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Poisson-Lie groups and Lie bialgebras

Lie bialgebras and quantizations
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Poisson-Lie groups and Lie bialgebras

Example: Lie algebra level

g =sl(2,C)

@ Generators

@ Relations
[H, X+] = £2X4, [Xy, X_]=H.

@ Cobracket
o0(H) =0, 0(Xx) = iXe AH.

® QUEA Us(g):

hH e—hH

et
[H, X+] = £2X4, (X, X_] = Teh —eh
Coproduct

AH) =H®1+1®H, AXe)=Xe®e™ +e ™M eXy.

@ Compact real structure su(2): H* = H, X = X_.
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Poisson-Lie groups and Lie bialgebras

Example: Lie group level

o G=SL(2,0),
{(i Z) |ad — be =1},

@ Poisson structure:

{a, b} = iab, {a,d} = 2ibc, {b,c} =0,

o QFSHA .Z,(G):

ab = eba, ad —e'bc=da—ePeb=1, bc = cb,

e Compact real form: G. = SU(2):
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Poisson-Lie groups and Lie bialgebras

Example: Dual Lie bialgebra

§=Cx(Ca0)

@ Generators

A= 0.(4 ) %=(( 9.0). x=((9)

@ Relations

@ Cobracket

@ QUE algebra U(§)[[h]] = Un(§) 2 Zr(G)
a=e(1-re XX )2 b=iheT"?X,
d=(1-he "X, X)V2e ™ ¢ =ineh/2X_.

@ Dual real form: A* = A, X;=X_.
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Poisson-Lie groups and Lie bialgebras

Example: Dual Lie group

0o 6=C"x(C®0Q),
{((2 Aﬁ),(? A91>>|AecX,B,cG©}.

@ Poisson structure

{A,B}=iAB, {A,C}=—iAC, {B,C}= é(A2 — A7),

o QFSHA .74(G) C Un(g):

h —hy\ 1/2 h —h\ 1/2
hH e —e e —e
B=h|— X C=h|—— X_.

Nl=

A=ce

e Dual real form: G, = RY x C,
A=A, B =C.
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Poisson-Lie groupoids and Lie bialgebroids

From Lie groups to Lie groupoids

Definition

S
Lie groupoid: smooth manifolds &',% with groupoid structure ¥ = &
t

s.t. s, t submersions and structure maps smooth.

Definition

| A\

Lie algebroid: vector bundle A over & with anchor map p: A— T and
bracket on '(A) s.t. [a, -] a satisfy Leibniz rule w.r.t. p(«).

A\

(0,9,s,t) = A =ker(ds)ig, p=dta.

Kenny De Commer (VUB) Poisson-Lie groupoids 20 August 2014 7 /20



Poisson-Lie groupoids and Lie bialgebroids

Lie bialgebroids

Definition

& is Poisson groupoid if ¢ is Poisson s.t. Graph(mult) co-isotropic in
Fx T xT.

E.g. G Poisson-Lie group: Graph(mult) = {(g, h,gh) | g, h € G},

(
{(Af)e1-101xf),(A(g)®1-121xg)}
={A(f),Alg)}®1-1®1x{f,g}
=A({f,gh)®@l1-11x{f, g}

Definition

(A, O) is a Lie bialgebroid if also (A*, ©) is Lie algebroid s.t.

§:T(A) = T(N*(A),  8(X)(&n) = X([€, 1) —p(E)X (M) +p(m)(X(€))

satisfies cocycle condition.
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Poisson-Lie groupoids and Lie bialgebroids

Example: dynamical r-matrix

Data:
@ g complex Lie algebra
@ b C g abelian
@ Basis {h;} C b, dual basis {\;} C b*
o r:UCh — A(g)st. D hiA cder,- + %[r, r] constant in (A3(g))e.

Then Lie bialgebroid

O=b, A=goThH = Th*, (&) =[r.¢&]
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Poisson-Lie groupoids and Lie bialgebroids

Example: dynamical SL(2,C)

g =sl(2,C).
o h = C Cartan and
1
r(y) = —3 coth(y/2) Xy A X_.

e 4 =CxSL(2,C)xC.

@ Poisson structure

{a, b} = itanh(y)ab, {a,d} = i(tanh(x)+ tanh(y))(ad — 1)

.[(Of Of .(Oof Of
{f’a}_l<8x+8y>a’ {f,b}-/(ax—ay>b
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Quantum groupoids
Quantizations

o Lie bialgebra/Poisson-Lie group = Hopf algebra
@ Lie bialgebroid/Poisson groupoid = Hopf algebroid

@ * with zero bracket on object space = Hopf face algebra
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Quantum groupoids
Hopf face algebras

Data:
o Index set J,
@ Vector spaces AY, indices in J,
@ Partial multiplication and units,

M: XA QLAY = XAL 1) € AL

w’ v

@ Partial comultiplication and counits,
Dy i g =A@ AL e CA)
@ Antipode
S A — )Z,A)‘C’
s.t. e.g.

Au(xy) = / Au(x)An (y)dt.
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Quantum groupoids

Example: dynamical quantum SU(2)

Dynamical quantum SL(2,C)
@ Index set J: real numbers ‘+ infinitesimals’.

@ Generators:
xAx—h XAX—h

Qxy € y'y—h 6Xy ey y+h?

@ Relations:
[ cosh(y + h) 1/2
Oéxy/Bx—h,y—h— m Bxyax—h,y+ha
o Comultiplication:

Az,th(04xy) = Qxz @ Qgy, Az,erh(ley) =B ® Vzy -
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Contraction groupoid
Example: Contraction

Contraction quantum G = SL/(27:)

@ Index set J: complex numbers.
°

JAY = Oxwly 2 Fh(SL(2,C)i x, ).
@ Relations:
[By, Gyl = h(XA>2(y - )/A;y2)
o Coproduct:
AZZ(AXy) = sz ® Azy, AZZ(BXy) = BXZ ® AZy + A;Zl ® Bzy,
@ Real form: index set J = R,

Ai = Ay, Bl =Gy
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Contraction groupoid

Associated contraction Poisson groupoid

Contraction G = 5@) groupoid
o9 =CxGxC.
e Poisson structure: {f,g} = {f,A} ={f,B} ={f,C} =0 and

{A,B} =iAB, {A C}=—IiAC, {B,C}= é(xA2 — yA72),

@ = Poisson manifolds (@,{-,-}XJ) with Poisson multiplication

(G, {s Fxy) X (G L dyz) = (G {2

@ Real structure:

x"=x, y*=y, A=A B*=C.
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Contraction groupoid

Isotropy groups and contraction

o —

e Each (5L(2,C),{-,-},,,) is Poisson group.
@ Dual Poisson groups?

o If y #£0: SL(2,C).

o lfy=0: E@(2)—{((g [31>,<i a(_)1>)|a€(cx,b,c€(C}.
o W.r.t. real form:

o If y > 0: SU(2).

o Ify=0: EQ2)=U(1)xC= {(g abl) | a€ U(1),b € C}.
o If y <0: SU(1,1).
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Contraction groupoid

Contraction Lie bialgebroid

Lie bialgebroid associated to ¥ = C x SEZ\C) x C.
o & =5sl(2,C)® TC — TC over & = C.
p
@ Direct sum Lie algebroid structure.
o Cobracket: with £ = Zi% we have §(y) = 0 and

S(Xe) =+2AA Xy, S(A)=yX AX, O(E)=X AX_.

@ Real form: take object set R and

A A

E*=E, A=A X=Xz
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Contraction groupoid

Dual contraction Lie bialgebroid

V = vector space generated by H, X4, E.

o o/ =V x C — C trivial vector bundle.
@ Anchor map p = 0.

@ Relations

[H, X1] = +2Xy, [Xy,X_]=yH+ E, E central

= Bundle of Lie algebras.
o Cobracket:

S(H)=0, §(Xe)=—iHAXy, O6(E)=0, &(y)=2iE.
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Contraction groupoid

Dual contraction Poisson groupoid

° @:{((a b),(a ﬁ’))}QSL(z,C)st(z,C).

yc d c

®© G={(y,0,8) |y €C,0€C,ge G} with

(v,0,8)-(v,0,8)=(y,0+0 +Q(g,&'),88")
w.r.t. cocycle
, 1 a(gg’) 1 bc’
Q 8,8 :7|n< :7In 1+y ) y#oa
(e.£) y \alg)alg)) v aa'

bc’
Q(g.g') = pove
@ Poisson structure:
{a,b} =iab, {a,d} =2iybc, {b,c}=0,...

.0 .0
{y7_}_2’%7 {07_}__215'
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Contraction groupoid

Contraction of representations

Holp(C) = space of germs of holomorphic functions around zero.

@ Infinitesimal representation on Holp(C):

(X:f)(2) = 2f(2) +y2*f'(2),
(X-f)(z) = —f'(2),

(Hf)(z) = 2zf'(z2),

(Ef)(z) = f(2).

@ Locally integrated representation:

_ a0 1 az —c¢
(7((},797g)f)(2) =€ (]_ + yb(az — C)) /yf <_ybz—d) .

Kenny De Commer (VUB) Poisson-Lie groupoids 20 August 2014 20 / 20



	Poisson-Lie groups and Lie bialgebras
	Poisson-Lie groupoids and Lie bialgebroids
	Quantum groupoids
	Contraction groupoid

