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Cotor-groups

For a coalgebra C and C-comodules of opposite parity V, V’, the
Cotor-groups Cotorc(V, V') are computed by

CB(V,C,V) = @V@ Cc®"e VvV,

n>0
dvocde..ec"eVv)=
Ve ®V_. @t ®...0c"@V+

n

Y (-1Yde..eAd)e.. e oV
j=1

+(-)"vede...edeV_ oVv_..



SAYD modules over Hopf algebras

Let H be a Hopf algebra.

A right module - left comodule M over H is called a right-left
SAYD module over H if

» M is a right-left AYD module:
V(m-h) = S(ha)m__,. hay @ m_o. - ha,
=m.

» Misstable: m_o_ -m__,_



One dimensional SAYD modules, ks

The conditions for k to be a SAYD module over H:
> k is a right H-module via a character § : H — k,

i - h:=4(h),
> k is a left H-comodule via a group-like o € H,
Vik—>Hok V(1)=0®1,
> k is a right-left AYD module if and only if
S5 =Ady,  Ss(h) = 6(hw)S(he),
> k is stable if and only if
d(o) =1.

Such a pair (6, 0) is called a modular pair in involution (MPI).



Hopf-cyclic cohomology of Hopf algebras

Let M be a right-left SAYD module over a Hopf algebra H.
Then we have the graded space
C(H, M) == @y C"(H, M), C"(H,M):=M@H™"
with the face operators
di: C"(H,M) — C""*(H,M), 0<i<n+1
d(mahe.. o) =mlehe...0h",

d(mohe.. o) =mehe..0hy@hy®...0h",
dipi(mehte... ) =m_ ohe..0h"om_,_,



Hopf-cyclic cohomology of Hopf algebras

the degeneracy operators
si: C"(H,M) — C""Y(H,M), 0<j<n-1
s(mohte.. . ofM=meho.. ). .h,
and the cyclic operator

t: C"(H,M) — C"(H, M),
tmeh®...0h")=m__ koo She) (Pe...oh"em__ ).



Hopf-cyclic cohomology of Hopf algebras

The Hopf-cyclic cohomology of H with coefficients in M is
calculated by

(Tot(#H, M), b+B), Tot"(H, M) := C"(H, M)®C"%(H, M)a®. ..

with the Hochschild coboundary
b: C"(H,M) = C"™NH, M), b= (~1)d;
and the Connes boundary operator

B: C"(H,M) = C"Y(H, M), B .= (Z(—l)”"t") Sn_1t.
i=0



Hopf-cyclic cohomology of Hopf algebras, HC(H, M)

M®H®448>M®'H®348>M®'H®2L>M®H

b b bT

Mo HB3—L>Mon®2 L >MeH

b b
MeH?2 L =MeH
b
Mo H




Cotor-groups to Hochschild cohomology

There are isomorphisms:

Theorem (Crainic, 02)
Let H be a Hopf algebra, and (6,0) an MPIl on H. Then

HH"(H, ks) = Cotory,(k, 7k), n>0.

connecting the Cotor-groups to the Hochschild cohomology...



Hopf-cyclic cohomology of Hopf algebras

and there is a long exact sequence,

o —— HH"(H, M) —B> HCP=Y(H, M) —2= HC™ (7, M)

|

5 HHr (3, M)

connecting the Hochschild cohomology to the Hopf-cyclic
cohomology.



The cohomological machinery

Let m: C — D be a coalgebra projection, and Z := C ® D with
the coalgebra structure

Aly) =yy®yw, VYyeD
A(x) == x@) @ x@ + 7(xw) @ x@ +x0 @ 7(x@), VxeC

e(x@y) = ely).

Also, let M be a C-bicomodule as well as a Z-bicomodule.



The cohomological machinery
We introduce the following decreasing filtration:

GPT = @ M@Z% Do Z°Mm®...9D®Z%%,
N+ +np=q

for p > 0, and
G§+q =0

for p < 0. On the associated spectral sequence we get

El=GY/6H= P Mec*™eDaC®..2DC".

no-rr ni=j

As a result,
EX = HH(C,M), and EJ =0, i>0,
and hence

HH"(Z, M) = HH"(C,M),  n> 0.



The cohomological machinery

Next consider the filtration

FPta = @ M7 CoZ°"w...0 CoZ%m
no+--+np=q

for p >0, and F,§’+q:Oforp<0.

In the associated spectral sequence we will have

E'=F/Fi= P MeD*"2CD*"®...9CaD®"
no+--+nj=j
Assuming C is left and right D-coflat, i.e.

Cotorp(X,C) =0, for any right C-comodule X,
Cotorp(C,Y) =0, for any left C-comodule Y,



The cohomological machinery

Therefore,

Theorem
Let w: C — D be a coalgebra projection, M a C-bicomodule,
and C be coflat both as a left and a right D-comodule.

Then there is a spectral sequence, whose Ej-term is

E}Y = HH/(D,COp --- Op C Tp M),
—_——

i many

converging to HH'*i(C, M).



The cohomological machinery

In terms of Cotor-groups

Theorem

Let m : C — D be a coalgebra projection, and M = M' @ M" a
C-bicomodule such that the left C-comodule structure is given by
M’ and the right C-comodule structure is given by M". Let also C
be coflat both as a left and a right D-comodule.

Then there is a spectral sequence, whose E1-term is of the form

E}J = Cotorh,(M",COp --- Op C Op M"),
—_—

i many

_ "
converging to Cotor 2’ (k, M).



Faithfully coflat H-Galois coextensions

In order to satisfy the hypothesis of the theorem we recall:

Theorem (Schneider, 90)

Let H be a Hopf algebra with a bijective antipode, C a left
H-module coalgebra, and D := C/H*C.

Then,

(a) C is a projective left H-module,

(b) can: H® C — COpC, h® ¢+ h- cqy ® c Is injective,
if and only if

(a) C is faithfully coflat left (and right) D-comodule,

(b) can: H® C — COpC is an isomorphism.



Quantized enveloping algebras

Drinfeld-Jimbo quantized enveloping algebra Ugy(g) is the algebra
with 4¢ generators E;, F;, K, Ki_l, 1 < </, and relations

KiK; = KiKi, KiK' =K 'K =1,

I'<iEjI'<,'71 = anEja KI'FjK,‘il = q_aiij’

Eifj — FiEi = 50_7;(,- - Ki11>
ai — q;
1-aj _ -
S| P ETTEE =0, i4),
r=0 - - gi
1—aj _ -
> o (-1) 1 _raJ FIo " FFr =0, i#].
r=0 - - 4i




Quantized enveloping algebras

Its Hopf algebra structure is given by:

AK)=K oK, AKH=K!'eoK?

S(K) = K", S(E) = —EK ", S(F) = —KiFi.



Computation - C = U,(g)

Let
H = Span{Klql...KZZFlrl...Fé’z’rl,...rg >0,q1,...,q¢ EZ}.
Then,

D= C/CH' =
Span {E{* ... E)'K{ .. K[ [p1,...pe >0, q1,...,q0 € Z}.



Computation - MPI

Let a1,...,ap be the simple roots of g, and define

4
Kyi=KM K™ A=) mia;.
i=1

Theorem (Klimyk-Schmudgen)
Let p be the half-sum of the positive roots of g. Then,

S%(a) = szaK2_p1, a € Uq(g).



Computation - HH(U,(g), 7k)

For = K{* ... K/, using the projection
D — W = Span{K{™ ... K" |my,...,m € Z},

we first observe that

Lemma

Cotorp(k, "k) = k= etertifn=p+p2t...+ pe
0 ifnEpitpat..tpe



Computation - HH(U,(g), 7k)

On the second move, for o = K>, we obtain

Lemma

14

52 .
Cotorfy(k, COp ... Op C Opk) =< & (/) P
—_——— )
i many 0 Ifn#é—l



Computation - HH(U,(g), 7k)

Collecting these results,

Theorem
Let C := Uqy(g) and o := Ko,. Then we have

14
k92 n=

HH"(Uq(g), 7 k) = Cotor?(k, "k):{ 0 nit



Computation - HC(Uq(g), “k)

Finally we apply the SBl-sequence...

Theorem
For o := Kj,, and e = 0 (mod 2), we have

HP(C, k) = k®2°,  HP'"¢(C, k) =0.



The case g = s/»

C = Uy(sty) is the algebra generated by E, F, K, K~1 with the
relations
KK'=K1lK=1 KEK'=¢’E, KFK'=gq°F
K- K1
E.Fl=—.
[E. F] qg—q!

It is a Hopf algebra by

AK)=Ko K, AKH=KloKk?

AEY=E®RK+1®E, A(F)=F®1+K1aF,
(K)=1, e(E)=¢(F)=0,

(K)=K™', S(E)=-EK™!, S(F)=—KF.

L)

W



The case g = s/»
In this case,

H = Span{KIF"|r >0, q € Z},
D = Span{EPK9|p >0, q € Z}

and o0 = K. Hence,

COp...0pCOp%%k =
N—————

i many

Span{ K170 —+~@-1F% @ @K g, @ KIT1

i many

KFroK®...o K®1|qg1,...,9s >0
N—————

i1 many



The case g = s/»

As a result,

£ = H (B, do)

k@z

K®i



The case g = s/»

Therefore,

By = H (B di) =



The case g = s/»

where
E'=(10Exl), E°=(190KF®1),
proving

kok ifn=1

HH"(Uq(st2), “k) = COtorTJq(sZQ)(ka 7k) = { 0 otherwise.

:<1®E,1®KF>.

So we recover

Theorem (Crainic, 02)

HP(Uqy(sta), k) =0,  HPY(Uy(sta), k) = k @ k.



Connes-Moscovici Hopf algebra H;

For the crossed product algebra A = C°(FR) x Diff(R), the
differential operators

Y(f x )= y(;i/(f) X ¢

X(f @)= y;}((f) X ¢

, 0
on(f xp) =y v

n

(log g—f)f X ©, n>1



Connes-Moscovici Hopf algebra H;

form a Hopf algebra by

[V, X] =X, [Y.00] =00, [X,00]=0ni1,  [0p0q] =0,
AY)=Y®1+1®Y,

Al6)=601+1®06,

AX)=X@1+10X+6® Y,

e(X) =e(Y) =¢(n) =0,

S(X)=-X+8Y, S(Y)=-Y, S(61)=—61.



Connes-Moscovici Hopf algebra H;
For C = H1, we have

(0,0) = (&,1),
and we choose
H=F, to get D=U.
As a result,

COp...,0pCOpk=F® k.

i many

Therefore,

E}Y = Cotord,(k, F®' @ k),
E;Y = Cotor},(k, k) ® Cotor’z(k, k) = Cotorys (H1, 7k).



Connes-Moscovici Hopf algebra H;

Hence,

Theorem (Moscovici-Rangipour, 07)
There is a spectral sequence whose E;-term is

E°=F"  E'=(kXeF)e (kYo F®)
E’=k(XAY)2F®,  E‘=0, j>3

converging to HH™"(Hy, k), the total complex of the bicomplex



Connes-Moscovici Hopf algebra H;

u®24>]:®u®24>]:®2®u®24>...

FoUu F2oU

k F F®?

Fo =P Fe ou.

izp j=20

filtered by



Connes-Moscovici Hopf algebra H;

As a result of the “Cartan homotopy formula for H1"

Id —ad(Y) = [Ey + ey, b+ B],
Theorem (Moscovici-Rangipour, 07)

HP°(Hy, k) =k, HPY(Hi, k) = k.



