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Plan of the talk

@ Basic properties of 'critically tame’ elliptic functions
Q The results

@ Idea of the proofs (the main ingredients of the proofs)

o thermodynamic formalism for conformal graph directed Markov
systems

o nice sets for holomorphic maps of the Riemann surfaces

L.S. Young's towers
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stochastic properties of the return map

(4]

metric entropy
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| - Basic properties of critically tame elliptic functions

Let f : C — C be an elliptic function and ¢ € Crit(f). We say
that f is critically tame if the following conditions are satisfied:

o if c € F(f)- Fatou set, then there exists an attracting or
parabolic cycle of period p, O(z) = {20, f(20), .-, FP"1(z0)}
such that w limit set w(c) = O(z).

o if c € J(f) - Julia set, then one of the following holds:

o w(c) is a compact subset of C such that ¢ ¢ w(c);
( but ¢ € w(c’) where ¢’ € Crit(f))

o c is eventually mapped onto some pole;

° Iim,,_mo fn(C) =0
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| - Basic properties of critically tame elliptic functions

Let f : C — C be a critically tame elliptic function.

Then for z € J(f) \ Sing ™ (f) there is a sequence of integer {ny}
such that

Jim (7Y (2)] = oo,

where
o Q(f) - the set of parabolic periodic points

o Crit(f) ={z e C: f'(z) = 0}

o Sing™ (f) := Up>o £~ (Q(F) U Crit(J(f)) U F1(c0)),
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| - Basic properties of critically tame elliptic functions

Corollary
Let f : C — C be a critically tame elliptic function. Then

o f has neither Siegel discs nor Herman rings,

so every component of the Fatou set is contained in a basin of
attraction of attracting or parabolic periodic point.

o f has no Cremer points

so every periodic point is either attracting, parabolic or
repelling.
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| - Basic properties of critically tame elliptic functions

Conformal measure

Fix t > 0. Let G and H be non-empty open subsets of C. Let
f: G — H be a meromorphic map.

A pair (mg, my) of Borel finite measures on G and H respectively
is called spherical t-conformal pair of measures for the map
f:G— H,if

mu(F(A)) = /A £ dime

for every Borel set A C G such that f|, is injective.

If both measures mg and my are restrictions of the same Borel
finite measure m defined defined on G U H, we refer to m as
t- conformal measure the map f: G — H.
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|-Basic properties of critically tame elliptic functions

Conformal measure

o If G C C and in the two formulas above the spherical
derivative f* is replaced by the Euclidean derivative f’, the
pair (mg, mpy) is called Euclidean t-conformal measures for
the map f: G — H.

@ ms denotes a spherical t-conformal measure
ms(f(A)) = [u|f*[* dms

@ m,. denotes an Euclidean t-conformal measure
me(f(A)) = [, |f'|*dme

o Gme(z) = (1+]z)*

dms

@ me is o-finite, mg is finite

Janina Kotus, Warsaw University of Technology and Mariusz UrlSSMetric entropy and stochastic laws of invariant measures for elli



Il - The results

Theorem A- Urbanski and Kotus

Let f be a non-constant elliptic function. Then
: 2
dimy(J(f)) > q—fl >1
where g is the maximal multiplicity of poles of f.

Theorem B - Urbanski and Kotus

Let f : C — C be a critically tame elliptic function.
o If h=dimy(J(f)) = 2, then J(f) = C.
o If h <2, then

@ h- dimensional Hausdorff measure H”(J(f)) = 0.

@ h -dimensional packing measure M/(J(f)) > 0.

@ Nh(J(f)) = o if and only if Q(f) # 0, Q(f) is the set of
parabolic periodic points.
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Il - The results

Theorem C - Urbanski and Kotus

Suppose that f is critically tame elliptic function, denote
h = dimpy(J(f)). Then there exist:

@ a unique atomless h-conformal measure m for
f:J(f)\ {oo} — J(f) where m is ergodic and m(Tr(f)) = 1;
Tr(f) C J(f) denotes the set of all transitive points of f

o if f has no parabolic periodic points, then 0 < MA(J(f)) < oo
and m and M7 are equivalent.

v

The measure i is called ergodic if for VG € Bst. f1(G)=G
one has p(G) =0 or u(G°) = 0.
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Il - The results

Theorem D - Urbanski and Kotus

Suppose that f is critically tame elliptic function, denote
h = dimpy(J(f)). Then there exist:

@ there exists a non-atomic, o-finite, ergodic and invariant
measure p for f, equivalent to the measure m. Additionally, u

is unique up to a multiplicative constant and is supported on
J(f).

o the Jacobian D,f = dg;f has a real analytic extension on

a neighborhood of J(f) \ (PC(f) U f~1(c0)) in C.
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Il - The results

Definitions
o Let f: C — C be critically tame elliptic functions,

o f has no parabolic periodic points
o and Criteo(f) =0
@ then f is called of finite character.

Theorem E - Urbanski and Kotus

If f: C — C is a critically tame elliptic of finite character then
@ up finite.
@ in particular if Julia set is equal to the entire complex plane C,

then there exists a unique Borel probability f-invariant
measure 4 equivalent to the planar Lebesgue measure on C.

v
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¢- Weiestrass function

[Michael E. Taylor
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© - Weiestrass function

Michael E. Taylos
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© - Weiestrass function
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Il - The new results

Theorem 1(a) - Decay of correlation - Urbariski and Kotus

If f: C — C is an elliptic function of finite character and if y is
the probability f-invariant measure equivalent to the h-conformal
measure m, then for the dynamical system (f, 1) the following
holds.

Fix € (0,1] and a bounded function g : J(f) — R which is
Holder continuous with respect to the Euclidean metric on J(f)

with the exponent a.. Then for every bounded measurable function
Y J(f) — R, we have that

’/wof"-gdu—/gdmu/wdu‘ — 0(0")

for some 0 < § < 1 depending on «.
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Il - The new results

Theorem 1(b) - The Central Limit Theorem - Urbariski and

Kotus

The Central Limit Theorem holds for every Holder continuous
function g : J(f) — R that is not cohomologous to a constant in
L2(p), i.e. for which there is no square integrable function 7 for
which g = const + no f — 7). Precisely this means that there exists
o > 0 such that

in distribution. Equivalently for every t € R,

u({xGX:%Sng(X)S t}) - \/_ / exp(—12/202) du
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Il - The new results

Theorem 1(c)-The Law of Iterated Logarithm- Urbanski and

Kotus

The Law of Iterated Logarithm holds for every Holder continuous
function g : J(f) — R that is not cohomologous to a constant in
L2(11). This means that there exists a real positive constant Ag
such that such that p, almost everywhere

i Sng —n [ gdu
imsup ———— =

nsoo /nloglogn &

Theorem 2 - Urbanski and Kotus

| \

If f: C — C is a critically tame map of finite type, pup is the
corresponding Borel probability f-invariant measure equivalent to
the h-conformal measure m,then a metric entropy

By, (f) < +oo0.
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The main ingredients of the proof of Theorem 1

A) Thermodynamic formalism of graph directed Markov system
B) Nice sets for analytic maps
C) Young's tower technique

D) Stochastic properties of the return map
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A - Graph Directed Markov System

Subshifts of finite type

o Let N={1,2,...} be the set of positive integers

o let E be a countable alphabet (either finite or infinite set)

o EN -a coding space

o Let o : EN — EN be the shift map, i.e. cutting off the first
coordinate. It is given by the formula

o ((wn)p21) = ((Wnt1)52y)-

o We consider a 0-1 matrix A: E x E — {0,1}. Set
EII}I = lwe BV Aviwi, = 1 forall i > 1}.-a space of
admissible sequences

o Let Ef:={weEN: Ay, =1forall1<i<n-—1}n>1
and E; =2, EX.
@ The elements of the sets E}}] and E, are called A-admissible.

v
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A - Graph Directed Markov System

Subshifts of finite type

° E}}I is a closed subset of EN, invariant under the shift map
o : EN — EN. The later means that o(E}) C EY.

@ The matrix A is said to be finitely irreducible if there exists a
finite set A C Ej such that for all /,j € E there exists a path
w € A for which iwj € E;.
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A - Graph Directed Markov System

Iterated Function System/Graph Directed Markov System

A Graph Directed Markov System consists of

@ a directed multigraph (E, V) with a countable set of edges E
and a finite set of vertices V/,

(]

an incidence matrix A: E x E — {0, 1},

(]

two functions i, t : E — V such that t(a) = i(b) whenever
Al = 1.

a family of non-empty compact metric spaces {X, } ev,

a number 3 € (0,1), and

for every e € E, a 1-to-1 contraction ¢e : Xi(e) = Xje) With a
Lipschitz constant < f.

The set S = {¢e : Xi(e) = Xj(e)JecE is called a Graph Directed
Markov System (GDMS).

(~]

[~]

©
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A - Graph Directed Markov System

Limit set of GDMS

o GDMS is called an iterated function system if V the set of
vertices, is a singleton and A(E x E) = {1}.

o For each w € E), say w € EJ, we consider the map coded by
w:

Pw 1= Puy ©*+ 0 Pyt Xe(wy) = Xiwr)

o Forw € EZ°, the images {¢w|n(Xt(wn))}n21 form a descending
sequence of non-empty compact sets and therefore

N1 Puln (Xe(wn)) 7# 0-

@ Since for every n > 1,
diam (¢, (Xe(w,))) < Bediam (Xy(,)) < s” max{diam(X,) : v € V}

we conclude that the intersection (> @, (Xe(w,)) is 2
singleton and we denote its only element by 7(w).
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A - Graph Directed Markov System

Limit set of GDMS

@ In this way we have defined the projection map 7

T EX — P X,
veV

from the coding space E3° to @, X, the disjoint union of
the compact sets X, .

@ The set
J=Js :=m(EX)

will be called the limit set Js of the Graph Directed Markov
System S = {¢e}ece (GDMS).
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A - Graph Directed Markov System

Topological Pressure P(t)

Let S = {¢e}eck be a finitely irreducible GDMS. For every t > 0
let Z,(t) = ZweEg [|6L]|F. The limit

.1
P(t) = Jim_ - log Zn(t)

exists and is called the topological pressure of the system S

N

Properties of P(t)
o =inf{t>0: P(t) < oo}
o The topological pressure function P(t) is

(1) convex and continuous on (6, +c0),
(2) strictly decreasing on (6, +00),

o P(0) = 400 if and only if E is infinite.

N
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A - Graph Directed Markov System

Bowen's Parameter

o The number

h:=inf{t >0:P(t) <0}

is called the Bowen's parameter of the system S. .
o If P(t) = 0 for some t > 0, then t = h.

o We say that the system S is
o regular if P(h) =0,

o strongly regular if there exists t > 0 such that
0 < P(t) < 400, and

o co-finitely regular if P(6) = +oo.
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A - Graph Directed Markov System- topological pressure

P(t) P(t)
h h
t t

REGULAR
P(t) P(D) .
\ \n
6 h t 16, t
STRONGLY REGULAR CO-FINITELY

REGULAR
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A - Graph Directed Markov System

Finer Geometrical Properties of CGDMS

Now assume that the alphabet E is finite and keep the incidence
matrix A (finitely) irreducible.

o Fix t > 0. Consider the operator L; given by the formula

Legw):= Y gliw)ldi(r(w)’, we EQ,g€ C(ER)

ik A,-wlzl

o the linear operator £; acts continuously on C(EY)- the
Banach space of all real-valued continuous functions on Ez°
endowed with the supremum norm.

o Let £ : C*(EY) — C*(EY) be its dual operator.

@ Denote by M, the space of all Borel probability measures on
EA and consider a map m +— & Lem Trm(@) € Ma,
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A - Graph Directed Markov System

Finer Geometrical Properties of CGDMS

@ Since this map is continuous in the weak-star-topology on Ma
and since M, is a compact (because E is finite) convex subset
of the locally convex topological vector space C*(EY), it
follows from the Schauder-Tichonov Theorem that the map

Lim
——— M
m— E}*m(]l) € Vg

has a fixed point m; and put A\ = Lim:(1) > 0. We then
have
;Cj;ﬁ'lt = )\tﬁ'lt

o Let my = My oL, We call m; the t-conformal measure for
the system S.

Janina Kotus, Warsaw University of Technology and Mariusz UrliSMetric entropy and stochastic laws of invariant measures for elli



A - Graph Directed Markov System

Theorem -Hausdorff dimension of the limit set

If S = {¢e}eck is strongly regular finitely irreducible GDMS, then
dimy(Js) = h > Os, h- is a Bowen parameter.

| A\

Theorem
If S = {¢e}eck is a finitely irreducible system then
o S is regular if and only if there exists a Borel probability
measure v on EY such that £iv = v.
o In addition, if Liv = v, for some t > 0 and some Borel
probability measure v, then t = h and v = my,.

| A\

Theorem

If S = {¢e}eck is a finitely irreducible strongly regular GDMS,
then the metric entropy hy, (o) of the dynamical system
o : EY — EJ with respect to the o-invariant measure fij, is finite.
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B - Nice sets for analytic maps

@ Nice sets naturally appeared in dynamical systems in the
context of self-map of an interval (Yoccoz's puzzles)

@ They were adapted to holomorphic endomorphisms of the
Riemann sphere, by J. Rivera-Letelier.

o Nice sets became an important tool in the complete treatment
of Collect-Eckmann rational functions given by F. Przytycki
and J. Rivera-Letelier.

@ In the context of meromorphic (both transcendental and
rational maps of the complex plane to the Riemann sphere)
existence of nice sets was provided by N. Dobbs.

o We define nice sets for holomorphic maps of the Riemann
surfaces (one of which is an open subset of the other). We
need such generality in order to deal with the projected maps:
F:T\N(f(c0)) = T.

o Nice sets give naturally rise to graph directed Markov
systems.
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B - Nice sets for analytic maps

Iteration of analytic maps of compact Riemann surface

o Let Y be compact Riemann surface and let X be an open
subset of Y.

o Let f: X — Y be an analytic map.

o We say that y € Y is a regular point of f~1 if for every r > 0
small enough and every connected component C of
f~1(B(y, r)) the restriction of fic : C — B(y,r) is a
homepmorphism from C onto B(y, r).

o Otherwise we say that y is a singular point of £~ and we
denote by Sing(f~1) the set of all such singular points.

o We also set
o0

PS(f) = (J(Sing(F ™))

n=0
with the convention that f({z}) =0if z€ Y\ X.
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B - Nice sets for analytic maps

Iteration of analytic maps of compact Riemann surface

o We say that a point z € X belongs to the Fatou set F(f)
if there is an open neighbourhood U of z such that all the
iterates " : U — Y, n> 1, are well-defined and contains a
subsequence forming a normal family.

@ The Julia set J(f) is defined as Y \ F(f).

Clearly J(f) is a closed subset of Y and 'completely invariant’.

4
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B - Nice sets for analytic maps

A non-empty open set V C Y is said to be a nice set for the
analytic map f : X — Y if the following conditions are satisfied

(a) V is compact
(b) V has finitely many connected components

(c) If Uis a connected component of V, then U is simply
connected and there exists W, an open connected simply
connected subset of Y such that W NPS(f) = 0

(d) VAUZ, (V) =0
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B - Nice sets for analytic maps

Proposition
@ Suppose that V is a nice set for a holomorphic map
f:X—=Y.
o Let U and W be two distinct components of V.
o If j, k > 0 are two integers and A and B are connected
components respectively of £/ (U) and f=*(W),

then either ANB=0or AC Bor BCA.
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B - Nice sets for analytic maps

Nice sets and graph directed Markov systems

o For given a nice set V let C{°(V) be the family of all
connected components of the set V N J;2, F~"(V).

o For U € C{°(V) there exists a unique connected component

U* of a nice set V and a unique holomorphic inverse branch
f=(Y) such that F—"(V)(U*) = U

o If f: X — Y is an analytic map and V is a nice set for f,
then Sy = {f_"(U) U = U}{UeCfO(V)} is a graph directed
Markov system.
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B - Nice sets for analytic maps

Theorem - existence of nice sets

o Let Y be a compact Riemann surface, let X be a non-empty
open subset of Y and let f : X — Y be an analytic map with
"the Standard Property’.

e Fix F, a finite subset of J(f) \ PS(f) such that
FNU,—, f"(F) =0. Fix also x > 1.

Then for every r € (0, 2 min{p(a, b) : a# b, a,b € F}) small
enough there exists a nice set U = U, with the following properties:

(a) B(F,r) C UcC B(F,kr),

(b) If W is a connected component of U, then WN F is a
singleton.
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B - Nice sets for analytic maps

Application to critically tame elliptic functions

o Let f : C — C be a critically tame elliptic function

o Let T = C/~¢ (the torus generated by the lattice A of ).

o B(f) = f~1(o0) U (Crit(f) N J(f)) is infinite

o M:C — T be the canonical projection, T := M(C \ f~(c0))

o Then B(f)=M(B(f)) is finite
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B - Nice sets for analytic maps

Limit set of Graph Directed Markov System

o There exists a nice set - a neighbourhood V of B(f) and a
corresponding Graph Directed Markov System

_g7=n(U) g
Sy ={fy :U* := U}y component of vz, F-n(v)}-

U* is a component of a nice set V
the points in B(f) = I(B(f)) are the vertices of Sy,

the branches of #~"(Y) are edges of Sy.

@ The system Sy is strongly regular, Jy/ - limit set of Sy/.

(*] dimH(J\/) = dlmH(J(f))

Janina Kotus, Warsaw University of Technology and Mariusz UrliSMetric entropy and stochastic laws of invariant measures for elli



C- Iterated Function Systems on C associated to
c € Crit(f) N J(f)

Properties of IFS

For ¢ € Crit(f) N J(f) we define an iterated function system)(IFS)
Sc={g ":Vc— Vc} by" lifting” Sy - graph directed Markov
systems i.e.
o V.= I'I_l(Vn(C)), where Vpy() is a component of a nice set V
containing (c).

o g "is"a lift " of some Fon . Vi) = Vo) F=ne Sy,

o Let J. be the limit set of S.. J. contains all transitive points
from V¢, so mp(Je) > 0 and dimy(Je) = dimpy(J(f)).

@ the system S¢ is strongly regular.
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C- Iterated Function Systems on C associated to

¢ € Crit(f) N J(f)

Properties of IFS

@ For every point ¢ € J(f) N Crit(f) the greatest common
divisor of all return time numbers is equal to 1.

o For all ¢ € J(f) N Crit(f) the system S, is regular and
dimy(J.) = h, so the system S. admits a unique normalized
h-conformal measure v,.

o We define an induced map i.e. the return time map
F:J.— Je. by F(g~"(z)) = z and consider the system
(F,ve).

o The standard distortion considerations show then that v, and
m| . are equivalent.

o Thus m(J:) > 0 and v = (m(Je)) " tm|y,.

@ Our goal is to show that the induced system (F,v.) satisfies
the assumptions of L. S. Young's theorems
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D- Young's towers

o Let (Ao, By, mp) be a measure space with a finite measure mo,

o let Py be a countable measurable partition of Ag and

o let To: Ag — Ag be a measurable map such that, for every
A’ € Py the map Tp : A’ — Ag is a bijection onto Ag.

@ We assume that the partition Pg is generating, i.e. for every
X,y € Ag there exists s > 0 such that T§(x), T5(y) are in
different elements of the partition Pp.

o We denote by s = s(x, y) the smallest integer with this
property and we call it a separation time for the pair x, y.
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D - Young's tower

o We assume also that for each A’ € Py the map (TO‘A,)_l is
measurable and that Jacm,(To), the Jacobian of Ty with
respect to the measure myg, is well-defined and positive a.e. in
A

@ The following distortion property is assumed to be satisfied.
With some constants 0 < 8 < 1 and C > 0,

Jacm, To(x)
Jacm, To(y)

for all A’ € Py and all x,y € A'.

@ We have also a function R : Ag — N ("return time") which is
constant on each element of the partition Pp.

_ 1‘ < Ccpsxy)

@ We assume that the greatest common divisor of the values of
R is equal to 1.
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D - Young's tower

[ Definiton
o Finally, let A ={(z,n) € Ao x NU{0}:0<n< R(2)}
where each point z € Ay is identified with (z,0). We extend
To to T, which acts on A as follows.

T(z.n) = (z,n+1) if n+1<R(2)
2"\ (To(2),0) if n+1=R(z2)

@ The measure mg is spread over the whole space A by putting

~ ~ —1
M, =mo and  Marx(jy = Mojar om;

for all A" € Py, where 7j(z,0) = (z, ).
@ Thus, the measure i is finite if and only if on Rdmg < oc.

o We refer to the pentapole Y = (Ag, mo, To, Po, R) as
a Young tower.
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D - Young's tower

Theorem - L.S. Young

If ¥ = (Ao, mo, To, Po, R)) is a Young tower and | Rdmg < oo,
then

@ there exists a unique probability T—invariant measure v,
absolutely continuous with respect to m.

@ The Radon-Niokodym derivative dv/dm is bounded from
below by a positive constant.

o The dynamical system (T,v) is exact, thus ergodic.
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D - Young's tower

Theorem - L.S. Young

Let Y = (Ao, To,Po, R)) be a Young tower. Then the following
hold.

Q If mo(R > n) = O(0") for some 0 < 6 < 1, then there exists

0 < 6 < 1 such that for all functions ¢ € L* and g € C3(A)
we have,

= 0(6").

1Calth,2)] = ' Jwotmedy— [wav [ eav

Q If mo(R > n) = O(n™%) with some « > 1 (in particular, if
mg(R > n) = O(0")), then the Central Limit Theorem is
satisfied for all functions g € Cg(A), that are not
cohomologous to a constant in L2(v).

Janina Kotus, Warsaw University of Technology and Mariusz UrlSSMetric entropy and stochastic laws of invariant measures for elli



D - Young's tower

Let
o YV = (Ao, To,Po, R)) be a Young tower
o and if mg(R > n) = O(n™*) with some a > 4 (in particular, if
mo(R > n) = 0(0")),
then the Law of Iterated Logarithm holds for all functions
g € C3(A), that are not cohomologous to a constant in L?(v).

v

Application to critically tame elliptic functions

o YV = (Ap, mg, To,Po, R) - Young's tower

@ The space Ag is J; -the limit set of the iterated function
system S..

o The partition Py consists of the sets A, = g7 "(Je),
g "es..

@ The measure myg is the h-conformal measure m restricted J.. )
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D - Young's tower for elliptic functions

Application

o the map Ty : Ag — Ag is just the map F where
Flg™"(2)) =z
o the function R is the return time

o the partition Py is generating (follows either from the
contracting property of graph directed Markov systems)
o the greatest common divisor of all the return times equals to 1

o therefore the map T : A — A admits a probability
T-invariant measure v which is absolutely continuous with
respect to m and

6wl = [ o s~ [ wav [ gar| = 0"

the Central Limit Theorem and the Law of Iterated Logarithm
are true.

v
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D- Young's tower for elliptic functions

Application

o Now consider H : A — C, the natural projection from the
abstract tower A to the complex plane C given by the
formula

H(z,n) = f"(2)

Then Ho T =f o H.

@ Since v is F—invariant then the measure v o H~ ! is
f—invariant.

@ But the measure y is f—invariant ergodic and equivalent to
the conformal measure m.

o Hence, v o H™1 is absolutely continuous with respect to the
ergodic measure . Invariance and ergodicity of v o H™! yield
thus vo H™1 = p.

@ Thus the system (f, ut) has required stochastic properties
stated in Theorem 1.
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E - metric entropy of critically tame elliptic functions

o Let T : X — X be a measure-preserving endomorphism of a
probability space (X, F, u),
o let A= {Ax}k>1 be a countable measurable partition of X.
o Define new partitions of X:
n—1 )
A= \/ T7A=T " DAv...vT 1AV A
i=0
where AVB:={ANB:Ac A B¢c B}
o The quantity
11
hu(T,A) = lim —H,(A") = lim = Z —u(A) log u(A),

n—oo N n—oo n
Ac A"

is called the entropy of T with respect to A

Metric entropy and stochastic laws of invariant measures for elli



E - metric entropy of critically tame elliptic functions

The measure-theoretic entropy of T is defined by

h,(T) :=sup{h,(T,A): A is a finite partition of X}.

4

Theorem 2 - Urbanski and Kotus

o If f: C — Cis a critically tame map of finite type,

@ up is the corresponding Borel probability f-invariant measure
equivalent to the h-conformal measure m,

@ then a metric entropy h,, (f) < +oo.
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E - metric entropy of critically tame elliptic functions

Corollary

o If f: C — C is a critically tame elliptic function with
J(f) = C and Crito(f) = 0,

@ u is the (unique) Borel probability f—invariant measure on C
equivalent to the planar Lebesgue measure on C .

@ then h,(f) < 400
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E - metric entropy of critically tame elliptic functions

Theorem - Abramov

If T:X — X is an ergodic measure preserving transformation of a
probability space (X, F, i), then for every set K € F with
0 < u(K) < 400, we have that

M (Tie) = —= ().

where

o Tk(x):= T (x) is an induced map

o 7k(x):=min{n>1: T"(x) € K}.

o pk = puyx(pu(K))™
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E - metric entropy of critically tame elliptic functions

Krengel's Entropy

If T:X — X is an conservative ergodic measure preserving
transformation of a measure space (X, F, i), then for all sets F
and G in F with 0 < p(F), u(G) < +oo, we have that
hur (TF) = hyue(Te)-
@ This common value is called the Krengel” entropy of the map
T : X — X and is denoted simply by h,(T).

o If v is a probability measure, it coincides with the standard
entropy of T with respect to pu.
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E- metric entropy of critically tame elliptic functions

The proof of Theorem 2

o For c € Crit(f) N J(f) we defined Iterated Function System
Sc={g": Ve — V,.}, Jcis the limit set od S..

o For all ¢ € J(f) N Crit(f) the system S. is regular and
dimy(Jc) = h, so the system S admits a unique normalized
h-conformal measure v and v = (m(J.))"tm|,..

o the return time map F : J. — J. is defined by F(g~"(z)) = z.
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E- metric entropy of critically tame elliptic functions

The proof of Theorem 2

@ Abramov's formula gives h, (F) = ﬁhu(f), where f is
critically tame elliptic function

0 If S = {Pe}eck is a finitely irreducible strongly regular
GDMS, then the metric entropy hy, (o) of the dynamical
system o : EI}] — EI} with respect to the o-invariant measure
ity is finite.

® h, (F)= hg,(c) < +oo, so hy(f) = h, (F) - p(Je) < +oo0.
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