
REPRESENTATION THEORY

OF FINITE GROUPS

G-finite group
.

Sdee: G is a

group of symmetries of
some

geomatic object .

I
: 6 -j oL(Y) fis called

4

homomorphism vector space K representationgroup /
Another

language (R-modules)
.

R-ring ·
M is en (left) R-module if (M ,

+) is

de delien

group equiped with : RxM->M S
.

t
.

① r ↑ (x +y) - wox +

r-y
② Cetral- x

=

rix + 2 x

③ vi( : 1) = (w) +

⑭ 1.

x
= x - Faye , , ,

VER
-

The

group elgebr k[C] =spenk (g : geG)
with the multiplication (zagg) · (bgg) =

- (g - 2) .

prepresentations of G ever K = K [8] -modules
(G-modules in short)

f :Gt Ge(V) <t V with the structure

zejg(v) :
= zej - f(y) ~

I



Examples. 0 -permutation group
.*

*

S
,GV= 92

·↳
all

X the symmetries of
T

>
9

: 5 - G((Y)
↑

irreducible
3. ·2

· two 1-dim : S358Hl ;
S

, (81squ(d)

coordinates :⑰ sac experting -- - -
This is a representation of dimension ,

but

↳

isnotD iG,.,1)
N "

Then
e(S)VE Ve , e(s)V2 = V

,

* suppose that Geats on the set X
.

Them X has a structure of b-module
,

called the permutation representation
For instance S

,
G 41

, . .,
wh =:X

KK =S::: cieky
IESm x(z: -i) = z, =(i) e kx)



* G eats on itself by left multiplication
Therefore < IG] is a K. [G] - module and

defines a repr . called the (left) regular representation

* G - abelian

7: G-> - irr
. ~pr

Then dim (V)= 1 .

P-f : Suppose that bivt V
Sit

. Doy = y (i .
e

. FyeG Ever

Then
, by

Schur Lenne
,
b = A . 3dy p(x())

= e)+(r).
for some XCK .

Fi = G
,
and let p

X . Jdvboy = top - itI)
·
Then

=> dim (v) = 1 because is irreducible
.

Defi V-em R-module WCV is a submodule if it

is an R-module (with on induced structure) and

WEV
. Everymodele hey wo

tia
V is called

submodule
.

O reducibleif itcontainsa
Hi e

91
: G- GV) is

VEW if I piV-wisomorphis to
p

: 6-81(2) which is K[C] - Lomomorphic
if I p : V-> w S

.

6
.

pog = e0



MASCHKE'S THEOREM

hi Let V-finite dim
. G-module

. Then

V = WC D ... ⑰W (a) where
(0)

- irreducible
I

G-module
.

- Induction on dim V= : &
d = 1
v

d) 1 .
U-irr .

> done .

Suppose WCV
T
submodule

..

Let ↳ be some saler product on V
.

Deline <u
,
wh :

= is
,

ea <gu , gub .

I

Then [V
,

W =

<gr ,gr)
,
YgEG,

FrveV .

Define Wt== [ ver : <v
,

w) = 0 Frewl
Wit is a Gmodule end V= WWt

.

Therefore W = w
M

D ... W(ki)

W
+

= WCkt &. - W(k ,+h) and V= W "D ... U (kitt

SCHUR'S LEMMA (very simple, super strong) : 3

Leana : VW-irreducible -modules
. It Homp(V ,

W)
The Game etFein' ~Finished

,
tec.

f () Consider her (f) <V . (R-module + ex)
~-ir => berff) = 0 or her(f) =

V
.

Suppose ker(1)
=

0 consider Jn(f)< B (R-mod +a)
3n(t) = w

- B



2) .

Let Lee be on egenvalue of f (it exists
because & is eng .

dold . )

Consider &= f - A . 3d
. f'tHome[G] (V,v)

=> F = 0 (because her (f = GreV : f(u)=Ah=0) .
s

Girr-set of irreducible rep - of G up
to 1

over &

GOAL : Understand Girn

CHARACTERS

L
9

: 6-> G(V) a upr ·

We define a character of 9 es

x((g) =
= T((8))

Ance

Xe : 6 - K
.

Ide : classification of fur. rep.
-

- classification of Characters

Lemme : (A) Xe(ix) = dinv

2) xy(g) = xe(ngn) Fage
(3) 92 ,

92 - equivalent rep-
=>

xy
=

Xge



sometimes it is convenient to think that

456] =If:zeg
Define <7 on KIG] by

<4 ,
x) : = +54(y)x(y)

= +54(y)x(g) .

ame: 9 , 22-irred - Mp . of G .

<xx ,x = 48 of 9, =2
otherwise

CLASSIFICATION THEOREM :

Let (8) =

Conjugey
dresses of G .

* Girr is indered by <(2)
* x[6] = & dim(v)v + Vie fir

ut (a) M M

- 16 = z din (a) .

mec()
Ex : We sew 3 irr . rep · of S : 2 Ardin

,
ene 1 2-dim . Since

+ 2 = 6 = 1Se1
,
these ere all

from (5) irr
.


