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Abstract. This is a survey of the language of polyhedral divisors describing
T -varieties. This language is explained in parallel to the well established the-
ory of toric varieties. In addition to basic constructions, subjects touched on
include singularities, separatedness and properness, divisors and intersection
theory, cohomology, Cox rings, polarizations, and equivariant deformations,
among others.
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1. Introduction

1.1. C∗-actions and toric varieties. The present paper is a survey about com-
plex T -varieties, i.e. about normal (n-dimensional) varieties X over C with the
effective action of a torus T := (C∗)k. The case k = 1 is a classical one — espe-
cially singularities with a so-called “good” C∗-action have been studied intensively
by Pinkham [Pin74, Pin77, Pin78]. The case n = k is classical as well — first
studied by Demazure [Dem70], such varieties are called “toric varieties”. The basic
theory encodes the category of toric varieties and equivariant morphisms in purely
combinatorial terms. Many famous theories in algebraic geometry have their com-
binatorial counterpart and thus illustrate the geometry from an alternative point
of view. The dictionary between algebraic geometry and combinatorics sometimes
even helps to establish new theories. The most prominent example of this phe-
nomenon might be the development of mirror symmetry in the 1990’s. Building

1



2 K. ALTMANN, N.O. ILTEN, L. PETERSEN, H. SÜSS, AND R. VOLLMERT

on the notion of reflexive polytopes, Batyrev gave a first systematic mathematical
treatment of this subject [Bat94].

1.2. Higher complexity. For some features, however, it is useful to consider lower
dimensional torus actions as well. For instance, when deforming a toric variety, the

embedded torus T still acts naturally on the total- and base-spaces X̃ → S, but it
is usually too small to provide a toric structure on them. The adjacent fibers Xs

are even worse: depending on the isotropy group of T at the point s ∈ S, only a
subtorus of T still acts. Thus, it is worth to study the general case as well. The
difference n− k is then called the complexity of a T -variety X .

While complexity 0 means toric, the next case of complexity 1 was systematically
studied by Timashev (even for more general algebraic groups) in [Tim97]. On the
other hand, Flenner and Zaidenberg [FZ03] gave a very useful description of C∗-
surfaces even for “non-good” actions. Starting in 2003, there is a series of papers
dealing with a general treatment of T -varieties in terms of so-called polyhedral
divisors. The idea is to catch the non-combinatorial part of a T -variety X in an
(n−k)-dimensional variety Y which is a sort of quotient Y = X/T . Now, X can be
described by presenting a “polyhedral” divisor D on Y with coefficients being not
numbers but instead convex polyhedra in the vector space NQ := N ⊗ZQ where N
is the lattice of one-parameter subgroups of T .

1.3. What this paper is about. The idea of the present paper is to give an
introduction to this subject and to serve as a survey for the many recent papers
on T -varieties. Moreover, since the notion of polyhedral divisors and the theory of
T -varieties closely follows the concept of toric varieties, we will treat both cases in
parallel. This means that the present paper also serves as a quick introduction to
the fascinating field of toric varieties. For a broader discussion and detailed proofs
of facts related to toric geometry which are merely mentioned here, the reader is
asked to consult any of the standard textbooks like [KKMSD73], [Dan78], [Ful93],
and [Oda88]. The subjects of non-toric T -varieties are covered in [AH03], [AH06],
[AHS08], [AH08], [IS10], [Süß], [PS], [IS], [IVa], [HI], [Vol10], [HS10], [AW], and
[AP].
There are also applications of the theory of T -varieties and polyhedral divisors in
affine geometry [Liea, Lieb, Liec] and coding theory [IS10] which are not covered
by this survey.

2. Affine T -varieties

2.1. Affine toric varieties. Let M and N be two mutually dual, free abelian
groups of rank k. In other words, both are isomorphic to Zk, and we have a
natural perfect pairing M × N → Z. Then T := SpecC[M ] = N ⊗Z C∗ is
the coordinate free version of the torus (C∗)k mentioned in (1.1). On the other
hand, N = HomalgGr(C∗, T ) is the set of one-parameter subgroups of T , and M =
HomalgGr(T,C∗) equals the character group of T . We denote by MQ := M ⊗Z Q
and NQ := N ⊗Z Q the associated Q-vector spaces.

We always assume that the generators ai for a polyhedral cone σ = 〈a1, . . . , am〉 :=∑m
i=1 Q≥0 a

i ⊆ NQ are primitive elements of N , i.e. they are not proper multiples of
other elements of N . Dropping this assumption is the first step towards the theory
of toric stacks which we will not pursue here, cf. [BCS05]. Moreover, we will often
identify a primitive element a ∈ N with the ray Q≥0 · a it generates. Given σ as
above, we define its dual cone as σ∨ := {u ∈MQ | 〈σ, u〉 ≥ 0}. If σ does not contain
a non-trivial linear subspace (i.e. 0 ∈ σ is a vertex), then dim σ∨ = k, and we use
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(a) σ

y0 y1 y3 y4y2

(b) σ∨

Figure 1. Cones for Example 1.

the semigroup algebra C[σ∨ ∩ M ] := ⊕u∈σ∨∩MCχu to define the k-dimensional
toric variety

TV(σ) := TV(σ,N) := SpecC[σ∨ ∩M ].

This is a normal variety. If dimσ = k, the (finite) set E ⊆ σ∨∩M of indecomposable
elements is called the Hilbert basis of σ∨. Furthermore, TV(σ) ⊂ CE is defined by
a binomial ideal which arises from the relations between the elements of the Hilbert
basis E, cf. (3.2).

Example 1. Let σ = 〈(−1, 2), (1, 2)〉 ⊆ Q2. This gives rise to σ∨ = 〈[−2, 1], [2, 1]〉
and E = {[e, 1] | − 2 ≤ e ≤ 2}, illustrated in Figure 1. The resulting TV(σ) ⊆ C5

is the cone over the rational normal curve of degree 4, and its defining ideal is
generated by the six minors expressing the inequality rank ( y0 y1 y2 y3y1 y2 y3 y4 ) ≤ 1.

2.2. Toric bouquets. The previous notion allows for a generalization. If ∆ ⊆ NQ

is a polyhedron, then we denote by

tail(∆) := {a ∈ NQ | a+∆ ⊆ ∆}

its so-called tailcone. Assume that this cone is pointed, i.e. contains no non-trivial
linear subspace; then ∆ has a non-empty set of vertices V(∆). Denoting their
compact convex hull by ∆c, the polyhedron ∆ splits into the “Minkowski” sum
∆c + tail(∆). Moreover, ∆ gives rise to its inner normal fan N (∆) consisting
of the linearity regions of the function min〈∆, •〉 : tail(∆)∨ → Q. Note that the
cones of N (∆) are in a one-to-one correspondence to the faces F ≤ ∆ via the map
F 7→ N (F,∆) := {u ∈MQ | 〈F, u〉 = min〈∆, u〉}. We can now define

TV(∆) := SpecC[N (∆) ∩M ]

where C[N (∆) ∩M ] := C[σ∨ ∩M ] as a C-vector space. Note, however, that the
multiplication is given by

χu · χu
′

:=

{
χu+u

′

if u, u′ belong to a common cone of N (∆)
0 otherwise.

A scheme of the form TV(∆) is called a toric bouquet. We obtain the decomposition

TV(∆) =
⋃

v∈V(∆)

TV(Q≥0 · (∆− v))

into irreducible (toric) components, compare with (6.1). Note that there is a one-
to-one correspondence between polyhedral cones and affine toric varieties, whereas
the construction of a toric bouquet only depends on the normal fan N (∆). Hence,
dilations of the compact edges of ∆ and translations do not affect the structure of
the corresponding bouquet.

Example 2. Consider the cone σ := 〈(1, 0), (1, 1)〉 ⊂ Q2 together with the σ-

polyhedron ∆ = (0, 0)(0, 1) + σ = ∆c + tail(∆) and its inner normal fan N (∆)
as depicted in Figure 2. Observe that SpecC[N (∆) ∩M ] is equidimensional and
consists of two irreducible components isomorphic to A2 which are glued along an
affine line.
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F1

F2

(a) ∆

N (F1,∆)

N (F2,∆)

(b) N (∆)

Figure 2. An affine toric bouquet, cf. Example 2.

2.3. Polyhedral and p-divisors. LetM , N , σ ⊆ NQ be as in (2.1). In particular,
we assume that σ contains no non-trivial linear subspace. These data then give rise
to a semigroup (with respect to Minkowski addition)

Pol+Q (N, σ) := {∆ ⊆ NQ | ∆ polyhedron with tail(∆) = σ}.

Note that Pol+Q (N, σ) satisfies the cancellation law and contains σ as its neutral
element. If, in addition, Y is a normal, projective variety over C, then we denote
by CaDiv≥0(Y ) the semigroup of effective Cartier divisors and call elements

D =
∑

Z

DZ ⊗ Z ∈ Pol+Q (N, σ) ⊗Z≥0
CaDiv≥0(Y )

polyhedral divisors on Y in N (or simply on (Y,N)) with tail(D) := σ. We will
also allow ∅ as an element of Pol+Q (N, σ) which satisfies ∅ + ∆ := ∅. This some-
what bizarre coefficient is needed to deal with non-compact, open loci defined as
Loc(D) := Y \

⋃
DZ=∅ Z. For each u ∈ (tail(D))∨, we may then consider the

evaluation

D(u) :=
∑

DZ 6=∅

min〈DZ , u〉 · Z|LocD ∈ CaDivQ(LocD).

This is an ordinary Q-divisor with suppD(u) ⊆ suppD := LocD ∩
⋃

DZ 6=∅ Z.

Definition 3. D is called a p-divisor if all evaluations D(u) are semiample (i.e. have
positive, base point free multiples) and, additionally, are big for u ∈ int(tail(D))∨.
Note that this condition is void if Loc(D) is affine.

Polyhedral divisors have the property that D(u) +D(u′) ≤ D(u+ u′). Hence, they
lead to a sheaf of rings OLoc(D) :=

⊕
u∈σ∨∩M OLoc(D(u))χu giving rise to the

schemes

T̃V(D) := SpecLoc(D) O(D) and the affine TV(D) := Spec Γ(Loc(D),O(D)).

The latter space does not change if D is pulled back via a birational modification
Y ′ → Y or if D is altered by a principal polyhedral divisor on Y , that is, an element
in the image of the natural map N ⊗Z C(Y )∗ → PolQ(N, σ) ⊗Z CaDiv(Y ). Two
p-divisors which differ by chains of those operations are called equivalent. Note
that this implies that Y can always be replaced by a log-resolution.

Theorem 4 ([AH06], Theorems (3.1), (3.4); Corollary (8.12)). The map D 7→
TV(D) yields a bijection between equivalence classes of p-divisors and normal, affine
C-varieties with an effective T -action.

2.4. Products of T -varieties. Consider some T -variety X and a T ′-variety X ′.
Then the product X ×X ′ carries the natural structure of a T × T ′-variety. As we
shall see, the combinatorial data describing X × X ′ arise as a kind of product of
the combinatorial data describing X and X ′.
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For simplicity, we will only consider the affine case, although the construction easily
globalizes. Thus, consider p-divisorsD,D′ on respectively Y, Y ′, with tailcones σ, σ′,
respectively. We define the product p-divisor D ×D′ on Y × Y ′ as follows:

D ×D′ =
∑

Z⊂Y

(DZ × σ′)⊗ (Z × Y ′) +
∑

Z′⊂Y ′

(σ ×D′
Z′)⊗ (Y × Z ′)

Proposition 5. For any p-divisors D and D′, TV(D ×D′) ∼= TV(D) × TV(D′).

Proof. For any ũ = (u, u′) ∈M ⊕M ′,

Γ
(
Loc(D ×D′),O(D ×D′(ũ))

)
=Γ
(
Loc(D ×D′),O(D(u) × Y ′)⊗O(Y ×D′(u′))

)

=Γ
(
Loc(D),O(D(u))

)
⊗ Γ

(
Loc(D′),O(D′(u′))

)

where the last equality is due to the Künneth formula for coherent sheaves, see
[Gro63, Theorem 6.7.8]. �

Remark 6. A special case of the above is when X and X ′ are toric varieties. Here,
the proposition simplifies to TV(σ × σ′) ∼= TV(σ) × TV(σ′).

3. The functor TV

3.1. Maps between toric varieties. We will now see that all constructions
from the previous section are functorial. Let us start with the setting given in
(2.1). A Z-linear map F : N ′ → N satisfying FQ(σ

′) ⊆ σ gives rise to a mor-
phism TV(F ) : TV(σ′, N ′) → TV(σ,N) of affine toric varieties via F∨(σ∨ ∩M) ⊆
(σ′)∨ ∩M ′. For example, if E ⊆ σ∨ ∩M is a Hilbert basis, then the embedding
TV(σ) →֒ CE from (2.1) is induced by the map E : N → ZE .

3.2. Maps between T -varieties. A generalization of the functoriality to the set-
ting of (2.3) also has to take care of the underlying variety Y .

Let (Y ′,D′, N ′) and (Y,D, N) be p-divisors. Consider now any tuple (F, φ, f) con-
sisting of a map F : N → N ′, a dominant morphism φ : Y ′ → Y , and an element
f =

∑
vi ⊗ fi ∈ N ⊗ C(Y ′)∗, satisfying F∗D′ ⊆ ϕ∗D + div(f) (to be checked for all

coefficients separately). Here,

F∗D
′ :=

∑

Z′

F (D′
Z′)⊗ Z ′

is the push forward of D′ by F ,

ϕ∗D :=
∑

Z

DZ ⊗ ϕ∗(Z)

is the pull back of D by φ, and

div(f) =
∑

i

(vi)⊗ div(fi)

is the principal polyhedral divisor associated to f. Such a tuple provides us with
naturally defined morphisms

T̃V(F, ϕ, f) : T̃V(D′, N ′) → T̃V(D, N), and

TV(F, ϕ, f) : TV(D′, N ′) → TV(D, N).

This construction yields an equivalence of categories between polyhedral cones and
affine toric varieties in the toric case (where only the map F plays a role). To
obtain a similar result for the relation between p-divisors and T -varieties one first
needs to define the category of the former by turning both types of equivalences
mentioned in (2.3) into isomorphisms. This can be done by the common technique
of localization which is known from the construction of derived categories. In the
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category of T -varieties we restrict to morphisms ψ : X ′ → X , with T.ψ(X ′) ⊂ X
being dense. We will call such morphisms orbit dominating.

Theorem 7 ([AH06], Corollary 8.14). The functor TV induces an equivalence from
the category of p-divisors to the category of normal affine varieties with effective
torus action and orbit dominating equivariant morphisms.

3.3. Open embeddings. Let us fix a torus T . To glue affine T -varieties together
one has to understand T -equivariant open embeddings. In the toric case, an in-
clusion FQ : σ′ →֒ σ of cones in NQ (i.e. F = idN with σ′ ⊆ σ) provides an open
embedding TV(F ) if and only if σ′ is a face of σ. Indeed, if σ′ = face(σ, u) := σ∩u⊥

is cut out by the supporting hyperplane u ∈ σ∨, then C[σ′∨ ∩M ] = C[σ∨ ∩M ]χu

equals the localization by χu. Thus, TV(σ′) = [χu 6= 0] ⊆ TV(σ).

Example 8. The origin {0} is a common face of all cones σ. Hence, the torus
T = TV(0, N) ⊆ TV(σ,N) appears as an open subset in all toric varieties.

Similarly, if D is a p-divisor on Y and f ∈ OLocD(D(u)), then f(y)χu ∈ C(Y )[M ] ⊆
C(TV(D)) is an M -homogeneous rational function on TV(D). The localization
procedure of the toric setting now generalizes to to the present setting: the open
subset [fχu 6= 0] ⊆ TV(D) is again a T -variety. Its associated p-divisor Dfχu is
still supported on Y and its tailcone is tail(Dfχu) = face(tail(D), u). Moreover,

Dfχu = face(D, u) + ∅ ⊗ (div f +D(u))

where the face operator is supposed to be applied to the polyhedral coefficients
only. More specifically, face(∆, u) := {a ∈ ∆ | 〈a, u〉 = min〈∆, u〉}. Note that
Zu(f) := div f +D(u) is an effective divisor which depends “continuously” upon f .

In contrast to the toric case, not all T -invariant open subsets are of the form
[fχu 6= 0]. We will now present a precise characterization of open embeddings,
which is quite technical, but apparently does not easily simplify in the general case.
For the much nicer case of complexity one, however, we refer to (5.2). We need the
following notation: for a polyhedral divisor D =

∑
Z DZ ⊗ Z and a not necessarily

closed point y ∈ Y we define Dy :=
∑
y∈Z DZ ∈ Pol+Q (N, σ).

For any two p-divisors D,D′ on a common (Y,N), we say that D′ ⊆ D if the
polyhedral coefficients respectively satisfy D′

Z ⊆ DZ . Two such p-divisors induce

maps ι̃ : T̃V(D′) → T̃V(D) and ι : TV(D′) → TV(D). The former is an open
embedding if and only if D′ ≤ D, i.e. if and only if all coefficients D′

Z are faces of
the corresponding DZ . In particular, this implies that tail(D′) ≤ tail(D).

Proposition 9 ([AHS08], Proposition (3.4)). The morphism ι is an open embedding
⇔ D′ ≤ D and, additionally, for each y ∈ Loc(D′) there are uy ∈ tail(D)∨∩M and a
divisor Zy ∈ |D(uy)| such that y /∈ suppZy, D′

y = face(Dy, uy), and face(D′
z, uy) =

face(Dz, uy) for all z ∈ Loc(D) \ supp(Zy).

Example 10. Let U ⊂ X = SpecA be an open embedding of normal affine vari-
eties. By normality, D = X \U is a Weil divisor. Then the open embedding U ⊂ X
of trivial T -varieties corresponds to the divisors D′ = ∅ ⊗D ≤ D = 0 on X . For
y ∈ Loc(D′) = U , choose fy in the ideal of D ⊂ X that doesn’t vanish at y. Then
uy := 0 and Zy := div(fy) satisfy the conditions of Proposition 9. Note that U is
not necessarily of the form [f 6= 0].

Example 11. Consider the divisors

D′ = ∅ ⊗ {∞} ≤ D = [1,∞)⊗ {∞}

on P1 with tailcone [0,∞). Then T̃V(D) → TV(D) is the blowup of A2 at the

origin, and the open subset T̃V(D′) ⊂ T̃V(D) intersects the exceptional divisor, so
TV(D′) → TV(D) is not injective.
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3.4. General toric and T -varieties. The characterization of open embeddings
for affine toric varieties via the face relation between polyhedral cones leads directly
to the notion of a (polyhedral) fan which is a special instance of a polyhedral
subdivision:

Definition 12. A finite set Σ of polyhedral cones in NQ is called a fan if the
intersection of two cones from Σ is a common face of both and, moreover, if Σ
contains all faces of its elements. (The normal fan N (∆) from (2.2) is an example.)

Given a fan Σ we can glue the affine toric varieties associated to its elements, namely

TV(Σ) :=
⋃

σ∈Σ

TV(σ) with TV(σ) ∩ TV(τ) = TV(σ ∩ τ),

and {TV(σ) | σ ∈ Σ maximal} is an open, affine, T -invariant covering of TV(Σ).
This variety is automatically separated, and it is compact if and only if |Σ| :=⋃
σ∈Σ σ = NQ. Moreover, the functoriality globalizes; here the right notion for a

morphism (N ′,Σ′) → (N,Σ) is a linear map F : N ′ → N such that for all σ′ ∈ Σ′

there is a σ ∈ Σ with F (σ′) ⊆ σ.

The above construction can be generalized in a straight-forward, if somewhat tech-
nical, manner to describe general T -varieties. Let D,D′ be p-divisors on (Y,N).
Their intersection D ∩ D′ is the polyhedral divisor with Z-coefficient DZ ∩ D′

Z for
any divisor Z on Y . If D′ ⊆ D, we say D′ is a face of D if the induced map
ι : TV(D′) → TV(D) is an open embedding, i.e. the conditions of Proposition 9
hold.

Definition 13. A finite set S of p-divisors on (Y,N) is called a divisorial fan if
the intersection of two p-divisors from S is a common face of both and, moreover,
S is closed under taking intersections.

Similar to the toric case, we can construct a scheme from a divisorial fan S via

TV(S) :=
⋃

D∈S

TV(D) with TV(D) ∩ TV(D′) = TV(D ∩ D′).

In general, the resulting scheme may not be separated, but there is a combinatorial
criterion for checking this, see [AHS08, Theorem 7.5]. On the other hand, by cov-
ering any T -variety X with invariant affine open subsets, it is possible to construct
a divisorial fan S with X = TV(S), see [AHS08, Theorem 5.6].
In general, the notion of divisorial fan can be cumbersome to work with, in large
part due to the technical nature of Proposition 9. However, a manageable substitute
can be obtained in complexity 1, see (5.3).

4. How to construct p-divisors

4.1. Toric varieties. The affine toric setting presented in (2.1) fits into the lan-
guage of (2.3) when setting Y = SpecC. Since divisors on points are void, the only

information carried by D is its tailcone σ. Thus, T̃V(D) = TV(D) = TV(σ) in this
case.

4.2. Toric downgrades. The toric case, however, can also provide us with more

interesting examples. To this end we consider a toric variety TV(δ, Ñ) and fix

a subtorus action T →֒ T̃ . Now, what is the description of TV(δ, Ñ) as a T -

variety? Assuming that the embedding T →֒ T̃ is induced from a surjection of the

corresponding character groups p : M̃ →→ M , we denote the kernel by MY and
obtain two mutually dual exact sequences (1) and (2).

Setting σ := NQ ∩ δ, the map p gives us a surjection δ∨ →→ σ∨. On the dual side,
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denote the surjection Ñ →→ NY by q. However, instead of just considering the cone
q(δ), we denote by Σ the coarsest fan refining the images of all faces of δ under the
map q. Then, |Σ| = q(δ), and the set Σ(1) of rays in Σ, i.e. its one-dimensional
cones, contains the set q(δ(1)).

0 // MY
// M̃

p
// M // 0

∇(u) := p−1(u) ∩ δ∨ � � // δ∨ // // σ∨ ∋ u

(1)

0 NYoo Ñ
q

oo Noo 0oo

a ∈ Σ(1) ⊆ |Σ| δoooo q−1(a) ∩ δ =: Da? _oo

(2)

Next, we perform the following two mutually dual constructions. For u ∈ σ∨ and
a ∈ |Σ|, let ∇(u) ⊆MY,Q and Da ⊆ NQ be as indicated in the diagram above. Note

that we have to make use of some section s : M →֒ M̃ of p, i.e. a splitting of the
two sequences, to shift both polyhedra from p−1(u) and q−1(a) into the respective
fibers over 0. Both polyhedra are linked to each other by the equality

min〈a,∇(u)〉 = min〈Da, u〉

which is an easy consequence (via a = q(x) and u = p(y)) of the following lemma
appearing in the proof of [AH03, Proposition 8.5].

Lemma 14. x ∈ δ, y ∈ δ∨ ⇒ min〈q−1q(x) ∩ δ, y〉+min〈x, p−1p(y) ∩ δ∨〉 = 〈x, y〉.

Thus, defining Y := TV(Σ), we can refer to the upcoming discussion in (6.1) for the
construction of T -invariant Weil divisors orb(a) ⊆ TV(Σ) for a ∈ Σ(1) to define
the p-divisor Dδ :=

∑
a∈Σ(1) Da ⊗ orb(a) on (Y,N). Although we have indexed

the coeffixients of D by a ray a instead of a prime divisor, this is harmless since
we may always identify a with the divisor orb(a) ⊆ TV(Σ). It follows from the
characterization of toric nef Cartier divisors and the above equality involving ∇(u)
and Da that TV(δ) = TV(Dδ).

Remark 15. Note that q does not yield a map (Ñ , δ) → (NY ,Σ) in general. To

achieve this, one has to further subdivide δ into the fan δ̃ consisting of the preimages

of the cones of Σ. Moreover, observe that TV(δ̃) = T̃V(D), which illustrates both

the contraction T̃V(D) → TV(D) as well as the morphism T̃V(D) → Y .

4.3. General affine T -varieties. Let X ⊆ Cn be an equivariantly embedded,
normal, affine T -variety which intersects the torus non-trivially, and denote by
f1, . . . , fm M -homogeneous generating equations for X . If T acts diagonally and
effectively on Cn, then each variable xi has a degree in M which gives rise to a

surjection p : M̃ := Zn →→ M , eν 7→ deg xν as in the previous section. Setting

δ := Qn≥0 and ui := deg fi ∈ M , we use the section s : M →֒ M̃ as mentioned in

(4.2) to shift the equations fi to the Laurent polynomials f ′
i := χ−s(ui)fi ∈ C[MY ].

They define a closed subvariety of the torus TY := SpecC[MY ], and we use this to
modify the definition of Y from (4.2) to the normalization of

V (f ′
1, . . . , f

′
m) ⊆ TV(Σ).

If orb(a) are Cartier divisors, then we can consider their pull backs Za := orb(a) ∩
Y . Thus, we arrive at the description X = TV(D) as a T -variety, where D =∑

a∈Σ(1) Da ⊗ Za.
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Remark 16. It is sometimes easier to consider T -equivariant embeddings X →֒
TV(δ) instead of X →֒ Cn. In this case, everything also works out as discussed in
the paragraph above.

4.4. Slices of divisorial fans. At the end of (3.4) we introduced the notion of
divisorial fans, which encode invariant open affine coverings of general T -varieties.
The face conditions guarantees that for any divisorial fan S = {Di} and any prime
divisor Z ⊂ Y , the set

SZ = {Di
Z}

is a polyhedral subdivision in NQ called a slice. Indeed, since open embeddings
between affine T -varieties TV(D′) →֒ TV(D) imply that D′ ≤ D, the polyhedra
Di
Z ⊆ NQ are supposed to be glued along the common faces D′

Z ≤ DZ .
These slices can be viewed another way as well. Similarly to (4.3), one can try
to embed a general T -variety X into a toric variety TV(F) with some fan F of

polyhedral cones δ in ÑQ. Now, the method of (4.2) can be copied to yield an S on
TV(Σ) describing TV(F) as a T -variety denoted by TV(S) and, afterwards, one
follows (4.3) to find the right Y ⊆ TV(Σ) to which S should be restricted in order
to describe X . In this setting, the slices SZ appear as intersections of the fan F
with certain affine subspaces, explaining the choice of terminology.

It is tempting to think that the slices SZ capture the entire information of S.
However, the important point is that one also must keep track of which of the
polyhedral cells inside the different DZ belong to a common p-divisor. This is

related to the question of how much is contracting along T̃V(S) → TV(S). Thus,
one is supposed to introduce labels for the cells in SZ . Again, we refer to (5.3) for
a nice way of overcoming this problem in complexity one.

5. Globalization in complexity 1

5.1. The degree polyhedron. Let D =
∑

P∈Y DP ⊗ P denote a p-divisor of
complexity one on the curve Y with tailcone σ. Since prime divisors Z coincide
with closed points P ∈ Y we will from now on replace the letter Z by P in this
setting. As in the definition of DP in (3.3) we can now introduce the degree

degD :=
∑

P∈Y

DP ∈ Pol+Q (N, σ).

Note that it satisfies the equation min〈degD, u〉 = degD(u). In contrast, consider-
ing the sum of the polyhedral coefficients of a p-divisor in higher complexity does
not make much sense. Nonetheless, one may define the degree of a p-divisor on a
polarized Y via the following construction: let C ⊆ Y be a curve or, more gen-
erally, a numerical class of curves in Y . Then there is a well defined generalized
polyhedron (C ·D) ∈ PolQ(N, σ) where the term “generalized” refers to an element

in the Grothendieck group associated to Pol+Q (N, σ). Hence, it is representable as
the formal difference of two polyhedra.

5.2. Using degD to characterize open embeddings. For a p-divisor D on a
curve Y it is as obvious as important to observe that

degD 6= ∅ ⇔ LocD = Y.

Moreover, if D is a polyhedral divisor on Y then it is not hard to see that D is a p-
divisor ⇔ degD ( tail(D) and D(w) has a principal multiple for all w ∈ (tail(D))∨

with w⊥ ∩ (degD) 6= 0. Note that the latter condition is automatically fulfilled if
Y = P1.
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Nonetheless, degree polyhedra play their most important roles in the characteriza-
tion of open embeddings since they transform the technical condition from (3.3)
into a very natural and geometric one.

Theorem 17 ([IS], Lemma 1.4). Let Y be a curve and D′,D be a polyhedral and a
p-divisor, respectively, such that D′ ≤ D. Then, D′ is a p-divisor and TV(D′) →֒
TV(D) is a T -equivariant open embedding ⇔ degD′ = degD ∩ tail(D′).

In particular, if S = {Di} is a divisorial fan as in (3.4) then the set {tail(Di) | Di ∈
S} forms the so-called tailfan tail(S), and the subsets degDi ( tail(Di) glue to-
gether to a proper subset degS ( | tail(S)|. The single degree polyhedra can be
recovered as degDi = deg S ∩ tail(Di).

5.3. Non-affine T -varieties in complexity 1. Another important feature of
curves as base spaces Y is that LocD ⊆ Y is either projective (if degD 6= ∅)

or affine (if degD = ∅). In the latter case, T̃V(D) = TV(D), and gluing those cells
does not cause problems. For the other case, an easy observation is

Lemma 18. Let D be a p-divisor on a curve Y with degD 6= ∅. Then, for all
P ∈ Y , we have that dimDP = dim(tail(D)).

Indeed, we have the following chain of inequalities

dim(tail(D)) ≤ dimDP ≤ dim(degD) ≤ dim(tail(D))

each of which results from a combination of translations and inclusions.
Consider a divisorial fan S = {Di} on a curve. For the following, we will make the
reasonable assumption that each (lower-dimensional) cone of Σ = tail(S) is the face
of a full-dimensional cone of tail(S). For example, this is satisfied if the support of
tail(S) is a polyhedral cone or the entire space NQ. Now we have seen in (4.4) and
(5.2) that a divisorial fan S = {Di} on a curve determines a pair (

∑
P SP ⊗P, deg).

This motivates the following definition:

Definition 19. Consider a pair (
∑

P SP ⊗ P, deg) where SP are all polyhedral
subdivisions with some common tailfan Σ and deg ⊂ |Σ|. This pair is called an
f-divisor if for any full-dimensional σ ∈ tail(S) with deg ∩ σ 6= ∅, Dσ :=

∑
∆σ
Z is

a p-divisor and deg ∩ σ = degDσ. Here ∆σ
Z denotes the unique polyhedron in SZ

with tail(∆σ
Z) = σ.

Proposition 20 ([Süß, IS, Proposition 1.6]). Consider an f-divisor (
∑

P SP ⊗
P, deg). Under the above assumptions, there is a divisorial fan S with slices SP and
degree deg. For any other such divisorial fan S ′, we have TV(S) = TV(S ′).

Indeed, we can take the divisorial fan S to consist of p-divisors Dσ for full-dimen-
sional σ ∈ tail(S) with non-empty degree, for σ with empty degree any finite set of

p-divisors providing an open affine covering of T̃V(Dσ), and intersections thereof.

Remark 21. Since the subset deg ⊆ | tail(S)| is completely determined by the
equality deg ∩ D =

∑
P DP , it is just necessary to know if degD is empty or not.

This leads to the notion of markings (of tailcones with degD 6= ∅) in [Süß, IS].

If S is an f-divisor, i.e. a pair (
∑

P SP ⊗ P, deg), we write TV(S) for the T -variety
it determines as in proposition 20. Note that we use the same symbol for divisorial
fans and f-divisors, since they both determine general T -varieties (although the
former also contains the information of a specific affine cover). As has already been
observed in the affine case of (2.3), different f-divisors S,S ′ might yield the same (or
equivariantly isomorphic) T -varieties TV(S) = TV(S ′). This is the case if there are
isomorphisms ϕ : Y → Y ′ and F : N → N ′ and an element

∑
i vi⊗ fi ∈ N ⊗C(Y ′)

such that S ′
ϕ(P ) +

∑
i ordP (fi) · vi = F (SP ) holds for every P ∈ Y and we have

deg′ = F (deg).
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(a) S0 (b) S1 (c) S∞

Figure 3. Non-trivial slices of S(P(ΩF1)), cf. Example 22.

Example 22. We consider the projectivized cotangent bundle on the first Hirze-
bruch surface F1. The non-trivial slices of its divisorial fan S over P1 are illustrated
in Figure 3. The associated tailfan Σ and degree deg S are given in Figure 4.

(a) Σ = tail(S) (b) degS

Figure 4. Tailfan and degree of S
(
P(ΩF1)

)
, cf. Example 22.

6. The T -orbit decomposition

6.1. T -orbits in toric varieties. Let σ ⊆ NQ be a not necessarily full-dimensio-
nal, pointed polyhedral cone. Then, denoting Nσ := N/ spanZ(σ ∩ N), the affine
toric variety TV(σ,N) contains a unique closed T -orbit orb(σ) := SpecC[σ⊥∩M ] =
Nσ ⊗Z C∗ = TV(0, Nσ) with dim orb(σ) = rankN − dimσ. If τ ≤ σ is a face, then
we obtain the diagram

TV(0, Nτ )� _

open
��

SpecC[τ⊥ ∩M ]
� _

open
��

orb(τ)
� � closed

//
� _

open
��

TV(τ)
� _

open
��

TV(σ,Nτ ) SpecC[σ∨ ∩ τ⊥ ∩M ] orb(τ)
� � closed

// TV(σ)

with σ := im(σ → Nτ,Q). This construction does also work in the global setting: if

Σ is a fan, then there is a stratification TV(Σ) =
⊔
σ∈Σ orb(σ) with orb(σ) ⊆ orb(τ)

⇔ τ ≤ σ. In particular, we obtain the T -invariant Weil divisors of TV(Σ) as orb(a)
for a ∈ Σ(1). Moreover, the closure of the T -orbits are again toric varieties with
orb(τ) = TV(Σ, Nτ ) and Σ := {σ | τ ≤ σ ∈ Σ} being a fan in Nτ .

Note that we can, alternatively, generalize the T -orbit decomposition of the affine
TV(σ) to the situation of toric bouquets TV(∆) from (2.2). Its T -orbits correspond
to the faces of ∆. In particular, as already mentioned in (2.2), the irreducible
components of TV(∆) are counted by the vertices v ∈ V(∆).

6.2. T -orbits for p-divisors. Let D be an integral p-divisor on a projective va-
riety Y , i.e. assume that the coefficients DZ of the Cartier divisors Z are lattice
polyhedra. Equivalently, we ask for D(u) to be an ordinary Cartier divisor for all
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u ∈ tail(D)∨ ∩M . Then, π : T̃V(D) → Y is a flat map fitting into the following
diagram:

T̃V(D)
p

//

π
��

TV(D)

��

Y LocD? _oo // Spec Γ(LocD,OLoc)

For y ∈ LocD ⊆ Y , the fiber π−1(y) equals the toric bouquet TV(Dy) with Dy :=∑
y∈Z DZ ∈ Pol+Q (N, σ) as it was already used in (3.3). Note that the neutral

element tail(D) serves as the sum of the empty set of summands. Hence, there is a

decomposition of T̃V(D) into T -orbits orb(y, F ) where y ∈ LocD is a closed point
and F ≤ Dy is a non-empty face. Their dimension is dim orb(y, F ) = codimN F .

While every T -orbit orb(y, F ) ⊆ T̃V(D) maps, via the contraction p, isomorphically

into T̃V(D), some of them might be identified with each other:

Proposition 23 ([AH06], Theorem 10.1). Let (y, F ) and (y′, F ′) correspond to
the T -orbits orb(y, F ) and orb(y′, F ′). Then they become identified along p ⇔
N (F,∆) = N (F ′,∆′) =: λ (cf. (2.2)) and Φu(y) = Φu(y

′) for u ∈ intλ, where Φu
denotes the stabilized morphism associated to the semi-ample divisor D(u).

IfD is a general, i.e. not integral p-divisor, then a similar result holds true. However,
one has to deal with the sublattices Sy := {u ∈ M | D(u) is principal in y} as was
done in [AH06, §7].

6.3. Invariant Weil divisors on T -varieties. In contrast to (6.2), we are now
going to use the notation orb(y, F ) also for non-closed points y ∈ Y , e.g. for generic
points η of subvarieties of Y . Note that the dimension of their closures is then
given as dim orb(y, F ) = dim y+codimN F . We conclude from (6.2) that there are

two kinds of T -invariant prime divisors in T̃V(D): on the one hand, we have the
so-called vertical divisors

D(Z,v) := orb(η(Z), v)

for prime divisors Z ⊆ Y and vertices v ∈ DZ . On the other hand, there are the
so-called horizontal divisors

D̺ := orb(η(Y ), ̺)

with ̺ being a ray of the cone tail(D) = Dη(Y ). The T -invariant prime divisors

on TV(D) correspond exactly to those on T̃V(D) which are not contracted via

p : T̃V(D) → TV(D).

In the special case of complexity one, i.e. if Y is a curve, the vertical divisors D(P,v)

(with P ∈ Y (C) and v ∈ ∆P ) survive completely in TV(D). In contrast, some of
the horizontal divisors D̺ may be contracted.

Definition 24. Let S be an f-divisor on Y . The set of rays ̺ ∈ (tail(S))(1) for

which the prime divisor D̺ is not contracted via the map p : T̃V(S) → TV(S) is
denoted by R := R(S).

Remark 25. The set R(S) can be determined from (S, deg S). Indeed, R(S) =
{ρ ∈ (tail(S))(1) | ρ ∩ deg S = ∅}, cf. for example [Pet10, Proposition 2.1].

7. Cartier divisors

7.1. Invariant principal divisors on toric varieties. Let Σ ⊂ NQ be a poly-
hedral fan. The monomials χu in C[M ] ⊆ C(TV(Σ)) are the T -invariant, rational
functions on the toric variety TV(Σ). Hence, the principal divisor associated to such

a function must be a linear combination of the T -invariant Weil divisors orb(a) from
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(6.1). The coefficients can be obtained by restricting the situation to the open sub-
sets C × (C∗)k−1 ∼= TV(a,N) ⊆ TV(Σ) for each a ∈ Σ(1) separately. This gives
us

div(χu) =
∑

a∈Σ(1)

〈a, u〉 · orb(a),

i.e. the orbits of codimension one satisfy the relation
∑

a∈Σ(1) a⊗ orb(a) ∼ 0. Note

that every divisor is linearly equivalent to an invariant one. Assuming that Σ
contains a cone whose dimension equals the rank of N , this leads to the famous
exact sequence

0 →M
div
−→

[
DivT TV(Σ) = ZΣ(1)

]
→ Cl(TV(Σ)) → 0.

7.2. Invariant principal divisors on T -varieties. Let D be a p-divisor on Y .
Similarly to (3.3), the place of the monomials χu in (7.1) is now taken by the
functions f(y)χu ∈ C(Y )[M ] ⊆ C(TV(D)). Identifying a ray ̺ ∈ tail(D)(1) with
its primitive lattice vector and denoting by µ(v) the smallest integer k ≥ 1 for
v ∈ NQ such that k · v is a lattice point, one has the following characterization of
T -invariant principal divisors:

Theorem 26 ([PS], Proposition 3.14). The principal divisor which is associated to

f(y)χu ∈ C(Y )[M ] on T̃ V (D) or TV(D) is given by

div
(
f(y)χu

)
=
∑

̺

〈̺, u〉D̺ +
∑

(Z,v)

µ(v)
(
〈v, u〉+ ordZ f

)
·D(Z,v)

where, if focused on TV(D), one is supposed to omit all prime divisors being con-

tracted via p : T̃V(D) → TV(D).

A proof which (formally) locally inverts the toric downgrade construction from (4.2)
is given in [AP, (2.4)]. Hence, the claim becomes a direct consequence of (7.1).

7.3. Invariant Cartier divisors on toric varieties. We consider an invariant
Cartier divisorD on TV(Σ). Restricting to an open affine chart TV(σ) ⊂ TV(Σ) we
have that D|TV(σ) = div(χ−uσ ) with uσ ∈Mσ :=M/(M ∩ σ⊥). The compatibility
condition on intersections gives us that φτσ(uσ) = uτ where τ denotes a face of σ
and φτσ :Mσ → Mτ is the natural restriction. Hence, we can regard {uσ | σ ∈ Σ}
as a piecewise continuous linear function ψD : |Σ| → Q which is locally defined
as ψD||σ| = uσ. Vice versa, any continuous function ψ : |Σ| → Q which is linear
on the cones σ ∈ Σ and integral on |Σ| ∩ N can be evaluated along the primitive
generators of the rays ρ ∈ Σ(1) and thus defines an invariant Cartier divisor Dψ on
TV(Σ).
A special instance of the above correspondence shows that every lattice polyhedron
∇ ⊆ MQ such that Σ is a subdivision of the inner normal fan N (∇), cf. (2.2)
and (14.1), gives rise to a Cartier divisor div(∇) whose sheaf OTV(Σ)(div(∇)) is
globally generated by the monomials corresponding to ∇∩M . Locally, on the chart
TV(σ) ⊆ TV(Σ) for a maximal cone σ ∈ Σ, one has OTV(Σ)(div(∇)) = χu ·OTV(Σ)

with u ∈ ∇ ∩ M being the vertex corresponding to the unique cone δ ∈ N (∇)
containing σ. The associated Weil divisor is then given by

div(∇) = −
∑

a∈Σ(1)

min〈a,∇〉 · orb(a).
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7.4. Invariant Cartier divisors in complexity 1. Let S be an f-divisor on the
curve Y . A divisorial support function on S is a collection (hP )P∈Y of continuous
piecewise affine linear functions hP : |SP | → Q such that

(1) hP has integral slope and integral translation on every polyhedron in the
polyhedral complex SP ⊂ NQ.

(2) all hP have the same linear part =: h.
(3) the set of points P ∈ Y for which hP differs from h is finite.

Observe that we may restrict hP to a subcomplex of SP . Similarly, we may restrict
a divisorial support function h to a p-divisor D ∈ S which we will denote by h|D.
In addition, we can associate a divisorial support function sf(D) to any Cartier
divisor D ∈ CaDivY by setting sf(D)P ≡ coeffP (D). Moreover, we can consider
any element u ∈M as a divisorial support function by setting sf(u)P ≡ u.

Definition 27. A divisorial support function h on S is called principal if h =
sf(u) + sf(D) for some u ∈ M and some principal divisor D on Y . It is called
Cartier if its restriction h|D is principal for every D ∈ S with LocD = Y . The set
of Cartier support functions is a free abelian group which we denote by CaSF(S).

The following result not only plays an important role for the proof of Proposition
29 but it is also interesting by itself, since it generalizes the fact that the Picard
group of an affine toric variety is trivial.

Lemma 28 ([PS], Proposition 3.1). Assume that D has complete locus. Then every
invariant Cartier divisor on TV(D) is already principal.

Let TV(S) be a complexity-one T -variety and denote by T-CaDiv(TV(S)) the
free abelian group of T -invariant Cartier divisors on TV(S). Choosing affine in-
variant charts on which the Cartier divisor in question trivializes, one can use
its local representations f(y)χu ∈ C(Y )[M ] to define piecewise affine functions
hP := ordP f + 〈·, u〉. It is then not hard to see that these functions glue and yield
an element h ∈ CaSF(S) which leads to the following correspondence:

Proposition 29 ([PS], Proposition 3.10). T-CaDiv(TV(S)) ∼= CaSF(S) as free
abelian groups.

We will sometimes identify an element h ∈ CaSF(S) with its induced T -invariant
Cartier divisor Dh via this correspondence. As a consequence of Theorem 26 we
obtain that the Weil divisor associated to a given Cartier divisor h = (hP )P on
TV(S) is equal to

−
∑

̺

h(̺)D̺ −
∑

(P,v)

µ(v)hP (v)D(P,v).

Remark 30. Let Dψ denote a Cartier divisor on the toric variety TV(Σ) which
is associated to the integral piecewise linear function ψ : |Σ| → Q (see (7.3)).
Performing a downgrade to complexity one (cf. (4.2)), we denote the induced f-
divisor by S. The associated Cartier support function hψ or, more specifically, its

only non-trivial parts hψ0 and hψ∞ then result from the restriction of ψ to the slices
S0 and S∞, respectively.

7.5. The divisor class group. Using the results from (6.3) and (7.2) one obtains
that (cf. [PS, Section 3])

Cl(TV(S)) =

⊕
̺ Z ·D̺ ⊕

⊕
D(Z,v)

Z ·D(Z,v)〈∑
u(̺)D̺ +

∑
D(Z,v)

µ(v)(〈v, u〉+ aZ)D(Z,v)

〉 ,

where u runs over all elements of M and
∑
Z aZZ over all principal divisors on Y .

However, assuming that TV(S) is a complete rational T -variety of complexity one,
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it is possible to find a representation of Cl(TV(S)) which is analogous to the exact
sequence from (7.1) as follows.
Let S =

∑
P∈P1 SP ⊗ [P ] be a complete f-divisor on P1. In particular, deg S (

| tail(S)| = NQ. Choose a minimal finite subset P ⊆ P1 containing at least two
points and such that SP is trivial (i.e. SP = tail(S)) for P ∈ P1 \P . If v is a vertex
of the slice SP , we denote P (v) = P . Let us define V := {v ∈ SP (0) | P ∈ P}
together with the maps

Q : ZV∪R → ZP/Z with e(v) 7→ µ(v) e(p(v)) and e(̺) 7→ 0 ,

and
φ : ZV∪R → N with e(v) 7→ µ(v)v and e(̺) 7→ ̺

with e(v) and e(̺) denoting the natural basis vectors.

Proposition 31 ([AP], Section 2). For a complete rational complexity-one T -
variety TV(S), one has the following exact sequence

0 → (ZP/Z)∨ ⊕M →
(
ZV∪R

)∨
→ Cl(TV(S)) → 0

where the first map is induced from (Q,φ).

Example 32. We return to the projectivized cotangent bundle of F1, cf. Example
22. From the discussion above we see that its Picard rank is equal to −2−2+7 = 3
which confirms a classical result.

8. Canonical divisors, positivity, and divisor ideals

8.1. The canonical divisor. Given an n-dimensional toric variety TV(Σ) the

invariant logarithmic n-form ω := dχe1

χe1
∧ · · · ∧ dχen

χen
, where {e1, . . . , en} denotes

a basis of M , defines a rational differential form on TV(Σ). Moreover, the latter
turns out to be independent of the chosen basis and thus leads to the description
KTV(Σ) = −

∑
̺∈Σ(1)D̺. Considering a torus action of complexity k > 0, let KY

denote a representation of the canonical divisor on the base Y , i.e. KY = divωY
for some rational differential form ωY ∈ Ω1(Y ). Then one can construct a rational
differential form

Ω1(TV(S)) ∋ ωTV(S) := ωY ∧
dχe1

χe1
∧ · · · ∧

dχek

χek

on the T -variety TV(S) where, as above, {e1, . . . , ek} denotes a Z-basis of the lattice
M . By (formally) locally inverting the toric downgrade construction of (4.2) the
following equality is an immediate consequence of (7.1) and the above representation
of KY :

KTV(S) =
∑

(P,v)

(µ(v) coefP KY + µ(v) − 1)D(P,v) −
∑

̺

D̺ .

Example 33. Let us revisit P(ΩF1) from Example 22. Recall that R(S) = ∅ and
note that the anticanonical divisor −KP(ΩF1)

is Cartier. As a Weil divisor it may
be represented as

−KP(ΩF1)
= 2
(
D([0],(0,0)) +D([0],(0,1)) +D([0],(0,−1))

)
.

Our aim now is to provide the relevant data of the associated Cartier support
function h := sf(−KP(ΩF1)

). To this end we denote the maximal cones of the tailfan

by σ1, . . . , σ8 (starting with the cone 〈(1, 0), (1, 1)〉 and counting counter-clockwise).
To illustrate the associated piecewise linear functions hP over the relevant slices SP
one may use the following list which displays the local representations sf(ui)+sf(Ei)
of −KP(ΩF1)

|TV(Di) where Di is the p-divisor which is associated to the maximal
cone σi:
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σ1 σ2 σ3 σ4
ui [−2, 0] [0,−2] [−2,−2] [2, 0]

Ei −2[0] + 2[1] 0 0 −2[0] + 2[∞]

σ5 σ6 σ7 σ8
ui [2, 0] [2, 2] [0, 2] [−2, 0]

Ei −2[0] + 2[∞] 0 0 −2[0] + 2[1]

More specifically, this means that for every point P ∈ P1 we have that hP |Di
P
=

ui + coeffP Ei which is to be considered as an affine linear map NQ ⊃ |Di
P | → Q.

8.2. Positivity criteria. We consider a complete complexity-one T -variety TV(S).
For a cone σ ∈ tail(S) of maximal dimension and a point P ∈ Y we denote by
∆σ
P ∈ SP the unique polyhedron whose tailcone is equal to σ. Given a Cartier

support function h ∈ CaSF(S) we may write hP |∆σ
P

= u(σ) + aP (σ) and define
h|σ(0) :=

∑
P aP (σ)P .

Definition 34. A function f : C → Q defined over some convex subset C ⊂ Qk

is called concave if f(tx1 + (1 − t)x2) ≥ tf(x1) + (1 − t)f(x2) for all x1, x2 ∈ C
and 0 ≤ t ≤ 1. Given a polyhedral subdivision of C, the function f is called
strictly concave if the inequality from above becomes strict for all pairs of points
(x1, x2) ∈ C2 which lie in different maximal cells.

Proposition 35 ([PS], Section 3.4).

(1) Dh is nef if and only if hP is concave for all P ∈ Y and deg h|σ(0) ≤ 0 for
every maximal cone σ ∈ tail(S).

(2) Dh is semiample if and only if hP is concave for all P ∈ Y and −h|σ(0) is
semiample for every maximal cone σ ∈ tail(S).

(3) Dh is ample if and only if hP is strictly concave for all P ∈ Y and
−h|tail(D)(0) is ample for all maximal D ∈ S with affine locus.

Similar results for the case of varieties with general reductive group actions of
complexity one can be found in [Tim00].
It is well known for toric varieties that the anti-canonical divisor is always big. This
is not true in general for higher complexity T -varieties. Nevertheless, for rational
T -varietes of complexity one, it is sufficient to impose the condition of connected
isotropy groups. In our language, this is equivalent to the condition that all the
vertices of SP are lattice points.

Proposition 36. For a rational T -variety X of complexity one with connected
isotropy groups, the anti-canonical divisor is big.

Proof. By (8.1) we get an effective anti-canonical divisor −KX =
∑

ρDρ + 2 ·∑
vDQ,v for any pointQ ∈ Y . Moreover, the effective cone is generated by invariant

divisor classes. Now, for every D = Dρ or D = DP,v we see that the class of
(−KX)−D is effective. This implies that −KX sits in the interior of the effective
cone, and is thus big. �

8.3. The ideal of a Weil divisor. Previous considerations allow us to express the
ideal I ⊆ Γ(TV(D),OTV(D)) = Γ(LocD, OLoc(D)) of a T -invariant prime divisor:

I(D(Z,v)) =
⊕

u∈tail(D)∨∩M{f ∈ Γ(Loc,D(u)) | div(f χu) ≥ D(Z,v)} · χ
u

=
⊕

u∈tail(D)∨∩M{f ∈ Γ(Loc,D(u)) | 〈v, u〉+ ordZ f > 0} · χu.

Since, if f belongs to Γ(LocD,D(u)), the expression min〈DZ , u〉 + ordZ f is non-
negative, we obtain for D(Z,v) the affine coordinate ring
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Γ(LocD, O)/I =
⊕

u∈N (v,DZ)∩M ; 〈v,u〉∈Z Γ(Loc,D(u))/Γ(Loc,D(u)− Z)

⊆
⊕

u∈N (v,DZ)∩M ; 〈v,u〉∈Z Γ(Z,D(u)|Z).

Let ϕ : Z̃ → Z denote the normalization map. Furthermore, we define the cone
σ(Z,v) := Q≥0 · (DZ − v) and denote by ι : Z →֒ Y the inclusion. Then we have that

D(Z,v) :=
∑

W⊂Y

(DW + σ(Z,v))⊗ (ϕ ◦ ι)∗W

defines a p-divisor over Z̃ with lattice N(Z,v) = (N + Zv) ⊂ NQ such that

TV(D(Z,v)) = D̃(Z,v)

equals the normalization of the prime divisor D(Z,v) ⊂ TV(D) (see 6.1). Note that
(ϕ ◦ ι)∗Z is defined only up to linear equivalence, and different choices give rise to
isomorphic T -varieties.
For a prime divisor Dρ ⊂ TV(D) of horizontal type we obtain the ideal

I̺ :=
⊕

u∈D∨
Y
\̺⊥

O(D(u))

in an analogous way. The corresponding p-divisor

D̺ :=
∑

Z

pr̺(DZ) · Z,

lives on Y and has tailcone pr̺(tail(D)) with lattice pr̺(N), where pr̺ is the
projection NQ → NQ/Q · ̺. As above, we have that D̺ = TV(D̺).

9. Cohomology groups of line bundles in complexity 1

9.1. Toric varieties. Consider an equivariant line bundle L on the toric variety
TV(Σ). The induced torus action on the cohomology spaces Hi(TV(Σ),L) yields a
weight decomposition of the latter, i.e. Hi(TV(Σ),L) =

⊕
u∈M Hi

(
TV(Σ),L

)
(u).

As in (7.3), we denote by ψ : |Σ| → Q a continuous piecewise linear function
representing the line bundle L. Introducing the closed subsets Zu := {v ∈
NR | 〈u, v 〉 ≥ ψ(v)}, the complex with entries H0(σ, Zu;C) associated to the
covering of |Σ| by the cones σ ∈ Σ can be identified with the usual Čech complex
for TV(Σ) given by the covering via the affine open subsets TV(σ). This gives us
that

Hi
(
TV(Σ),L

)
(u) = Hi

(
|Σ|, Zu;C

)
,

cf. [Dem70]. It follows that if Σ is complete and h is concave, e.g. L is globally
generated, then

Hi(TV(Σ),L) = 0 for i > 0 ,

see [Dan78, Corollary 7.3]. One also has an analogous result for toric bouquets
which is proved by induction on the number of irreducible components and the fact
that the restriction homomorphism on the level of global sections is surjective (cf.
[Dan78, Lemma 6.8.1]):

Proposition 37 ([Pet10], Section 2.4). Let X be a complete equidimensional toric
bouquet and L a nef line bundle on X. Then Hi(X,L) = 0 for i > 0.
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9.2. Global sections. Recall from (7.3) that a globally generated equivariant line
bundle L on a complete toric variety TV(Σ) corresponds to a polytope∇ ⊂MQ such
that Γ(TV(Σ),L) =

⊕
u∈∇∩M Cχu. In the following we will see how to generalize

this formula to complexity-one T -varieties.
Consider a T -invariant Weil divisor D on a complexity-one T -variety TV(S) over
the curve Y and define the polyhedron

�D := convHull {u ∈MQ | 〈̺, u〉 ≥ − coef̺D for all ̺ ∈ R} ,

where coef̺D denotes the coefficient of D̺ inside D. Moreover, there is a map
D∗ : �D → DivQ Y with coefP D

∗(u) := min{〈v, u〉+coef(P,v)D/µ(v) | v ∈ SP (0)}.
As a direct consequence of Theorem 26 one obtains that

Γ
(
X,OX(D)

)
(u) = Γ

(
Y,OY (D

∗(u))
)
,

cf. [PS, Section 3.3]. In the case that D = Dh is Cartier the function D∗ is usually
denoted by h∗ and we write �h instead of �D.

Example 38. Let us return to Example 33 and compute dimΓ(P(ΩF1),−KP(ΩF1)
).

The weight polytope of the anticanonical divisor is pictured in Figure 5. Together
with all weights (u1, u2) = u ∈ �h the following list displays the degree of the
induced divisor h∗(u) on P1:

u1 0 1 2 −1 0 1 2 −2 −1 0 1 2 −1 0
u2 2 2 2 1 1 1 1 0 0 0 0 0 −1 −1

deg h∗(u) 0 0 0 0 1 1 0 0 1 2 1 0 0 0

Summing up over all degrees yields dimΓ(X,−KX) = 20.

-3 -2 -1 0 1 2 3

-2

-1

0

1

2

3

Figure 5. Weight polytope associated to −KP(ΩF1), cf. Example 38.

9.3. Higher cohomology groups for complexity-one torus actions. We sus-
pect that higher cohomology group computations for equivariant line bundles on
complexity-one T -varieties are rather hard in general, in particular if one cannot
directly make use of a quotient map to the base curve Y . Hence, we restrict to the

case where X = X̃ . Invoking Proposition 37, one can directly generalize the toric
vanishing result from (9.1) with a “cohomology and base change” argument for the

flat projective morphism π : X̃ → Y to the complexity-one case:

Proposition 39 ([Pet10], Section 2.4). Let X = X̃ be a complete complexity-one
T -variety over the base curve Y . For any nef T -invariant Cartier divisor Dh on X
we have that Riπ∗OX(Dh) = 0 for i > 0. Hence,

Hi(X,OX(Dh)) =
⊕

u∈�h∩M

Hi
(
Y,OY (h

∗(u))
)
.

In particular, Hi(X,OX(Dh)) = 0 for i ≥ 2.
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A precursor of this result for smooth projective surfaces and semiample line bundles
is formulated as Corollary 3.27 in [IS10]. Its proof uses the well known intersection
theory for smooth projective surfaces, cf. [Har77, Chapter V].
Furthermore, it is worthwhile to note that the direct image sheaf always splits into
a direct sum of line bundles, namely π∗OX̃(Dh) =

⊕
u∈�h∩M

OY (h
∗(u)) with no

positivity assumptions on Dh. Since the higher direct image sheaves are not locally
free in general, explicit higher cohomology group computations have so far proven
unsuccessful.

10. Cox rings as affine T -varieties

Assume X to be a complete normal variety with finitely generated divisor class
group Cl(X). The Cox ring of X is then given as the Cl(X)-graded abelian group

Cox(X) :=
⊕

D∈Cl(X)

Γ(X,OX(D))

which carries a canonical ring structure, see [HS10, Section 2]. In analogy to [HK00],
but neither supposing X to be Q-factorial nor projective, we call X a Mori dream
space (MDS) if Cox(X) is a finitely generated C-algebra.

10.1. The Cox ring of a toric variety. The well known quotient construction
Pn ∼=

(
SpecC[z0, . . . , zn] \ V (z0, . . . , zn)

)
/C∗ can be generalized to toric varieties

TV(Σ) for which the set of rays Σ(1) generates NQ (cf. [Cox95]).
The graded homogeneous coordinate ring C[z0, . . . , zn] for Pn is replaced by the
polynomial ring C[z̺ | ̺ ∈ Σ(1)] whose variables correspond to the rays of Σ and
whose grading is induced by the divisor class group Cl(TV(Σ)), which assigns the
degree [D̺] to the variable z̺. Furthermore, applying HomZ(−,C∗) to the short

exact sequence from (7.1), one defines the algebraic group G := ker
(
(C∗)Σ(1) →

TN
)
where TN := N ⊗Z C∗ = HomZ(M,C∗). Note that G acts naturally on

CΣ(1) and leaves V (B(Σ)) invariant, where B(Σ) ⊂ C[z̺ | ̺ ∈ Σ(1)] denotes the
irrelevant ideal which is generated by

{
zσ̂ :=

∏
̺/∈σ(1) z̺

∣∣ σ ∈ Σ
}
. The ideal B(Σ)

generalizes the standard irrelevant ideal 〈z0, . . . , zn〉 ⊂ C[z0, . . . , zn] of projective
space. Furthermore, it follows that TV(Σ) =

(
CΣ(1) \ V (B(Σ))

)
/G is a good

quotient.
On the other hand, one can also approach the Cox ring via a more polyhedral point
of view. As usual we denote the first non-trivial lattice point on a ray ̺ ∈ Σ(1) ⊆
NQ with the same letter ̺. Then we consider the canonical map ϕ : ZΣ(1) →
N , e(̺) 7→ ̺. It sends some faces (including the rays) of the positive orthant

QΣ(1)
≥0 to cones of the fan Σ. Applying the functor TV, we obtain a rational map

SpecC[z̺ | ̺ ∈ Σ(1)]−→ TV(Σ). In particular, we recover the affine spectrum of

C[z̺ | ̺ ∈ Σ(1)] = Cox(TV(Σ)) as the toric variety TV(QΣ(1)
≥0 ). Thus, the Cox ring

of a toric variety gives rise to an affine toric variety itself, and the defining cone

QΣ(1)
≥0 can be seen as a polyhedral resolution of the given fan Σ, since all linear

relations among the rays have been removed.

10.2. The action of the Picard torus. Let X be an MDS and suppose that
Cl(X) is torsion free. It follows that the total coordinate space SpecCox(X) is a
normal affine variety, and the Cl(X)-grading encodes an effective action of the so-
called Picard torus T := HomalgGr(Cl(X),C∗). One could now ask for a description
of SpecCox(X) in terms of some p-divisor ECox on the so-called Chow quotient
Y := Spec Cox(X)//chT which is defined as the normalization of the distinguished
component of the inverse limit of the GIT quotients of SpecCox(X), cf. [AH06,
Section 6]. This has been done in [AW], and in the case of smooth Mori dream
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surfaces, the result is as follows (cf. [AW, Section 6]): Y = X and, up to shifts of
the polyhedral coefficients, ECox =

∑
E⊆X ∆E ⊗ E with

∆E = {D ∈ Eff(X) ⊆ ClQ(X) | (D ·E) ≥ −1 and (D · E′) ≥ 0 for E′ 6= E}

where E,E′ run through all negative curves in X . The common tailcone of the
∆E equals Nef(X), which is dual to Eff(X), where the latter cone carries the
degrees of Cox(X). If X is a del Pezzo surface, the formula for ∆E simplifies to
∆E = 0E +Nef(X) ⊆ ClQ(X).

10.3. Generators and relations for complexity-one torus actions. It is a
fundamental problem to give a presentation of the Cox ring of an MDS in terms of
generators and relations. The crucial idea to approach this problem for a T -variety
TV(S) is to relate its presentation to an appropriate quotient of TV(S) by the
torus action. This ansatz was pursued in [HS10] whose key result states that the
Cox ring of TV(S) is equal to a finitely generated algebra over the Cox ring of Y ◦,
where Y ◦ ⊆ Y is the image of the rational map coming from the composition of

the rational p−1 : TV(S) → T̃V(S) with π : T̃V(S) → Y . Let us now become more
specific for complexity-one torus actions. For a point P ∈ P1 together with the
set VP := {D(P,v) | v ∈ SP (0)} of all vertical divisors lying over P , we define the

tuple µ(P ) :=
(
µ(v) | v ∈ SP (0)

)
. After applying an automorphism of P1, we may

assume that P = {0,∞, c1, . . . , cr}, with ci ∈ C∗ (cf. (7.5)).

Theorem 40 ([HS10], Theorem 1.2). The Cox ring of TV(S) is given by

C
[
TD(P,v)

, SDρ
| P ∈ P , ̺ ∈ R

]/〈
T µ(0) + ciT

µ(∞) + T µ(ci)
∣∣∣ i = 1, . . . , r

〉
,

where T µ(P ) :=
∏
v∈SP (0) T

µ(v)
D(P,v)

and R is as in Definition 24.

Example 41. Let us describe the Cox ring of P(ΩF1), cf. Example 22. Using
Theorem 40 and representatives (1, 1), (1, 0), and (0, 1) for 1, 0, and∞, respectively,
we see that Cox(P(ΩF1)) = C[T1, . . . , T7]/(T1T2T3 − T4T5 − T6T7).

10.4. Polyhedral point of view for complexity-one torus actions. Similar to
the viewpoint taken in (10.2) and keeping the setting from (10.3), one can describe
SpecCox(X) via a p-divisor DCox. In this case, however, the given T -action on
X carries over to Cox(X), and by combining it with the action of the Picard
torus, SpecCox(X) turns into a variety with an effective complexity-one action of
a diagonizable group which in general involves torsion. Factoring out the latter
gives rise to a finite abelian covering C → P1 (see (17.4)), so that DCox lives on a
curve C of usually higher genus rather than on P1. Nonetheless, if the class group
Cl(X) is torsion free C → P1 is the identity map. In this case, the p-divisor DCox

describing SpecCox(X) utilizes the very same points P ∈ P1 as S. Denoting by
V :=

⋃
P∈P SP (0), we define the compact polyhedra

∆c
P := conv{e(v)/µ(v) | v ∈ SP (0)} ⊆ QV∪R

where the e(v) ∈ ZV denote the canonical basis vectors and R is as usual. We
similarly define the polyhedral cone

σ := Q≥0 ·
∏

S∈P

∆c
P + QR

≥0 ⊆ QV∪R
≥0 .

Proposition 42 ([AP], Theorem 1.2). Assume Cl(X) to be torsion free. Then the
p-divisor DCox of SpecCox(X) is, up to shifts of the polyhedral coefficients, given
by
∑

P∈P(∆
c
P + σ)⊗ [P ] on P1.
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For more details and the general result which also covers the case of a class group
with torsion we refer to [AP, Theorem 4.2]. Comparing Proposition 42 with the
analogous result in the toric setting (10.1), we see that it consists of a similar
construction which resolves the linear dependencies among the elements of SP (0) ∈
NQ and the rays ̺ ∈ R by assigning separate dimensions to each of them.

Example 43. Once more we consider the threefold P(ΩF1)), cf. Example 22. The
tailcone σ := tail(DCox) of the p-divisor DCox is then given as the cone over the
product of a quadrangle (product of two intervals) and a triangle. This realization
is induced by the three polytopes ∆c

1 (triangle), ∆c
0 (compact interval), and ∆c

∞

(compact interval). The non-trivial coefficients of DCox are thus equal to ∆c
P + σ,

P ∈ {1, 0,∞} (up to a shift).

It turns out that the polyhedral divisors ECox (as constructed in (10.2)) and DCox

are related by upgrade and downgrade constructions via the exact sequence from
above, cf. [IVb] and [Pet10, Section 3.5].

11. Invariant valuations and proper equivariant morphisms

For a function field C(X) of a variety X/C, we consider discrete C-valuations of F .
These are maps ν : C(X) → Q ∪ {∞} fulfilling the properties

(1) ν(f · g) = ν(f) + ν(g),
(2) ν(f + g) ≥ min(ν(f), ν(g)),
(3) ν(C∗) = 0, and ν(f) = ∞ ⇔ f = 0.

A center of a valuation is a point x ∈ X such that ν(OX,x) ≥ 0 and ν(mX,x) > 0. By
the valuative criterion for properness [Har77, Theorem 4.7], a scheme is complete
if every discrete valuation has a unique center. Moreover, it is separated if there
exists at most one center.

11.1. Completeness and properness for toric varieties. For a toric variety
X = TV(Σ), the function field ofX equals the quotient field of C[M ] and a valuation
ν defines a linear form on M via v : u 7→ ν(χu). Moreover, this gives a one-to-one
correspondence between NQ and the discrete valuations on C(X). Here, valuations
with center on X correspond to elements in the support of Σ. Hence, a toric variety
TV(Σ) is complete if and only if its fan is complete, i.e. |Σ| = NQ. Moreover, let
F : Σ → Σ′ be a map of fans. Then F defines a proper morphism exactly when
|Σ| = F−1(|Σ′|).

11.2. Valuations on T -varieties and hypercones. The function field of a T -
variety X = TV(S) equals the quotient field of C(Y )[M ]. An invariant valuation
corresponds via the relation ν(f · χu) = µ(f) + 〈u, v〉 to a pair (µ, v), where µ is a
valuation on C(Y ) and v ∈ NQ. In this situation we write simply ν = (µ, v).
If µ is a valuation with center y ∈ Y , then we get a well defined group homomor-
phism

µ : CaDiv≥0(Y ) → Q≥0; D 7→ µ(f),

where D = div(f) locally at y. This map extends to a homomorphism µ :
Pol+(N, σ)⊗Z≥0

CaDiv≥0(Y ) → Pol+(N, σ). Now we have the following

Proposition 44 ([AHS08, Lemma 7.7]). A valuation (µ, v) has a center on TV(D)
if and only if v ∈ µ(D).

Remark 45. The criterion v ∈ µ(D) implies in particular that µ has a center in
the locus of D.
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Now, we turn to the case of complexity one. In this situation Y is a smooth complete
curve and the non-negative multiplesm·ordy of the vanishing orders at points y ∈ Y
are the only discrete valuations. For those µ we thus have µ(D) = m · Dy which is
equal to the tailfan if m = 0.
For an invariant valuation (µ, v) with center on X = TV(D), we must either have
µ ≡ 0 and v ∈ tail(D) or µ 6≡ 0 and (v,m) ∈ 〈Dy × {1}〉 ⊂ NQ × Q. Thus, the
set of invariant valuations with center on X can be identified with the disjoint
union of the polyhedral cones 〈tail(D) × {0} ∪ Dy × {1}〉 glued together along
the common subsets tail(D) × {0}. Such an object is called a hypercone. It was
introduced by Timashev in [Tim97] (in a version suitable to describe more generally
reductive group actions of complexity one). Since the valuations with center already
determine an affine variety, a hypercone gives an alternative description of a affine
T -variety of complexity one. In this language a polyhedral divisor is nothing but a
(hyper-)cut through a hypercone.

11.3. Complete T -varieties and proper morphisms. Consider a T -variety
X = TV(S) with S = {Di}1≤i≤r. The divisorial fan S provides us with an open
affine torus invariant covering of X by the varieties Ui = TV(Di), 1 ≤ i ≤ r.
As already mentioned at the start of (11), the valuative criterion of completeness
states that a variety X is complete exactly when every valuation of C(X) has a
unique center. For T -varieties it is in fact sufficient to restrict oneself to invariant
valuations. Using the results of the previous section we obtain the following

Theorem 46 ([AHS08, Theorem 7.5]). TV(S) is complete if and only if every slice
µ(S) := {µ(D) | D ∈ S} is a complete subdivision of NQ.

As a relative version of this result we obtain a characterization of proper equivariant
morphisms. Recall from (3.2) that an orbit dominating equivariant morphismX ′ →
X of T -varieties is given by a triple ψ = (ϕ, F, f), consisting of a dominant morphism
ϕ : Y ′ → Y , a lattice homomorphism F : N ′ → N and an element f ∈ C(Y ′)⊗N .
First we define the preimage of a p-divisor over Y and N via ψ as a polyhedral
divisor over Y ′ and N

ψ−1D := F−1(ϕ∗D + div(f)).

Let X ′ = TV(S ′) be a T -variety with S ′ = {D′
i}1≤i≤r. Assume that ψ defines a

map of polyhedral divisors D′
i → D for every i.

Theorem 47. The morphism X ′ → X = TV(D) induced by ψ is proper if and
only if S ′

µ := {µ(D′
i)}i defines a complete polyhedral subdivision of µ(ψ−1(D)) for

every µ.

Since the properness can be checked locally on the base, the above theorem can
be used to determine whether an arbitrary orbit dominating equivariant morphism
X ′ → X is proper.

Remark 48. It follows from [HI, Proposition 1.5] that it suffices to check the
conditions of Theorems 46 and 47 just for slices of type Sy instead of for all slices
Sµ.

12. Resolution of singularities

12.1. Toric resolution of singularities. The only non-singular affine toric vari-
eties are products of tori and affine spaces and are given by cones σ spanned by a
subset of a lattice basis. We will call such cones regular. Reducing to the sublattice
N ∩ (Q ·σ) we may assume that σ is of maximal dimension. A cone σ = 〈a1, . . . , ar〉
is regular if and only if it is simplicial and its multiplicity m(σ) := det(a1, . . . , ar)
equals ±1.
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x

y

z

Figure 6. The Newton diagram of h and its normal fan Σh.

Since equivariant proper birational morphisms to an affine toric variety X = TV(σ)
correspond to fans subdividing the cone σ, a resolution of X is given by a triangu-
lation of σ into regular cones. Indeed, such a triangulation always exists. It can be
constructed by starting with an arbitrary triangulation and subsequently refining
non-regular cones τ = 〈a1, . . . , ar〉 with rays along lattice elements ã ∈

∑
i[0, 1) ·a

i.
On the one hand, every non-regular cone contains such a lattice element. On the
other, the resulting cones of the stellar subdivision along ã have strictly smaller
multiplicities than τ . Indeed, if ã =

∑
λia

i we get m(τi) = λim(τ), where τi is the
cone spanned by ã and all the generator of τ except ai. So after a finite number of
steps we end up with a subdivision in regular cones.
This combinatorial approach to resolving toric singularities was generalized by
Varchenko in [Var76] to obtain (embedded) resolutions of non-degenerate hyper-
surface singularities. Consider a regular cone ω ⊂ MQ and a polynomial h =∑

u∈M αuχ
u ∈ C[ω ∩ M ] ∼= C[x1, . . . , xn]. Now, the normal fan Σh of the un-

bounded polyhedron ∇ = conv(supph + ω) refines the dual cone σ = ω∨. For a
compact face F ≺ ∇ we consider the restricted polynomial hF =

∑
u∈F∩M αuχ

u. If
all restricted polynomials define smooth hypersurfaces in the torus T = SpecC[M ],
we call h non-degenerated.

Theorem 49. If h is non-degenerated and ϕ : TV (Σ′) → TV (Σh) is a toric reso-
lution of singularities then the strict transform of V (h) under the induced morphism
TV(Σ′) → TV(σ) = An is an (embedded) log-resolution of the singularities of V (h).

Example 50. We consider the surface singularity X given by the equation h =
x2 + y3 + z5. In a first step, we refine the positive orthant σ = ω∨ by replacing it
with the normal fan Σh of the Newton diagram of h. This Newton diagram and
its normal fan are pictured in Figure 6; Σh is obtained from the positive orthant σ
via a stellar subdivision along the ray (15, 5, 6). In a second step we refine this fan
and obtain Σ′ as pictured in Figure 7.
The first step introduces a central exceptional divisor in X corresponding to the
ray ρ = 〈(15, 5, 6)〉, with the remaining singularities in the strict transform of X
being toric. In the second step, the singularities of TV(Σh) are resolved, which also
resolves the (toric) singularities of the strict transform of X .

Remark 51. The approach of Varchenko and the notion of non-degeneracy is
generalized in the context of tropical geometry, see [Tev07].

12.2. Toroidal resolutions. We recall from [KKMSD73, Dan91] that a complex
normal variety X is toroidal at the closed point x ∈ X if there exists an affine toric
variety TV(σ) such that the germ (Xan, x) is analytically isomorphic to the germ
(TV(σ)an, xσ) with xσ being the unique fixed point in TV(σ). If the above property
holds for every x ∈ X then X itself is called toroidal.
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Figure 7. Refinement of Σh.

More generally, let B ⊂ X be a closed subvariety. The pair (X,B) is called toroidal
if for every closed point x ∈ X , there exists a toric variety TV(σ) together with a
distinguished set of faces F (σ) of σ such that the germ (Xan, Ban;x) is analytically
isomorphic to the germ (TV(σ)an,

⋃
τ∈F (σ) TV(τ)an;xσ).

Given a p-divisor on some Y , we consider a log-resolution ϕ of the pair (Y, suppD).
The pullback ϕ∗D leads to the same variety, i.e. X = TV(D) = TV(ϕ∗D), but by

[LS, Proposition 2.6] we get a toroidal pair (X̃, B) consisting of the variety X̃ =

T̃V(ϕ∗D) and the exceptional set B of the contraction morphism r : T̃V(ϕ∗D) →
TV(ϕ∗D).

Hence, T̃V(ϕ∗D) is called a toroidal resolution of X . Moreover, for any closed point

x ∈ X̃, X̃ is formally locally isomorphic in a neighborhood of x to the toric variety
which is given by the so-called “Cayley cone”

C(DZ1 , . . . ,DZr
) = 〈(tail(D)) × 0, DZ1 × e1, . . . ,DZr

× er〉 ⊂ NQ ×Qr.

Here, Z1, . . . , Zr denotes a set of prime divisors intersecting transversely in the point
π(x) ∈ Y . Note that one can obtain a resolution of singularities from this construc-
tion by purely toric methods when applying them to the occurring Cayley cones.

In particular, T̃V(D) is smooth if and only if all the Cayley cones C(DZ1 , . . . ,DZr
)

are regular. If LocD is affine we have that T̃V(D) = TV(D) and thus obtain a
smoothness criterion in this case. If LocD is complete then, as in the toric situa-
tion, TV(D) is smooth if and only if it is a product of toric and affine spaces [LS,
Lemma 5.2]. Hence, D can be obtained by a toric downgrade, see Section 4. For
general loci the situation seems to be more complicated.

Remark 52. The theory of toroidal embeddings [KKMSD73] associates with the

toroidal resolution X̃ → X a fan that is glued from the Cayley cones described
above. The same construction shows that p-divisors generalize Mumford’s descrip-
tion of complexity-one torus actions [KKMSD73, Chapter 4, §1]: if D =

∑
DP ⊗P

is a p-divisor on a curve, then the corresponding toroidal fan is obtained by gluing
the cones C(DP ) = 〈(tail(D))×0,DP ×1〉 along their common face tail(D) [Vol10].
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Figure 8. Normal crossing situation after three blow ups.
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Figure 9. Cayley cone C(DZ1 ,DE2) and its refinement.

This in turn coincides with Timashev’s description in terms of hypercones and
hyperfans [Tim97, Tim08].

Example 53. Given N = Z, Y = P2 = Proj(C[x, y, z]) and the two prime divisors
Z1 = V (y) and Z2 = V (x2 − zy) we consider the p-divisor

D = [1/2,∞)⊗ Z1 + [−1/3,∞)⊗ Z2.

The corresponding affine variety is the hypersurface in A4 given by x1x
2
2 − x23 − x34.

To obtain a toroidal resolution we first need to blow up the intersection points of Z1

and Z2 or their strict transforms, respectively, in order to get to a normal crossing
situation, which is pictured in Figure 8.
Let us denote the morphism coming from the composition of these blowups by

ϕ : Ỹ → Y . For the pullback of D we obtain

ϕ∗D = [1/2,∞)⊗ Z1 + [−1/3,∞)⊗ Z2 + [1/6,∞)⊗ E1 + [1/3,∞)⊗ E2.

Here, E1 and E2 denote the exceptional divisors. Now, T̃V(ϕ∗D) → X is a toroidal
resolution. We will consider the intersection point Z1 ∩ E2. The corresponding
Cayley cone is illustrated in the left picture of Figure 9. It is spanned by (1, 0, 0),
(1, 2, 0) and (1, 0, 3). There is a canonical resolution spanned by the additional rays
(1, 1, 1), (1, 1, 0), (1, 0, 1) and (1, 0, 2), cf. right-hand picture in Figure 9. For the
other intersection points one has to refine the Cayley cone similarly.

Let us now turn to the case of complexity one. Here, (Y, suppD) is already smooth.

Hence, we only have to consider T̃V(D). It has only toric singularities which are
given by the cones σP = 〈DP ×{1}〉 ⊂ N×Q and can be resolved by toric methods.

Example 54. On Y = P1 we consider the p-divisor

D = [−1/2,∞)⊗ 0 + [1/3,∞)⊗∞+ [1/5,∞)⊗ 1.

This is exactly the surface from Example 50. The corresponding cones σ0, σ∞, and
σ1 and their toric resolutions are pictured in Figure 10.
Note that the resolution obtained here is exactly the resolution from Example 50.
Moreover, the cones σ0, σ∞, and σ1 can be identified with the facets 〈ei, ρ〉 in
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Figure 10. The cones σy and their refinements.

the fan Σh. Now, the subdivisions of these cones can be seen as induced by the
subdivision of Σh we have considered.
This observation is not a coincidence, but a result of the toric embedding coming
from the Cox ring representation in Theorem 40. Indeed, in the case of hypersur-
faces singularities with complexity one torus action these two resolution strategies
are closely related.

13. (Log-)terminality and rationality of singularities

13.1. Canonical divisors and discrepancies in the toric case. Recall from
(8.1) that a canonical divisor on a toric variety X = TV(σ) is given by KX =
−
∑
ρDρ. Since every line bundle trivializes on an affine toric variety, X is Q-

Gorenstein of index ℓ exactly when there is an element w ∈ 1
ℓM such that 〈w, ρ〉 = 1

for all rays ρ ∈ σ(1) and ℓ ∈ N is minimal with this property. Hence, σ is the cone
over a lattice polytope in the hyperplane [〈w, ·〉 = l] with primitive vertices.
Let Σ denote a triangulation of σ which comes from a resolution of singularities. A
ray ρ ∈ Σ(1) \ σ(1) then corresponds to an exceptional divisor with respect to the
map TV(Σ) → TV(σ) and its discrepancy is given by discrρ = 〈w, ρ〉−1. Obviously,
this value is always greater than −1 which implies log-terminality of toric varieties.
Note that X is canonical if and only if

trunc(σ) := σ ∩ {〈w, ·〉 < 1}

contains no lattice points apart from the origin. Furthermore, X is terminal if and
only if trunc(σ) = σ∩[〈w, ·〉 ≤ 1] contains only the cone generators as lattice points.

13.2. Rationality and log-terminality for p-divisors. Since toric singularities
are log-terminal and thus rational it is sufficient to study a toroidal resolution of

X , e.g. the contraction map T̃V(ϕ∗D) → TV(ϕ∗D), for checking the rationality or
log-terminality of a variety. This observation leads to the results of [LS], which are
summarized in this section.

Theorem 55 ([LS, Thm. 3.4]). TV(D) has rational singularities if and only if
Hi(LocD,O(D(u))) = 0 holds for all u ∈M ∩ tail(D)∨ and all i > 0.

Corollary 56. If TV(D) has complexity one, i.e. Y is a curve, then TV(D) has
rational singularities if and only if

(1) LocD is affine, or
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Figure 11. Different types of toric singularities.

(2) Y = P1 and deg⌊D(u)⌋ ≥ −1 for all u ∈ (tail(D))∨ ∩M .

To obtain a nice characterization of log-terminality we need to restrict ourselves
to sufficiently simple torus actions. A torus action on an affine variety is called a
(very) good one, if there is a unique fixed point, which is contained in the closures
of all orbits (and the GIT-chamber structure of X is trivial). Such a situation
corresponds to a p-divisor D having a tailcone of maximal dimension, such that the
locus of D is projective (and D(u) is ample for all u ∈ relintσ∨).
Fix a canonical divisor KY =

∑
Z cZ ·Z on Y . Recall from (8.1) that a T -invariant

canonical divisor on T̃V(D) and TV(D), respectively, is given by

K =
∑

(Z,v)

(µ(v)(1 + cZ)− 1)D(Z,v) −
∑

ρ

Eρ

where one is again supposed, if focused on TV(D), to omit all prime divisors being

contracted via p : T̃V(D) → TV(D).

Theorem 57 ([PS], Corollary 3.15). An affine T -variety TV(D) with a good torus
action is Q-factorial if and only if

rankCl(Y ) +
∑

Z

(#D
(0)
Z − 1) + #D

(1)
0 = dimN.

In particular, Y has a finitely generated class group.

Remark 58. Note, that the left hand side of the equation in the theorem is always
at least dimN due to the properness condition for D.

We now turn to criteria for (log-)terminality. Due to the toroidal resolution from
above one obtains the following result which generalizes the fact of log-terminality
of toric varieties.

Proposition 59 ([LS, Cor. 4.10]). Every Q-factorial variety X with torus action
of complexity strictly smaller than codim(SingX)− 1 is log-terminal.

For a p-divisor we introduce a boundary divisor on its locus loc(Y ). Let µZ be the
maximal multiplicity µ(v) of all vertices v ∈ DZ . We define

B =
∑

Z

µZ − 1

µZ
· Z.

Theorem 60 ([LS, Thm. 4.7]). A Q-factorial affine variety TV(D) with a very
good torus action is log-terminal if and only if the pair (loc(Y ), B) is log-terminal
and Fano.
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(a) ∇ (b) N (∇)

Figure 12. From ∇ ⊂MQ to the toric variety TV(N (∇)), cf. (14.1).

Remark 61. Here, for simplicity we restricted ourselves to the case of Q-factorial
singularities. In [LS] the more general case of Q-Gorenstein singularities is consid-
ered.

14. Polarizations

14.1. Toric varieties built from polyhedra. Let ∇ be a lattice polyhedron in
MQ, i.e. its vertices (we assume that there is at least one) are contained inM . Then
we can choose a finite subset F ⊆ ∇ ∩M such that F + (tail(∇) ∩M) = ∇ ∩M .
Moreover, let E ⊆ tail(∇) ∩M be the Hilbert basis, cf. (2.1). Then, if ye (e ∈ E)
and zf (f ∈ F ) denote the affine and projective coordinates, respectively, we define

P(∇) ⊆ C#E × P#F−1
C as the zero set of the equations

∏
i yei

∏
j zfj =

∏
k yek

∏
l zfl

associated to relations
∑

i(ei, 0) +
∑

j(fj , 1) =
∑

k(ek, 0) +
∑

l(fl, 1)

inside M ⊕ Z. If ∇ = σ∨ from (2.1), then this yields the affine variety P(σ∨) =
TV(σ). The easiest compact examples are ∇ = [0, 1] ⊆ Q, [0, 1]2 ⊆ Q2, and
conv

(
(0, 0), (1, 0), (0, 1)

)
⊆ Q2, yielding P1, P1 × P1, and P2, respectively. A nice

mixed example∇ arises from adding Q2
≥0 to the line segment (1, 0), (0, 1), see Figure

12. With E = {(1, 0), (0, 1)} and F = {(1, 0), (0, 1)} we obtain P(∇) ⊆ C2 × P1 cut
out by the single equation y(1,0)z(0,1) = y(0,1)z(1,0). That is, P(∇) equals C2 blown
up in the origin.

14.2. Maps induced from basepoint free divisors. We will present the relation
between the toric varieties TV(Σ) from (3.4) and those rather simple ones defined
in (14.1). Let ∇ be again a lattice polyhedron in MQ and denote by Σ := N (∇)
its inner normal fan, cf. (2.2). Then, σ := |Σ| and tail(∇) are mutually dual cones
and there is a structure morphism TV(Σ) → TV(σ). By (7.1), the polyhedron ∇
corresponds to a basepoint free divisor which is globally generated by F ⊆ ∇∩M .
If ∇ ∩M generates the abelian group M , then the associated morphism

Φ∇ : TV(Σ) → P(∇) over TV(σ) ⊆ CE

is the normalization map. If ∇ is replaced by a sufficiently large scalar multiple
∇ := N · ∇ (for each vertex u ∈ ∇, the set ∇− u has to contain the Hilbert basis
of the cone generated by it), then it becomes an isomorphism. Thus, ∇ is even
an ample divisor. Moreover, if Γ ≤ ∇ is a face, then we can use the face-cone
correspondence from (2.2) to define orb(Γ) := orb(N (Γ,∇)) ⊆ TV(Σ). Note that

orb(Γ) = P(Γ) ⊆ P(∇) if Φ∇ is an isomorphism.
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14.3. Coordinate changes. For projective toric varieties P(∇) = TV(Σ) with
Σ = N (∇), there are three sorts of coordinates hanging around. First, for every
u ∈M , the element χu ∈ C[M ] is a rational function on TV(Σ). Second, in (10.1)
we have seen that TV(Σ) =

(
CΣ(1) \ V (B(Σ)

)
)/G with G = ker

(
(C∗)Σ(1) → T

)
.

This leads to the “Cox coordinates” ya for a ∈ Σ(1). Finally, in (14.1) and (14.2)
we have seen the projective coordinates zu for u ∈ ∇∩M . What does the relation
between these coordinates χu, ya, and zu look like?

First, if u, u′ ∈ ∇ ∩ M , then zu/zu′ = χu−u
′

. In particular, if u′ is the vertex

corresponding to σ ∈ Σ, i.e. if σ = N (u′,∇), then χu−u
′

∈ C[σ∨ ∩M ] is a regular
function on the open subset TV(σ) ⊆ TV(Σ). If u ∈ ∇ ∩ M , then the asso-
ciated effective divisor ∇(u) ∈ |OTV(∇)(∇)| equals ∇(u) = div(χu) + div(∇) =∑

a∈Σ(1)

(
〈a, u〉 − min〈a,∇〉

)
. Hence, the two sets of homogeneous coordinates

compare via

zu =
∏

a∈Σ(1)

y〈a,u〉−min〈a,∇〉
a .

Note that shifting ∇ without moving u accordingly does change the exponents.
They just measure the lattice distance of u from the facets of ∇. Finally, since the
rational functions χu are quotients of z• coordinates, one obtains that

χu =
∏

a∈Σ(1)

y〈a,u〉a .

This product is invariant under the G-action.

14.4. Divisorial polytopes. In (14.1) and (14.2) we have seen that polarized
toric varieties correspond to lattice polyhedra. This can be generalized to complete
complexity-one T -varieties if we replace lattice polyhedra with so-called divisorial
polytopes :

Definition 62. Let Y be a smooth projective curve. A divisorial polytope Ψ on Y
consists of a lattice polytope � ⊂ MQ and a piecewise affine concave function (cf.
Definition 34)

Ψ =
∑

ΨP ⊗ P : � → DivQ Y,

such that

(1) For u in the interior of �, degΨ(u) > 0 ;
(2) For any vertex u of � with degΨ(u) = 0, Ψ(u) is trivial;
(3) For all P ∈ Y , the graph of ΨP is integral, i.e. has its vertices in M × Z.

We construct a polarized T -variety from Ψ in a roundabout manner. For v ∈
NQ and any point P ∈ Y , set Ψ∗

P (v) = minu∈�(〈v, u〉 − ΨP (u)); this gives us a
collection of piecewise affine concave functions onNQ. Now let SP be the polyhedral
subdivision of NQ induced by Ψ∗

P and take S =
∑

SP ⊗ P . Furthermore, let M
be the subset of tail(S) consisting of those σ ∈ tail(S) such that (deg ◦Ψ)|Fσ

≡ 0,
where Fσ ≺ � is the face where 〈·, v〉 takes its minimum for all v ∈ σ.
As in remark 21, the sum of slices S together with markings M determines a
T -variety XΨ. Furthermore, Ψ∗ = (Ψ∗

P )P∈Y is a divisorial support function deter-
mining an ample Cartier divisor on XΨ as in (7.4) such that (Ψ∗∗,�Ψ∗) = (Ψ,�).

Theorem 63 ([IS], Theorem 3.2). The mapping

Ψ 7→ (XΨ,O(DΨ∗))

gives a correspondence between divisorial polytopes and pairs of complete complexity-
one T -varieties with an invariant ample line bundle.
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Figure 13. ∇ for a toric Fano threefold, cf. Example 64.

14.5. Constructing divisorial polytopes. Given a polarized toric variety X de-

termined by some lattice polytope∇ ⊂ M̃Q, and given some action of a codimension-
one subtorus T , one may ask what the corresponding divisorial polytope looks like.
A downgrading procedure similar to that of (4.2) yields the answer: the inclusion
of the subtorus T in the big torus once again gives an exact sequence

0 // Z // M̃
p

// M // 0

where M is the character lattice of T . We again choose a section s : M →֒ M̃ of
p. The downgrade of ∇ is then the divisorial polytope Ψ : p(∇) =: � → DivQ P1,
where for u ∈ �,

Ψ0(u) = max(p−1(u)− s(u))

Ψ∞(u) = min(p−1(u)− s(u)).

The corresponding variety XΨ is canonically isomorphic to X as a polarized T -
variety.

Example 64. Consider the polytope

∇ = conv
{
(−1,−1,−1), (−1, 0,−1), (0,−1,−1), (0, 0,−1),

(−1,−1, 0), (−1, 0, 0), (0,−1, 0), (0, 1, 0)(1, 0, 0), (1, 1, 0)

(0, 0, 1), (0, 1, 1), (1, 0, 1), (1, 1, 1)
}

pictured in Figure 13. Then P(∇) is a toric Fano threefold. We now consider the
subtorus action corresponding to the projection Z3 → Z2 onto the first two factors.
Using the above downgrading procedure we get a divisorial polytope Ψ : � →
DivQ P1, where � is the hexagon pictured in Figure 14(a), and Ψ0 and Ψ∞ are the
piecewise affine functions with domains of linearity and values as pictured in Figure
14(b) and (c).

14.6. Divisorial polytopes and the Proj construction. Similar to the toric
case, we can construct a projective variety directly from Ψ:

P(Ψ) := Proj

(
Sym•

⊕

u∈�∩M

Γ (Y,O(Ψ(u)))χu

)
.

Although the torus T acts on P(Ψ), this action will in general not be effective.
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Figure 14. A downgraded divisorial polytope, cf. Example 64.

Note that the relationship between P(Ψ) and XΨ is similar to that between P(∇)
and TV(N (∇)) for a lattice polytope ∇, see [IS, Section 4]. Indeed, the ample
divisor DΨ∗ on XΨ determines a dominant rational map ΦΨ : XΨ 99K P(Ψ). ΦΨ is
a regular morphism if DΨ∗ is globally generated, which is in particular the case if
Y = P1. Furthermore, assuming that ΦΨ is regular, ΦΨ is the normalization map
if it is birational. A sufficient condition for ΦΨ to be birational is that Ψ(u) is very
ample for some u ∈ � ∩M , and the set

{u ∈ � ∩M | dimΓ(Y,O(Ψ(u))) > 0}

generates the lattice M .

14.7. The moment map. Consider an action of a torus T on Pk given by weights
ui ∈M , i.e.

t.(x0 : . . . : xk) = (tu0x0 : . . . : tukxk).

Then a moment map for this action is given by

m : Pn →MR

(x0 : . . . : xn) 7→
1∑
|xi|2

·
∑

|xi|
2ui.

If X is any T -invariant subvariety ι : X →֒ Pn; then a moment map µ for X is
given by the composition µ = m◦ ι. In particular, if ι is given by sections s0, . . . , sk
of some very ample line bundle L on X , then we have

µ : X → MR

x 7→
1∑

|si(x)|2
·
∑

|si(x)|
2ui.

The image of this map is a rational polytope called the moment polytope. By the
theorem of Atiyah, Guillemin, and Sternberg, this polytope is the convex hull of
the images of the points of X fixed by T , see [GS82].
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If X is toric, and L corresponds to some lattice polytope ∇ ⊂MQ, then µ(X) = ∇,
see for example [Ful93], section 4.2. This can be easily seen by considering the
images of the T -fixed points. Indeed, here the weights ui are simply the elements
of ∇∩M , and the torus fixed points correspond to vertices of ∇. Setting ρj(x) :=
|sj(x)|2/(

∑
|si(x)|2), one can show that ρj(x) = 0 unless x corresponds to uj.

On the other hand, if X = XΨ for some divisorial polytope Ψ and L = O(DΨ∗),

then µ(X) = �. Indeed, let p : X̃ → X resolve the indeterminacies of the rational

quotient map X → Y to a regular map π : X̃ → Y . Then the fixed points of X̃ in
the fiber π−1(P ) correspond exactly to the vertices of the graph of ΨP . By locally

upgrading X̃ to a toric variety in a formal neighborhood of π−1(P ), we get that
ρj(x) = 0 for a fixed point x unless it corresponds to a vertex of weight uj , in which

case ρj(x) might be non-zero. Since the fixed points of X̃ map surjectively onto
the fixed points of X , the claim follows.
We can also easily determine the momentum polytopes of the individual compo-
nents of each fiber π−1(P ). A component Z of π−1(P ) corresponds to a facet τ of
the graph of ΨP , and the fixed points of Z correspond exactly to the vertices of
τ . By arguments similar to above, µ(Z) is nothing other than the projection of τ
to �. Thus, the subdivision of � induced by the linearity regions of ΨP reflects
the structure of the irreducible components of π−1(P ). This is similar to the sit-
uation presented in [Kap93, (1.2)] for Grassmannians, which is addressed in more
generality in [Hu05].

Example 65. Consider the divisorial polytope Ψ from Example 64. Then the
moment polytope of XΨ is the hexagon of Figure 14(a). Furthermore, we can see
the fibers of XΨ 7→ P1. The general fiber is the toric del Pezzo surface of degree six
corresponding to the aforementioned hexagon, whereas the fibers over 0 and ∞ each
consist of three intersecting copies of P1 × P1 as can be seen from the subdivisions
in Figures 14(a) and 14(b).

15. Toric intersection theory

15.1. Simplicial toric varieties. Let X = TV(Σ) be a k-dimensional, complete
toric variety induced from a simplicial fan. Thus, X has at most abelian quotient
singularities and one can define (rational) intersection numbers among k divisors.
This intersection product is uniquely determined by exploiting the following basic
rules:

(i) If, with the notation as in (2.1), σ = 〈a1, . . . , ak〉 is a full-dimensional cone

of Σ, then (orba1 · . . . · orbak) = 1/ vol(σ) with vol(σ) := det(a1, . . . , ak).
(ii) If a1, . . . , ak (not necessarily distinct) are not contained in a common cone

of Σ, then (orba1 · . . . · orbak) = 0.
(iii) The intersection product factors via the relation

∑
a∈Σ(1) a⊗ orb(a) ∼ 0 of

linear equivalence from (7.1).

Example 66. In the case of a smooth, complete toric surface TV(Σ) with Σ(1) =
{a1, a2, . . . }, one always has relations of the sort ai−1 − bi a

i + ai+1 = 0 between
adjacent generators. This leads to the self intersection numbers (orb(ai))2 = −bi.

In particular, if C̃2 → C2 is the blowup of the origin given by the fan Σ with
Σ(1) = {(1, 0), (1, 1), (0, 1)}, then, despite the fact that it is not complete, one sees
that (E2) = −1 with E := orb (1, 1).
Let us assume that a0 = (−1, 0), ai = (pi, qi), with ai being numbered counter-
clockwise. Now, one can prove by induction that the self-intersection numbers −bi
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and the generators ai are related by the following continued fraction formula

[b1, . . . , bi] := b1 −
1

b2 −
1

. . .

=
qi
p′i
, with 0 < p′i < qi and p

′
i ≡ pi (mod qi).

15.2. Intersecting with Cartier divisors. For general, i.e. non-simplicial toric
varieties, intersection numbers as in (15.1) do not make sense. However, one can
always intersect cycles with Cartier divisors.

Let ∇ ⊆ MQ be a lattice polyhedron and Σ := N (∇). Then, every face Γ ≤ ∇
gives rise to two different geometric objects. First, in (7.1) we have constructed the
Cartier divisor div(Γ) on the toric variety TV(N (Γ)). Afterwards, in (14.2), we have
defined the cycle orb(Γ) ⊂ TV(Σ). Note that, in accordance with (6.1), this cycle
equals TV(N (Γ)). Now, the fundamental but trivial observation in intersecting
T -invariant cycles with Cartier divisors is

div(∇) · orb(Γ) = div(Γ).

Proof. According to (6.1), this formula is obtained by noting first that the vertices
of ∇ corresponding to cones σ ≥ τ := N (Γ,∇) are exactly those from Γ. Then,
one restricts the corresponding monomials by shifting Γ into the abelian subgroup
MΓ := Γ − Γ. This shift makes it possible to understand the above formula as a
relation between divisor classes. �

The projective way of expressing the formula for div(∇) from the end of (7.3) is

div(∇) =
∑

Γ

dist(0,Γ) · orb(Γ)

where Γ runs through the codimension-one faces (“facets”) of ∇ and dist(0,Γ)
denotes the oriented (positive, if 0 ∈ ∇) lattice distance of the origin to the affine
hyperplane containing Γ.

Example 67. Let∇ be the polyhedron from (14.1) describing the blowup C̃2 → C2

of the origin. Denoting the unique compact edge by e, we have that div(∇) =

−orb(e) = −E since 0 /∈ ∇. Thus, (E2) = − div(∇) · orb(e) = div(e) and the latter
describes the ample divisor class of degree one, i.e. a point, on P(e) = P1.

Corollary 68. (div(∇)k) = vol(∇) · k!.

Proof. We proceed by induction.

(div(∇)k) = (div(∇)k−1) ·
∑

Γ dist(0,Γ) · orb(Γ)

=
∑

Γ dist(0,Γ) · (div(Γ)
k−1)

=
∑

Γ dist(0,Γ) · vol(Γ) · (k − 1)! = k · vol(∇) · (k − 1)! .
�

15.3. A result for complexity-one T -varieties. We already know from (14.4)
that polytopes have to be replaced by divisorial polytopes when proceeding from
toric varieties to complexity-one T -varieties. To do intersection theory on a com-
plete complexity-one T -variety TV(S) we thus have to come up with a natural
extension of the volume function.

Definition 69. For a function h∗ : � → DivQ Y we define its volume to be

volh∗ :=
∑

P

∫

�

h∗P volMR
.
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We associate a mixed volume to functions h∗1, . . . , h
∗
k by setting

V (h∗1, . . . , h
∗
k) :=

k∑

i=1

(−1)i−1
∑

1≤j1≤...ji≤k

vol(h∗j1 + · · ·+ h∗ji) .

Proposition 70 ([PS], Proposition 3.31). Let S be a complete f-divisor on the curve
Y and let Dh be a semiample Cartier divisor on TV(S). Setting n := dimTV(S),
the top self-intersection number of Dh is given by

(Dh)
n = n! volh∗.

Moreover, assuming that h1, . . . , hn define semiample Cartier divisors Dhi
, we have

that

(Dh1 · · ·Dhn
) = n!V (h∗1, . . . , h

∗
n).

This assertion follows from the fact that (Dh)
n is equal to limk→∞

n!
kn dimΓ(kDh)

and the explicit description of the global sections from (9.2). Note that this state-
ment is a special instance of [Tim00, Theorem 8].

15.4. Intersection graphs for smooth C∗-surfaces. Let S =
∑
P SP ⊗ P to-

gether with deg = ∅ be a complete f-divisor in the lattice N = Z on a curve Y of
genus g. Let {P1, . . . , Pr} be the support of S and Si := SPi

. In this situation we
also write S =

∑
P SP ⊗ P =

∑r
i=1 Si ⊗ Pi.

The slices Si are complete subdivisions of Q into bounded and half-bounded inter-
vals. This data gives rise to a C∗-surface X = TV(S). Here, we only consider the
case of smooth surfaces (for a criterion on smoothness see (12.2)). Since we assume

that deg = ∅, T̃V(S) = TV(S). By the results on invariant prime divisors from
(6.3), we will find two horizontal prime divisors on X , one for each ray in the tail
fan {Q≤0, 0,Q≥0}. In the case of a C∗-surface a horizontal prime divisor is simply
a curve consisting of fixed points. Moreover, these curves turn out to be isomor-
phic to Y ; we will denote them by F+ and F−. In addition to these curves we get
vertical prime divisors corresponding to boundary points

pij
qij

∈ Si, i = 1, . . . , r and

j = 1, . . . , ni. Here we assume, that vi(j+1) :=
pi(j+1)

qi(j+1)
>

pij
qij

=: vij . These curves

are closures of maximal orbits of the C∗-action, and we will denote them by Dij .
Now, similar to the observations in [LS], it turns out that in a neighbourhood
of Di1, . . . , Diri , X is locally formally isomorphic to the toric surface spanned by
the rays (−1, 0), (pi1, qi1), . . . , (pini

, qini
), (1, 0) in a neighbourhood of the invariant

prime divisors. In particular, the mutual intersection behaviour of the Di1, . . . , Dini

is exactly the same as that of the invariant divisors of the toric surface. Hence, two
curves Dij and Dlm intersect (transversely) exactly when i = l and |m − j| = 1.
A curve Dij intersects F+ if and only if

pij
qij

is a maximal boundary point and it

intersects F− if and only if it is a minimal boundary point, i.e. j = 1. In addition,
we obtain the self-intersection number

c− = (F−)
2 = ((F− + div(χ1)) · F−) = ((

∑

i

vi1Di1) · F−) =
∑

i

vi1

and similarly

c+ = (F+)
2 = −

∑

i

vini
.

By the considerations in Example 66, the self-intersection numbers bij = −(Dij)
2

can be related to the boundary points vij =
pij
qij

using the formulae

qi1 = 1, [bi1, . . . , b
i
(j−1)] := bi1 −

1

bi2 −
1

. . .

=
qij
p′ij

.
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Hence, we obtain an intersection graph of the following form

ONMLHIJK−b11
ONMLHIJK−b12

ONMLHIJK−b1n1

F− WVUTPQRSc−
[g]

�������

sssssss

<<
<<

<<
<

KKK
KKK

K
...

...
...

WVUTPQRSc+
[g]

LLLLLLL

<<<<<<<

��
��

��
�

rrrrrrr
F+

ONMLHIJK−br1 ONMLHIJK−br2 ONMLHIJK−brnr

By Orlik and Wagreich [OW77], these graphs correspond to deformation classes of
C∗-surfaces with two curves of consisting of fixed points. We indeed obtain families
of surfaces having these intersection graphs by varying Y together with the point
configuration P1, . . . , Pr and by adding algebraic families of degree zero divisors to
S.
We can also reverse the procedure to obtain an f-divisor out of an intersection
graph. Choose any integral vi1 = pi1 satisfying

∑
i vi1 = c−. The remaining vij are

then determined by the bij via the above continued fractions. Choosing any genus g
curve Y and pairwise different points P1, . . . , Pr ∈ Y then determines an f-divisor.
The open choices of the Y , of P1, . . . , Pr ∈ Y , and of particular vi1 reflect the fact
that the intersection graph only determines the topological type of X .

Remark 71. The Neron-Severi group of a C∗-surface is generated by the the curves
F±, Dij , D0. Here the curve D0 corresponds to the vertex of a trivial coefficient of
S and its intersection behaviour is given by D2

0 = 0, D0 ·F± = 1 and D0 ·Dij = 0.
The matrix of the intersection form is encoded by our graph and by the intersection
behaviour of D0. The relations between the generators are given as the kernel of
this matrix. Now Section 8 provides a representative of the canonical class

K = −F+ − F− −
∑

ij

Dij + (r + 2g − 2) ·D0.

Remark 72. In order to obtain arbitrary C∗-surfaces, Orlik and Wagreich con-
sidered a so-called canonical equivariant resolution of the surface. This resolution
is always of the above type. In our notation this is the same as considering the

minimal resolution of T̃V(S) for an arbitrary C∗-surface given as TV(S).
Recall from the downgrade procedure in Section 4.2 that TV(S) is toric if Y = P1

and the support of S consists of at most two points (i.e. (Y, supp(D)) is a toric
pair). By the above, such an f-divisor corresponds to a circular intersection graph
with g = 0.

16. Deformations

16.1. Deformations of affine toric varieties. An equivariant deformation of a
T -variety X is a T -equivariant pullback diagram

X //

��

X
π��

0 // S

where π is a flat map. The torus T acts on X , X , and S, and the T -action on the
total space X induces the given action on the special fiber X = π−1(0).
A deformation of X over C[ε]/(ε2) such that T acts on ε with weight r ∈ M is
called homogeneous of degree −r. This induces an M -grading on the module T 1

X

of first order deformations. We fix now some primitive degree r ∈ M , along with
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a cosection s∗ : N → Nr := N ∩ r⊥. Non-primitive degrees can also be handled at
the cost of more complex notation.
Consider now an affine toric variety X = TV(σ). Using the toric description of
ΩX [Dan78], σ determines a complex that allows one to compute T 1

X(−r) and, if
X is non-singular in codimension 2, T 2

X(−r) [Alt94, Alt97a].
T 1
X(−r) may also be described as a vector space of Minkowski summands of the

polyhedron σr := s∗(σ ∩ {r = 1}): the set of scalar multiples of Minkowski sum-
mands of a polyhedron ∆ forms a cone C(∆), with Grothendieck group V (∆) :=
C(∆) − C(∆). For example, if ∆ is a parallelogram, C(∆) is two-dimensional,
spanned by the edges of ∆. Then T 1

X(−r) may be described by augmenting V (σr)
with information about possible non-lattice vertices of σr [Alt00, Theorem 2.5].

Definition 73. A Minkowski decomposition of a polyhedron ∆ is a Minkowski sum
∆ =

∑
∆i of polyhedra ∆i with common tailcone. It is admissible if for each face

of ∆, at most one of the corresponding faces face(∆i, u) does not contain lattice
points.

For degrees r ∈ σ∨, admissible decompositions σr = ∆0 + · · · + ∆l allow one to
construct toric deformations, where X is a toric variety and the embedding X →֒ X
is a morphism of toric varieties. Similarly to the Cayley cone in (12.2), we define

the cone σ̃ in Ñ := Nr⊕Zl+1 generated by ∆i×{ei}, 0 ≤ i ≤ l. Taking X = TV(σ̃),

the binomials χ[0,ei] − χ[0,e0] define a map π : X → Cl.

Theorem 74 ([Alt00, Theorem 3.2]).

(1) X → Cl is a toric deformation of X.
(2) The corresponding Kodaira-Spencer map Cl → T 1

X(−r) maps ei to the class
of the Minkowski summand ∆i ∈ C(σr) ⊂ V (σr).

Example 75. We consider deformations of the cone over the rational normal curve
from Example 1 with r = [0, 1]. The non-trivial Minkowski decompositions of σr =
conv{(− 1

2 , 1), (
1
2 , 1)} correspond to the decompositions of the interval [− 1

2 ,
1
2 ] =

[− 1
2 , 0] + [0, 12 ] = {− 1

2} + [0, 1]. For the first decomposition, we get the cones
(generated by the columns of)

σ̃ =



− 1

2 0 0 1
2

1 1 0 0
0 0 1 1


 σ̃∨ =



−2 0 0 2
0 0 1 1
1 1 0 0


 ,

with Hilbert basis E = {[e, 0, 1] | −2 ≤ e ≤ 0} ∪ {[e, 1, 0] | 0 ≤ e ≤ 2}. The
equations for TV(σ̃) and those corresponding to the second decomposition are

rank

(
y0 y1 y′2 y3
y1 y2 y3 y4

)
≤ 1 rank



y0 y1 y2
y1 y′2 y3
y2 y3 y4


 ≤ 1.

yielding two one-parameter deformations with deformation parameters s = y2 − y′2
of degree r. These two one-parameter deformations generate T 1(−r). This is in
fact Pinkham’s famous example of a singularity whose versal base space consists
of two irreducible components; we see curves from both components via the above
toric deformations.

This construction may be generalized to degrees r 6∈ σ∨ by deforming the toric
variety associated with τ = σ ∩ {r ≥ 0} [Alt00], but the total spaces are no longer
toric. The resulting families arise naturally in the language of polyhedral divisors
as explained in (16.2), or by Mavlyutov’s approach using Cox rings [Mav].
It is even possible to describe the homogeneous parts of the versal deformation

if X is non-singular in codimension 2. The universal Minkowski summand C̃(σr)
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[r=1]

(a) σr

−1 0 1

=
−1 0 1

+
−1 0 1

=
−1 0 1

+
−1 0 1

(b) Two decompositions.

Figure 15. Toric deformations of the cone over the rational nor-
mal curve.
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0
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(b) Restrictions of E.

Figure 16. One-parameter toric deformation as deformation of
p-divisors.

is a cone lying over C(σr). The associated map of toric varieties TV(C̃(σr)) →
TV(C(σr)) allows one to obtain a family X → M, where the scheme M is deter-
mined by C(σr) ⊂ V (σr).

Theorem 76 ([Alt97b],[AK]). X → M is the versal deformation of X in degree
−r. If X is an isolated Gorenstein singularity, then T 1 is concentrated in the
Gorenstein degree r0, so X is the versal deformation.

16.2. Equivariant deformations of affine T -varieties. Suppose now that X
is some affine T -variety. By restricting the torus action to the subtorus Tr :=
ker(r : T → C∗), the study of deformations in degree r may be reduced to the study
of invariant deformations of the Tr-variety X .
Thus, in the following, we replace T by Tr, and consider equivariant deformations
in degree r = 0. In particular, the torus T acts trivially on the base, and acts
on every fiber. Such families may be described by families of polyhedral divisors:
the total space X over B corresponds to a p-divisor E on Z → B that restricts to
p-divisors Es = E|Zs

with Xs = TV(Es). See Figure 16 for a simple example.
Note that when two prime divisors on Z restrict to the same prime divisor on a
fiber Zs, their polyhedral coefficients are added via Minkowski summation. If we
wish to fix some central fiber X = TV(D), we may obtain invariant deformations
of X in two ways. First of all, we may simply move prime divisors on the base
of Y . Secondly, for more interesting deformations, we may split up some of the
polyhedral coefficients into Minkowski sums. Requiring that X is the fiber X0

implies that these Minkowski decompositions must be admissible.
Concretely, we say that a deformation of (Y, {Di}) is a deformation Z → B of Y
together with a collection of prime divisors {Ei,j} such that no Ei,j contains fibers of
Z → B and such that each Ei,j restricts to Di in Y . Given li-parameter Minkowski

decompositions DDi
=
∑

∆j
i of the coefficients DDi

, we define a polyhedral divisor

E on Z by setting EEi,j
= ∆j

i .

Theorem 77 ([IVa, Section 2]). If Y = P1 and the given Minkowski decompositions
are admissible, then there exists a deformation (Z, {Ei,j}) of (Y, {Di}), where Z is
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the trivial family over some open subset of Cl, l =
∑
li, such that E is a p-divisor,

and X = TV(E) → Cl is an invariant deformation of X. The fibers of this family
are T -varieties TV(Es), where Es is the restriction of E to the fiber Zs.

Example 78. Suppose X = TV(σ) is toric, and consider some degree r. By
downgrading the torus action to the torus Tr = Nr ⊗ C∗, we obtain the p-divisor
D = σr ⊗ {0}+ σ−r ⊗ {∞} on P1. A Minkowski decomposition of σr gives rise to
an invariant deformation TV(E) of the Tr-variety X . This deformation is equal to
the corresponding deformation obtained in (16.1), whether r ∈ σ∨ or not. The case
of a one-parameter deformation is illustrated in Figure 16. Note that σ−r = ∅ if
and only if r 6∈ σ∨, so for r ∈ σ∨, D∞ has coefficient ∅, and E is actually defined
on Al+1.
In particular, the deformations of Example 75 are Tr-varieties with divisors

E1 = [− 1
2 , 0]⊗D0 + [0, 12 ]⊗D1

E2 = − 1
2 ⊗D0 + [0, 1]⊗D1

on A2 = SpecC[x, s], with D0 = V (x) and D1 = V (s− x). Here, s is the deforma-
tion parameter.

16.3. Deformations of complete toric varieties. Consider now a rational com-
plexity-one T -varietyX defined by a set S of p-divisors as in section 4.4 on Y = P1.
It is possible to construct invariant deformations of X by constructing invariant
deformations of TV(D) for all D ∈ S subject to certain compatibility conditions, see
[IVa, Section 4]. This construction can in particular be used to obtain deformations
of non-affine toric varieties.
There is an especially nice result for the case of complete and smooth toric varieties.
Let Σ be a complete fan in NQ describing a smooth toric variety X , and let r be as

before. For any ray ρ ∈ Σ(1) with 〈ρ, r〉 = 1, let Γρ(−r) be the graph embedded in

NQ ∩ {r = 1} with vertices consisting of rays τ ∈ Σ(1) \ ρ fulfilling 〈τ, r〉 > 0. Two
vertices τ1, τ2 of Γρ(−r) are connected by an edge if they generate a cone in Σ.
After applying any cosection s∗ : N → Nr mapping ρ to the origin, we can consider
Γρ(−r) to actually be embedded in NQ ∩ r⊥. Let Ω(−r) denote the set of all rays
ρ of Σ such that Γρ(−r) is not empty.

Theorem 79 ([Ilt11], Proposition 2.4). There is an isomorphism

H1(X, TX)(−r) ∼=
⊕

ρ

H0(Γρ(−r),C)/C

describing first-order infinitesimal deformations of X.

Now fix some ρ ∈ Ω(−r) and choose some connected component C of Γρ(−r). For
each σ ∈ Σ, define a Minkowski decomposition of σr via

σr =

{
σr + tail(σr) σr ∩ C = ∅

tail(σr) + σr σr ∩ C 6= ∅.

Theorem 80 ([IVa], Section 4).

(1) The toric deformations of TV(σ) for σ ∈ Σ constructed from the above
decompositions of σr glue to an equivariant deformation π(C, ρ, r) of X =
TV(Σ).

(2) Letting C range over all connected components of Γρ(−r), the images of
the π(C, ρ, r) under the Kodaira-Spencer map span H0(Γρ(−r),C)/C.

Example 81. We consider the fourth Hirzebruch surface F4 = ProjP1(O ⊕O(4)).
This is a toric variety, and a fan Σ with TV(Σ) = F4 is pictured in Figure 17(a).
Considering r = [0, 1] and ρ the ray through (0, 1), we get that Γρ(−r) consists
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of two points. Thus, dimT 1
F4
(−r) = 1. A one-parameter deformation spanning

this part of T 1
F4

can be constructed from the Minkowski decomposition pictured in

Figure 17(b); the lines {∆0} and {∆1} picture the 0th and 1st summands dilated by
a factor of two. This Minkowski decomposition comes from choosing the connected
component C = {−1/3} of Γρ(−r).
Note that the general fiber of this deformation is the second Hirzebruch surface
F2 = ProjP1(O ⊕ O(2)). Indeed, the general fiber is given by a collection of p-
divisors on P1 with slices {∆0} and {∆1}. Performing a toric upgrade yields the
fan in Figure 17(c), which is a fan for F2.
In these lattice coordinates, T 1

F4
also has one dimensional components in degrees

−[1, 1] and −[2, 1]. The general fibers of the corresponding homogeneous deforma-
tions are P1 × P1 and F2, respectively.

-1 0 1
-1

0

1

2

3

[r = 1]
ρ

(a) Fan for F4.

{∆0}

{∆1}

Σ ∩ [r = 1]

− 1
3 0

0 1
(b) A Minkowski decomposition.

-1 0 1
-1

0

1

2

3

(c) Fan for F2.

Figure 17. Deforming F4 to F2.

17. Related constructions

17.1. A non-toric view on p-divisors. We return to the setting of (2.3) and con-
sider affine T -varieties. Let us assume that D =

∑
i∆i⊗Zi is a p-divisor on Y . Note

that, in contrast to (2.3), we have symmetrized the notation of the tensor factors,
i.e. ∆i ∈ Pol+Q (N, σ) and Zi ∈ CaDiv≥0(Y ). In the current section, we moreover
adopt another convention differing from (2.3). Setting Y := Loc(D), this variety is
no longer complete. Nevertheless, it is projective over Y0 := Spec Γ(Y,OY ). Thus,
we can now assume that the polyhedra ∆i are non-empty.

If ∆ :=
∑

i∆i (which equals degD from (5.1) if Y is a complete curve), then N (∆)
is a fan in MQ which refines the polyhedral cone σ∨. Note that we usually would
not construct a toric variety from these data since the fan is given in the “wrong”
space MQ instead of NQ. However, we make an exception here and define

W := P(∆) = TV(N (∆)) −→ TV(σ∨) =:W0.

This is a projective map, and the polyhedra ∆i can be interpreted as semiample
divisors Ei on W . Thus, D =

∑
iEi ⊗ Zi becomes a “double divisor”, i.e. an

element of CaDivQ(W )⊗Z CaDivQ(Y ).

17.2. Symmetrizing equivalences between p-divisors. The equivalence rela-
tions on p-divisors mentioned just before Theorem 4 in (2.3) can also be expressed
in the symmetric language of (17.1). First, the operation of pulling back D via a
modification ϕ : Y ′ → Y can be contrasted with pulling back D via a toric mod-
ification ψ : W ′ → W . The latter corresponds to giving a subdivision of the fan
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N (∆); both Ei and ψ
∗Ei correspond to the same polyhedron ∆i.

Second, let us recall from (2.3) the notion of a principal polyhedral divisor (a +
σ) ⊗ div(f) with a ∈ N and f ∈ C(Y )∗. In our new setting it is equal to
div(χ−a) ⊗ div(f), i.e. the latter can be understood as a “double principal divi-
sor”.

17.3. Interpreting evaluations. Recall from (2.3) that elements u ∈ M were
associated to an evaluation D(u) =

∑
imin〈∆i, u〉 · Zi ∈ CaDivQ(Y ). To interpret

this construction within the language of (17.1), we have to understand the former
characters u of T as germs of curves in W , i.e. as maps u : (C, 0) → W . Note that
the scalar min〈∆i, u〉 equals the multiplicity of u∗Ei at the origin or, likewise, the
intersection number (Ei · u∗OC1) in W . Hence, the sheaf OY (D) on Y corresponds
to
∑

i(Ei · U)Di where U := ⊕u u∗OC1 is a quasi-coherent sheaf on W with one-
dimensional support.

The idea behind the preceding construction is that T̃V(D) → Y looks like a fibration
which becomes degenerate over each divisor Zi ⊂ Y , and the polyhedron ∆i tells
us what the degeneration looks like. Translating these polyhedra into divisors Ei
on a toric variety W is linked to the fact that the fibers of T̃V(D) → Y are also
toric. We hope that this might serve as a general pattern to describe degenerate
fibrations of a certain type in a much broader context. We conclude this section
with a construction pointing into this direction.

17.4. Abelian Galois covers of P1. Let A be a finite, abelian group. Every
divisor D ∈ Div0A P1 := A⊗ZDiv0 P1 of degree 0 can then be understood as a linear
map A∗ → Div0Q/Z P

1, u 7→ D(u) where A∗ := Hom(A,Q/Z) denotes the dual

group. Choosing arbitrary lifts Du ∈ Div0Q P1 and, afterwards, rational functions

fu,v = fv,u ∈ C(P1) which satisfy

Du +Dv + div(fu,v) = Du+v,

we may, after possibly correcting the functions fuv by suitable constants, assume
that fu,v+w fv,w = fu,v fu+v,w. Then we can define a multiplication via

OP1(Du)⊗OP1(Dv) −→ OP1(Du+v)
f ⊗ g 7→ fg f−1

u,v

which provides the sheaf

O(D) :=
⊕

u∈A∗

OP1(Du).

with an associative and commutative OP1-algebra structure. Up to isomorphism,
the latter does not depend on the choices we have made. Finally, the Galois covering
associated to D is defined as the relative spectrum C(D) := SpecP1 O(D).

Proposition 82 ([AP, Theorem 3.2]). The relative spectrum C(D) yields a Galois
covering π : C(D) → P1 whose ramification points are contained in suppD. The
ramification index of P ∈ C equals the order of the D-coefficient of π(P ) inside A.

Example 83. If D ∈ DivZ P1 is an effective divisor with n| degD, then the as-
sociated well-known cyclic n-fold covering of P1 is given, via the above recipe, by
understanding D as an element of Div0Z/nZ P

1.
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