and bipartite graphs

Embeddings of bipartite graphs into Young diagrams

Idea: in order to understand a structure of Jack characters we have to
describe them using very simple functions of Young diagrams.



Young diagrams and bipartite graphs

Embeddings of bipartite graphs into Young diagrams

Definition

Bipartite graph is a graph G with the set of vertices V = V, U V, being a
disjoin sum of white vertices V, and black vertices V, such that each
edge have endpoints with two different colors.




Young diagrams and bipartite graphs

Embeddings of bipartite graphs into Young diagrams

Definition

Bipartite graph is a graph G with the set of vertices V = V, U V, being a
disjoin sum of white vertices V,, and black vertices V, such that each
edge have endpoints with two different colors.




Young diagrams and bipartite graphs

Embeddings of bipartite graphs into Young diagrams

Definition

An embedding of the bipartite graph G into Young diagram A is a
function h: V, U Ve — N such that (h(v1), h(v2)) € A whenever
(v1,v2) € Vo5 x V, is an edge in G.




Young diagrams and bipartite graphs

Embeddings of bipartite graphs into Young diagrams

Definition

An embedding of the bipartite graph G into Young diagram A is a
function h: V, U Ve — N such that (h(v1), h(v2)) € A whenever
(v1,v2) € Vo5 x V, is an edge in G.
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Embeddings of bipartite graphs into Young diagrams

Definition

An embedding of the bipartite graph G into Young diagram A is a
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(v1,v2) € Vo5 x V, is an edge in G.




Young diagrams and bipartite graphs

Embeddings of bipartite graphs into Young diagrams

Definition

An embedding of the bipartite graph G into Young diagram A is a
function h: V, U Ve — N such that (h(v1), h(v2)) € A whenever
(v1,v2) € Vo5 x V, is an edge in G.




Young diagrams and bipartite graphs

Simple function = number of embeddings

Definition
Let G be a bipartite graph. We define a function Ng on the set of Young
diagrams, by setting:

Ng(A\) = number of embeddings of G into A.

SEE

o Let G = O—@- Then Ng(A(p,q)) = >, pigi = |\(p, q)|.
o Let G = . Then
Ne(\(p,q)) =232 3", qipip + >, 4ip; -

o Let G = . Then Neg(A(p, q)) = >_; pig?.




Young diagrams and bipartite graphs

Simple function = number of embeddings

Let G be a bipartite graph. We define a function Ng on the set of Young
diagrams, by setting:

Ng(A\) = number of embeddings of G into A.

| \

Proposition

We know that, there exists some collection of bipartite graphs G such that

Ch(o‘)(/\) _ (_l)l(u) Z <_1)|V.(G)| (\/a)IVO(G)I fo(7)Ne(\)
" Geg \/a

where f¢ is a polynomial with rational coefficients and v = \/571 — /.




Young diagrams and bipartite graphs

Jack characters and number of embeddings

Theorem (D. Féray, Sniady)

Assume, that there exists some collection of bipartite graphs G such that

Ch() = (~1)10 3™ (—1) P (),
! Geg \/a

where f¢ is a polynomial with positive, integer coefficients. Then,
answers for both conjectures of Lassalle are positive and there is a
combinatorial interpretation of those coefficients.

Problem

| A\

Number of embeddings are not linearly independent, hence there are
many possibilities for choosing a class G and polynomials fc. Is there
some canonical candidate?

N




o (Bipartite) map M is a connected (bipartite) graph embedded into a
surface in a way that the complement of the image is homeomorphic
to the collection of open discs called faces.

@ Map is rooted if there is a ditingueshed corner of the map.

o Length ¢(F) of the face F is the number of edges lying on its
border. Type of the bipartite map with n edges and k faces is a
partition A+ n, £(X\) = k given by A = (¢(F1)/2,...,¢(Fk)).



Maps

o (Bipartite) map M is a connected (bipartite) graph embedded into a
surface in a way that the complement of the image is homeomorphic
to the collection of open discs called faces.

@ Map is rooted if there is a ditingueshed corner of the map.

o Length ¢(F) of the face F is the number of edges lying on its
border. Type of the bipartite map with n edges and k faces is a
partition A+ n, £(X\) = k given by A = (¢(F1)/2,...,¢(Fk)).

AN
7




Orientable vs. non-orientable

Map M is orientable if the underlying surface is orientable.
Special case - o = 1:

Theorem (Féray, Sniady)
Let us fix partition p = k. Then

Chi /() = (1) 3 (=)™ N (),
M

where the summation is over all orientable bipartite maps M with
face-type .

v

Both conjectures of Lassalle holds true for o = 1.




Orientable vs. non-orientable

Map M is non-orientable if the underlying surface is non-orientable.
Special case - a = 2:

Theorem (Féray, Sniady)

Let us fix partition p = k. Then

ChP(A) = (-1) > (_\2)"/‘””) (\fz)wo(m)l
M

1 |7|+£(m)—| V(M)
i p—— Nu(N),
( ﬂ) A0y

where the summation is over all (orientable and non-orientable) bipartite
maps M with face-type p.

Both conjectures of Lassalle holds true for o = 2.




Orientable vs. non-orientable

General case:

Conjecture (D.,Féray, Sniady)

Let us fix partition p = k. Then

1\ [Ve(M)] Vo (M)
) = 00 T (<) T A ) M),

where the summation is over all bipartite maps M with face-type u and
fm(7y) is a polynomial with non-negative rational coefficients (and some
extra restrictions for the degree).

Then both conjectures of Lassalle holds true for general .




Rectangular Young diagrams

Theorem (D., Féray, Sniady)

For any bipartite map M there exists polynomial fy () that satisfies
conditions from the previous conjecture and the formula

ChLa)()\) = (—1){w) Z<_1)|V.(M)| \/alVo(MNfM(fy)NM()\),

M

holds for any rectangular Young diagram \(p, q) = (p, q).

Idea: polynomial f); measures the non-orientability of a map M.

Computer experiments showed that those polynomials fpy do not work in
general case. The smallest counterexample is = (9) and

A(p, q) = (p1. P2, P3, 91, 92, q3)!




How to measure non-orientability?

There are three types of edges:

O5—0 o5—0 0F—0

straight twisted interface
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How to measure non-orientability?

There are three types of edges:

V)
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How to measure non-orientability?

There are three types of edges:

O—0
straight twisted interface

There exists twisted edge in map M = map M is non-orientable.

Idea: how many twisted edges do we have to erase from a given map M
until we obtain an orientable map.



Measure of non-orientability

Let e € E(M).

if e is straight,
mony(e) = if e is twisted,

if e is interface.

Nk 2 =

For a map M with n edges, we define a random variable:

Xul(er,...,en) = H mony. (&),

1<i<n

where My = M, M; = M;_1 \ e;_1 and (e1,...,e,) is a random vector of
pairwise distinct edges of M chosen uniformly (n! configurations).



Measure of non-orientability

1 if e is straight,
mony(e) = ¢y if e is twisted,
1 if eis interface.
Xum(er,...,en) = H mony, (&),
1<i<n
where My = M, M; = M;_1 \ e;_1 and (ey,...,e,) is a random vector of

pairwise distinct edges of M chosen uniformly (n! configurations).

Theorem (D., Féray, Sniady)

For any bipartite map M there exists polynomial () = E(Xu) with
positive rational coefficients such that for any rectangular Young diagram
A(p, q) = (p, q) the following formula holds:

[Ve (M)
D) = (1)) T (_\/la) Va Ol () N (M. ).

v




Perspectives

Many things to do!

o Testing other weights (non-random ones);

Try to find a representation theoretic framework (seems hard!);

@ Understand a relation between our and others, very similar problems
(matching-Jack conjecture, b-conjecture);

General case = "interpolation" between orientable and
non-orientable cases?
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