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Streszczenie

Motywem przewodnim rozprawy jest zagadnienie generowania podgrupy kwantowej ustalonej
grupy kwantowej lokalnie zwartej. We wlasciwym dla badania grup kwantowych sformulowaniu
dualnym, miast o podgrupie kwantowej generowanej przez dany zbiér kwantowy méwimy $cisle o
obrazie Hopfa morfizmu. Terminy te powinny byé uwazane za tozsame, lecz ze wzgledu na charak-
terystyke teorii grup kwantowych, bedziemy sie starali uzywac terminu obraz Hopfa morfizmu.

Grupy kwantowe przyciagnely uwage, gdy S. L. Woronowicz zaproponowal, by uzywaé C*-
algebraicznego formalizmu do ich badania (zob. [62] [68]). Jednym z gtéwnych osiagnieé teorii jest
jednoczesne rozszerzenie dualnosci Pontrjagina i dualnosci Tannaki-Krajna na istotnie wicksza
klase obiektéw, zawierajaca zaréwno grupy abelowe (jak w klasycznej dualnodci Pontrjagina), jak
i grupy zwarte (jak w dualno$ci Tannaki-Krajna, ktéra proponuje alternatywny opis dualnosci,
w ktérej obiektem dualnym jest kategoria zamiast przestrzeni), jak wyjasniono w [65]. Wyniki te
rozszerzono dalej do ogdlnych lokalnie zwartych grup kwantowych w [39] [54], czyniac tym samym
istotny postep w obszarze abstrakcyjnej analizy harmonicznej: istnieje dobrze zdefiniowany obiekt
dualny dowolnej lokalnie zwartej grupy (niekoniecznie zwartej badz abelowej), ktéry jest po prostu
grupa kwantowa lokalnie zwarta. Co wiecej, teoria ta jest zamknieta na branie obiektéw dualnych.

Teoria ta, choé¢ bardzo owocna z perspektywy analitycznej, wcigz wymaga dopracowania z per-
spektywy teoriogrupowej. Teoriogrupowa natura grup kwantowych nie zostata zbadana dokladnie
i dopiero niedawno poczyniono w tym kierunku pewne postepy. Na przyklad, pojecie podgrupy
([22]) 1 homomorfizmu ([43]) zostaly dokladnie opisane zaledwie kilka lat temu, a na przyktad
relacja miedzy produktem pélprostym oraz krétkimi ciggami doktadnymi zostala opisana bardzo
niedawno ([36], 35]). To do$é¢ zaskakujace, ze teoriogrupowa natura grup kwantowych pozostawata
na uboczu tak dlugo. Aktualnie jednak stala sie bardzo aktywnym polem badan.

Grupy kwantowe zostaly stworzone w celu uchwycenia pewnego rodzaju kwantowych symetrii
ukrytych w modelach fizycznych. Teoria grup kwantowych, cho¢ bardzo atrakcyjna z perspektywy
matematycznej, wciaz nie jest gotowa do zastosowan w fizyce. W modelach mechaniki kwantowej,
obserwable modelowane sg przy pomocy operatoréw w przestrzeni Hilberta. Ich komutowanie moze
by¢ uchwycone przy pomocy klasycznych grup. Niemniej, dla zastosowan praktycznych, nie mozna
ograniczaé sie do ukladéw operatoréw komutujacych (ani zadnego rodzaju restrykcje dotyczace
komutowania nie powinny by¢ nakladane), za$ to teoria grup kwantowych potrafi uchwycié¢ syme-
trie zachowujaca dana miare nieprzemiennodci danego uktadu operatoréw, zob. np. [I] i referencje
tamze. Mamy nadzieje, ze dalsze rozwijanie matematycznych aspektéw teorii grup kwantowych
pozwoli na ich zastosowanie w modelach mechaniki kwantowej badz innych gateziach wspodlczesnej
fizyki teoretycznej.

Klasycznie, zbiory generujace sa przydatne do niektérych rozumowan indukeyjnych i w bada-
niu pewnego rodzaju zachowan w nieskonczonosci. Uzywa si¢ ich do zdefiniowania graféw Cayleya
(ktére dla grup kwantowych dyskretnych zostaly wprowadzone przez Vergnioux w [58]) i bezpo-
$rednio zwigzane z funkcjami dlugosci na grupach, ktére pozwalaja na naturalne partycjonowanie
grupy w wieksze 1 wieksze, lecz skonczone (czy tez zwarte) kawalki. Uzywa sie ich do badania
pewnych wlasnoéci aproksymacyjnych, jak wlasno$é Haagerupa czy K-$redniowalno$é (zob np.
[21] 27] oraz [56 [57], odpowiednio). Spodziewamy sie, ze poglebienie rozumienia pojecia zbioréw
generujacych w kontekscie lokalnie zwartych grup kwantowych moze okazaé sie owocne i otworzy¢
mozliwo$¢ lokalnego opisu tych witasnosci.

Jednym z najbardziej spektakularnych zastosowan zbioréw generujacych jest teoria Kestena
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spaceréw losowych na grupach dyskretnych. W teorii tej, stan ukladu w chwili zero jest opi-
sywany przy pomocy rozkladu probabilistycznego na skonczonym zbiorze generujacym (i nawet
najprostszy rozklad jednostajny wystarcza do uzyskania istotnych wynikéw). Dynamika uktadu
opisywana jest potegami splotowymi tegoz rozktadu, za$ zachowanie asymptotyczne dynamiki
pozwala uchwycié¢ pewne nietrywialne wlasnosci grupy, np. to, czy jest (badZ nie) $redniowalna
(zob. oryginlna praca Kestena [37], cho¢ dzi§ wynik ten jest uwazany za klasyczny i znajduje sie
w wielu podrecznikach dotyczacych metod probabilistycznych badania grup). Spodziewamy sig,
ze nasz opis zbioréw generujacych dla grup kwantowych pozwoli otworzy¢ nowsa perspektywe dla
badan podobnych zagadnien na grupach kwantowych lokalnie zwartych. Nalezy tutaj podkreslié,
ze spacery losowe na grupach kwantowych byly juz badane ([28]), co pozwolilo uzyskaé niejeden
satysfakcjonujacy wynik.

Badania zbioréw generujacych moga by¢ takze uzyteczne w klasyfikacji podgrup ustalonej
grupy kwantowej: kazda z nich jest generowana przez pewien kwantowy podzbiér. Wysoka ranga
opisu struktury kraty podgrup kwantowych danej grupy kwantowej nie podlega dyskusji. Zadanie
to postawiono explicite w [7] w przypadku kwantowych grup permutacji S;" i zwiazane byto z kla-
sycznym rozumieniem podgrup grupy permutacji: skoro sa to symetrie zbioru n-elementowego bez
struktury, jej podgrupy odpowiadaja symetriom zachowujacym pewna (geometryczna badz ko-
bimnatoryczna) strukture tej przestrzeni. Badania kwantowych symetrii graféw (m.in. [4) 1T, [16])
oparte byly na wskazaniu podgrup kwantowych, ktore zachowywaly pewna strukture klasyczna.
Dokladny opis struktury podgrup kwantowych grup permutacji pozwolilby na zidentyfikowanie
pewnego rodzaju kwantowych struktur zbioru n-elementowego, ktérych to struktur symetrie bytby
opisywane przez te podgrupy kwantowe.

Rozprawa zawiera dokladny opis pojecia podgrupy kwantowej generowanej przez podzbiér
kwantowy (tj. obrazu Hopfa ustalonego morfizmu). Rozwazamy pytania w duchu tych zaanon-
sowanych na wstepie, lecz kluczowym skladnikiem pracy jest opis procedury generowania samej
w sobie. To doktadny opis procedury generowania pozwala uzyskaé¢ wyniki dotyczace wlasnosci
zbiorow generujacych. Material jest podzielony na cztery rozdziaty.

Rozdzial pierwszy zawiera, glownie choé nie jedynie, przygotowania potrzebne do czytania
rozprawy. Zebraliémy rozmaite wyniki wystepujace w literaturze dotyczace przestrzeni Banacha i
ich przeksztalcen (czesé pierwsza), teorii C*-algebr i algebr von Neumanna (czesé druga) oraz teorii
grup kwantowych (czeéé trzecia). Rozbudowana prezentacja moglaby by¢é bardziej skondensowana,
lecz zalezalo nam na zarysowaniu szerokiego obrazu. Szczegbélowy opis niektorych elementéw teorii
grup kwantowych byl réwniez pomocny dla wprowadzania obiektéw rozwazan w bardziej naturalny
i logiczny sposéb. Dzigki niemu wygodniej rowniez bylo wprowadzi¢ oznaczenia. W czesci 1.2.2
uwzgledniliSmy pewne wyniki wraz z dowodami, ktérych nie udalo nam si¢ znalezé w literaturze
w formie, w ktérej ich bedziemy potrzebowaé. Ich wersja jest na pewno znana ekspertom i nie
przypisujemy sobie ich odkrycia. Istotnie, gléwny wynik czesci 1.2.2 mozna znalezé w Appendiksie
ksiazki [I0] w przypadku reprezentacji grup, zas my uzywali$my ich w kontekécie reprezentacji
C*-algebr. Jednak nawet w przypadku reprezentacji grup dowod umieszczony w czesci 1.2.2 jest
krétszy i tatwiejszy niz ten zawarty w ksiazce [10].

Rozdzial drugi zawiera kluczowe elementy rozprawy. Koncepcja obrazu Hopfa jest zaprezen-
towana i badana doglebnie. W pierwszej czesci rozdziatlu podajemy dokladne sformutowanie pro-
blemu istnienia obrazu Hopfa. W czesci 2 podajemy konstrukcje i kilka pierwszych wlasnoéci algebr
von Neumanna, ktore graja w tej konstrukeji istotng role. Konczymy te czes¢ podajac dowdd wia-
snosci uniwersalnej obrazu Hopfa. Czesé trzecia poswiecona jest poréwnaniu naszej konstrukeji
obrazu Hopfa z innymi, znanymi w literaturze, pojeciami odpowiadajacych generowaniu grupy
kwantowej. W szczegdlnosci, konfrontujemy nasza konstrukcje z:

1. konstrukcja algebraiczna obrazu Hopfa dla *-algebr Hopfa 4 la Banica i Bichon;

2. konstrukcja C*-algebraiczng obrazu Hopfa dla zwartych grup kwantowych & la Skalski i
Soltan;

3. teorio-reprezentacyjnym opisem obrazu Hopfa zwartej macierzowej grupy kwantowej & la
Brannan, Collins i Vergnioux oraz
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4. pojeciem (skoficzonego) zbioru generujacego dla dyskretnej grupy kwantowej & la Izumi i
Vergnioux.

W rozdziale 3 zebraliSmy rozmaite wyniki dotyczace konstrukcji obrazu Hopfa. Wiekszo$¢ z
nich jest sformulowanych dla lokalnie zwartych grup kwantowych, lecz czes¢ z nich bylidmy w
stanie udowodnié¢ jedynie przy pewnych dodatkowych zalozeniach. Motywem przewodnim tych
wynikow jest perspektywa lokalna, ktora zapewnia pojecie obrazu Hopfa. Formulujemy réwniez
pewne kryteria pozwalajace stwierdzi¢, czy dany zbior jest generujacym. Dalej podajemy pierwsze
przyklady kwantowych zbioréw generujacych. Czesé z nich otrzymujemy dzigki przeinterpretowa-
niu istniejacych wynikéw z literatury przy pomocy technik i wynikow rozdzialu 2. Formulujemy
réwniez wlasno$é (FAG) dotyczaca pewnej specjalnej roli podgrupy charakteréw w procedurze ge-
nerowania. Wtlasnosé ta ma charakter réwnowaznosci, w ktérej jedna z implikacji jest stosunkowo
prosta i wystarczy do uzyskania pewnych konkluzji w rozdziale czwartym. Implikacje przeciwna
nie zachodzi w pelnej ogdlnosci z powodoéw analitycznych, lecz formutujemy pewne warunki, przy
ktorych analityczne przeszkody przestaja gra¢ role. Jednak grupa kwantowa posiada wlasnosé
(FAG), jeste$my w stanie uzyskaé kilka ciekawych wnioskéw.

W rozdziale czwartym podajemy réwniez pierwszy prawdzwie kwantowy przyktad zbioru gene-
rujacego: kwantowe ciagi rosnace I 4 generuja kwantowa grupe permutacji SI , co daje odpowiedz
na pytanie Skalskiego i Soltana z [49]. Do odpowiedzi na to pytanie uzywamy wlasnosci badanej w
rozdziale 3. Dalej podajemy pewne dodatkowe wyniki dotyczace kwantowej grupy permutacji S; .
Nie wszystkie z nich sa bezposrednio zwiazane z zagadnieniem obrazu Hopfa, lecz daja lepszy opis
tej grupy kwantowej. Bazujac na wczesniejszej pracy Baniki i Bichona ([5]), jesteSmy w stanie:

1. podaé grupe automorfizméw S;;
2. sklasyfikowaé wlozenia O_1(2) C S;;
3. sklasyfikowaé¢ wlozenia A7 C S;;

Powodem, dla ktérego koncentrujemy si¢ na wlozeniach O_1(2) 1 A w SZ jest fakt wynikajacy z
rezultatéw otrzymanych w [5]: sa to maksymalne podgrupy wlasciwe. Dzigki uzyskanej klasyfikacji
wlozen podgrup O_1(2) i AT w S jestedmy w stanie pokazaé, ze S; nie ma wiasnoéci (FAG), tj.
(FAG) jest faktycznie wlasnoscia grupy kwantowej, nie stwierdzeniem o wszystkich grupach kwan-
towych. Pokazujemy réwniez, jak < przy pomocy podanego kryterium mozna tatwo wywnioskowaé

hiperliniowoéé grupy kwantowej S



Summary

The leitmotiv of the thesis is the notion of generation of a quantum subgroup of a given locally
compact quantum group. The precise formulation in the spirit of the theory of quantum groups
should be contravariant, then instead of speaking on quantum subgroup generated by a quantum
subset we speak on the Hopf image of a morphism. These terms should be considered equivalent,
but the characteristics of the theory of quantum groups is so that the term Hopf image of a
morphism is usually more convenient.

Quantum groups attracted attention when S. L. Woronowicz proposed a C*-algebraic formalism
to study them (see [62], 68]). One of the main achievements in the field was the simultaneous
extension of both classical Pontrjagin duality and Tannaka-Krein duality to a substantially wider
class of objects, containing both abelian groups (like in classical Pontrjagin duality) and compact
groups (as in Tannaka-Krein duality, which proposes an alternative description of duality, in which
the dual object is a category rather than a space), as explained in [65]. This was further generalized
to locally compact quantum groups in [39] 54] making a step forward in abstract harmonic analysis:
there is now a good notion of a dual object for any locally compact group (not necessarily compact
or abelian), which is simply a locally compact quantum group. Moreover, the theory is closed under
taking duals.

As the theory turned out to be fruitful from analytic point of view, there is still a desire
to find some more group-theoretic treatment of quantum groups. This area is not explored very
thoroughly in the literature and it is only recently that some development in this direction has been
made. For instance, the notions of subgroup ([22]) and of homomorphisms ([43]) were examined
just several years ago, whereas the relation of semidirect product and short exact sequences has
been covered just recently ([34) B5]). It is surprising that the group-theoretic nature of quantum
groups has remained on sidelines for such a long time, but currently it is becoming a very active
area of research.

Quantum groups were designed in order to capture a kind of quantum symmetry hidden in
some physical models. The theory, although very attractive from the mathematical perspective, is
still not ready for physical applications. In models of quantum mechanics, observables are repre-
sented by operators in Hilbert spaces. Their commutation relations can be captured by symmetries
measured by classical groups. However, for practical purposes one should not restrict attention
to tuples of commuting operators (nor should any commutation relations be imposed) and it is
the quantum group theory that can capture the symmetries of a system preserving the amount of
non-commutativity of a given tuple, see e.g. [I] and references therein. We hope that developing
the mathematical side of the theory of locally compact quantum groups can eventually render
the theory to be applicable in models of quantum mechanics or some other branches of modern
theoretical physics.

Classically, generating sets are useful to proceed with various induction arguments and in
study of certain type of behavior-at-infinity. They are used to define Cayley graphs (which were
defined for discrete quantum groups by R. Vergnioux [58]), closely related to distances on groups,
which create a natural way of partitioning the group into bigger and bigger but finite parts. Those
are often used in order to study certain approximation properties, e.g. the Haagerup property or
K-amenability (see e.g. [21], 27] and [50] [57], respectively). We expect that deepening the under-
standing of generating sets in the context of locally compact quantum groups may turn fruitful
and open a more local approach to the study of these objects.
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One of the most significant of applications of generating sets is Kesten’s approach to random
walks on discrete groups. The state of the system at time zero is usually described by certain
probability distribution on a finite generating set (even the simplest one, uniform distribution,
leads to major achievements). Its dynamics is described by taking convolution powers of the
probability distribution at time zero and the asymptotic behavior of this dynamics can capture
various nontrivial properties of the group itself, e.g. whether or not it is amenable (see the original
article of H. Kesten [37], but this result is now considered classical and is contained in various
textbooks on probabilistic methods on groups). We expect that our study of generating sets
for quantum groups can give a new perspective for the study of these questions for quantum
groups. Let us remark here that the study of random walks on quantum groups has been already
undertaken (e.g. [28]) and turned to be fruitful.

The study of quantum generating sets may also be used to classify subgroups of a given quantum
group: each of them needs to be generated by some quantum subset. The importance of studying
the structure of the lattice of subgroups of a given quantum group is commonly agreed upon. The
questions posed in [7] on the aforementioned lattice in case of S;, the quantum permutation group,
were related to the classical understanding of subgroups of permutations: if these are symmetries
of n-point space, its subgroups are related to symmetries of certain (combinatorial or geometric)
structures of n-point space. The study of quantum symmetries of graphs (see, e.g., [} 11, [16])
amounted to identifying those quantum permutations which preserved certain classical structure.
The precise description of the lattice of subgroups of quantum permutation groups would shed
some light on identifying some kind of quantum structures of an n-point space, whose symmetries
are described by these quantum subgroups.

The thesis contains a thorough study of the notion of generation of a quantum subgroup (i.e. a
Hopf image of a given morphism). We address several of the questions discussed above in specific
examples, but central to our thesis is the procedure of generation itself. It is this construction that
allow to prove some specific properties of generating sets. The material is organized as follows.

contains, mainly but not only, the preliminaries needed to read the thesis. Namely,
we collected some of the results from the literature that concern the theory of transformations
of Banach, and in particular Hilbert, spaces (Section 1.1)), the theory of C*-algebras and von
Neumann algebras and the theory of quantum groups . Parts of the
exposition are not necessary, but we included it in order to provide a broader picture. It was also
more convenient to provide a more elaborate description of the elements of the theory of quantum
groups in order to present somewhat more logical introduction of the objects under consideration.
It was also more convenient from the perspective of establishing the notation. In we
included some results not present in the litature in the form we need, so we provided the proofs.
We do not claim any originality, the results were probably known to the experts. Indeed, the
key result of can be found in the Appendix of the book [I0] in the case of group
representations, whereas we needed these results in the context of representations of C*-algebras.
Even in the case of group representations, the proof we provided is shorter and simpler than the
one given in [10].

is central to our thesis. There the concept of Hopf image is presented and studied
rigorously. We proceed in steps. In the precise formulation of the problem of existence
is presented. In[Section 2.2 we provide the construction and some properties of the von Neumann
algebras in play that are needed in further study. We finish by presenting the proof of
the universal property of Hopf image. is dedicated to comparison of our construction
of Hopf image to other notions of Hopf images and other notions of generation of quantum groups.
In particular, we concentrate on:

1. the algebraic construction of Hopf image for Hopf *-algebras 4 la Banica and Bichon;
2. the C'*-algebraic version of it for Compact Quantum Groups 4 la Skalski and Soltan;

3. a representation-theoretic approach to Hopf image for Compact Matrix Quantum Groups &
la Brannan, Collins and Vergnioux and

4. the notion of (finite) generating set for discrete quantum groups 4 la Vergnioux.
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In we collected various general results concerning the construction of Hopf image.
Most of them are formulated in the context of locally compact quantum groups, but some of them
we were able to prove only under some additional assumptions. The leitmotiv of these results is
the local perspective, which the notion of Hopf image allows. We provide also some criteria for a
subset to be generating. Later on, we present first examples of quantum generating sets. Some of
them are obtained by reinterpreting existing results from the literature and results of
We also formulate [Property (FAG)| concerning a special role of subgroup of characters in the
procedure of generation. [Property (FAG)| has the form of equivalence of two conditions, one of
the implications is easily obtained and is enough to conclude some results in There
are some analytic obstacles for other implications to hold and the Property is phrased so that
these analytic obstacles vanish. This property, if true, it enables to draw some very interesting
conclusions.

In we provide the first genuinly quantum example of a generating set: quantum
increasing sequences I 4 generate the whole quantum permutation group SZ', which answers a
question of Skalski and Soltan from [49]. To answer this question we use the established part
of [Property (FAG)l We further present some additional results on quantum permutation group
S;". Not all of them are directly related to the notion of Hopf image, but they provide a better
description of the quantum group. Building on previous work of Banica and Bichon ([5]), we were
able to

1. classify the automorphisms of SZ;
2. classify the embeddings O_(2) C S;;
3. classify the embeddings A7 C S;;

The reason we are interested in the embeddings of quantum groups O_;(2) and AZ into S is
because from the results of [5] it follows that they are maximal proper subgroups. Thanks to the
obtained classification of embeddings of O_(2) and A% into S}~ we show that the quantum group
S lacks i.e. the two conditions studied are not equivalent in full generality. We

finish with showing how our criterion enables us to show that .5'4+ is hyperlinear in an elementary
way.

viii
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Chapter 1

Preliminaries

1.1 Banach and Hilbert spaces and their transformations

1.1.1 Banach and Hilbert spaces

All the vector spaces appearing in the thesis will be complex. If X is a Banach space and T: C
X — X is a linear operator, we denote by D(T') C X its domain. The operator T is called closed,
if {(z,Tz):2 € D(T)} C X x X is closed for the product topology. T is bounded if and only if
D(T) = X and T is closed — this is one of the corollaries of the famous Banach-Steinhaus Theorem
(also known as Uniform Boundedness Principle).

All Hilbert spaces H will be endowed with an inner product (-|-):H x H — C, which is
sesquilinear form that is linear in the right variable. Given &, € H, the functional (¢|-|n) €
B(H). will be denoted we ,, and if £ = 1 we shorten this notation to we = we ¢. We will also freely
use the bra-ket notation, so that in particular |£)(£| is a rank-one orthogonal projection onto C¢,
whenever |£]|= 1.

For a C*-algebra A we denote by Ay, and A, the sets of self-adjoint elements and of all positive
elements of A, respectively. We will always denote by K(H) the C*-algebra of compact operators
on the Hilbert space H and by B(H) the algebra of all bounded operators on H.

The symbol ®q;, will denote the (algebraic) tensor product of vector spaces, the symbol ® is
reserved for completed ones. Let H;, Hs be Hilbert spaces. We denote by H;1 ® Hs a unique Hilbert
space obtained by completion of H; ®q19 Ho. Similarily, if A;, Ay are C*-algebras, then A; ® Ay
denotes their minimal tensor product (a.k.a. spatial tensor product).

By o we mean the tensor flip map (whatever the objects are): the unique extension of the map

AeBozeyyrcBRA.

1.1.2 One-parameter group of transformations and analytic generator

In this section we recall some of the standard knowledge about one-parameter groups of trans-
formations and their analytic generators. We refer to [I7] for proofs and explanations. Let (X, F)
be a dual pair of Banach spaces (that is, F' C X* is a closed subspace and we use the standard
pairing). The F-topology on X is the weakest linear topology which makes the pairing continuous.
We assume that the pair (X, F) satisfies the following property: the convex hull of every relatively
F-compact subset of X is relatively F-compact. In most of the cases we will be interested only in
the case (X, X*) or (X*, X) (with the canonical embedding X C X**), which satisfy this property.

Let 2 be a locally compact space, 1 a complex regular Borel measure on ) with variation |u|.
Let f: Q) — X be a function such that: for all ¢ > 0 and all K C ) compact one can find L C K
compact such that u(K \ L) <e, f I is F-continuous and such that

Q3w [f(w)

1



has |p|-integrable majorant. Then there exists a unique x5 € X such that for all ¢ € F' we have

Luwmmmm:@ﬁm

This unique element will be denoted as

o= F = [ fw)ute).

Above, F-continuous means that all the maps w — (f(w)|y) are continuous (¢ € F). If Q C C",
then a function f:Q — X is F-regular, if it is F-continuous and analytic in the interior €2°.

Let (Ut)ier be a one-parameter group of transformations, i.e. Uy = id and UsU; = Ugyy,
that is pointwise-F-continuous: for every x € X, the map ¢t — U;xz: R — X is F-continuous. For
t1 <0 <ty real, consider the sets

D(ty,t2) = {z € X : it — Uz has an F-regular extension on t; < R(z) < ta}

If © € D(t1,t2), then the F-regular extension of it — Uz is unique, call it F,. Denote

D= () D(t1,t2),
t1§0
t2>0

one forms the analytic extension of U; at z € C, denoted B, by D(B,) = D(R(z),0) if R(z) <0
and D(B,) = D(0,R(z)) if R(z) > 0, then put B,z = F,(z). Then B is the analytic generator of
(Up)ter. It recovers the group (Up)ier completely:

Uix=F— lim sin(2)

z—1t

0<R(z)<1

o0
F —/ N YO+ By) 7 Byad
0

where © € D(By). In particular, if Y C X is a closed subspace that is preserved by the whole
one-parameter group (Uy)icgr, observe that the analytic generator of (Uy [y )ier is precisely By [y.
Indeed, by uniqueness of the F-regular extension in the definition of D(t1,t2) one sees that for
y € Y N'D(—00,00) the vector Byy is independent of whether we consider (Uy)ier or (Uz [y )ier-
In particular, B1y € Y.

Let us end with the remark that an element B, /5 is sometimes called an analytic generator of
a one-parameter group (Uy);er. This shall cause no confusion, as from the above integral formula
it is clear that one recovers the group (U;2)icr from the generator Bj /o, which is essentially the
same group of operators. In the theory of locally compact quantum groups, this viewpoint is more
common.

1.2 (*-algebras

1.2.1 Category C*alg
Let A, B be two C*-algebras and let ¢: A — B be a *-homomorphism. Recall that then:

1. le(a)]I< Jla|| for all a € A ([24, Proposition 1.3.7])
2. ¢(A) C B is closed ([29, Theorem 4.1.9]).
We will need the following classical result (established firstly in [18]).

Theorem 1.1 (Cohen’s factorization theorem). Let V' be a non-degenerate left module over a
Banach algebra A and let v € V. Assume A has a bounded left approximate unit. Then there exists
w eV and a € A such that v = aw.



In fact we will use this Theorem only when A is a C*-algebra.

Recall that any C*-algebra can be unitized in various ways. We stick to one particular uni-
tization (a maximal one, in a sense): by means of the multiplier algebra. Let us recall how this
algebra is obtained.

A double centralizer of a C*-algebra A is a pair (L, R) of linear maps on A such that aL(b) =
R(a)b for all a,b € A (note these maps are autimatically bounded). The set of double centralizers
of A can be given a C*-algebra structure: firstly, when (L, R) is a double centralizer, then in
fact L, R € B(A) (treating A as a Banach space) and it is easy to check that ||L||= ||R||. The
vector space structure is obvious, composition is defined as (L, R)o (L', R’) = (Lo L', R’ o R). The
involution is defined as follows: (L, R)* = (R¥, L#), where L#(a) = L(a*)* (and likewise for R),
the map (id,id) is the unit among double centralizers. With the norm inherited from B(A) it is a
C*-algebra. It contains A, because for any a € A the left multiplication map L,(b) = ab and the
right multiplication map R, (b) = ba constitute a double centralizer (L,, R,). Thus we obtained
the C*-algebra M(A) of double centralizers.

Equivalently, we may pick a faithful non-degenerate representation m: A — B(H) and look at
the set

M(A) = {T € B(H)|Voea T'n(a) € w(A) and w(a)T € w(A)}.

It may be checked that up to isomorphism, the above set does not depend on the choice of .

The multiplier algebra is equipped with the strict topology: the topology induced by the family
of seminorms M(A) 5 T — ||Ta|| and M(A) 5 T + ||aT|| for all a € A. For an excellent treatment
of multiplier algebras, we refer to [I3, Chapter VI]

We now turn to defining the category €*alg. Its objects are C*-algebras, and given A,B €
Ob(C€*alg), a morphism ¢ € Morg-qiq(A,B) = Mor(A,B) is by definition a non-degenerate *-
homomorphism to the multiplier algebra of B, ¢: A — M(B). Here, non-degenerate means that the
set

{p(a)bla € A,b € B}

is linearly dense in B. By Cohen’ factorization theorem, this is equivalent to saying that the above
set is equal to B, as B is a left module over A by means of ®: a.b = ®(a)b € B. Any morphism
© € Mor(A,B) can be uniquely extended to @: M(A) — M(B), so that given ¢ € Morg+qiq(A, B)
and 1) € Morg-aig(B, C) we can set 9oy € Morg«qrg(A, C) to be equal to the map op: A — M(C).

Let us remark that M(K(H)) = B(H) and we will treat representations m: A — B(H) as mor-
phisms 7 € Mor(A, K(AH)) (observe that by Cohen’s factorization theorem A is automatically
closed).

C*-algebras can be viewed as a non-commutative generalization of topology. Indeed, with the
above definition of €*alg, the (by now classical) Gelfand-Naimark theory ensures us that €*alg is
antiequivalent to £&%op, the category of locally compact Hausdorff topological spaces endowed
with continuous maps as morphisms. More specifically, the following theorem adresses part of this
antiequivalence:

Theorem 1.2. Let X,Y be locally compact Hausdorff spaces and let B = Cy(X) and A = Co(Y').
Then:

1. any continuous ¢: X — Y defines a morphism ® € Mor(A,B) via
O(f)=fod  (fEA) (1.1)

2. for any ® € Mor(A, B) there exists a unique ¢: X —'Y such that holds;
Fizing ® and ¢ linked by , we have:

3. the image of ® is contained in B if and only if ¢ is a proper map,

4. ¢ has dense image if and only if ® is injective,

5. ¢ is injective if and only if ® has strictly dense range.



Furthermore, there are several natural constructions one can do to produce a new C*-algebras
out of a family of given ones. Let us fix a family (A),cn and its concrete realizations A,, C B(H,,)
(the inclusion is an element of Mor(A,, K(H,)), to be precise). Without loss of generality we can
assume the indexing set N is well-ordered. Following [14], we indicate:

1. The direct sum P, .y An is defined as follows. Let v, € B(Hy,, @P,,cy Hn) be an isometry
sending H,, to the respective direct summand of @, .y Hn, then P, .y An is by definition
the C*-algebra generated by {vha,v;, :n € N,a, € Ay} CB(D,,cn Ha)-

2. the spatial/minimal tensor product @), A is defined as follows (for the sake of our usage
we restrict to the case N = {1,2,..., M} C N finite). For a € A,, we denote by (a), the
elemenent @), _,, 1+, ®a),~.,, 1#,. Then ), . 5 An is by definition the C*-algebra generated
by {(a)n :n € N,a € Ap} CB(Q),,cy Hn)-

3. the full free product *,cnA,, which is the universal C*-algebra generated by copies of A,
with no additional relations.

4. the free product *,cnA,, provided that all A,, are unital, the free product is a quotient of
the full free product by the ideal generated by {1a, — 1a,, : n,m € N}. This construction
is often called the free product amalgamated over Cl1 and has natural representation in a
certain kind of Fock-type construction.

We also use the following notation. Let A;B C B(H) be norm-closed sets of operators. We
define the products as
Ao B =spanc{ab:a € Ajb € B} (1.2)

and
A-B=spanc{ab:a € AjbeB} "= (AoB) Il (1.3)

Observe that - is associative.

1.2.2 Weak containment of representations
Let A be a C*-algebra, let m € Mor(A, K(H)) be a representation.

Definition 1.3 (|24, 2.3.1&2.3.2]). We say that = is irreducible if the following equivalent condi-
tions hold:

1. if K CH is a closed subspace and 7(A)K C K, then K = {0} or K = H;
2. C1 =« (A) CB(H);
3. every non-zero vector in H is cyclic.

For every £ € 'H, the (positive) functional ¢ € A% given by ¢ = we o 7 will be called a positive
form on A associated with the representation m. If ||€||= 1, then this ¢ will be called a state on A
associated with the representation 7. If K C H is a w(A)-invariant closed subspace, then we call
(every representation unitarily equivalent to) m [ a subrepresentation of m and write 7 [xC .
Let S be a set of representations, so that for s € S there is a representation ms: A — B(H,).

Definition 1.4 ([24] 3.4.4&3.4.5]). We say that 7 is weakly contained in S, and write 7 < S, if
the following equivalent conditions hold:

1. ker(m) 2 [,cg ker(ms);

2. every positive form on A associated with the representation 7 is a weak*-limit of linear
combinations of positive forms associated with the representations 75 (for some s € S);

3. every state on A associated with the representation 7 is a weak*-limit of states which are
linear combinations of positive forms associated with the representations 7, (for some s € S).



If the set S = {p} contains a single reprentation, we write 7 < p instead of m < {p}. As we are
unable to find appropriate reference we are going to present here the proof of the following

Theorem 1.5. Let A be a C*-algebra and let 7, p be representations of A. Assume that 7 is finite
dimensional and that p is irreducible. If p < w, then p C .

Let us remark here that in the group case this is [10, Corollary F.2.9]. Here we will present
an alternative short proof relying on condition (i) of the Definition of weak containment and the
classical Wedderburn’s Theorem.

Proof. Let us denote A; = m(A) C B(H,). As 7 is finite dimensional, from Wedderburn’s Theorem
we know that A, = @leMnj (C).

Similarly, let us denote A, = p(A) C B(H,). From condition (i) of weak containment we know
that there exists a surjective *-homomorphism ¢: A — A, given by

¢(m(a)) = pla), (1.4)

and in particular A, is finite dimensional and hence p is fintie dimensional. Indeed, A, C B(H,)
is WOT-closed, hence A, = A7 = B(H) because p is irreducible. Conseqnently B(H,) is finite
dimensional.

Again, as p is finite dimensional, A, = @szlek (C) by Wedderburn’s Theorem. But on the

/
other hand, as p is irreducible and as (@kK_l M., ((C)> = @kK:IC]lek(C)’ it follows that K =1

and hence A, = M,,(C).

But as matrix algebras are simple, ¢ | M, (C) is either zero map or an isomorphism. Assume
that for at least one j it is non-zero: otherwise we evidently have p = 0, which clearly satisfies
pCm.

On the other hand, it is known that if a map My(C) — M,,(C) is a surjective unital *-
homomorphism, then necessarily & = m, and hence for at least one j the matrix summand M, (C)
is isomorphically mapped to M,,(C). Let e be the central projection associated to this matrix
summand. Then shows that 7(-)e is equivalent to p. O

1.2.3 (*-algebras generated by unbounded elements

In this section we recall elements of the theory of C*-algebras generated by elements which do not
necessarily belong to it. The exposition is based on [66].

Let A be a C*-algebra. Recall that a € M(A) is called strictly positive if @ > 0 in the natural
sense and aA C A is dense. In such case we write a > 0. For a,b € M(A) we say that b strictly
dominates a, and write b > a for this, if b —a > 0.

Now fix a faithful, non-degenerate representation p € Mor(A, K(H)), we identify A with p(A) C
B(H). Recall that if T' is a closed, densely defined operator acting on H, then its z-transform is
given by

2p =T +T*T)" 3.

Recall that T' is bounded if and only if ||zr||< 1, whereas ||z7||< 1 holds always. The z-transform
zr contains full information of T or, in other words, the z-transform T + zp is an invertible map.
We have

T = z2p(1 — 252r) 2.

We say that T is affiliated with A (and write TnA) if zp € M(A) and z}zp < 1. The set of
elements affiliated with A is denoted A”.

Let 7 € Mor(A,K(K)) be another representation of A. As noted in 7 extends
uniquely to M(A). Even more is true, one can extend 7 to A": if TnA, the element 7 (zr) is well

defined and one can perform the inverse z-transform to get a closed, densely defined operator
which will be denoted 7(T').



Although we will not use this notion, let us complete the picture. If ¢ € Mor(A,B) is a
morphisms of C*-algebras, then for TnA one can show that in fact ¢(7T)nB and hence ¢ extends
to a map A" — B". The composition of morphisms in the sense described in extends
to affiliated elements.

Definition 1.6 ([66, Definition 4.1]). Let A and B be C*-algebras and let T' € (B®A)7. We say that
A is generated by T if and only if for any Hilbert space H, any representation p € Mor(C, K(H))
and any representation m € Mor(A, K(H)) we have

(((id ®7T)T>77(B ® p(C))> — (7r € Mor(A, p(C))>

Lemma 1.7 ([22] Lemma 1.4]). Let A and B be C*-algebras with B C B(H) non-degenerately
represented in a Hilbert space H. Let T € M(B ® A) be unitary and define

S={(w®id)(T) : w e B(H).} C M(A).

If S C A and S generates A (as a subset of the C*-algebra A) then T' € M(B ® A) generates A.

1.2.4 Von Neumann algebras

The particular family of C*-algebras, called von Neumann algebras (and sometimes also W*-
algebras), is of great significance in the theory of quantum groups. The facts we recall are standard
and can be found in various monographs on von Neumann algebras, we based this part on [14] 29]
30, [47, 511 52]. Let us recall that for a set of operators on a Hilbert space S C B(H) one defines
its commutant as

S = m{y € B(H) : ys = sy}.

zeS

Furthermore, one can consider various topologies on B(H), not only the norm-topology. We
now recall the convergences in various topologies that are of interest. Let (T),)nen C B(H) be a
net of operators (N being a directed set) and T' € B(H) a specified operator.

1. SOT (strong operator topology): T,, — T in SOT if and only if for every £ € H we have
T,& — T¢ in norm.

2. S*OT (strong* operator topology): T, — T in S*OT if and only if for every £ € H we have
that both T,,6 — T¢ and T;¢ — T*¢ in norm.

3. WOT (weak operator topology): T,, — T in WOT if and only if for every £ € H we have
T,¢ — T¢ weakly, i.e. for all n € H we have (T,,&|n) — (T¢|n).

4. 0-SOT (ultrastrong operator topology): T, — T if whenever ({x)x>1 € H is a sequence
of vectors such that Y, <, [&k]|?< oo, then Y, < (T — T)&||?*— 0. Equivalently, 0-SOT
can be obtained as restriction of the SOT on the space B(H @ £2) to B(H) embedded via
B(H) 2T — 1® 1,2 € B(H® £?).

5. o-WOT (ultraweak operator topology) is defined analogously: it is the restriction to B(H) C
B(H ® ¢2) of WOT of the latter space.

Theorem 1.8. Let 1 € M C B(H) be a *-subalgebra. Then the following are equivalent:
e M=M";
e M is closed in SOT;
e M is closed in WOT;
e M is closed in o-SOT;



e M is closed in o-WOT.

The equivalent conditions of the above Theorem are usually taken as the definition of a (con-
crete) von Neumann algebra. However, there is also an abstract characterisation, known as Sakai’s
theorem:

Theorem 1.9 (Sakai’s theorem). Let M be a C*-algebra. Then M is a von Neumann algebra if
and only if it is a dual Banach space. Furthermore, the predual space is unique.

It also worth mentioning that o-WOT topology on a von Neumann algebra M is precisely the
weak™ topology of M (as a Banach space dual of its predual M, ). Moreover, o-WOT and WOT
coincide on bounded sets, and likewise for 0-SOT and SOT.

The right morphisms between von Neumann algebras M — N are normal unital *-homomor-
phisms: normal means just that they are obtained as dual of maps of predual spaces N, — M,.
The most important concepts from the theory of von Neumann algebras exploited in the theory
of locally compact quantum groups are the tensor products of von Neumann algebras, and in
particular the so calles slice maps, and the theory of weights. Let ¢ = 1,2 and M; C B(H;) be two
von Neumann algebras. There are natural inclusions M1, My C B(H; ® Hz); we denote by M; @M,
the von Neumann algebra generated by images of these two inclusions. We have the following
result:

/
Theorem 1.10 ([30, Theorem 11.2.16]). (I\/I1®|\/|2) = M| @M}

Let also N; C M; for i = 1,2 be von Neumann subalgebras. Then one has the following useful
corollary

Corollary 1.11 ([31], 12.4.36]). = € N1®N2 if and only if (id ®ws)(z) € N1 and (wy ®id)(z) € Ny
for all wy, € (M), k=1,2.

Lemma 1.12. Let A C B(H),B C B(K) be concrete C*-algebras and let M = A” and N = B”.
Let T € M(A® B) C M®N and let (wn)neny C B(H). be a net of normal functionals such that
wp, — w € B(H)* in the weak*-topology. Then x, = (w, ®1)T — (w R 1d)T =z in o-WOT of N.

Proof. Let p € Ny, we need to show that u(x,) — u(x), as o-WOT is the same as weak*-topology
in N. We have

() = (wn © p)(T) = wn((id @p)T). (1.5)

Now as t = (id®@u)T € M and w,, — w in weak* topology of M*, we have that w,(t) — w(t). But
this is equivalent to
w(n) = w(t) = (0 @ )(T) = p(w ®IAT)

which finishes the proof by o-WOT closedness of N. O

Let ¢: My — [0,00] be a weight, that is positively homogenous, additive map. We have the
sets
My ={z € My : ¢Y(z) < 400}

and
Ny ={z e M: ¢(z*x) < +00}.

We say that ¢ is semi-finite, if Ny, is WOT-dense in M. We say that ¢ is faithful if for any
x € M4 we have that ¢(z) =0 <= z = 0. Lastly, we say that v is normal whenever given a net
of positive elements (2, )nen C M4 we have ¥(sup,cn Tn) = Sup,en ¥ (). In what follows we
essentially work only with normal semi-finite faithful (n.s.f.) weights.

Of course, given a state ¢ € M* and a positive scalar A > 0 the formula ¢ = Ap [, defines
a weight (normal if and only if ¢ € M,). Moreover, if 1 € M,,, then there exists a positive scalar
A > 0 and a state ¢ € M* such that ¢ = Ap [a7, . One can perform the GNS-construction for ¢
and get the triple (H,, 7y, Q).



The technical obstacles one has to meet when performing a similar construction for a non-
bounded weights are tractable. Then, the role of €, has to be understood correctly. In fact what
is crucial is the non-necessarily closed subspace M, C H,,. If ¥ is a weight, then one can endow
the space Ny, with a seminorm (norm only if ¢ is faithful) ||z|lo= ||z||2,4= Y(z*z)? and as usual
perform Hausdorff completion to get the Hilbert space Hy,. The map identifying = € Ny, with its
image in H,, will be called ny. The representation 7: M — B(H) induced from left multiplication
is well defined and we call the resulting triple (Hy, 1y, my) the GNS-triple for the weight . If ¢
is semifinite, normal or faithful, then the resulting representation 7, is non-degenerate, normal or
faithful (i.e. injective as a map my: M — B(Hy)), respectively.

1.3 Quantum Groups

1.3.1 Locally compact quantum groups

In this part we fix a locally compact quantum group G in the sense of Kustermans-Vaes [39]. The
study of this object can be undertaken from various perspectives (apart from very simple cases,
one needs to take into account several of them). The (incomplete) list of objects one uses to study
G consists of:

1. The von Neumann algebra L= (G), endowed with a coproduct Ag and n.s.f. weights ¢, €
satisfying the left- and right-invariance conditions (called the left and right Haar weights,
respectively);

2. The reduced C*-algebra Cy(G), endowed with the same structure as above;
3. The universal C*-algebra C¥(G),

4. The Kac-Takesaki operator W& € M(Cy(G) ® Co(G)) and its universal companions: WE €
M(CY(G) ® Co(G)), WE € M(Cy(G) ® C¥(G)) and W € M(C(G) @ C¥(G));

We will sketch the elements of their theory: from the very beginning we (may) assume that the von
Neumann algebra L>(G) is represented in L?(G), the GNS-space of the right-invariant weight )®
(in fact one can start with an abstract von Neumann algebra M and represent it via the GNS for
1, the isomorphic copy is then denoted L>(G) and it turns out that it acts standardly on L?(G)).
The GNS-triple is denoted (L?(G), 7y, 7). Then one constructs the Kac-Takesaki operator (which
is a multiplicative unitary) so that for z,y € Ny = {z € L>°(G):¢(2*z) < oo} one has

WE (g (2) ® 0 (y) = (0 © 1) (A(2) L ® ).
The Kac-Takesaki operator, seen as W€ € B(L?(G))®L>(G), implements the coproduct:
A(z) = WE(z @ 1)(WE)* (1.6)
Using Kac-Takesaki operator, one defines
Co(G) = {(w®id)WE : w € B(L3(G)).} .

Then one can show that W¢ € M(K(L?(G)) ® Cp(G)) and that the coproduct restricts to a
morphism Ag € Mor(Cy(G), Co(G) ® Cp(G)).

Subsequently, one defines the dual quantum group G by the formula CO(@) = {(id ®w)WFE :
w € B(L2(G)),} " and L®(G) = Co(G)”. Then WE € M(Cy(G) ® Cy(G)) and one can endow

~

Co(G) with the coproduct:
Ag(z) = c(WE)*(z @ 1)o(W®) = o (WE)* (1 ® 2)WE). (1.7)
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Then the Tomita-Takesaki theory enables us to construct the dual weights ©®, € (it essentially
follows from appropriate construction of a full left Hilbert algebra, on which the von Neumann
algebra L>°(G) acts).

The semifiniteness of ¢©, ¥/¢ is sufficient to construct a (in principle, unbounded) operator
SC with domain D(S®) such that the elements of the form (w ® id)W® form a core for S and
SE((w@id)WE) = (w®id)((WE)*). The modular elements of the Haar weights V,, V;, define a one-

® . i P . i
parameter groups of automorphisms o, o’ by the formulas z AN ViV, " and x RAEN VfﬁxV;”.
One also has the scaling group 7°. It can be constructed in several different ways. Possibly the
easiest one is to use the modular element of the dual weight V{p\, it implements the scaling group
by 78 (z) = V:’thgt. When working in the setting of manageable multiplicative unitaries (which
is more general than the setting of Kustermans and Vaes), one can also implement 7¢ by means
of the operator @ appearing in the definition of manageability, see [42].

With the scaling group in hand, one is able to construct the polar decomposition of the antipode

S€ = RPor% = 1%0R®, where 7¥ is the analytic generator of the group 7¢ and R® is a surjective
2 2 2

isometry Co(G) — Co(G), which is antimultiplicative. This in particular means that RE(D(7%)) =
2
D(7%). Moreover, R®oR® = id and hence S®0S®¢ = 7. It is known that the analytic generator
2

7% is a closed linear mapping with domain D(7%), such that D(7%) is a WOT-dense subalgebra

2
L>®(G) and 7¢ is multiplicative. Moreover, 7%(a)* € D(7%) if a € D(%), cf. [67, Section 1].
2 2 2 2
The duality is a mean to study representation theory and topology of a locally compact quan-
tum group in a uniform way. A representation of a locally compact quantum group G can be
described by a unitary element U € M(K(Hy) ® Co(G)) or, alternatively, by a unitary element
U € B(Hy)®L>*(G), called a corepresentation, which satisfies the corepresentation condition:

(ld@Ag)U = UyUq3 (18)

Out of two corepresentations U € M(K(Hy) @ Co(G)) and V € M(K(Hy) ® Co(G)) one can
form two new corepresentations: the direct sum and tensor product. The direct sum is obtained
by viewing U € M(K(Hy) ® Co(G)) € M(K(Hy @ Hy) ® Co(G)) by means of the spatial map

Hy € Hy @ Hy (and similarly for Ve M(K(Hy) ® Co(G)) € M(K(Hy @ Hy) ® Co(G))). Then
the direct sum is defined as

UdV:i=U+V e MK(MHy ®Hy) ®Co(G)). (1.9)
Similarly, one can define the tensor product
UQV = UizVaz € M(K(Hy) @ K(Hy) ® Co(G)) 2 M(K(Hy @ Hy) ® Co(G)). (1.10)

The viewpoint U € B(Hy)®L>®(G) enables us to make sense of the following crucial observa-
tion, which is contained in [67, Theorem 1.6]. Let w € B(Hy )« be normal state. Then

(w@id)U € D(S®) and S%((w ®id)U) = (w ®id)(U*). (1.11)

The dual was constructed by means of a representation of the algebra L'(G) = L*°(G),. In
principle it is not a *-algebra and one way to overtake this problem one introduces the algebra
L;E((G), then one is able to construct the universal completion C{'(G) and a universal corepresen-
tation W® ¢ M(C’é‘(@) ® Co(G)), see [38]

There is also a shorter way to construct the universal corepresentation, which we recall. By
taking the direct sum of appropriately chosen representations of G (for a chosen dense set (wy,)n
in the unit ball of L!(G), take a family of corepresentations U,, approaching the supremum of the
norms (id ®w,, )U, where the supremum is taken over corepresentations U of G), one constructs an
element W€ € M(K (®,,H,,) ® Co(G)). Taking the slices with normal functionals over the second

~

leg and completing the outcome in norm (inherited from B(®,H,), one gets a C*-algebra C{(G)
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and then W€ € M(C%(G) ® Co(G)). One can show that the coproduct ”lifts” to the universal
level, i.e. there exists AY € Mor(CY(G),Cy(G) ® C¥(G)). Then one has a bijection between

corepresentations of Cy(G) and representations of the C*-algebra CZ)‘(@):

Theorem 1.13 ([38, Proposition 5.2]). Let unitary U € M(K(Hy)®Co(G)) be a corepresentation.
Then there exists a unique morphism ¢y € Mor(CY(G), K(Hy)) such that

(o @id)WE = U.

Conversely, given a C*-algebra B, its representation in a Hilbert space p € Mor(B,K(H)) and
morphism ¢ € Mor(C¥(G),B)), the unitary Uy, = (po ¢ @ id)W® € M(K(Hy) @ Co(G)) is a
corepresentation of Co(G)

In what follows, the term representation of G will be used to describe both the unitary corep-
resentations of Cyp(G) and the morphisms ¢ € Mor(C§(G), K(H)). Sometimes it is also convenient
to utilize the notion of an antirepresentation. These are usually described by unitary elements
V € M(K(H)) ® Cy(G)) such that V* is a corepresentation, the corresponding ¢y is then anti-
morphism (so that ¢y oR is a morphism). As the link between representations of G and antirep-
resentations of G is so direct, we will occasionally call antirepresentations of G representations of
G, this shall cause no confusion. R R

Performing the same trick for G one gets W©¢ € M(Cy(G) ® C¥(G)). The reducing morphism
Ag: C¥(G) — Co(G) (and a similar for G) connects these operators to the standard Kac-Takesaki
operator via

(id@Ae)W® = W = (A @ id)W*.

Moreover, one can do these liftings simultaneously and get the universal Kac-Takesaki operator
W* € M(CY(G) ® C4(G)) such that (id ®Ac) W = W€ and (A; @ id)W® = WC.
These operators are bicharacters, in particular

(A% @1d)(W®) = W53 Wy (1.12)
and
(Id @AE) (W) = W, W, (1.13)

and similarly for the semireduced versions (as (Ag®Ag A% = AgoAg and (A@@A@)OA:& = AzeAg).

Moreover, in [43, Proposition 4.4] the following form of pentagonal-like equation was estab-
lished:

Wi = Wi, Was Wi, Wi € M(CHG) @ K(L2(G)) @ CY(G)) (1.14)

If no confusion arises (e.g. when there is a single quantum group in consideration), we will drop
the superscript ¢ and if using the structure for the dual group @7 the respective objects will be
decorated with the hat 7, e.g. the scaling group 7¢ will be written by 7;. This is especially conve-
nient, because the scaling group and the unitary antipode also have their universal counterparts,
so in particular 7;* will denote the scaling group of the C*-algebra C§(G) and R* will denote the
unitary antipode of C¥(G), given a fixed locally compact quantum group G.

The scaling groups and unitary antipodes are compatible with the reduction morphisms in the

following sense:

TroAg = AgoTy and RoAg = AgoR" (1.15)

and similarly for G. Moreover, the scaling groups and unitary antipodes are compatible with the
Kac-Takesaki operators in the following sense:

R TW =W  and R"® RYW = W 1.16
t t

10



For the above, we refer to [50, Proposition 39, Lemma 40 and Proposition 42]. Moreover, the
following holds:
(R*@ R*) o Ao R* =g o A" (1.17)

There is yet another very useful result, established in [43] Theorem 2.6] (even in a more general
form concerning modular multiplicative unitaries)

Theorem 1.14 ([43] Theorem 2.6]). Let a,b € M(K(L?(G)) ® D) for some C*-algebra D. Then
W&a13 = bosW if and only if a =b € C1 @ M(D)

One can then easily conclude that the comultiplication is ergodic:

Corollary 1.15 ([43, Corollary 2.9]). Let a € M(Cy(G)). Then A(a) = b® 1 for some b €
M(Co(G)) if and only if A(a) =1 ®@c for some ¢ € M(Cy(G)) if and only if a = b= c € CL. More
generally, if B is a C*-algebra and ¢ € M(Cy(G) ® B), then (Ag ® id)c € M(Cy(G) ® C1 ® B) if
and only if (Ag ® id)c € M(C1 ® Cy(G) ® B) if and only if ¢ € C1 ® M(D).

This phenomenon has also its von Neumann algebraic counterpart, which may be phrased
slightly differently.

Proposition 1.16 ([42] Proposition 4.7]). LOO(@)’ NL®(G)=C1

1.3.2 Compact quantum groups

Although compact quantum groups are special case of locally compact quantum groups, its ax-
iomatization is way simpler, so we recall it. The rudiments of their theory is contained in [63] 68].

A unital C*-algebra A endowed with a *-homomorphism A:A — A ® A (the minimal tensor
product of C*-algebras) satisfying the coassociativity condition: (A ® id)A = (id ®A)A is called
a Woronowicz algebra, if the cancellation laws (also known as Podles condition) holds:

1®A)-AA)=ARA=(AR1)-A(A).

The Woronowicz algebra A can be always endowed with a unique state h € A*, called the Haar
state, which is left and right invariant:

(id ®h)A = (h @id)A = h()1.

Such an algebra correspond to a compact quantum group G by abstractly extending the Gelfand-
Naimark duality: A = C(G), the algebra of continuous functions on G. This algebra always contains
a unique dense Hopf *-subalgebra (i.e. the coproduct map A restricts to this *-subalgebra), denoted
Pol(G); it is spanned by matrix coefficients of unitary representations of G. This Hopf *-algebra
can have, a priori, a plethora of different C*-completions: the reduced one (corresponding to GNS-
representation associated to the Haar state), denoted C"(G), completion in the norm given by
A = C(G) (i.e. A itself) and the universal C*-norm, denoted C*(G) need not coincide, in general.
For further discussion on this topic, see e.g. [40]. In any case, there are always quotient maps

CU(G) — O(G) — O (G)

where C(G) denotes a general C*-completion. In case the quotient map Ag:C*(G) — C"(G)
is injective, we call G coamenable and declare that C*(G) = C(G) = C"(G) and Ag = id. In
a typical situation the quantum group is defined either by C*(G) or C"(G) and the respective
Hopf-structures, and typically the superscript " is redundant: if there is no need to distinguish
between the reduced and intermediate completions, one uses the symbol C(G) to denote the
reduced C*-algebra of continuous functions on G. Then L>*(G), the WOT-closure of C'(G) in the
GNS-representation, is a locally compact quantum group in the sense of Kustermans and Vaes.
Moreover, the Haar state is faithful when restricted to the Hopf *-algebra Pol(G). Equivalently,
one can say that that the map Ag [poi(c), seen as

Ac poi(c

C"(G) 2 Pol(G) Pol(G) C C"(G)
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is an isomorphism of Hopf *-algebras. To simplify things, we identify these Hopf *-algebras and
say that
Ag [pol(G)= 1dpol(G) - (1.18)

Still, the corepresentation theory of all these Woronowicz algebras is the same. Moreover,
the Hopf *-algebra Pol(G) is the unique dense Hopf *-subalgebra of C(G) (and all the other
versions of C*-algebra of continuous functions of G), see [9, Theorem 5.1]. Moreover, because the
corepresentation theory of L°°(G) is the same as the one of Pol(G), there is a unique weak*-dense
Hopf *-algebra A C L*°(G): the canonical one A = Pol(G). These are in fact three independent
statements (with non-trivial intersection) in this paragraph, so let us express them directly.

Theorem 1.17 ([68, Theorems 2.2 & 2.6(2)]). Let C(G) be a Woronowicz algebra (i.e. any version
of the C*-algebra of continuous functions on the compact quantum group G) and let Pol(G) be the
set of all linear combinations of matriz elements of all finite dimensional unitary corepresentations
of C(G), i.e. elements of the form (wg,, ®1d)U for a unitary corepresentation U € B(Hy) @ C(G)
and &, € Hy with dim(Hy) < co. Then Pol(G) is a dense *-subalgebra of C(G) and A(Pol(G)) C
Pol(G) ®aiy Pol(G). Moreover, (Pol(G), A [poyc)) is a Hopf *-algebra, the antipode and counit are
giwen by linear extensions of the maps S((we ,®@1d)U) = ((wy,e®@id)U)* and e((we,,®id)U) = ({|n).
Furthermore, one has Pol(G) = {x € C"(G) : Ag(z) € C"(G) Qqiy CT(G)}

Theorem 1.18 ([9, Theorem 5.1]). Let C(G) be a Woronowicz algebra and let A C C(G) be a
Hopf *-algebra. Then A is dense in C(G) if and only if A = Pol(G).

Theorem 1.19. Let L>°(G) be the von Neumann algebra of bounded measurable functions on G
and let A C L*°(G) be a Hopf *-algebra. Then A is WOT-dense if and only if A = Pol(G)

Let us stress that the first two results concern arbitrary Woronowicz algebras, whereas the
last result is valid only in the von Neumann algebra L°°(G). From one can deduce
only in the case of the reduced version of the C*-algebra of continuous functions on
G (with the aid of [Theorem 1.17).

Moreover, the representation theory of G, and hence the form of @, is fully understood: all rep-
resentations of G are of type I (i.e. decompose into direct sums of irreducible representations), the
irreducible representations are finite dimensional. Hence C’O(@) =®D.c (@) M gim(a)(C), where
Irr(G) denotes the set of equivalence classes of irreducible representations of G. Because of the

~

discreteness of the right hand side we will write ¢o(G) for this C*-algebra. Similarly, we will write

E"O(@) for the von Neumann algebra L*° (@), so that in particular 600(@) = [Lacrrrc) Mdim(a)(C).

~

Observe that in particular £°°(G) is atomic (every non-zero projection majorizes a non-zero min-
imal projection) and of type Iy, as a von Neumann algebra.

The most studied examples are the compact matriz quantum groups: G is a compact matrix
quantum group if the Woronowicz algebra C(G) can be given a fundamental corepresentation
U e M,(C(G)) = M(K(C")®C(G)): denoting U; j = (we, e, ®id)U for a fixed basis (e;)1<i<n C C",
orthonormal with respect to the standard inner product on C™, we ask for:

AU ) = Z Uik @ Uk,j
k=1

and
({U;,; : 1 <i,j < n}) =Pol(G)

where (X) denotes the *-algebra generated by elements of X C C(G).

1.3.3 Homomorphisms of quantum groups

The thorough description of homomorphisms between quantum groups was given in [43], let us
recall the main points. Fix two locally compact quantum groups G and H. A homomorphism
H — G can be equivalently described by three objects:
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Quantum group homomorphisms morphisms ¢ € Mor(C§(G), C{(H)), which intertwine the
coproducts:
(P®@)oAg =Afoyp
Bicharacters unitary elements V € M(Co(G) ® Cy(H)), which are (anti)corepresentations on
both legs:
(A@ ® ld)V = Vo3Vi3 and (ld ®AH)V = Vi12Vi3 (119)

Moreover, they satisfy (R® @ RE)V =V and (Tt@ TV =V.
Right quantum group morphisms morphisms p € Mor(Cy(G), Co(G) ® Cy(H)) satistying
(Ag®id)op=(1d®p)oAg and (Id®Ag)op=(p®id)op (1.20)
Moreover, they satisfy (id @p)W® = W, Vi3, where V is the corresponding bicharacter.

Moreover, each homomorphism H — G has its dual homomorphism G — H. It can be described
as follows. If ¢ € Mor(C¥(G),C¥(H)) is a quantum group homomorphism, then there exists a
unique @ € Mor(Cy (H), C4(G)), these maps are linked via

(id @) W™ = (¢ @ id) WE. (1.21)

Equivalently, if V € M(Co(@) ® Cy(H)) is a bicharacter representing a homomorphism H — G,
then V = o(V*) € M(Co(H) ® Co(@)) is a bicharacter representing the dual homomorphism
G—H

Let us also stress that bicharacters and right quantum group morphisms are equally good
studied in the von Neumann algebraic context, so that a unitary V € L% (G)®L>°(H) satisfying
and normal *-homomorphism p: L*(G) — L*°(G)®L>(H) satisfying also describe a
homomorphism of quantum groups H — G. Right quantum group morphisms in the von Neumann
algebraic context are in fact normal extensions of the respective maps in the C*-algebraic context:
they are implemented by V' by the formula p(z) = V(z ® 1)V*. Let us note that condition on
the right in correspond to p being a right action of H on L*°(G). These correspond to the
natural actions by right shifts.

Last, but not least, it is worth mentioning that sometimes one deals with morphisms between
non-necessarily universal completions that intertwine the relevant coproducts. It also follows from
the results of [43] that such morphisms can always be lifted to the universal level:

Proposition 1.20. Let G1,Gy be locally compact quantum groups and let let CE(G;) denote two
transitional C*-algebras associated to G;, i.e. the composition

N A2,
Cy(Gi) — Cp(Gi) —— Co(Gy)

is precisely the canonical reducing morphsism Ag, (i = 1,2). Let ¢ € Mor(C{(G1), CE(G2)) be a
morphism that intertwines coproducts. Then there exists a morphism ¢* € Mor(C§(G1), CY(G2))
that intertwines the coproducts and such that QQOA(%;l = Aé’zmp“.

1.3.4 Closed quantum subgroups

For an excellent account on the notion of a closed quantum subgroup we refer to [22], here we
collected numerous useful results from that article. We are concerned with the situation when a
homomorphism H — G (described by a quantum group homomorphism ¢ € Mor(C¥ (H), C§(G)), a
bicharacter V € M(Co(G)® Cy(H) and a right quantum group morphism p € Mor(Co(G), Co(G) ®
Co(H))) of locally compact quantum groups identifies H with a closed quantum subgroup of G.
There are two competing definitions of closedness in this context.
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Definition 1.21. We say that H C G is a Woronowicz-closed quantum subgroup if the following
equivalent conditions hold:

1. the map Ay o ¢ satisfies (Ag o ¢)(CY(G)) = Co(H);
2. the quantum group homomorphism ¢ satisfies p(C}(G)) = C(H);

3. the bicharacter V' generates Co(H) (in the sense of [Section 1.2.3]);

4. the right quantum group morphism p is strongly non-degenerate:

p(Co(G))(Co(G) @ 1) = Co(G) @ Co(H).

Definition 1.22. We say that H C G is a Vaes-closed quantum subgroup if the following equiv-
alent conditions hold:

1. the bicharacters V and W, viewed as representations of H, are quasiequivalent, i.e. there
exists a Hilbert space £ such that denoting the trivial representation on £ by 1, one has
that 1,®V is equivalent to 1, OWH.

2. {(i[dew)V :w e L(H)} = {({dew)WE : w e L' (H)}.

~ ~

3. there exists a normal, injective *-homomorphism : L*°(H) — L*>(G) such that Az o =
Yo Aﬁ

~ ~

4. there exists a normal, injective *~homomorphism ~: L*°(H) — L°°(G) such that V = (y ®
id)WH

5. there exists a normal, injective *-homomorphism : L> (H) — L>°(G) such that (Y®7)oAg =
A’\ o "Y
@

The normal *-homomorphisms v appearing in (3), (4), (5) are the same maps (as the notation
suggests). Moreover, ~y Lo € Mor(Cy(H), Cy(G)). One can also show that

()
Ago®p = yoAy (1.22)

and hence, by , in particular we have

(id @p)WE = (y @ id) Wt (1.23)

Theorem 1.23. If H is a Vaes-closed quantum subgroup of G, then H is a Woronowicz-closed
quantum subgroup of G.

It is not clear whether the two definitions are equivalent in full generality. Nonetheless, in the
most interesting cases the equivalence holds.

Theorem 1.24. Let H be a Woronowicz-closed quantum subgroup of G. Assume moreover that
either

1. G is discrete, or
2. H is compact, or
3. H is classical, or
4. H is dual to classical.

Then H is a Vaes-closed quantum subgroup of G.
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Moreover, there is a way to ensure that a given von Neumann algebra correspond to a Vaes-
closed quantum subgroup. For later use, let us recall that M C L>*°(G) is called invariant if
A(M) C MeM ([53]).

Theorem 1.25 ([2, Proposition 10.5]). Let M C L*°(G) be a von Neumann subalgebra. Then the
following conditions are equivalent:

1. the algebra is invariant, preserved by the unitary antipode: R(M) = M and by the scaling
group: for all t € R one has (M) = M.

2. there exists a locally compact quantum group H such that M = L (H). Moreover, its dual is
a Vaes-closed subgroup of the dual: H C G.

It seems that the appropriate definition of a closed subgroups is the one given by Vaes-
closedness. In what follows, whenever we speak of closed quantum subgroups, we mean Vaes-closed
quantum subgroups.

Remark 1.26. Tt is an open problem to settle whether the assumptions of are optimal
in full generality, i.e. whether the invariance under the action of the scaling group and unitary
antipode follow from M being an invariant von Neumann algebra. In the case of G classical or
dual to classical group it is also enough to assume that M is invariant, as originaly shown in [53]
Theorem 2 & Theorem 6]. In the case G is compact, it is also enough to assume invariance only,
as we will shown in the following Proposition. In the consecutive Section we will see that in case
G is discrete, then it is enough to assume that M is invariant. It seems to be very hard to come
up with an example for which these assumptions would be indeed necessary.

Proposition 1.27. Let M C L*°(G) be an invariant von Neumann subalgebra. If G is compact,
then M is invariant under the unitary antipode R ant the scaling group 7.

Proof. Let h: L°(G) — C be the Haar state. Let us denote Am: M — C its restriction to the
subalgebra M. Then clearly hy is a left- and right-invariant state, hence M 2 L>°(H) for some
compact quantum group H (compactness instead of only local compactness is a consequence of
boundedness of hy). This means that i - G is a Vaes-closed quantum subgroup and the map
is the inclusion M C L*°(G), in particular, it describes a homomorphism H — G. These always
preserve the unitary antipodes and scaling groups, cf. and so do their duals, hence
M is preserved by R and 7. U

For later use, let us also analyze the notion of subgroup in the case of compact quantum
groups. Let G, H be compact quantum groups and assume that 7: C*(G) — C*(H) is a morphism
identifying H as a closed quantum subgroup of G. Let us denote 7ay:= 7 [poi(g): Pol(G) —
C"(H). Observe that in fact the range of 744 is contained in Pol(H). Indeed, consider the map
A omgg:Pol(G) — C"(H) and observe that its range is contained in Pol(H) (cf. last part of
[Theorem 1.17). Then from it follows that 74, (Pol(G)) C Pol(H). Now, as 7 is surjective
and Pol(G) C C*(G) is dense, it follows that 74, (Pol(G) C C*(H) is dense. But at the same time
Talg(Pol(G)) is a Hopf *-algebra, so by we conclude that m,;4(Pol(G)) = Pol(H).

Conversly, if we have a Hopf *-algebra surjection 7: Pol(G) — Pol(H), we can always see as
m: Pol(G) — Pol(H) C C“(H). Then using the universal property of C*(G) (and the fact that
C“(H) is a C*-algebra), we can extend 7 to a map 7: C*(G) — C*(H). Firstly, from density of
Pol(H) C C*“(H) we see that the image of 7 is dense. But as the range of 7 is closed, we see
that 7 is automatically a surjection. It intertwines the coproducts on a norm-dense sets, hence
everywhere. We summarize this in the following:

Theorem 1.28. The following two categories of compact quantum groups are equivalent:

1. the category €QB — Hopf consisting of Hopf *-algebras coming from compact quantum groups
as objects and with Hopf *-algebra surjections as morphisms and
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2. the category €QG —univ consisting of universal C*-algebras associated to compact quan-
tum groups as objects and with surjective *-homomorphisms intertwining the coproducts as
morphisms.

The equivalence is given by:
1. Pol(G) — C“(G) and m — T defines a functor €Q® — Hopf — €QG — univ and
2. C"(G) — Pol(G) and 7 +— mqy defines a functor €Q® — univ — QG — Hopf.

and these two functors are mutually inverse.

1.3.5 Woronowicz-Tannaka-Krein duality

The exposition of this part is based on [44] [65]. The approach of [44] is more modern and we stick
to the terminology used therein. The objective of this part is to provide a simple proof of a result
from [45] that can clarify certain steps of constructions presented in The key result of
[65] establishes a bijective correspondence between compact quantum groups and a structure that
is nowadays called rigid C*-tensor category endowed with a fiber functor (in [65] these were called
concrete monoidal W*-categories). Not getting much into the details, by a result of MacLane it
is in fact enough to consider only strict categories. Let then C be a small category (that is, the
class of objects Ob(C) is in fact a set). To clarify notation, we drop the subscript ¢ when denoting
parts of the structure related to C, e.g. Mor = Mor¢ etc.

Definition 1.29. We say that C is a strict C*-tensor category, if:
1. for all objects U, V, the set Mor(U, V') is a Banach space. The map
Mor(V, W) x Mor(U, V) 3 (s,t) — st € Mor(U, W)
is bilinear and ||st||< ||s]l||¢]]-
2. there exists a contravariant functor *:C — C such that

(a) it is identity on all objects, so if t € Mor(U, V'), then t* € Mor(V,U)
(b) [[t*t||= ||t||* for any t € Mor(U, V). In particular, End(U) = Mor(U, U) is a C*-algebra.
(¢c) for every t € Mor(U, V), the element t*¢t € End(U) is positive.

3. there exists a bilinear functor C x C 3 (U, V) - U ® V € C, which is associative: (U ® V) ®
W =U® (V®W), and an object 1, called the unit object, satisfying U ® 1=U =1QU.
4 5@t =s* @t

5. C has direct sums, i.e. given objects U,V there exists an object W and isometries u €
Mor(U, W) and v € Mor(V, W) (i.e. u*u = Lgnq(r) and v*v = Lguq(vy) such that vu*+vv* =
Tgna(w)- We denote W =U @ V.

6. C has subobjects: for every projection p € End(U) there exists an object V' and an isometry
v € Mor(V,U) such that vv* = p.

7. the unit object 1 is simple, i.e. End(1) =C
8. the category is small,

A canonical example of a strict C*-tensor category is the category Hilbs , whose objects are
finite dimensional (complex) Hilbert spaces and the morphisms Mor(H, K) = B(H, £) are all linear
maps H — K. To be more rigorous, one needs to choose a set of Hilbert spaces that contains at
least one Hilbert space of each dimension (treated as a cardinal number), this set then can be
taken as objects of Hilby. The adjoint * is a hermitian conjugate of an operator, and the tensor
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® corresponds to the canonical tensor product of Hilbert spaces. Strictness corresponds to fixing
identifications (HRK)® L = H® (K ® L) (in fact one needs to be a little careful at this point, but
it is not a major difficulty). The unit object is the one-dimensional Hilbert space C. The direct
sum is the well-known direct sum of Hilbert spaces, and subobjects correspond to subspaces.

The other example comes from the representation theory of a compact quantum group G.
The category Rep(G) is defined as follows: the objects of Rep(G) are the (isomorphism classes
of) finite dimensional corepresentations. Given two corepresentations U € B(Hy) ® C(G) and
V € B(Hy) ® C(G), the morphisms are intertwiners:

Mor(U, V) = {t € B(Hy, Hy) : (t @ 1)U = V(t @ 1)},

the direct sum tensor product are the ones appearing in (|1.9) and (1.10)), respectively. The unit
object is the trivial representation of G.

Definition 1.30. Let U be an object of a strict C*-tensor category C. We say that U has a
conjugate, if there exists an object U of C and morphisms r € Mor(1,U®U) and 7 € Mor(1,U®U)
such that (7* ® idy)(idy ®r) = idy and (r* ® idg)(idg ®7) = idg. In such situation U is called
the conjugate object (to U) and the pair (r,7) is called a solution of the conjugate equations. If
every object of C has a conjugate, then we say that C is rigid.

In what follows we will deal only with strict rigid C*-tensor categories. In this situation, the
next definition has a particularly simple form (without assuming rigidity, the definition can still
be phrased).

Definition 1.31. A tensor functor F:C — Hilby (i.e. functor preserving the whole linear and
tensor structure) is called a fiber functor.

There is a canonical example of a fiber functor: the functor Fg:Rep(G) — Hilby given by
Fg(U) = Huy, the carrier Hilbert space of U. The celebrated Woronowicz-Tannaka-Krein Theorem
states that this is in fact the only possible example.

Theorem 1.32 (Woronowicz-Tannaka-Krein duality). Let C be a strict, rigid C*-tensor category
and F:C — Hilby a fiber functor. Then there exists a unique (up to isomorphism) compact quan-
tum group G and a (unitary) tensor equivalence E:Rep(G) — C such that F o E is naturally
(unitarily) tensor equivalent to Fg.

Remark 1.33. A simple, essentially category-free proof of [Theorem 1.32| was recently given in [41].

Lemma 1.34 ([65, Proposition 2.2(3)]). Assume U,V € C are such that U C V and V has a
conjugate V. Then U has a conjugate.

Theorem 1.35 ([45]). Let G be a compact quantum group, M a von Neumann algebra and v: M —
*(G) an injective normal *-homomorphism. Assume that v(M) C (>°(G) is invariant. Then
M = ¢>°(H) for some compact quantum group H. In particular, H C G is a closed subgroup and

M is preserved under the action of unitary antipode R and the scaling group Ty.

Remark 1.36. |Theorem 1.35|in the above formulation is in fact [45, Theorem 3.1] after one applies
the co-duality techniques of [34].

~

Proof. There are two key steps we need to prove the Theorem. First is that Rep(¢>°(G)), the
category of finite-dimensional unitary representations of the von Neumann algebra £°° (@), endowed
with the following tensor structure: if ¢, ¢': £°(G) — B(H),B(H’) are *-homomorphisms, then
oD = ¢’ ® ¢o 3, and with its canonical tensor functor into H4ilbs is naturally unitarily tensor
equivalent to the category Rep(G) with its canonical fiber functor Fg. This equivalence is given
as follows: to any *-representation in a Hilbert space H of finite dimension ¢: 600(@) — B(H)
we associate a corepresentation Uy = (¢ ® id)W® € M(K(H) ® C(G)). That this assignment is a

natural unitary tensor equivalence follows from [Theorem 1.13| (in fact, in case of compact quantum
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groups this was noted earlier, cf. [68 Section 5]) and (1.12)). It is clear from the construction that
this equivalence intertwines the tensor functors into Hélby.

~

Now observe that any finite dimensional representation of £*°(G) gives rise to a (still finite
dimensional) representation of M by precomposition with the map . In this way we obtain a
functor G:Rep(G) — Rep(M), where the tensor structure in Rep(M) is introduced as above:
¢, ¢':0>°(G) — B(H),B(H’) are *-homomorphisms, then ¢@¢' = (¢' ® ¢)o(y L @ v )oAory
(this is well defined, because v(M) is invariant). To be more precise, let U, U’ € Rep(G) and
let ¢y, oy €° — B(H),B(H’) be the associated *-homomorphisms (where we already used the
existence of the fiber functor U, U’ — H, H’). The object ¢y o~ is well defined, as Fg(ppoy) =H
are finite dimensional (likewise for U’). Let then f € Mor(U,U’) = Bg(H,H') C B(H,H’) be
an intertwiner. This means in particular that for all z € EOO(@) we have foy(x) = our(x)f €
B(H, H'). Hence putting x = v(y) for y € M we get that f € B(H,H’) is an intertwiner between
the *-representations ¢y oy and ¢y oy of M, thus f € By(H, H') is well defined.

It is clear from the construction that the functor G is linear and tensor (for the tensor product
@ defined as above). Moreover, it has the following property: for any V' € Rep(M) there exists
U € Rep(G) such that V' C G(U). This is due to the fact that + is injective and that M and ¢°° (@)
are type I atomic von Neumann algebras, hence the inclusion + is well understood (e.g. by means
of the Bratteli diagram): any matrix block of M is sent to a numbers of subblocks of some matrix

~

blocks of £>°(G) by means of formal identity map and conjugation by an unitary. In particular, as

~

G has the trivial representation 1, there exists a 1 x 1 matrix block in the decomposition of £>°(G)
into matrix algebras. Because v: M — ¢°°(G) is an inclusion, there is object 1’ € Rep(M) which
correspond to a one-dimensional representation of M (i.e. M admit a character) and this object is
obtained by G(1) = 1.

Observe that 1’ is a unit object in Rep(M). Indeed, 1 correspond to the counit &: EOO(@) — C.
Let then ¢: M — B(H) be a finite-dimensional representation. Then 1’, by construction, correspond

to the map €oy: M — C. Then for any x € M we have:

$0(E0 7)) = (6 ® (v ®i)A(y()) = oy~ ((id ® 3)3(7(93)))) -

=6y~ (7(2))) = ¢(x)

by evoking the defining properties of the counit.

The second step is now easy. To conclude, it is enough to show that G(U) has a conjugate and
evoke to Indeed, the existence of a conjugate object to G(U) follows from existence
of U € Rep(G), the object conjugate to U. If then r € Mor(1,U ® U) and 7 € Mor(1,U ® U) is
a solution to the conjugate equations, then by the fact that G is tensor functor and 1’ is unit, a
simple application of G' to the conjugate equations show that G(U) is conjugate to G(U) (and in
particular that G(r) and G(7) solve the conjugate equations for G(U) and G(U)).

We now use to see that Rep(M) with the canonical fiber functor is in fact
(equivalent to) Rep(H) for some compact quantum group H. Repeating the first paragraph we
observe that in fact EOO(]EI) >~ M, which finishes the proof. O

1.3.6 Intrinsic subgroup

~

Any locally compact quantum group G has its maximal classical subgroup Gr(G), also called the
group of characters of G. It is given as follows: consider the universal enveloping C*-algebra C{(G)
and the commutator ideal of it, i.e. the ideal generated by {xy — yz: x,y € C{(G)}, call this ideal
I. Then the quotient map

46: CY(G) — C(G) /1 =: Co(Gr(G))

identifies the spectrum of the (commutative) C*-algebra C¢'(G) /1, denoted Gr(@), with a closed

(quantum) subgroup of G. The commutativity of the C*-algebra Cy (Gr(@)) ensures us that Gr(@)
is a coamenable quantum group, so we drop the -* decoration.
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Alternatively, one can go to the dual quantum group G and ask for group-like elements in its
appropriate C*- algebras describing, e.g. take

Gr(€) = {w € M(C§(G))|A4(x) =z @ v, # 0}

Instead of Cg(@) one can alternatively take L>(G). It follows that elements of Gr(G) are unitary
(132, Theorem 3.9]) and this set with the inherited weak*-topology is a locally compact group
(where the multiplication and inverse are Gelfand transforms of restrictions of A and § ). There
are other ways to describe the group Gr(G), see [20] 32].
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Chapter 2

Hopf image

2.1 Introduction and results

This chapter is devoted to studying the following concept: let G be a locally compact quantum
group (in the sense of Kustermans-Vaes). Let B be a C*-algebra and let 5 € Mor(C¥(G), B) be a
Woronowicz morphism. We think of it as Gelfand dual of a map 3 :X — G from a quantum space
into a quantum group and ask what is the closed quantum subgroup (in the sense of Vaes) of G
generated by B(X) cG.

Formally speaking, we consider the following category, denoted by Cz. Objects of Cg are triples
(m, H, f3) such that H is a closed quantum subgroup of G (in the sense of Vaes) such that 7 €
Mor(C¥(G), Cy(H)) is the associated morphism intertwining the coproducts and for = 3 (as
Woronowicz morphisms), i.e. the map g factors through the C*-algebra of the subgroup C¥(H)
(where H is embedded in G using 7) and ﬁow = [ is the factorization. For two objects h =
(m,H, B),k = (7', K, 3') € Ob(Cg), a morphism ¢ € More, (h, k) is a Woronowicz morphism of the
C*-algebras ¢ € Mor(C¥(K), C4(H)) which intertwines the respective coproducts and such that
the following diagram commutes:

f

G (G)

Cg (K)

Diagram 1: Morphisms in Cg

The object we are interested in is the initial object of the category Cg.
The aim of this chapter is to

1. construct/establish the existence of this initial object,
2. describe it as thoroughly as possible,
3. compare our construction to existing notions of generation in the quantum context.

The following are the main results:
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Theorem 2.1. Given a locally compact quantum group G and a morphism B as above, there
always exists the initial object of the category Cg.

In what follows, this initial object will be called the Hopf image of the morphism (3. If this initial
object happens to be the whole G, then 5 will be called generating morphism. In [6], in the context
of compact quantum groups, such morphisms were called inner faithful (or, sometimes, faithful in
the discrete dual group sense). The latter name no longer match the situation of locally compact
quantum groups, and the former produces some ambiguity, as some expect such a definition should
indicate a relation with the adjoint action.

In we address the question of comparison our construction of Hopf image to other
notions of generation that appeared in literature previously in certain specific cases. The outcome
is as expected: the notions of generation in both the discrete quantum group sense and in the
compact quantum group sense can be interpreted in the language of Hopf image in locally compact
quantum group sense and they coincide (after some minor modifications in certain cases).

2.2 Construction of Hopf image

2.2.1 First steps towards the construction

The goal of this part is to construct a quantum group H which will later be shown to satisfy
the defining properties of Hopf image. So let us fix a morphism 8 € Mor(C{(G), B), where B is
some C*-algebra, the universal, reduced and semireduced Kac-Takesaki operators will be denoted
W, W, W, W, respectively.

Application of A@ ® A@ ® id to both sides of yields:

(Az ®id)(W) = W23V 13 (2.1)

But as the comultiplication on the reduced level is implemented by W, (2.1) together with
(1.7) can be rewritten as

(0' X id)(Wﬁng,Wm) = Wo3 W 3. (2.2)
Evaluating (o ® id) at both sides of (2.2) yields:
Wi W3 Wi = W13W o3, (2.3)
hence
WosWia W55 = Wi W 3. (2.4)

Let us denote X = (id ©8)W € M(Cy(G) ® B). Computing the value of (id ® id ®3) at both sides
of the equality (2.4)) results in:

Xo3Wi2 X553 = Wi2 X3 (2.5)
or, equivalently,
(Az ®id)X = X23X13 (2.6)
Applying (w ® id ® id) to both sides of we obtain:
where a = (w ® id)W. As
Wis € M(Co(G) ® Co(G) ® B) € M(K(L2(G)) ® Co(G) ® B) 2.9
X13 € M(Co(G) ® Co(G) ® B) € M(K(LA(G)) @ Co(G) ® B) '

we get that X (a®1)X™* € M(Cy(G)®B) and hence we can define the map 6: Cyp(G) — M(Cy(G)®B)
by
Co(G) 3 ars X(a®1)X* € M(Co(G) ® B). (2.9)
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Let us assume that B C B(H) is (faithfully) represented on a Hilbert space H. Then we can view
0 as a representation 6 € Rep(Co(G), L*(G) ® H). One has:

(id®0)(W) = W12X13 € M(Co(G) ® Co(G) ® B) € M(Co(G) ® K(LA(G) @ H)).

As W € M(Co(@) ® Co(G)) generates Co(G) in the sense of [Section 1.2.3 (cf. [Lemma 1.7 and
ISection 1.3.1]), we conclude that:

Proposition 2.2. § € Mor(Cy(G), Co(G) @ B).

Now we are in position which allows us to state the main construction. Let
My = {(id®w)X|w € B*} C L™(G)
As X € I\/I(CO(@) ®B), My C M(Cy (@)) C L™ (@) Denote by M the *-algebra generated by M,
and by My its norm-closure.
Proposition 2.3. M{ = M| is a von Neumann algebra

Proof. Indeed, as we have
TeEM) <= X(Te1l)=Te)X = T)X*=X*Tx1)

— X(T*@1)=(T"o1)X < T*cM,
O

Thus also M; = M is a von Neumann algebra.
Let Mgy be the smallest von Neumann algebra containing My (so in particular containing M),

which is invariant (under Az) and preserved by 7%, R®. The existence of such von Neumann algebra
follows from standard argument: it is the intersection of all von Neumann subalgebras of L>° (@)

that are R®-, 76- and Ag-invariant: this collection is non-empty because L>(G) itself is such an
algebra. Later on we will see that it can be constructed more explicitely. Thanks to
there exists H C G such that L>°(H) = M, in particular, we have a map m € Mor(C¥(G), C¥ (H))

coming from [Theorem 1.23] which is linked to the embedding Mpy C L*(G) via (|1.23).

2.2.2 Properties of algebra M,
Lemma 2.4. Let 8 € Mor(C¥(G),B) be a morphism of C*-algebras, let C = S(C{(G)) C M(B).

Let B C B(H) be a non-degenerate representation. Let now:
o My = {(i[d@woB)(W) : w € B*}"
o My = {(id@wof)(W):w e C*}
o My = {(id@wop)(W) : w € B(H)"}”
o My = {(id@wof)(W) : w € B(H).}"
o M5 = {(id Qw0 B) (W) : &,n € H}'
Then

e (€ Mor(Cy(G),C)
o My =My = My = My = Ms

Remark 2.5. By first part of we see that we can restrict our attention to maps
B:CY¥(G) — B that are surjective (philosophically speaking, the maps that are Gelfand duals
of an embedding §:X — G of the quantum space X as a closed quantum subset of G, where

B = Cv(X)).
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Proof. The first part is a standard reasoning, we only indicate its main steps. Firstly one shows
that C C B(H) is a non-degenerate representation by using that § is a morphism, B C B(H)
is non-degenerate and Cohen factorization theorem. Secondly, one shows that M(C) C M(B) by
using the Hilbert space description of the space of multipliers. The last step is to check that
B € Mor(C¥(G), C), which amounts to checking that G(C§(G)) - C = C, which once again follows
from Cohen factorization theorem.

It is obvious that My C M3. To show that M3 C My, let us fix an element w € B(H)* and
consider z = (id ®w)X. Recall that B(H). C B(H)* is weak*-dense, so pick (wn)nen C B(H)«
such that w, — w in weak*-topology. Then z,, = (id ®w, )X € M4 and by we have
that z, — z in 0-WOT. Hence x € M3 by 0-WOT closedness of the latter and we are done.

Now as every functional in B(H)* restricts to B and C we have that M3 C M, My. But
as B,C C B(H) are closed, any continuous functional from B* and C* extends to a continuous
functional in B(H)* by Hahn-Banach theorem, so B(H)* — C* B*. In particular, this means
My, My € M3.

For the equality My = My recall that the linear span of vector functionals is norm dense in
B(H). (see, e.g. [14, II1.2.1.4]). Now by standard calculation we show that if w,, — w in norm,
then (id ®w, )X — (id ®w)X in the weak operator topology. Pick then ¢ € H, we have:

[(€l(d @ (w = wn)) X[E)] = [(we ® (W — wn)) X]|
< Jlwe ® (w = wa) |1 X 1= 1I€]1%lw — wall[|1 X]|— 0.

By WOT-closedness of M5 any element of the generating set of My is in fact in M5, so we once
again conclude by von Neumann’s bicommutant Theorem. O

Proposition 2.6. The algebra My is invariant, i.e. A(My) C Mi@My. If moreover 7 (ker(3)) C
ker(3) (in particular if G is Kac type), then My is is preserved by T—; for each individual t € R.

Proof. For the invariance, let us first pick = (id ®(£|-|n))X € Mj for some &,n € H, we will show
that A(z) € Ms®@Ms. Pick an orthonormal basis (e;);jes of H and recall that 1 =73, ;le;)(e;] is
a WOT-convengent resolution of identity into rank one projections. We compute:

Aw) = (A ® () (X) = ([d@id@(E]n)) (X23X13) =
= (id@id@(Em) (Xl @ 1® ) |e;){e;))X13) =

jedJ
= Z(id@id @]+ m)(Xas(1 @ 1 ® |ej)(ej|) X13) =
jeJ
= ([d®@id ®(¢]|e;)) (Xas) (id @id ®(e;||n)) (X13) =
jeJ
= Z(id®<ejl‘ln>)(X) @ (id @(&||e;))(X) € Ms@Ms5
JjEJ

We conclude by normality of A and equality M; = M5 obtained in

Let ¢t € R. If ker(f) is 7} invariant, let w € B*. Then there exists (necessarily unique) functional
wy € B* such that wofor* = wyof. Indeed, using My = My, i.e. assuming that §: C{(G) — B is a
surjection, given b € B we find a € C§(G) such that 8(a) = b. Define

wi(b) = w(B(7/(a))).

The boundedness of w; is obvious, provided that it is well defined. To this end, let us assume
a’ € C¥(G) is such that B(a’) = b as well. Then

w(B(7'(a))) = w(B(ri'(a"))) <= w(B(7'(a—a’))) =0

But as we picked o’ so that a — a’ € ker 3, the above follows from 7 (ker(3)) C ker(3).
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Now having w; we use (the semi-reduced version of) (1.16) to compute:
T_1([d ®@woB)W) = 7_;((id ®wo 8)(T; @ )W) = (id Qw0 8) W

hence the generating set for the von Neumann algebra My is 7_;-invariant, which is enough to
conclude global 7_;-invariance of M. O

Lemma 2.7. Let M C L>*°(G) be a von Neumann algebra that is invariant.

1. Let Mg C L®°(G) be the smallest von Neumann algebra containing M and closed under the
unitary antipode R. Then it is invariant.

2. Let M, C L*°(G) be the smallest von Neumann algebra containing M and closed under the
scaling group T for all € R. Then it is invariant.

3. Let Mg, C L*(G) be the smallest von Neumann algebra containing M and closed under the
unitary antipode R and the scaling group 7 for allt € R. Then it is equal to (Mg), = (M,)g.

Proof. The first two items follow from the relations A(R(z)) = coR ® RoA(x) and A(r(x)) =
7y ® TtoA(z), so that Mg = (MU R(M))"” and M, = (U,cg 7¢(M))" are the desired von Neumann
algebras. The last item is a combination of the first two together with the relation 7,oR = Ror;. O

Remark 2.8. In particular, the algebra Mpy described at the end of [Section 2.2.1]is obtained by
only closing M; with respect to the unitary antipode R and scaling group 7. In fact, even closing
M; under 7T-invariance is enough, as we will now see.

Theorem 2.9. The minimal 3-, 7- and R-invariant subalgebra of L™ (@) containing My is given
by
Mgy = (| 7(M1))".
teR
In particular, Mpy = My if G compact or discrete or if 7}*(ker(5)) C ker(8) for all t € R.

Proof. For the purpose of the proof, let us call the right hand side von Neumann algebra of the
statement of Mggs. This algebra is clearly 7; invariant for all ¢ € R, and as My is
invariant, we conclude from that Mgps is again invariant. To see that Mprs = Mpy,
we need to show that it is preserved by the unitary antipode R.

Firstly, for t € R and w € B(H), let us denote z,, ¢+ = (T: ® w)X and observe that M; = My

is generated by z, o for all w € B(H),. Furthermore, for ¢ € R fixed, 7;(M;) is generated by x, ¢
for all w € B(H).. In turn, Mggg is generated by z,: for all w € B(H) and all ¢ € R. Indeed,
all elements z,,; € Mgrrs from the above description. The converse inclusion follows easily from
von Neumann bicommutant theorem: if y commutes with all z,; for all w and ¢, we see that
5 € Mhew 7M1 € Uycn 71 (M1).
Now we use M; = My from Let us pick w € B(H). Then w* defined as w*(a) =
w(a*) is again a normal functional, as the adjoint * is o-weakly continuous. Then by (1.11]) we
have that (id @w)(X*) = [(id@w*)(X)]* = 2., € D(5) = D(7;/2) (recall that in fact X is
antirepresentation, so X* is a representation of G). Hence

ﬁ((id Qw)(X™)) = (?,i/Qog)((id Qw)X™) =7_;5((id ®w) X) (2.10)

But as Mg is T-invariant, it is also preserved by its analytic generator, as it is defined uniquely:
the analytic generator of 7_; [my,¢ is precisely (7_;/2) [Mpys- Hence R(z}. 5) € Mpys for all
w € B(H). and in turn f/%(17w70) € Mgps for all w € B(H),. Next, thanks to the relation 7oR = Ry,
it follows that ﬁ(xw,t) = ﬂ(ﬁ(xw’o)) € T:(Mgrys) = Mgrs. Together with the description of the
generating set in first step, this finishes the proof of the main assertion.

The “in particular” part follows from the observation that in all these cases the algebra M;
is automatically 7-invariant: in case of G compact this was in case G discrete this
was [Proposition 1.27|and the case 7 (ker(3)) C ker(f3) for all ¢t € R follows from the discussion in

Proposition 2.6}

O
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2.2.3 Verification of defining properties

This part is devoted to showing that the quantum subgroup H constructed in indeed
satisfies the defining properties of Hopf image, i.e. firstly, there exists 3 € Mor(C¥(H), B) as
described in that is showing that (mH,B) € Cg, and secondly, that it is an initial
object of the category Cg.

Lemma 2.10. Let K be a Vaes-closed quantum subgroup of G and denote tha associated Hopf
morphism by mx € Mor(CY(G), CY(K)) and v: L=(K) — L®(G). Then (WK,K B) € Cs, i.e. there
exists 3 € Mor(C%(K),B) such that f = Bomg if and only zf M, C 'y(L‘X’(K))

Proof. Let then (g, K, 3) € Cs and pick w € B*. Using (T and (1.23)), we have that
(id ®w) (id ©8) (W) = (id ®w) (id @ Bomg ) (W) = 7<(id ®woB)WK>

Hence the algebra M, constructed for 3 and the corresponding algebra constructed for £, seen
as subalgebras of L>°(G), coincide, hence so do their C*-envelopes My and the corresponding one
for 3. This shows the necessity.

Assume that My C LOO(K) In order to get a morphism 3 € Mor(C¥(K),B) it is enough to
show that X* is a representation of K by

Now observe that |L 7| shows that X e M(MO ®B) C M(C’O( ) ® B). But from the fact
that Az and Ay c01nc1de and from (2.6)), we have that Xs3X15 = (A= ®id)X, so X*

e ® K
satlsﬁes hypothe51s of O
Proof of [Theorem 2.1} From we get that H constructed at the end of [Section 2.2.1]

can be endowed with the morphism ﬂ completing the desired factorization, i.e. (7, H,5) € Cg.
Let now k = (7, K, B") € Cg. From [Lemma 2.10[ we have that My C L°°(K) and LOO(K)
a RE- 76 ;7’~ and Ag-invariant subalgebra of LOO(G) As Lm(ﬂ) is chosen to be a minimal von

Neumann subalgebra with this property, we necessarily have L (]?]I) C L™ (}K) In particular the
inclusion map satisfies the defining property of H being a Vaes-closed quantum subgroup of K, so

we conclude by [Theorem 1.23] 0
2.2.4 More on X € M(Cy(G) ® B) and 6 € Mor(Cy(G), Cy(G) ® B)

In this section we investigate the mutual relation between the objects describing the embedding

X «— G as phrased in [Remark 2.5} i.e. the morphism 8 € Mor(C¥(G), B), the unitary antirep-
resentation X € M(Cp(G) ® B) and the morphism 6 € Mor(Cy(G), Co(G) ® B) in the spirit of

[43].
From the discussion in it is clear that out of 3 one can canonically construct the
Theorem 1.13]

unitary X, which is an anticorepresentatlon of C’O(G) But (applied to X* as in the
proof of shows that to a unitary X € M(Cy(G) ® B) there corresponds a unique
morphism S € Mor(C¥(G), B).

Again, from the discussion in it is clear that out of a unitary X, which is a
corepresentation of Cy(G) one can uniquely construct the morphism 6 € Mor(Cy(G), Co(G) @ B).
Observe that this morphism satisfies the following condition: (Ag ® id)of = (id ®0)oAg. Indeed,
for a € Cy(G) we have that

(Ag ®id)of(a) = (Ag ®id)(X(a @ 1)X*) = WiaX13(a ® 1 @ 1) X3 Wi, (2.11)

Using (2.5) and the fact that Xa3(a ® 1 ® 1)X5; = a ® 1 ® 1 (because X is unitary and Xo3
commutes with ¢ ® 1 ® 1), we can continue calculations from ([2.11)) and get:

WipX13(a @ 1@ 1)X[3Wih = XosWiaX53(a @ 1 ® 1) Xo3 Wi X33 =
= X23W12(a ®R1® Il) T2X;3 = Xo3 (W(a (9 H)W*) Xo3 = (2.12)
12

= Xos(Ag(a)) X35 = (i @0)oAg(a)
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Proposition 2.11. Assume 6 € Mor(Cy(G), Co(G) ® B) is such that (Ag ®id)of = (id ®0)oAg.
Then there is a unique unitary X € M(Co(G) ® B) such that 6(a) = X(a ® 1)X* and X is an
antirepresentation of G.

Proof. The proof is essentially the same as first part of the proof of [43] Theorem 5.3], but we
repeat it for sake of completeness.

Denote X = W1, ((id ®0)(W)) € M(Co(G) ® Co(G) @ B). We will show that Wz X104 Wy =
X134, then using [Theorem 1.14{ we conclude that X € M(Cy(G) ® C1 @ B), so in fact there exists
X € M(Cy(G)1 ® B) with X = X;3. We compute

Wos X124Wis = Wos Wi, Wi, Wag ((id ®9)w> Wi, =
124
= Wi, Wi, (1d®Ag ®1id) <(id ®0)W> =
= Wi, Wi, ((id ®id ®0)(id ®AG)W> =
= Wi, ((id@ id ®9)W23) = X134

Let us now check that 0(a) = X(a ® 1)X*. In fact we will show that 6(a)i3 = Xe®1®1)X*,
together with the fact that X = X3 this is enough. We have

Xa@olo1)X* =W, <(id ®a)w> (a®1®1) ((id ®0)W*>W12 =

&
:W}g( (id ®8)Ag(a ) -

= sz( AG ® ld a) Wis

= Wiy (Wi20(a)13Wi) Wiz = 0(a)i3

Showing that X is a corepresentation amounts to showing that (ﬁ ®id ® id)X = X234X134. Using
reduced version of (|1.12)) we get that

(A®id®id)X = (((3 @id)W*) ® 11) (A ®0)W)
= Wi Wiy ((id ® id ®0)Wa3) ((id @ id ©0)W13) = Wi Xo54(A @ )W) = X34 X134

where in the last equality we used the fact that X234 = X4 commutes with Wi;. To prove
uniqueness, assume Y € M(Cy(G) ® B) is another such unitary. Because slices of W are dense in
Co(G), we have that

X@e)X*=Y(eax1)Y*

for all a € Cy(G) is equivalent to saying that
XosW12 X355 = YosWioY5s
Rearranging terms, this is equivalent to

Wi (Yo3X23)Wia = Y55 Xo3
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which, in turn, is equivalent to

(A®id)(Y*X) =Y5X13
We conclude from |Corollary 1.15[that in fact X(1 ® u) =Y for some unitary u € M(B). Applying
(A ®1d) to both sides of this equality we get

XosX13(1 @1 ®u) = (A®id)(X(ue 1) = (A®id)Y
=Y23Y13 =Xo3(1®1@u)X13(1 @1 Qu)

and hence u = 1, which finishes the proof. O

Summarizing, there are three equivalent ways of studying an embedding X — G of a locally
compact quantum space into a locally compact quantum group (we recall that B = Cy(X)), these
are as follows:

1. the morphism 8 € Mor(C{(G), B);
2. the unitary X € M(Cy(G) ® B), which is an anticorepresentation of Cy(G) and
3. the morphism 6 € Mor(Cy(G), Co(G) ® B) satisfying
(Ag ®id)of = (id ®0)oAg,
which corresponds to the partial action X ~ G by right shifts.

Fixing a non-degenerate representation of B C B(H) and denoting by B” the WOT-closure
of B in the WOT-topology induced by this embedding, we can — similarily as in the case of
homomorphisms, study these objects in the von Neumann algebraic context. Indeed, we have

=~ ~

X € L*(G)®B"” C L*(G)®B(H) and 0: L>°(G) — L*°(G)®B" satisfying
(Ag ®id)of = (id ®0)oAg,

because 6 is obtained by conjugating with a unitary and as such extends to the WOT-closure of
Co(G). We will switch between this viewpoints freely later on.

2.3 Comparison to other notions of generation

2.3.1 Hopf image in the sense of Banica & Bichon

The focus of this section is the study of the relationship between the notion of Hopf image for

compact quantum groups in the sense of [Theorem 2.1 (i.e. in the revised sense of [49]) and the
notion of Hopf image discussed in [6]. Let us recall the main steps of the construction given in [6].

Let us fix a CQG-algebra Pol(G) and a *-homomorphism (: Pol(G) — B, where B is some *-
algebra (the construction of [6] deals with a more general context of Hopf algebras over a general
field). Consider the free monoid F'* over the alphabet Z, denote the empty word by ) and the
length of a word w € F* by ¢(w) € N. To any g € F'™ we associate an algebra B9 and a morphism
Bg:Pol(G) — BY in the following manner:

1. BY = C and 3y = &g, the counit of Pol(G),

2. for n € Z we have: B® = B iff n is even and B" = B° iff n is odd; then we define
Bn, = BoSE, where Sg is the antipode of Pol(G) (recall that for the Hopf *-algebra we have
S~H(x) = S(z*)")).

3. for z,y € F* with £(x),{(y) > 1 define B*Y = B Qqy BY and B,y = B @ By.
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Then with the notation Iz = [, p+ ker(3,), the CQG-algebra Pol(H) = Pol(G) /Iﬂ is the Hopf

image of the *-homomorphism (3, i.e. it is the initial object in the category defined analogously
to Cz (note that in [6] the terminology was that the minimal factorization was the final object,
this is due to sticking to the opposite convention: in our definition the order on Cg is according to
quantum groups, whereas in [6] the order is according to Hopf algebras).

In order to compare the notion of Hopf image in the sense of [6] and in our sense, let us pick
a *-homomorphism (3: C*(G) — B and consider the algebraic version of 3, which is defined as
follows:

B:= B Iroi(e): Pol(G) — B(Pol(G)) =: B.

Let now Pol(H;) be the Hopf image of 3 in the sense of [6] (together with g;:Pol(G) — Pol(H;)
and (1:Pol(Hy) — B such that 8 = (10¢q1). Let also C*(Hs) be the Hopf image as a locally
compact quantum group, i.e. given by (together with G,: C*(G) — C"(Hz) and
By: C*(Hy) — B such that 3 = 35,07,). Our aim is to show that H; = Hy, i.e. C%(H;) = C*(Hy).

Thanks to we know that the Hopf *-algebraic description and the universal
C*-algebraic description of subgroups coincide, and hence the standard categorical reasoning con-
cerning uniqueness of a minimal object shows that in fact H; = Hy as compact quantum groups.
Moreover, one can see than in fact £, = 3, [Poi(r,)- We only sketch the steps of the reasoning.

Consider the map BlzPol(Hl) — B C B. The universal C*-envelope of Pol(H;) provides an
extension of it: 3,: C*(H;) — B such that (3, [Pol(H, )= 1. Similarily, the map q1: Pol(G) —
Pol(H;) C C*(H;) can be extended to the universal C*-envelope q;: C*(G) — C*(H;) such that
7y Ipoi(c)= q1- Observe that B = B,07,: the equality holds on the dense set Pol(G) because
of the definition of g,, the fact that ¢;(Pol(G)) = Pol(H) and the definition of 3;. Hence the
triple (g, H1,3;) € Cgs, so from the definition of C*(Hz) we have that there exists a surjection
Y: C*(H;) — C*(Hs) intertwining the respective coproducts, hence Hy C Hj

Proceeding similarily on the level of algebraic factorizations, with the role of H; and Hy re-
versed, uniqueness of minimal factorization established in [6] show that in fact H; C Hy. Then we

conclude by

2.3.2 Hopf image in the sense of Skalski & Soltan

This section is devoted to describing the relationship between the Hopf image described in
and the notion of Hopf image for compact quantum groups in the sense of [49]. Let us
recall the basics of that construction. Let 5: C(G) — B be a unital *-homomorphism — here C(G)
denotes a version of the compact quantum group G, non-necessarily universal nor reduced. Denote

Bn=(B®...03)AMD.C(G) — BE" (2.13)
N—————

n

Sticking to the philosophy saying that 8 is the Gelfand-dual of an embedding X C G (as noted
earlier, we can replace B with the range of 5 and it does not affect any step of the construction), we
may say that (3, is the Gelfand dual of an embedding X" C G. Then one defines I3 = ﬂnzl ker(5,,)

and shows that Iz is a closed Hopf *-ideal, i.e. C(G) / Is carries a quantum group structure

compatibile with the one of G. By this we mean that, denoting C'(H) = C(G) /Iﬁ7 the coproduct

desceds through the quotient map onto C'(H) in such a way that the quotient map intertwines
these coproducts. Moreover Ig is a maximal closed Hopf *-ideal contained in ker(3), so H is a
minimal quantum subgroup containing X (i.e. admitting a factorization as in the definition of the
Hopf image): this is simply because Ig C ker((3); call the factorization fy. For the details we refer
to [49, Theorem 4.1]

The above construction is slightly incompatible with our philosophy. Namely, the philosophy of
[49] is that different C*-algebras correspond to different quantum spaces, so in particular the quan-
tum group corresponding to C"(G), and the quantum group corresponding to C*(G), are different,
whereas in our approach they are just different C*-algebras describing the same quantum group.
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More specifically, we would like to have a map between the universal C*-algebras corresponding
to G and H. In the approach of [49] whenever the algebra B is of the form C(K) and the map g
intertwines the respective coproducts, the result is just K, without paying attention to the version
of the algebra C'(K). In particular, the case of the reducing morphism Ag: C*(G) — C"(G), in the
philosophy of [49] is a good compact quantum groups morphism, whereas in our philosophy its
Hopf image should be equal to (id, G, Ag) € Ca,.

In order to make the two approaches more compatible, consider the morphism §: C*(G) — B

and the algebra C(H) = C*(G) / I that is the result of the construction of [49]. The quotient

map ¢: C*(G) — C*(G) /IB = C(H) can be lifted to a morphism ¢: C*(G) — C“(H), that is
there exists a map r: C*(H) — C(H) such that ¢ = roy, by [Proposition 1.20} Observe that the
resulting C*(H) satisfies h = (¢, H, fpor) € Cg.

Recall that [Theorem 1.24]ensures us that H is a Vaes-closed quantum subgroup of G (the map
¢ shows that H is Woronowicz-closed quantum subgroup of G). Now that h = (¢, H, Gyor) € Cg,

ie. (Bor)ogp = (3 is obvious, as we have

(Boor)op = Boo(rop) = Boog =3

where in the second equality we used that ¢ = roy and in the last equality the defining property
of Hopf image in the sense of [49].

We only have to show that the object hh is initial in this category, i.e. coincides with the
Hopf image as constructed in To this end, let I/ = (¢/,H', ) € Cs be the Hopf
image of morphism (: C*(G) — B as a locally compact quantum group (i.e. the one given by
. We will show that h = h'. Firstly, from initiality of I’ it follows that there exists
a surjection ¢: C*(H) — C*(H’). On the other hand, the construction of Hopf image in the sense
of [49] applied for G C*(H') — B yields some algebra C(H"”) and a quotient map p; observe that
C(H") = C(H). Indede, because potp enables us to see C(H"”) as a quotient of C*(G) and we
know that the Hopf image in the sense of [49] of the map Bor is C(H) it follows that there exists
a surjection C(H") — C(H) compatible with r and pot. But using this surjection we get that
C(H) is a quotient of C*(H'), whose minimal factorization was C(H"), so this surjection is an
isomorphism.

Now we see that there exists a surjection ¢: C*(H) — C*(H’) and a surjection p: C*(H') —

C(H), so restricting this maps to Pol(H’) and Pol(H) and remembering that pot) [peim)= idpol(m)
we see that Pol(H') = Pol(H) and hence C*(H') = C*(H) (cf. the proof of [Theorem 1.28).
2.3.3 Topological generation a la Brannan, Collins & Vergnioux

The goal of this section is to discuss the notion of compact quantum group generated by two closed
quantum subgroups in the sense of [15] in the context of Hopf image and to extend it to the
non-compact case.

Let then G be a locally compact quantum group and let Hj, Hj be its two Vaes-closed subgroups
(denote m;: C¥(G) — C¥(H;) for i = 1,2 the corresponding Hopf surjection, by ~;: L*°(H;) —
L (@) the corresponding inclusions and by Vi ¢ L”(@)@L"O(Hi) the corresponding bicharac-
ters). Consider the two ideals: Co(G \ (H; U Hy)): = ker(m;) N ker(mz) and Co(G \ (H; - Hy)): =

ker((m ® m2)oA¥) and the two quotients

¢ C(G) — Co(Hy UH;) = C*(©) /(G \ (1, UTL)) (2.14)

and

q": C(G) — Co(H - Hy) = C*(G) /CO(G\ (H, - Hy)) (2.15)

~

Theorem 2.12. The following von Neumann subalgebras of L°(G) are equal:

o My o, the smallest von Neumann algebra containing both v (L (Hy)) and 2 (L (Hy));
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o My = {(id ®woq®)W:w € Cy(H; - Ha)*}’;
o My = {(id ®woq")W:w € Co(H; UHy)*}".
o My2 = {(id®w; ®w2) Vi3 Vig* s w; € LY (H;)}”

Proof. My 2 = M. Observe that ker(q"”) = ker(m; @ m2), hence using first part of we
may replace ¢° with 71 @ 7o in the definition of M (and the functionals are on a different C*-

algebra then). Recall that (C¥(H;)®C¥(Hy))" = (C¥(Hy))" & (C¥(Hy))™, hence every w appearing
in the definition of M, can be written as w = w; ® ws for w; € (CY(H;))". Hence

My = (32(L%°(Hy)) + 72(L (Hy)))" = My

as desired.

M1,2 = M,. Recall that the linear span of the functionals of the form w; ®ws on A®B is weak™-
dense in (A®B)* for any C*-algebras A, B. Further, as (id ®¢®*)W = ((id @7 )W), ((id ®@7m2) W), 4,
to compute M, it is enough to elucidate the von Neumann algebra generated by operators ((id ®wqo

1) W) ((id ®wgome )W) thanks to [Lemma 1.12| But it is then clear that
My = (1 (L (H) - 72(L= (H2))" = My »

as desired.
My.1,2 = M 2. Similarily as in the previous step, it is immediate to see that

My.1o = (71 (L=(Hy)) - 2 (L (Hy)))" = My 5
O

Observe that in the case G compact, we can apply the procedure of Skalski and Soltan to ¢°
and ¢V. It turns out that the versions of H given by their procedure for both these maps are the
same. Then we have

Proposition 2.13. The Hopf image of the morphims ¢* and ¢, in the sense of Skalski and
Solttan, are the same.

Proof. Recall that one has eg = e, om = ep, oma. Then it follows that Co(G \ (H; - Hy)) C
Co(G\ (Hy UH,)). Indeed, let 2 € Co(G \ (Hj; - Hy)), then we compute

mi () = (id ©em, ) oA, (m1(2)) = (m1 @ (em, 0m1))0Ag () =
(m1 @ (em, 0m2)) 0 Ag (2) = (id @em, )(¢*(x)) = 0

And a similar calculation works with 5 in place of 71 (then the counit need to appear on the first
leg).
On the other hand one has that ker(gs') C ker(q®), where ¢5' = (¢* ®¢“)oAg (cf. [Section 2.3.2)).

Indeed, because ker(g”) C ker(m;), one can write the factorization 7; = rjoq", where r;: C(H; U
Hy) — C*(H;). Let « € ker(gy), then one has
0= (¢ ® ¢“)o g (x) (2.16)
Applying to both sides of the morphism r; ® ry we get that
0= (r10¢"” ® r90q”)oAg(z) = (71 ® T2)0Ag(x)

Hence z € ker(q®), as desired.

Now, proceeding as in [Section 2.3.2| we see that the biggest Hopf *-ideal contained in ker(q"),
call it IV, and the biggest Hopf *-ideal, contained in ker(g®), coincide: as I C ker(q") C ker(q*®),
we get that I C I°®. On the other hand, as I* C ker(q®) C ker(q5'), we have that I* C IV. O
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Definition 2.14. We call the Hopf image of either of the maps ¢* and ¢“ the closed quantum

subgroup generated by H; and Hy and denote it by (Hy, Hs) .

Now we are ready to discuss the connection of the subgroup generated by two subgroups and
the construction of [I5] concerning generation. Starting from now, every quantum group appearing
in will be compact.

Observe that whenever U € M(K(Hy)®C"(G)) is a representation of G, then Ui: = (id ®m;)U €
M(K(Hy)®C"(H;)) is a representation of H;. Moreover, for the spaces of intertwiners the following
inclusion holds:

Morg (U, V) € Mory, (U Vi),

Let us also denote Fixg(U) = Morg(1, V), the space of fixed points of a G-representation U.

Denote h; = hg,om; € C*(G)* the push-forward of the Haar state and recall that for w,n €
C"(G)* one defines their convolution w1 € C*(G)* as w*n = (w @ n)o AE.

As a last ingredient, let us pick some class C of finite-dimensional unitary representations of
G which generate Rep(G) as tensor category (i.e. every finite dimensional unitary representation
of G is equivalent to a subrepresentation of the tensor product of some members of C).

Definition 2.15 ([I5, Definition 4 & Proposition 3.5]). We say that G is topologically generated
by Hy, Hs if one of the following equivalent conditions holds:

1. Morg(U, V) = Mory, (U™, VH1) N Mory, (UH2, VH2) for every pair of finite dimensional uni-
tary representations U,V of G;

2. Fixg(U) = Fixy, (U™) N Fixy, (U%2) for all U € C;
3. For every a € Pol(G) we have h(a) = limy_. (h1 x ho)**(a).

The last condition can be phrased equivalently as follows: let us denote by pg = (id ®hg)W® €

~

¢>(G) the Kazhdan projection of G. Then the last condition is precisely

ps =WOT — lim (v1(pm,)v2(Pm,))" (2.17)

where ’yisfoo(ﬁ-\]li) — E“(@) are maps coming from [Theorem 1.24] identifying H; as Vaes-closed

quantum subgroups of G. Now let us remark the following:

Theorem 2.16. The quantum group G is topologically generated by the quantum subgroups H; and
Hy (in the sense of if and only if G = (Hy,Hy) (in the sense of.
Proof. The proof was outlined in [I5, Remark 3], we include it for sake of completeness. Recall
that (which, in the compact case, is [0, Corollary 8.2]) states that § = (7 ® m2)0A is
generating if and only if Fixg(U) = Fix(Ug) for all representations U of G, where U = Uly Uy2.
We compute

E€Fix(Up) <= (US)(E01el)=UR(Eo1el) «— Ulh(¢ol)=¢l=UMEx1)

where the last step is obtained by observing that as (id ®eg)U = 1, the belonging U({ ® 1) €
Hy ® C1 can happen only if U(§ ® 1) = £ ® 1. The above computation is enough to conclude
Fix(Ug) = Fix(U™) N Fix(UH2). O

2.3.4 Discrete quantum group generation in the sense of Izumi & Vergnioux

In [28] 58], [59] following definition of generation is implicit: let G be a discrete quantum group and
let DC I rr(@). We say that D generates G if any element v € I rr(@) is a subrepresentation of
a tensor product of some members of D or their contragredients, i.e. v C di'®...®dS for some
choice of (possibly repeating) elements di,...,d, € D and “signs” ¢; € { ,—} (i.e. given d € D

and € € { , —}, the representation d¢ is one of the following two: d, d, the latter possibility occurs
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precisely when € = —). The way to connect it to our notion of Hopf image is the following: for any
deDC ITT(@) let 7%:co(G) — Mgimq(C) be *-homomorphism associated to a representative
ul € Mdimd(C’(@)) by means of (as any irreducible representation of G is finite
dimensional, these expressions makes sense). Consider the C*-algebra D = @gcp Maim 4(C) (the
Co-direct sum) and the morphism 72 = @4epm? € Mor(co(G), D).

Similarily, given a morphism ¢ € Mor(co(G),B), we know from general theory of compact
quantum groups that it decomposes into a sum of irreducible components (with some multiplici-
ties). Let us then write ¢ = ®sesmsps, where S C Irr(@) is the support of ¢, ¢, is the standard
realization of s € Irr(G) and my € {1,...,00} is its multiplicity, Then we have that

Proposition 2.17. 1. The family D generate G in the sense of lzumi & Vergnioux if and only
if the morphism 7P is generating.

2. The morphism ¢ is generating if and only if its support S generate G in the sense of Lzumi
& Vergnioux.

Proof. (1) It is clear that we can assume D = D, as this amounts to picking D; = D U D. Indeed,
saying that v C d{'®...@dS for d; € D with appropriate signs is equivalent to saying that
v C di®...0d) for some d; € D;. Observe that in this situation we have that X = @gcpu? and
then My = {(id®w)X : w € D*} is a *-closed subset of L>°(G). This is because (u?)* = (u?)T,
hence picking w € D* and denoting w*(z) = w(z*), we can compute:

[(id ®w)X]* = (id ®w*)(X*) = (id@w")[(Saepu?)] = (id @w*)[Baep(u?) '] = (id @) (X)

where (@(uf ;) = w*(ug,). Let us now turn to better description of the algebra My = (Mg)” in the

spirit of To this end, let Hy = C4™? be the carrier Hilbert space of a representation
d € D and let -
Mo = {(id @we o) X : £, € Hy for some d € D}

*

where we,, = (£|-|n). Then obviously spanc M, C Pol(G) is a *-closed subcoalgebra. Observe

furthermore that (Mg)” = (Mg)” by w*-density of the span of the vector functionals, precisely
as in the proof of As a consequence, 77 is generating if and only if M = alg(M,) is

~

WOT-dense Hopf *-algebra. By uniqueness of a dense Hopf *-algebra in C'(G) we conclude that
in 77 is generating if and only if M = Pol(G).

On the other hand, the way an algebra is generated out of a vector subspace can be described
in steps. Namely, M = spanc {J,,>,(Mo)™, (see (1.3)). Thus given any v € Irr(G) and picking a
realization u? € Mgimo(C(G)) we get that for a ON basis (e;)§, we know that the coefficients
satisfy the belonging u} ; = (we, e, ®)u" € Pol(G).

Assume that 77 is generating. Then uj; € (M(])N for sufficiently large IV, as it has only finitely
many coefficients. Therefore denoting 7¥:¢o(G) — Maim»(C) the realization of u¥ by means of

we get that
N
v < @ @ 7Td@...@dn
nd

n=1dy,...,d, €D
But as v is irreducible, by this is equivalent to saying that

N

ﬂ_vc@ @ ﬂ_dl@...@dn

n=1ds,...,dn €D

Once again, as v is irreducible, being contained in a direct sum of a family of representations
is equivalent to being contained in one of the summands: for some 1 < k < N and for some

di,...,dx € D we have that

ﬂ_’U C 7Td1®®dk
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as desired.

The converse amounts to reading the above reasoning backwards. The step using
can be omitted, as m C p implies m < p without any assumptions.
(2) Once noted that the Hopf images of the maps ¢ = @ csmsds and 78 = P,cs505 are the same,
one concludes by evoking part (1). O

As a corollary, we can rephrase finite generation in the context of discrete quantum groups.

Definition 2.18. Let G be a discrete quantum group. We say that G is finitely generated if there
exists a finite dimensional C*-algebra B and a morphism 3 € Mor(co(G), B), which is generating.

Recall that a discrete quantum group G is finitely generated in the sense of Izumi & Vergnioux
(see [B9], implicit in [28, Section 3]) if there exists a finite subset D = D C Irr(G) such that

I~

1. @) ¢ D and any element of Irr(G) is contained in a multiple tensor product of elements of D.

We have the following

Theorem 2.19. Let G be a discrete quantum group. Then the following are equivalent:
1. G is finitely generated (in the sense of,
2. G is finitely generated in the sense of Izumi & Vergnioux and

3. Gisa compact matriz quantum group.

Proof. The equivalence of first two items follows from[Proposition 2.17} (2) = (1) is precisely one
of the implications of [Proposition 2.17 (1) = (2) is the other implication of [Proposition 2.17|

after we observe that as 3:¢o(G) = C*(G) — B is a finite-dimensional representation of G, it
decomposes into a sum of irreducibles: 3 = @ gepksn? (where kg denotes the multiplicity of d € D).
As B is finite-dimensional, the set D is finite, hence D1 = (DUD)\ {1, (@)} is a generating set

appearing in the definition of finite generation in the sense of Izumi & Vergnioux.

If G is a compact matrix quantum group and u € M, (C(G)) is a fundamental corepresentation,
then any element of T rr(@) appears as a subrepresentation of sufficiently large tensor product of
u. Hence decomposing u into sum of irreducibles and proceeding as in (1) = (2) we obtain a
generating set in the sense of Izumi & Vergnioux. Conversly, if D is a generating set in the sense
of Vergnioux, then u®? = @4cpu? is a fundamental corepresentation. O

Remark 2.20. The equivalence (2) <= (3) in the above Theorem was a folklore among the
quantum groups community. We wanted to state it, so that the connection to our definition of

finite generation was made explicit. The finite generation as phrased in has a
topological flavour, not visible in the condition (3), whereas condition (2) could be thought of as

being to strong from the topological perspective.

33



Chapter 3

Properties and examples

3.1 Introduction

This chapter is devoted to explaining properties of the construction of the Hopf image mimicking
the properties of a subgroup generated by a subset in the classical case. We state the formulation
of the results in the first part and present the proofs in the second part. In the last part of this
chapter we also discuss some examples. They are of three types: firstly, we comment on the case of
classical group. Then we summarize examples implicit in We end with reformulating
the key construction of [I5] in the language of Hopf image.

Recall that if the Hopf image of a morphism § € Mor(C§(G), B) is the whole G, then we call
B generating. We also occasionally write B = Cy(X).

Theorem 3.1 (Separation of homomorphisms). Assume § is generating. Consider two quantum
group homomorphisms G — K described by ¢, ¢ € Mor(C{(K), C§(G)). If their restrictions to X
coincides, i.e. fop = Bo@, then the homomorphisms coincide on the whole of G: p = @. If G is
discrete, the converse also holds: if B is not generating, then there exist a quantum group K and two
different quantum group homomorphisms 1,2 € Mor(C¥(K), C¥(G)) such that v1 [x= ¢2 [x.

We have another characterization of generating morphisms in terms of the partial action 6,

described in [Section 2.2.4] and the map called (-restriction, described in [Section 3.2.2

Theorem 3.2. If G is Kac, compact or discrete, then the following statements are equivalent:

~

1. {(id®@wo )W : w € B*} = L>=(G)

2. If x € Cy(G) satisfies O(x) =z @ 1, then x € C1.
3. The map Rep(G) > U — UP is injective.

4. The morphism B is generating.

The the (-restriction map, informally speaking, is responsible for restricting the family of
unitaries indexed by G, describing a representation of G, to the quantum space X. Let us use the
following notation: whenever m € Mor(C¥(G), C¥(H)) is a homomorphism of quantum groups, we
denote by 7" = Agon € Mor(C¥(G), Cy(H)) the reduction of this morphism.

Theorem 3.3. Let Hy,Hs C G be Vaes-closed quantum subgroups of a locally compact quantum
group G identified via m; € Mor(C¥(G), C¢(H)). Denoting by U™ € B(Hy)BL>(H;) the restric-
tion of a corepresentation U € B(Hy)®@L>®(G) to the subgroup H; for i = 1,2 we have that the
following conditions are equivalent:

1. G = (Hy,Hs) (in the sense of|Section 2.3.5);
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2. for all corepresentations U € B(Hy)®L>®(G) of G we have that
((dew)(U) i w € LY@ = {(dow ©w)USUD) iwr e E)S  (31)
3. for the right reqular corepresentation W € B(L?(G))®L>®(G) we have that
{([d@w)(W) : w e LY(G)}" = {(id ®w; ® ws)(WTIW32) : w; € L'(H,)}. (3.2)

Recall that for two corepresentations U € B(Hy)®L>®(G) and U € B(Hg)®L>(G) of a locally
compact quantum group G we denote by Morg (U, U) ={T € B(Hy, Hg) : Tl = U(T® ]1)}
the set of intertwiners between U and U. Then one obviously has Morg (U, U) € Morg(U™ ,U™")
for every closed quantum subgroup H C G.

Corollary 3.4. We have that G = <H17H2> (in the sense ofm if and only if for all
corepresentations U € B(Hy)®L>®(G) and U € B(H;)®L>(G) we have that

Morg (U, U) = Mory, (U™, U™ ) N Morg, (U2, U™) (3.3)
Let us remark that this result is an extension of [6, Corollary 8.2] to the non-compact setting.
Theorem 3.5. Assume 8 € Mor(C¥(G), B) is such that B is commutative.

1. The Hopf image of B is a classical group. In particular, G s classical if 3 is generating.

2. Assume B is finite dimensional and G is discrete. The free group on dim B generators has
the universal property in the category of discrete quantum groups. In other words, free group
is free in the category of discrete quantum groups, not only in the category of discrete groups.

By the universal property of the free group we mean the fact that any map from a set
{1,...,n} — G extends uniquely to a homomorphism F,, — G, where G is a group. [Theorem 3.5
says that G can be replaced with a discrete quantum group G.

Now the content of the consecutive Theorem is best seen in the follwing diagram:

CO\ /B

96 i C]H g8
Co(Gr(H

r
r
Diagram 2: Diagram of [Theorem 3.6]

Here q¢: C§(G) — Co(Gr(G)) is the canonical embedding of the group of characters Gr(G) C G
(likewise for H); Cy(c(B)) is the C*-algebra obtained by quotiening out the commutator ideal and
o(B) denotes the spectrum of this commutative C*-algebra, gg denotes this particular quotient
map. Now p is obtained as follows: as gg o7 has commutative target, it factors through C(Gr(G))
and p o gz = gy o 7. Similarily, we obtain b as the map completing the factorization of gg o
through ¢g and b completes the factorization of gg o 3 through gu.

Co(Gr(G Co(a(B))

Theorem 3.6. If H is the Hopf image of the map 3, then the Hopf image of b contans Gr(ﬁ). In
other words, the Gelfand dual b: 0(B) — Gr(G) satisfies (b|o(B)]) 2 Gr(H).
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The converse of this Theorem amounts to showing that if the map (§ is generating, then its
abelianized version is generating as well. However, it is not valid in full generality, as it is easily
seen in the following example. Putting to[Diagram 2| C§(G) = Cj, 4, (F2), the full group C*-algebra
of the free group Fo, B = C*(F3), the reduced group C*-algebra of this group and 8 = A, the
reduction morphism, we obtain that Co(Gr(F2)) = C*(Z?) = C(T?), whereas o(B) = & (that is,
Fy is C*-simple, this was first observed by R. Powers in [46]). In fact, even more can be shown.
Let say that the quantum group has property (FAG), standing for faithful abelianized generation,
if the following hold:

(FAG). Assume that G is a compact quantum group that is generated by its two subgroups Hy , Hs.
Then its group of character Gr(G) is generated by the respective groups of characters Gr(H;) and
Gr(Hs).

Our motivation for introducting [Property (FAG)| were|Theorem 3.17|and [Theorem 3.18] These
conclusions were a tool that we wanted to use to give a more thorough description of the lattice
of subgroups of some known examples of quantum groups. However, it seems that it is very rare
to have this property and in particular, we show in among others, that S fail to
posses it. Unfortunately, we were unable to find any simpler example of quantum group without
these property. It is also hard to provide a non-trivial example of a quantum group with these
property. Often duals of finite groups satisfy (F'AG) due to the following phenomenon: its quantum
subgroups are either to small to generate it, or already contain all of the characters of the original

group (this is the case e.g. if G = S,, because then Gr(Sy) = Za, or for G = SL/Q-@F;;), when
Gr(@) = Zs is contained in both nontrivial proper subgroups of SLy(F3)).

3.2 The results

3.2.1 Separation of homomorphisms

Let now G, K be locally compact quantum groups and let ¢ € Mor(C{ (K), C§(G)) be a quantum

~

group homomorphism G — K with corresponding bicharacter denoted by V € M(Cy(K) ® Co(G)),
it is given by V = (id ® Agop)WX. Let B be a C*-algebra, 3 € Mor(C¢(G), B), the corresponding

~

unitary X € M(Cy(G) ® B) is given by V = (id®@B)WE. Let us describe in detail the unitary
corresponding to Bow. It is given by Y = (id ®Bo¢) WX,

Lemma 3.7. The unitaries X,Y,V obey the following equation:
iz = V5 X23Via X35 € M(Co(K) ® K(L(G)) © B)

Proof. Let ¢ € 1\/101“(05‘((@)7 Cy (K)) be the Hopf morphism describing the homomorphism dual to
G — K (described by ¢), recall they are linked by ([1.21]). Application of Az ® Ag to both sides of

yields
V = (id®@Agop) W™ = (Azop @ id) W®

Application of Ako@ ® id ®0 to both sides of (|1.14) gives:
(LHS) = (Az0p @ 1d®B)W T, = ([d®id®p) (Akoa ®id® id)w??,) =
= (id®id®p3) <Ak ®id ®g0)W(f’3) = ((id ®ﬂo<p)WG) =Yi3
13
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and
(RHS) = (hgop @ idep) (W) WEWE(WE,)") =
((id ®5)WG) ((id ®ﬁ)WG> .

= ((ld ®AGog0)(WK)*) X23 ((ld ®A60¢)(WK)> X§3 = V1*2X23‘/12X;3
12 12

* *

= ((Aﬁoﬁ ® id)wG) ((Aﬁo@ ® id)WG)

12 23 12

O

We are now ready to give the proof of one of the implications of Let us settle the
notation: we consider two quantum group homomorphisms G — K. These are described by: Hopf

~

morphisms ¢, p € Mor(C#(K), C#(G)), bicharacters V, V € M(Co(K) ® Cy(G)) and right quantum
group homomorphisms p, p € Mor(Cy(K), Co(G) @ Co(K)) (the objects without tilde describe one
quantum group homomorphism and the objects with tilde describe the second quantum group
homomorphism).

Theorem 3.8. With the above notation, if 5 is generating and Bop = Bop, then o = @. In other
words, a homomorphism G — K is determined uniquely by its values on the generating set.

Proof. If Bog = o, then the corresponding unitaries coincide: Y =Y € M(C’O(HA{) ® B). Using
one may rewrite this as

V5 Xo3Via X3g = Vip XosVia X3s

or equivalently
V5 Xa3Via = V5 Xo3Via.

By slicing with w € B* on the third leg we see that the right quantum group homomorphisms
p and j agree on the M; (they are normal *-homomorphisms). But applying (7% ® 7¢ ® id) and

remembering that (7 ® 7€)(V) = V (and likewise for V) we see that p and j have the same
values on 7;(M;) and once again, by normality of p, 5, they coincide on (J,cg 7:(M1))” = Mpv

(by [Theorem 2.9). By assumption, Mgy = Loo(@), hence p = p. This ends the proof, as p and p
determines the homomorphisms G — K uniquely (see [Section 1.3.3)).
O

In order to give the converse implication of in case G is a discrete quantum group,
let us fix some notation. Firstly, let 8 € Mor(co(G), B) be a morphism with Hopf image (7, H, )
such that H € G. Denote by K = G #g G. Using [60, Theorem 3.4 & Corollary 3.5], one can
describe K as follows. .

Consider first the free product K’ = G =G, it is given by the C*-algebra C(K') = C(G) * C(G)
(amalgamated over C1). Denote by i1, i the maps C(G) — C(G) * C(G) = C(K) putting the
copy of C (@) in the first and second spot, respectively, these maps are Hopf morphisms. Denote
by 7 C(]ﬁl) — C(@) the homomorphism dual to 7.

Lemma 3.9. 7 is not surjective.

Proof. Assume it is. Using (1.22) we then have that ’y:Loo(ﬁ-\H) — LOO(@) is surjective, which
contradicts our assumption H # G. O

Denote also I C C’(K\’) the closed ideal generated by {i1 o7 () — ipom(z) : & € C(H)}.

Lemma 3.10. There exists y € C*(G) such that i1(y) —i2(y) ¢ I.
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Proof. Consider the smallest C*-subalgebra of C*(K) generated by i1(C*(G)) and io(7(C"(H))
inside C’“(K): let it be called A. From the concrete description of the free product (it is usually
given by a Fock-type construction) it is clear that A # C’“(K) (this of course needs .
Let then w € C*(KK)* be a non-zero functional such that w [a= 0. Then in particular w [;= 0. Let

y € C*(G) \ #(C*(H)). Then
w(i1(y) —i2(y)) = —w(i2(y))

It is now clear that for a given y as above one can manufacture w such that w(iz(y)) # 0 and

w [a= 0. Indeed, first pick non-zero @ € C”(@) such that @ r?(()u(ﬁ)): 0 and then take @oiy €

C*(K)*. The assertion now follows. O

Then one has ¢: C’(R\’) — C(K) = C(K') /1. Consider the morphisms Y = q/ozv: co(K) — ¢o(G)
for 7 = 1,2. Then one has

Proposition 3.11. The homomorphisms @; coincide on B, i.e. Bop1 = Bops and do not coincide
on the whole of G.

Proof. Observe that it is enough to show that ¢; coincide on H, i.e.

TOP] = TOWy (3.4)
because 3 = fom. The equality is equivalent to the equality

TOoP1 = ToPs (3.5)
But composition of morphisms satisfies <;<—>\¢ = qASogB, hence (|3.5)) is equivalent to

GOi10T = PIOT = P30T = qOi0T (3.6)

which holds in the quotient C' (]K = C(K) I, as desired.
Now using y € C*(G) from |Lemma 3.10[ we can see that ¢1 # ¢o. Indeed,
G1(y) — P2(y) = qlir —i2(y)) # 0

from the definition of y. Hence @1 # @o and consequently o1 # ¢a. O

Now [Theorem 3.8| and [Proposition 5.11] constitute the full proof of Let us remark
that the converse to without assuming discreteness is not valid even in the group
case: the categorical perspective hints that the canonical choice is the coproduct in the category
of groups with a fixed common subgroup (or a pushout of the obvious diagram). The latter need
not exist in full generality, and in the case of discrete groups is precisely the amalgamated free
product.

3.2.2 [-restriction and generating morphisms

Let A be a C*-algebra and let U € M(A ® Cy(G)) be a representation of G on A. Reasoning
similarily as in the proof of [Proposition 2.11] one can prove the following proposition:

Proposition 3.12. Let § € Mor(Cy(G), Co(G) ® B) be a morphism satisfying
(Ag ®id)of = (id ®0) o Ag.
There exists a unique unitary element Y € M(A ® B) such that (1d ®0)U = Uy2Y13.

Definition 3.13. Let 8 € Mor(C¥(G), B) be a morphism, 8 € Mor(Cy(G), Co(G) @ B) be the
morphism assigned to § via (2.9), let U € M(A ® Cy(G)) be a representation of G in A. Then
Y € M(A ® B) obtained by [Proposition 3.12| will be denoted U? and called the -restriction of U.

38



Remark 3.14. Observe that (2.5) may be interpreted as W* = X = (id ®8)W.

Theorem 3.15. With the notations as above, consider the following four statements.

~

1. {(d@w)X :w e B*}' = L>*(G)

2. If x € L*™(G) satisfies 0(z) =z @1, then x € C1.
3. The map Rep(G) > U — UP is injective.

4. The morphism ( is generating.

We have (1) = (2) = (3) = (4). Moreover, (4) = (1) provided that G is compact or
discrete or 1 (ker(3)) C ker(8) for all t € R (in particular, if G is Kac).

Proof. (1) = (2). This follows from general co-duality theory developed in [34, Section 3]
(cf. also [36l 35]), but in this particular case the reasoning is easy. Let a € L*°(G) be such that
f(a) = a® 1. Using (2.9) we can rewrite this as:

X@®l)=(a®@1)X (3.7)

Applying id ®w to both sides of 7 where w € B*, and using weak-*-continuity of multiplication
on bounded sets, we get that a € {(id @w)X : w € B*}” = L®(G)'. Thus a € L®(G)NL>®(G) =
C1 by [Proposition 1.16]

(2) = (3). Let U,V € M(K(H ® Cy(G)) be two representations of G in the same Hilbert

space H. Assume that U? = VF € M(K(H) ® B). We have:

(d@0)(UV*) = UnUy (Vi) Viy = Ura Vi

Thus condition (2) ensures us that there exista a unitary element u € B(H) such that U = (u®1)V.
Applying (id ®A) to both sides of this equality we get that u = 1 as in the last step of the proof
of [Proposition 2.11] R R

(3) = (4). Assume that ( is not generating, i.e. its Hopf image H satisfies L>°(H) C L*>°(G).
Then we have L>®(G) C L>(H)' c B(L%(G)), so pick a unitary u € L>®(H)" \ L=(G)’ (it exists,
as von Neumann algebras are spanned by its unitary elements, so if the two von Neumann algebras
had the same set of unitaries, they would necessarily coincide). Consider U = (v ® 1)W(u* ® 1)
(it is obvious that U € Rep(G)). From the definition of u it is clear that U # W. But on the other
hand we have that

Uty = Ui e8)0) = Uiy (G e0) (w o D o1) ) ) =

= (u®1l®Il)W1*2(u*®1®1)(u®ll®ll)<(id®9)W) (Welel)=
—wRITDWLE @1e1)=uele D)X @lel) =X = W},

Where the equalities in the last line follow from the fact that W# = X (cf. [Remark 3.14) and the
fact that X € L*°(H)®B(H) (for a fixed non-degenerate representation 7: B — B(H)) and hence
the first leg of X commutes with u.

(4) = (1) This was discussed in [Proposition 2.6 and [Theorem 2.9| O

Remark 3.16. In fact can be deduced from in the case of compact,

discrete and Kac case: it relies on the implication (4) = (3) for representations coming from
bicharacters describing homomorphisms. The converse part of valid for discrete
quantum groups, for which (4) = (3) holds automatically, is stronger than just this implication:
one can detect such injectivity not only in the class of all representations, but also in the class of
bicharacters coming from homomorphisms.
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3.2.3 Promotion of intertwiners

Let U € B(H)®L>*(G) be a representation of G. Let us call B the C*-algebra generated by slices
of U, then U € M(B ® Cy(G)) C B"®L>(G), where the bicommutant is taken inside B(H). Let
¢ € Mor(CY¥ (G) B) be the unique morphism such that U = (¢ ® id)W (given by .
We would like to interpret X = o(U) € M(Co(G) ® B) (which is now an anticorepresentation)
as a quantum subset X C G. Let then 6: L>®(G) — L“(G)@B” be the map given by (2.9).
Also, for any corepresentation U € M(A ® C’O(G)) there exists a unique U¥ € M(A® B) — the

restriction of the family of unitaries U to the quantum subset X C G (given by |Prop051t10n 3. 12|)
The precise formula is

Uty = U, (id @6)(U).
First, let us compute the restriction of U € M(B ® Cy(G)) to the subset H C G, where
H is a closed quantum subgroup (via m:C¢(G) — Cg(H) and with the aid of the bicharacter

V e M(Co(H) @ Cy(G))).

Uls = UtaVasUss Vs
= ((p ® id ®AO7T) (WI2W23W12W§3) (38)
=((¢® AOW>W)13

In fact the above computation works also for Woronowicz-closed quantum subgroups. For later
use, let us compute (f ®id)V.
(9 X ld)V X12V13X12 = (0’ X 1d)(U12‘/v23U12)
(O’ X ld)(((p ® id ®AO7T)WT2W23W12)
= (o ®id)((p ® id@Aom)(W13W 23)
= ((p® Aom) W)y, Vi3 = U§3TV13
In particular if H =G and V = W, then (3.9) simply says that (6 ® id)W = Uy3W135. We are now
ready to prove

Proof of [Theorem 3.3 (1 = 2). We assume that G = (Hj, Hy), where the embedding H; C G is
described by means of a bicharacter Vi € L>°(G)®L> (H;) and morphism 7; € Mor(C¢(G), C§(H;)).

From this is to say that

L®(G) = {(id@w)W : w € LY(G)} = {(id ®w; @ wo)VILVE: « ;€ LY (H,)} (3.10)

(3.9)

Let us fix a corepresentation U € B"®L>(G) and interpret it as a quantum subset X C G as in

the introduction. Let then 6: L (@) — L™ (@)@B” be the corresponding morphism. Let us apply
the map 6 to middle and right hand side of (3.10). The right hand side is then

{(0@w @w)(VEVE) w; € LYHL) Y = {(1[d®id ®w; @ wo) (U VIR UT V2 1 w; € LY (H,)Y

= {([d®id Bwi © ws) (Ugd Ui Vi Vi?) - wi € L1 (HL)}”
(3.11)

whereas the left (middle) hand side is

{(0@w)(W):we LYG)}Y = {(ild®id ®w)(UsW13) : w € L*(G)}” (3.12)

Applying (n ® id) for n € Ll(@) to all elements appearing in (3.12) and (3.11]), by normality,
yields:

{(n®id@w @ w)(Ugd Uz VIR VIR) < wy € L' (W)}
= {(n®1d®w)(U2W13) : w € L'(G)}"
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Now letting 7 run through the whole set Ll(@)7 we obtain
{(n®id @wi ® wo)(Ugs Uz Vi VE?) s wi € LY (M), n € LY(G)}Y”
= {(n ®id®w)(UssW13) : w € L'(G),n € LY(G)}"

Remembering that (n ® id)W generate Cp(G) and that Co(G) C B(L%(G)) is nondegenerate,
observe that the natural action of Co(G) on B(L?(G)). is non-degenerate (cf. 22, eq. (1.2)]),
hence the right-hand side of (3.13]) reads as:

(3.13)

{(n®id@w)(UzsWis) - w € L'(G),n € LY(G)}"
= {(n®id®w)(Us3) : w € L'(G),n € LY(G)}" (3.14)
={(idew)(U):w e LYG)}”’
and similarily the left hand side of (3.13)) is nothing but:

{(n ®1id ®w; @ wo) (U Us2 Vi vE2y + 0, e LY(H,),n € LY(G)}
= {(n ®id@w) ® wo)(Uz3 Us§) : w; € L'(H),n € L'(G)}" (3.15)
= {(id @wi @ wo) (U Uz2) : wi € L' (H)}

since Vi generates Co(H) (see|Section 1.3.4|and in particular point 3. of [Definition 1.21|and point
2. of [Definition 1.22| together with [Theorem 1.23]).

Combining (3.13) with (3.14)) and (3.15]), we obtain

{([d®w)(U) : w € LHG)}Y = {(id ®w; ® wy) (U3 UZ2) : w; € L*(H,)}” (3.16)

which is precisely condition (2).
(2 = 3) is obvious, as one specializes U = W, whereas (3) = (1) was already shown in

Theorem 2.12| (and used as the starting point of the implication (1 = 2)). O
Proof of [Corollary 3.4 1t is clear (and noted in the introduction to [Corollary 3.4) that
Morg (U, U) € Morg, (U™, U™) N Morg, (U™, U™)
hence the genuine statement is to obtain the converse containment, under assumption that G =
(H, Ha). 3
Assume first that U = U. Observe that T' € Morg (U, U) is equivalent to (T® 1)U = U(T ®1),
which is equivalent to T((id ®w)U) = ((id @w)U)T for all w € L'(G), which is equivalent to

T e {(idew)U :we L'G)}.
Applying von Neumann bicommutant theorem to (3.1)) one obtains

{(d@w)(U) : w e LYG)Y = {(i[d@w, ® wo) (U3 Ug2) : w; € L'(H,;)} (3.17)

That we need only one prime follows from the same argument as in If then
T € Mory, (U™ , U™ ), then in particular

(To1)U™ =U™(T®1) (3.18)
or, equivalently, that 7' € {(id ®w;)U™ : w; € L*(H;)}. Using (3.17) we have now that
T e {(i[dew)U :w € LYG)}Y <= T € {(id ®w, ®w2)(Uf§'U;35) cw; € LNGy)Y
— Telel)U; U13 = U/, U (T®]l®]l)

and the last statement follows obviously from the assumption (3.18]).
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If now U and U are general, one can consider U @ U. Observe that then T' € Mor(U, U) if and
only if

- 0 0 - -
T= <T O) eMor(Ua U, UaU)

To conclude (3.3), we apply the first part of the proof to U & U and T. The only things that one
needs to verlfy is that (U@ U)™ = U™ ® U™ (which is clear in view of . and that the block
form of T remains after we restrict U & U to both H; and H, which is again obvious.

The other implication is then obtained by taking (3.3)) with U = U = W, then one arrives at
(the commutant of) (3.2]). We are done thanks to [Theorem 3.3 O
3.2.4 Commutative target

Fix a morphism 8 € Mor(C¥(G),B) and assume that the C*-algebra B is commutative . Then
from general theory of C*-algebras it follows that § factors through the abelianization of C(G),
we call it C¥(G)qp. Now it is elementary to check that for any C*-algebra A, denoting by o(A) the
spectrum of this C*-algebra, i.e. the subset of unit ball of A* consisting of characters, one has one
can identify the abelianization A, = Co(c(A)). Now as CF(G)ap = Co(Gr(G)) is the C*-algebra
of vanishing at infinity continuous functions on locally compact group (see , and that
the abelianization, as a quotient map, identifies Gr(@) with a Vaes-closed subgroup of G, the first

part of is concluded.

col G’I‘ I

C’I’L

/3/

Co (Fn>

Diagram 3: Diagram of [Theorem 3.5]

Assume now B = C™ and Gr(@) discrete. It follows from the preceeding paragraph that there is
a factorization (ab, Gr(G), 3) through the abenialization of C(G). Gelfand-Naimark theory tells
us that 3 comes from a map b: {1,...,n} — Gr(@). From the universal property there is ¥: F,, —
Gr(@) extending b, and taking its Gelfand transform we have a map /" cO(Gr(@)) — ¢o(Fy,). Now
the composition §’oab describes a morphism F,, — G extending the Gelfand transform of the map
3, the commutes. We denoted by ¢: {1,...,n} — F, the canonical (up to permutation)
choice of free generators and I:cy(F,,) — C" is its Gelfand transform. This concludes the second

part of [Theorem 3.5

3.2.5 Diagram Theorem and its consequences

Proof of [Theorem 3.6 That ¢(B) C H follows from the commutatlwty of [Diagram 2| which is
explained in the paragraphs preceedlng formulation of 6l Hence (0(B)) C H, as H is a

locally compact group. O
Theorem 3.17. Assume K,H C G are_compact quantum groups, where H,K C G are closed
quantum subgroups, and assume G has|Property (FAG), Let us denote H = Gr(H), K = Gr(K)

and G = Gr(@), Then Gr((H,K)) = (H, K). In particular, if (H,K) C G is a proper subgroup,
then H, K do not generate G.
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Proof. As in[Theorem 2.12] consider the morphism ¢“: C*(G) — C(HUK). By passing to its Hopf
image, we may assume it is a generating morphism. Moreover,

G=(HUK)Do(C(HUK)) D HUK

where the first inclusion follows from |Property (FAG)| and the other is obvious. As Gr({H, K)) is
in particular a closed subgroup of G, the conclusion follows. O

Theorem 3.18. Let G be a compact quantum group with property (FAG) and assume H C G is
a mazimal proper subgroup, i.e. H # G and if H C G1 C G, then either H = G or G; = G.

Assume moreover that H = Gr(H) C Gr(G) = G. Let K C G be a closed quantum subgroup. If
Gr(K) = K C H as subgroups of G, then K C H.

Proof. Consider K, = (K, H) and let ut denote K, = Gr(K;). Thanks to we have
that K7 = (K,H) = H, as K C H as subgroups of G.

Observe that the statement K C H is equivalent to showing that (H, K) = H (cf. .
It is also clear that

K CK;.
Now relying on [Theorem 3.17| once again, we have that Gr((Ky,H)) = (K1, H) = H and that

H c (H,K). By maximal properness of H and because Gr((Ky,H)) = H C G it follows that
(H,K;) = H, as desired. Hence H D K; D> K. O

3.3 Examples

3.3.1 Commutative examples

Let G be a locally compact quantum group, let B be a C*-algebra and let 5 € Mor(Cy(G), B).
Thanks to (see also [Remark 2.5)), we can replace B with a quotient of Co(G). But
quotients of abelian C*-algebras are always abelian, hence we may assume B = Cy(X) for some
locally compact space X. The Gelfand-Naimark Theory (see enables us to see J as
a Gelfand-dual of a continuous embedding b: X — G. The Hopf image of the morphism (3 (even if
the target was a priori non-commutative) is nothing but (b(X)) C G.

3.3.2 Woronowicz-closed quantum subgroups

Consider a homomorphism H — G described by a ¢ € Mor(C§(G),C{(H)) and a bicharacter

~

V € M(Cy(G) ® Cy(H)). The following lemma is well-known to experts, but we were unable to
find appropriate reference for this particular formulation.

Lemma 3.19. Fizt € R. Then TZ"HochTi‘;G = .

Proof. Recall from|Section 1.3.3|that the bicharacter V € M(Cy(G)®Co(H)) satisfies (T?@TF)V =

V. Let us denote the bicharacter corresponding to ¢ by V,, and let us compute the bicharacter

: u,H u,G
corresponding to 7,7 opoT )’

(id@(Agor "M opor®F))WC =

= (e (Anor Fopor))(rf & 1Sy W® =
= (rf ® )(id ®(Ag o) W =

= (T§®TE{)VW =V

The first equality is justified with , the second with and the third by properties of
bicharacters. Now, as V,, is a bicharacter corresponding to quantum group homomorphism ¢ and
as bicharacters are in one-to-one correspondence with quantum group homomorphisms, the proof
is finished. O
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Let us now assume that a homomorphism H — G identifies H as a Woronowicz-closed quantum
subgroup of G. Then 7% (ker(¢)) = ker(y) and thus we are in the setting of “In particular” part of
Thus the von Neumann algebra generated by slices of the bicharacter V' on the right
leg is invariant and preserved under 7, and R: it corresponds to a minimal Vaes-closed quantum
subgroup of G containing H: Vaes-closure of a Woronowicz-closed quantum subgroup.

This construction was independently given in [33] and in [23], although the question of mini-

mality (in the sense of [Section 2.1|) was not discussed in these papers.

3.3.3 Finitely generated discrete quantum groups

Assume G is a discrete quantum group. We have seen in that one can manufacture
a generating morphism 8 € Mor(co(G), B) with finite dimensional B if and only if G is a compact

matrix quantum group (see [Section 1.3.2)). In the literature there are plenty of examples of such a
groups, let us evoke some of them.

1. The quantum S,U(2) of Woronowicz [64] and its higher-dimensional relatives S,U(n) [65], for
the deformation parameter ¢ € R*. The quantum group S,U (2) has particularly simple form:
C(S5,4(2)) is generated by two elements «,y such that v is normal, oy = ¢vya, av* = ¢7*a
and aa® + ¢y*y = a*a + ¢y*y = 1. Then the matrix

o v
_,y* at

is a fundamental corepresentation of S,U(2). Note that for ¢ = 1 one obtains the classical
group SU(2), and deformation parameter ¢ and ¢~' leads to the same quantum group.
Moreover, for ¢ # 0,1 the C*-algebras underlying C(S,U(2)) are all isomorphic as C*-
algebras, but as quantum groups they are different (apart from the ¢—¢~!-symmetry stated
above). Let us also note that S,U(2) is coamenable, hence the * decoration is redundant.

2. The class of liberalized quantum groups. Let G C O,, be a (Lie) group of orthogonal transfor-
mations. Then one can write C(G) = (x; ;| jTk1 = Tk,%; ;, R), where x; ; are the coordi-
nate functions and R denote relations on coordinate functions coming from relations satisfied
by elements of the group G (apart from the relation making coordinate functions commute,
which we listed separately on purpose). X = [z; j]1<i,j<n is & fundamental corepresentation.
One can then form C*(G™) = (x; ;|R) and endow this C*-algebra with a fundamental corep-
resentation X as previously. In particular, one obtains in this way the universal orthogonal
quantum groups O, previously introduced by Wang [60], and quantum permutation groups
ST, constructed previously in [61]. In this generality, these groups were introduced in [8] by
Banica and Speicher.

3. Prior to the construction of [§] a similar, but an alternative approach was used in [55] to
construct a larger class of quantum groups: now called universal orthogonal quantum groups
O}' and universal unitary quantum groups U}', where F' € M, (C) is a parameter matrix.
Consider the matrix U = [u; j]1<i j<n and the C*-algebra C*(U}") generated by n?-elements
u; 5, 1 <14,j < nsubject to the following relations:

(a) The matrix U € M, (C*(U})) is unitary and
(b) UTFUF~' =1 =FUF~'UT, where U = [uf ;l1<i,j<n is the entrywise conjugation of

U and UT = [u;i]1<i j<n is the transpose of U.

The matrix U is a fundamental corepresentation of C*(U}), this determines the quantum
groups U;f uniquely. The universal orthogonal quantum groups are obtained by imposing an
additional relation U = U. The previously introduced universal orthogonal quantum groups
O, and universal unitary quantum groups U, correspond to picking F' = 1.
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4.

Surprisingly, it took some years to carry a similar construction to obtain the aforementioned
quantum permutation groups S, in [61] (cf. [49] Section 3]). As we will discuss these groups in
let us recall their definition entirely. Consider the universal C*-algebra generated
by n?-elements u;5, 1 < 14,5 < n subject to the following relations:

(a) the generators u; ; are all projections.
(b) iy wiy=1=370 uij.

This C*-algebra will be denoted C*(S;"). The matrix U = [u; j]1<i j<n is a fundamental
corepresentation of C“(S;"), this gives all the quantum group-theoretic data. Moreover,
St =5, forn<3and S, 25, for n >4 and S, is coamenable only if n < 4 ([3]).

3.3.4 Examples of Brannan, Collins and Vergnioux

In this part we summarize the crucial result of [I5] Section 4] in the language of Hopf image. We
list some of the subgroups of the quantum group O;:

1.
2.

Then

1.

2.

3.

The group of characters O,, C O; (see|Section 1.3.6).

The subgroup of classical permutations S,, C O,, C O;'" obtained by canonical permutation
representation of S, on C".

Given natural numbers a,b such that a + b = n, consider the morphism 7, ;,: C*(O;}) —
CU(0F20;) = C*(O}) * C*(Of) obtained by sending the upper a x a corner of the funda-
mental corepresentation of C“(O;") to the fundamental corepresentation of O} entrywise,
the lower b x b corner of the fundamental corepresentation of C*(O;") to the fundamental
corepresentation of O;r entrywise and all other entries to 0.

Consider a unit vector £ € R™ C C™. Then one has the following subgroup of O;'': completing
€ to an orthonormal basis, we can write mg: C*(O;) — C*(O; %)) by setting me(ur,1) = 1.
Abstractly, C(O:’_gl) =~ (0 _,), and O:’_gl correspond to stabilizer subgroup of £ € S7~1.

O =(0, U O:;i) for any £ € R™ C C™ of norm one and n > 4.
O;f = (051 U O for any &) # & € R™ C C™ of norm one and n > 4.

O3, = (O30} U Sy,,) for n > 2.

In the above, U has to be understood as in
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Chapter 4

Applications

4.1 Introduction

This chapter has essentially three parts. In the first part, we provide a first genuinly quantum
example of a generating set (i.e. of a generating morphism). This answers partially [49, Question
7.3]: we show that the morphism I 4 — Sj from quantum increasing sequences into quantum
permutations on 4 points, introduced by Curran in [I9], is generating. Then we turn into studying
some group-theoretic properties of the quantum group S . In the last part, we use them to show

that S fail to have [Property (FAG)l We also draw some other consequences of it, that is, we only
use the “easy directions” of the results from [Section 4.3[to show in an elementary way that S is
hyperlinear.

4.2 The quantum permutation group S and quantum in-
creasing sequences

The algebra of continuous functions on the set of quantum increasing sequences was defined by
Curran in [I9] Definition 2.1]. Let k£ < n € N and let C'(I ,,) be the universal C*-algebra generated
by pij, 1 <i<n,1<j<ksubject to the following relations:

1. the generators p; ; are all projections.

2. each column of the rectangular matrix P = [p; ;] forms a partition of unity: > p;; = 1
foreach 1 <j <k.

. . b .y Sy
3. increasing sequence condition: p; ;p;r;» = 0 whenever j < j’ and i > 7'

This definition is obtained by the liberalization philosophy: if one denotes by Iy, the set of
increasing sequences of length k and values in {1,...,n}, then it is possible to write a matrix rep-
resentation: to an increasing sequence ¢ = (i < ... < i) one associates its matrix representation
A(l) € Mpxx({0,1}) as follows: A(i);,; = 1 and all other entries are set to be 0. One can check
that the space of continuous functions on these matrices C({A() : ¢ € Iy »}) is generated by the
coordinate functions x; ; subject to the relations introduced above and the commutation relation
(cf. the discussion after [19, Remark 2.2]).
Curran defined also a *-homomorphism S ,: C(S;F) — C(Ix,,) (19, Proposition 2.5]) by:

n

® uij —pijfor1<i<n, 1<j<Fk,
® Uprm—O0forl<m<n—-kandi<mori>m+k,
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e forl<m<n-—kand0<p<Ek,

m+p—1

Um+p,k+m T E Pijp = Pi+1,p+1,
i=0

where we set po.o = 1, po,i = po,; = pik+1 =0 for i > 1.

The fact that this *-homomorphism is well defined follows from [19, Proposition 2.4], where some
additional relations were identified, and the universal property of C(S;") (see .
These maps are defined in such a way that when applied to the commutative C*-algebras C(S,,) —
C(Iy,n) (which satisfy the same relations plus commutativity), it is precisely the map of ’completing
the increasing sequence to a permutation map’. More precisely, one can draw the diagram of an
increasing sequence i = (i3 < ... < i) in the following manner: drawing &k dots in one row and
additional n dots in the row below, one connects [-th dot in the upper row to the i;-th dot in the
lower row. Then one draws additional n — k dots in the upper row next to previously drawn k dots
and connects them as follows: (k+ 1)-th dot is connected to the leftmost non-connected dot in the
bottom row, then (k+ 2)-th dot is connected to the leftmost non-connected dot in the bottom row
etc. Finally, one obtains the diagram of a permutation on n letters, which is then called 0y, (%)
(for the version of (i, as a map between appropriate commutative C*-algebras).

Fact 4.1. (I} ,) =S, for alln and all k # 0,n, where Iy, ,, C S, is seen via the above map.

Proposition 4.2. Let H C S;t be the Hopf image of the map Bin: C(S]) — C(Iy.) for k # 0,n.
Then S, CH C S;F

Proof. The abelianization of C'(Iy ) is the commutative C*-algebra whose spectrum is the space
of increasing sequences Iy, and the map [, on the abelianizations is precisely the canonical
‘completing the increasing sequence to a permutation’ map, whose image generate the whole of

Sy if k # 0,n, so we conclude by O

In what follows, we restrict our attention to the case n =4, k = 2.
Theorem 4.3. The Hopf image of the map B2.4: C(S;) — C(Iz4) is the whole Sy .

Proof. Form we see that the group of characters of H, the Hopf image of 3, is the
permutation group Gr(H) = S4. In particular, H contains the diagonal Klein subgroup, so is one

of the groups listed in [5, Theorem 6.1] (see [Theorem 4.7)). It is easy to check that the group of
characters of subgroups contained in [5, Theorem 6.1] (see [Theorem 4.7)) are equal to Sy only for
the following two groups: Sy and S; . On the other hand, in [49, Proposition 7.4] it was shown
that C(I,4) = (C* x C?) @ C? (the free product is amalgamated over C1) is infinite dimensional,
hence H # S,. Consequently, H = S} is the only possibility left. O

4.3 Group-theoretic properties of S

In order to prove that S}~ does not enjoy we turn to studying some group-theoretic
properties of this quantum group. Namely, we show that the automorphisms group Aut(Sz') =84,
classify the embeddings of the maximal proper subgroups of S : the twisted version of O(2) and
twisted version of As. There are precisely three copies of O_1(2) C S, all of them conjugate by
an automorphism and there is a unique copy of AZ C S;. The key techniques are taken from [5],
let us recall them.

4.3.1 Another presentation of S;

Let us recall that the C*-algebra of continuous functions on SO(3) is the universal C*-algebra
generated by x; ;, 1 < 4,5 < 3 subject to the following relations:
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1. The matrix X = (z;;)1<ij<3 € M3(C*(SO(3)) is orthogonal, i.e. AAT = ATA =1 €
Ms5(C*(SO(3))) and the generators x; ; are self-adjoint.

2. @i a8,y =TT forall 1 <4,5,k,1 < 3.

3. Xres, 580(T)a1,7(1)a2,7(2)3,7(3) = 1

It is a routine check (relying on the Stone-Weierstrass theorem) that the above C*-algebra is
indeed the C*-algebra of continuous functions on the compact group SO(3) and that X being a
fundamental corepresentation encodes the matrix multiplication in SO(3).

Definition 4.4. The C*-algebra of continuous functions on a compact quantum group SO_1(3)
is the universal C*-algebra generated by a; ;, 1 < 1,5 < 3 subject to the following relations:

1. The matrix A = (ai,j)lgidgz; S Mg(CU(SO_l(s)) is orthogonal, ie. AAT =ATA=1¢
Ms5(C*(SO-1(3))). In particular, the generators a; ; are self-adjoint.

2. Q504 = —05 kA; 5 for k # ]
3. a;jar; = —ag ja;; for k #q.
4. a;jap; = aga; for i £k, j #1L.

5. D res, 01,r(1)02,r(2)03,7(3) = 1

The matrix A is a fundamental corepresentation of C*(SO_;(3)): this gives all the quantum
group-theoretic data.

By [5, Theorem 3.1], the map C*(SO_1(3)) — C(S;) seen as

1 0 1
(O A) — ZMUM (4.1)
where U is as in and
1 1 1 1
1 -1 -1 1
M = 1 -1 1 -1 (42)
1 1 -1 -1

is an isomorphism of quantum groups. In particular, SO_1(3) is coamenable, as it has the same
corepresentation category as SO(3) (or because it is isomorphic to S;) and we will drop the “
decoration.

4.3.2 Cocycle twists. General Theory.

In what follows, we briefly discuss the twisting procedure and introduce the notation. We stick to
the theory of Hopf *-algebras, altough the general procedure works well for general Hopf algebras
over any field.

Let H be a Hopf *-algebra with coproduct A. Recall that the algebra H ®4,4 H can be given the
Hopf *-algebra structure: the coproduct is Ag = (id ®0 ®id) o (A ® A). We will use the Sweedler-
Heyneman notation: A(z) = (1) ® #(2). A linear map ¥: H ® H — C is called a 2-cocycle if:

1. it is convolution invertible: the neutral element of convolution is m¢o (e ®¢€), the convolution
of 2, H® H — Cisgiven by X' =mco (X ®Y) o Ag,

2. it satifies the cocycle identity:
By, 2(2) 2T @)Y 2) = Ba), 20)) 2, Y2)%(2)) (4.3)

and X(z,1) = e(z) = ¥(1, z) for z,y,2z € H.
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Here and in what follows, my: W @ W — W, for a given algebra W, is the multiplication map
WRuyWorRyr—s zwycW.

Following [25, 48, 5], a 2-cocycle ¥ provides a new Hopf *-algebra H. As a coalgebra, H> = H,
whereas the product of H” is defined as

[2][y] = S(x1,91) 5 (w3, y3) [x292],
where an element € H is denoted [x] when viewed as an element of H*. In other words,
mgs = (E dmyg & 271) o A%
The antipode of H> can be expressed via the following formula:

S*([z]) = B(x1, 8(22))S71 (S(w4), 25)[S (w3)]-

The Hopf algebras H and H* have equivalent tensor categories of comodules [48].

In our considerations we are interested in the case when the 2-cocycle is induced from Hopf
*-algebra quotient (quantum subgroup). Let m: H — K be a Hopf surjection and let ¥: K@ K — C
be a 2-cocycle on K. Then ¥ =YX o (r®@7): H® H — C is a 2-cocycle.

Proposition 4.5 ([B, Lemma 4.3]). Let m: H — K be a Hopf surjection and let ¥: K @ K — C be
a 2-cocycle. Then there is a bijection between:

1. Hopf surjections f: H — L such that there exists a Hopf surjection g:L — K satisfying
go f=m, and

2. Hopf surjections f: H> — L such that there exists a Hopf surjection §: L — K> satisfying
gof=I[r()].
The bijection is given by f(-) = [f(-)].

4.3.3 Twistings applied to SO(3)

Let H = Pol(SO(3)) denote the Hopf *-algebra of representative functions on the group SO(3),
let H = Pol(SO_1(3)) C C(S0O_1(3)) be the unique dense Hopf *-algebra of the quantum group
SO_1(3) and let K = C[Z2 X Z2] denote the group algebra of the Klein group. We denote by t1, to
the canonical generators of the Zy factors of the Klein group, let also denote ty = e, t3 = t1to. The
restriction of functions on SO(3) to its diagonal subgroup gives a Hopf surjection

H> Tij LN 6i’jti € K. (44)
Let ¥: K ® K — C be the unique linear extention of the mapping

ey { 71 fr 60 € 0D.0.9,0.0.02.6.2,6.9) “5)

In other words, for 1 <4, j <2 we have that ¥(¢;,¢;) = —1 if and only if i < j and we extend this
definition by bimultiplicativity. Then ¥ is the 2-cocycle in the sense of (4.3). We will work with
the cocycle g = ¥ o (g ® mg) on H. Note that Z;l =34

Theorem 4.6 ([5, Theorem 5.1]). The Hopf *-algebras H*¢ and H' are isomorphic. The isomor-
phism is given by [x; ;] — a; ;.

As a consequence of[Theorem 4.6|and [Proposition 4.5 the authors obtained the list of subgroups
Zox 7y CGCSy:

Theorem 4.7 ([5, Theorem 6.1]). The compact quantum groups satysfying Z;<\Z2 cGcsSf
are precisely:

1. Sf;
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. O_1(2), the cocycle twist of the group O(2);

. D], for n >4 even: the unique non-trivial twist of the dihedral group D,,;

2

3

4. AL, the unique non-trivial twist of the alternating group A

5. 87, the twist of S4 by a cocycle induced from the non-normal Klein subgroup of Sy and
6

. S4,A4,D4,Z2 X ZQ.

Moreover, D C O_1(2), hence the maximal proper subgroups of S} containing the diagonal
Klein subgroup are precisely O_1(2), AZ, S7 and Sy.
Similarily to (4.4]), the Klein group can be embedded into SO_;(3) as follows:

H > Q; j ll 51‘,]‘251‘ e K (46)

Thus one can define the 2-cocycle ¥/: H' ® H' — C via 7/ H' — K and in this way obtain another

realization of the isomorphism from [Theorem 4.6 (H')E:l ~H.

4.3.4 Characteristic subgroups.

Let G be a compact quantum group and let H be its subgroup: let m: C*(G) — C*“(H) be a
quotient map intertwining the respective coproducts.

Definition 4.8. We will say that H is a characteristic subgroup of G if for any automorphism of
G (i.e. a Hopf *-homomorphism 9: C*(G) — C*(G)), H is mapped onto H (i.e. w0 = x o7 for
some automorphism x: C*(H) — C*(H), or in other words, ¢(ker(w)) = ker(x)).

It is clear that this notion can be described equivalently in terms of the underlying Hopf
*-algebra and we will use this further without mentioning. There is a canonical example of a
characteristic subgroup.

~

Proposition 4.9. The group of characters Gr(G) of G is characteristic.
Proof. Let 9:C*(G) — C"(G) be an automorphism of G. As the kernel of the quotient map

~

¢:C*(G) — C(Gr(G)) is an ideal generated by commutators, and as 0([x,y]) = [0(z),0(y)],
f(ker(q)) C ker(q). The other inclusion follows by applying 6~*. O

There is another, more concrete, example of a characteristic subgroup, and we will use it in
consecutive sections.

Recall that H' = Pol(SO_1(3)) is the unique dense Hopf *-algebra of the quantum group
SO_1(3) and K = C[Zsy x Zs] is the group algebra of the Klein group. The Klein group can be
embedded into SO_;(3) via ([4.6]). But there are other occurences of the Klein group as a subgroup
of SO_1(3): this particular one will be called diagonal. Let 7: H' — K be a Klein subgroup in
SO_1(3) and consider the following factorization:

™
R

In the above diagram, H/, denotes the the abelianization of H': the Hopf *-algebra quotient of
H' by the commutator ideal, ¢ denotes this quotient map.

It is clear that all quotients m onto the group algebra of the Klein group enjoy the above
factorization. Let us describe it more explicitely.

Lemma 4.10. H/, is precisely the Hopf *-algebra C(S4), and the map q is given as follows:
consider the canonical representation p: S* — O(4) and consider the restriction to the subspace

(1,1,1,1)": this gives an embedding p: Sy — O(3), ¢: H' — C(S4) acts as a; ; = i ; o p.
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Proof. Straightforward computation. O

Thus any Klein subgroup of SO_;(3) is a Klein subgroup in Sy; there are two types of Klein
groups embedded into Sy: the easy ones, of the form: {id, (17), (kl), (1¢)(kl)} and the diagonal one,
of the form {id, (12)(34), (13)(24), (14)(23)}.

Remark 4.11. The diagonal Klein subgroup, in the above map, consists of the matrices

-10 0 1 0 0 -1 0 0
Lo 1 o],lo =1t o], [0 -1 0
o 0o -1/ \o o -1 0 0 1

Lemma 4.12. The diagonal Klein subgroup of SO_1(3) is a characteristic subgroup.

Proof. Any occurence of a Klein subgroup in SO_1(3) appears as a Klein subgroup of S4. Fur-
thermore, any automorphism of SO_;(3) restricts to an automorphism of Gr(SO_1(3)) = Sy. It
is then enough to check that the diagonal (in SO_1(3)) Klein subgroup of SO_1(3) is precisely
the diagonal (in S4) Klein subgroup of S, and that the latter is characteristic in S4. Both the
assertions are easy to check, as Aut(Sy) = Sy. O

Just to complete the picture, let us elucidate the easy Klein subgroups, providing a non-example
of a characteristic subgroup.

Lemma 4.13. All the easy Klein subgroups of Sy are conjugate; the corresponding automorphism
of Sy extends to SO_1(3).

Proof. Let {id, (12),(34), (12)(34)} and {id, (1), (24), (13)(24)} be two different Klein subgroups
of Sy. It is easy to check that conjugation by (2¢) gives the first part of the lemma. In order to get
the automorphism u: H — H extending it, simply consider the map A +— p(2i)Ap(2), where p is
the map from O

4.3.5 Automorphisms of S;

With and the results of [Section 4.3.2] & [Section 4.3.4]in hand, we are able to classify
all the automorphisms of SO_;(3). Consider an automorphism ¥: C(SO_1(3)) — C(SO_1(3)) and
the following diagram:

/

T4

Thanks to the above diagram is well defined: the Klein subgroup is characteristic,
hence xon/,06 = 7/, for some automorphism x of the Klein group. We can then use
to 'untwist’ this diagram and obtain an automorphism of SO(3) (which should be easier to classify).
Apply the cocycle ¥/, (recall that the Klein group have no nontrivial twist, cf. [5, Lemma 6.2])
and gives us the following diagram:

Tq
H H K

and §%a = [0], where [-] is understood as in As any automorphism of SO(3) is inner, it
is enough to check which of them preserve the diagonal Klein subgroup. It is clear that conjugation
by p(z), x € Sy (where p: S4 — O(3) is introduced in [Lemma 4.10)), is such an automorphism (as
the diagonal Klein subgroup is characteristic in Sy). Using|Remark 4.11|one can write the formula
for F € SO(3) that conjugates the diagonal Klein subgroup in SO(3) and arrive at a system of
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constraints saying that the matrix F' has to have two zero entries in each row and column (the
remaining entry, because of norm 1 condition in each row and column, has to be +1). There are
precisely 24 = 4! = |Sy| of such matrices, hence we arrive at the following

Theorem 4.14. Every automorphism of SO_1(3) is given by A — p(x)" Ap(x) for some z € Sj.
In other words, Aut(SO_1(3)) = S;.

4.3.6 On the embeddings O_;(2) C SO_(3)

Definition 4.15. The C*-algebra of continuous functions on a compact quantum group O_;(2)
is the universal C*-algebra generated by a; j, 1 < i,j < 2 subject to the relations (1-4) of

mutati mutandis. As previously, the matrix A = [@; ;]1<ij<2 € M2(C(0O_1(2))) is a

fundamental corepresentation of C(O_1(2))).

The following map yields a surjective *-homomorphism interpreted as O_1(2) C SO_1(3):

di,j fOI‘].SZ,jSQ
Qi — 5,1’15,2’2 + 6172[1271 for 4 =75=3 0(50_1(3)) —» 0(0_1(2)) (47)
0 otherwise

But there are more embeddings O_;(2) C SO_1(3). Their classification is contained in the follow-
ing

Theorem 4.16. There are three copies of O_1(2) C SO_1(3). The three copies are conjugate (via

an automorphism descibed in|Theorem 4.14)).

Lemma 4.17. The group of characters of O_1(2) is the dihedral group Dy, equal to

R E R VR ) H U R (i) HC R C Ry
\0 1/’\0 -1/’\0 -1/’\1 0/’\1 0O0)’\-1 0/’\-1 O
Proof. Let us evoke the conditions (2-3) of definition of C'(O_;(2)) (Definition 4.15):

2. G i = —di iy for k # j.

3. G 0k, = —Qk,;0;; for k # 1.

After abelianization, these conditions can be written as: @; jax; = 0 whenever (i,j) and (k,1)
correspond to different entries in the same row or column. In short: in every column and in every
row there is (at least) one zero entry. Together with the remaining relations from the definition
of C(0O-1(2)), we see that C(O_1(2))ap is the C*-algebra of continuous functions on such 2 x 2
orthogonal matrices, which have one zero entry in each row and each column: this produces the
above list of 8 matrices. As the list of groups of order 8 is known, it is enough to observe that this
group is nonabelian and contains an order 4 element to conclude that it is isomorphic to Ds. 0O

Proof of the[Theorem .16, Let ®: H' = Pol(SO_1(3)) — Pol(O_1(2)) be a Hopf *-algebra quo-

tient. Consider the following diagram:

Jed Pol(O_4(2))

4so_,(3)
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The existence of the map ¢ as in the diagram above follows from the universal property of abelian-
ization. Because all the involved morphisms are Hopf *-algebra morphisms, ¢ is. Similarily, be-
cause all the involved morphisms are surjections, ¢ is. Thus ¢, the Gelfand transform of ¢, is a
monomorphism ¢: Dy — Sy. Let us take for granted that the image of ¢ contains the diagonal
Klein subgroup of Sy (the proof of this statement is postponed to just below the end

of the proof of [Theorem 4.16)).

As the diagonal Klein subgroup is characteristic in SO_1(3), this gives us the following diagram
of morphisms:

P xom
H ———» Pol(O_1(2)) ———» K

!
Tq

where 7 is obtained by composing qo_,(2) with Hopf *-algebra quotient map corresponding to
restriction to the diagonal Klein subgroup in ¢(Dy) and x is the automorphism of the Klein
group. Using we untwist this diagram and arrive at

H——» Pol(O(2)) —————» K

Td

The closed subgroups of SO(3) isomorphic to O(2) are all of the form

{F (‘3 de&A)> FT:Ac 0(2)}

for some matrix F' € SO(3) (see, e.g. [26, Theorem 6.1]). The occurence of O(2) in SO(3) coming
from the above diagram contains the diagonal Klein subgroup. Because Zs X Zo C Dy is charac-
teristic, we know from (the proof of) [Theorem 4.14] that the matrices F are necessirely of the form
p(z) for some x € S4. To verify it is then enough to check that

[det(X)] = [Z1,1%2,2] — [T1,2%2,1) =
= o(t1,t2)o(t1, t2)[F11][Ta,2] + o (t1, t2)o(te, t1)[F1 2] [T2,1] =

= Q11022 + 41,2021 = perm(A)

Lemma 4.18. Image of ¢ contains the diagonal Klein subgroup of Sy.

Proof. Up to an inner automorphism, the only way to embed the dihedral group into the symmetric
group is via

¢(Da) = {id, (12), (34), (12)(34), (13)(24), (14)(23), (1234), (1432)}

and the diagonal Klein subgroup of Sy is precisely {id, (12)(34), (13)(24), (14)(23)}, which is char-
acteristic (hence it appears as a subgroup of any possible occurences of Dy in Sy). O

In summary, the above Theorem says that any embedding O_;(2) C SO_1(3) is given by the
following map:

A4, p(a) (g e A)) p(a)T (4.8)

where x € Sy and p is as in [Lemma 4.10| and perm(fl) = Q1,1G2,2 + G1,2G2,1 is the permanent

function.
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4.3.7 On the embeddings A7 C SO_(3)

Proceeding similarily as in we will now turn to studying embeddings of the other
maximal proper subgroup of ij, namely: AZ. Recall that this group is obtained by cocycle twist
as described in [Section 4.3.2) by the following data: Zs x Zy C A4 C As, where the second inclusion
is obtained by making A4 act on first four letters (out of five on which Aj act).

Theorem 4.19. There is a unique copy AL C SO_41(3).

Lemma 4.20 ([5, Lemma 6.8]). The group of characters of AL is the alternating group A4, equal
to {p(x) : x € A4} when viewed as a subgroup of SO_1(3).

Proof of the[Theorem J.19 Let ®: H' = Pol(SO_;(3)) — C(AZ) be a Hopf *-algebra quotient.

Consider the following diagram:

)
H’ C(A3)

qAg
dso_,(3)

C(Sy) d C(Ay)

The existence of the map ¢ is due to the same argument as in the proof of Similarily,
@, the Gelfand transform of ¢, is a monomorphism ¢: Dy — Sy.

Lemma 4.21. Image of ¢ contains the diagonal Klein subgroup of Sy.
Proof. There is a unique monomorphism A4, — S and the conclusion follows. O

As previously, we obtain the following diagram of morphisms:
o -
H ——» C (Ag) 7T 5 K

!
T

where 7 is obtained by composing ga; with Hopf *-algebra quotient map corresponding to restric-
tion to the diagonal Klein subgroup in ¢(A4). Using [Proposition 4.5{ we untwist this diagram and

arrive at

[}
H (2] As 1 K

~ .

Recall that there are five possible embeddings A4 — A5 coming from letting A4 fix one of the
letters {1,...,5} on which A5 acts (and acting on the remaining four in any way, as renaming the
four non-fixed among {1,...,5} amounts to renaming the four on which A4 acts canonically). Let
us remark that [5, Lemma 4.2] shows that the quantum group A does not depend on the choice
of embedding A4 C As, here we show a stronger statement: that AZ C S} does not depend on the
choice of embedding A4 C As.

All the occurences of A5 as a subgroup of SO(3) correspond to fixing a dodecahedron (or its
dual graph, icosahedron), then A5 is the group of rotations that preserve this fixed dodecahedron,
call it ®. But observe that the copy of As we got by the untwisting procedure has additional
feature: it contains the canonical copy of Ay C Sy. This particular occurence of Sy is the group of
rotations preserving the octahedron spanned by {£e;, tes, tes}, call its dual graph — which is a
cube — €. Consider the tetrahedron, whose four vertices are the four non-adjecent vertices of € —
there are two tetrahedrons like that, call them ¥;,%5. Then A4 C Sy consists of those rotations
that preserve one (equivalently, both) of tetrahedrons ¥7,%5. In other words, the elements of Sy
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are precisely rotations generated by rotations by a multiple of 7 around one of the coordinate axis
and elements of Ay are rotations generated by rotations by multiple of 7 around one of coordinate
axis.

Regarding the Ajs group, the dodecahedron © has the following feature: as A4 C As, the
rotations of ® that come from A, must preserve the system of tetrahedrons ¥;,%,. Observe
(see that there are precisely five ways of incribing a cube into a dodecahedron, or in
other words: five ways of circumscribing a dodecahedron about a cube. Graphically speaking, this
amounts to fixing an edge of the cube € and a base of dodecahedron b C ®. It has five edges,
and the five dodecahedrons are obtained by attaching the cube € to five different edges of the
base b, see But these five dodecahedrons differ only by a rotation of this fixed base b
and hence are the same polyhedra. It follows that this unique polyhedron correspond to a unique
Az € SO(3) containing this distinguished copy of A4. Now as there are 5 possible embeddings
A4 C Ay (which are conjugate) and we realized these five embeddings as five ways of circumcribing
a dodecahedron about a cube, we conclude that there are no other intermediate A5 group satisfying

Ay C A5 C SO(S)

—

™

Figure: Cube inscribed into dodecahedron
O
Remark 4.22. The proof of [Theorem 4.19 was more complicated than the proof of [Theorem 4.16]

because Zgy X Zo C Ay is not characteristic.

4.4 Lack of [Property (FAG)|for S and other consequences

The main motivation for the[Property was an error in the proof [0, Lemma 6.6]. The strategy
of Banica and Bichon in [5] for establishing the list of all subgroups of S; was, after establishing

the list of subgroups containing the diagonal Klein subgroup in to show that every
other subgroup of S; is already a subgroup of one of the smaller subgroup (thus reducing the
complexity of the task). It was further completed in [12]: the only subgroups of S;f that are not
present in the list of are proper subgroups of O_1(2) (whose subgroups were worked
out in [5, Section 7]). We started investigations concerning [Property (FAG)| because

might serve as an alternative, and easy, way to do this. However, we found that it is impossible
to use this strategy, as

Proposition 4.23. S] does not enjoy Property (FAG).

Proof. From [Theorem 4.7| we know that S] C S and that GT(EZ) = Dy by [5, Lemma 6.7].
Let then O_1(2) C S is embedded in such a way that Gr(O_1(2)) = Gr(gz) as subgroups of
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Sy = Gr(,S/'i) (we know from |Theorem 4.16| that it is possible to find such a copy of O_1(2)). But

[5, Theorem 7.1], establishing the full list of subgroups of O_1(2), ensures us that S} ¢ O_1(2)
and thus G = (O_1(2), 57) = Sy, as this group as strictly bigger than O_;(2). But at the same
time, if S had (FAG), then

Gr(G) = (D4, Dy) = Dy # Sy

An additional consequence of our considerations is the following

Proposition 4.24. S = (AT U Sy)

~

Proof. Let G = (AT U Sy). As Gr(G) = Sy and G # Sy (because AL ¢ Sy), we can check on the
list of [Theorem 4.7| that the only remaining quantum subgroup of Sz' with Gr(G) = S is Si'
itself. O

Corollary 4.25. 54+ is hyperlinear.

Remark 4.26. Recall G is hyperlinear if and only if L*>(G, hg) — R“, where R is the hyperfinite
11, factor and w is a principal ultrafilter.

Proof. This follows immediatly from the fact that Sy and A7 are finite (and hence their duals are
hyperlinear) and [I5, Theorem 3.6]. O

Let us mention here that this result can be also proven by employing the fact that C (SI ) is
nuclear (S is amenable). However, the above proof, as the proof of [I5, Theorem 3.6], are much
more elementary than the proof of nuclearity of C' (Sz'). Furthermore, it is not known whether S;

are hyperlinear for n > 5. A resent anouncement of Alex Chirvasitu shows that S} = (S,,, S |)

for n > 6, hence if one shows hyperlinearity of S5, the whole family will turn out to be hyperlinear
by [I5, Theorem 3.6].
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