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Notes on the life and work of J6zef Maria Ho ene-W ro«ski

Abstract

This article is about Hoene-Wo«ski (1776{1853), one of the most
original gures in the history of sciencelt waswritten on the basisof
two talks delivered by the author during the sessionof Impanga \A
tribute to Jozef Hoene-Wro«ski"?, which took place on January 12
and 13, 2007in the Institute of Mathematics of the Polish Acaderny
of Sciencedn Warsaw.

To reach the source, one hasto swim against the current.
Stanis®awv J. Lec

1. Intro duction and a short biograph y. This article is about Jozef
Maria Hoene-Wo«ski. He was| primarily | anuncompromisingsearder
of truth in science.He was alsoa very original philosopher. Finally, he was
an extremely hard worker.

When reading various texts about his life and work and trying to un-
derstand this human being, | couldn't help recalling the following motto:

Learn from great people great things which they have taught us. Their
weaknessesare of secondary importance.

A short biograph y of Jézef Maria Ho ene-W ro«ski:

1776 born on August 23 in Wolsztyn;
1794 joins the Polish army;
1795{1797 seresin the Russianarmy;

I
I
I
1797{1800 | studiesin Germarny;
I
I
I
I

1800 comesto Franceand joins the Polish Legionsin Marseilles;
1803 publisheshis rst work Critic al philosophyof Kant;

1810 marries V. H. Sarrazin de Montferrier;

1853 dieson August 9 in Neuilly near Paris.

Translated by Jan Spali«ski. This paper wasoriginally published in the Polish journal
Wiadomoz+ci Matematyczne (Ann. Sac. Math. Pol.) vol. 43 (2007). We thank the Editors
of this journal for permission to reprint the paper.

limpanga is the name of a group working on algebraic geometry and algebra since
2000 in the Institute of Mathematics of the Polish Academy of Sciences.During the
sessionmentioned above lectures were preserted by: R. Murawski: The philosophy of
Hoene-Wro«ski, T. Maszczyk: The highest Law of H-W, W. Karkuci«ska: The legacy of
H-W in the Kérnik Library, W. Wijsaw: Mathematics at the time of H-W, P. Doma«ski:
The work of Banach on the highest Law of H-W, W. Woéjcik: The mathematics reform of
H-W and P. Pragacz: The life of H-W and H-W's contributions to algebma.



One could say that the starting point of the presen article is chapter
XI'l in [6]. | read this article a long time ago, and even though | read a
number of other publications about Hoene-Wo«ski, the content of this
chapter remained preser in my mind due to its balancedjudgments. Here
we will be mostly interestedin the mathematics of Wro«ski, and especially
in his cortributions to algebra and analysis. Therefore, we shall only give
the main facts from his life | the reader may nd more details in [9].
Regarding philosophy, we shall restrict our attention to the mostimportant
cortributions | more information canbefound in [36], [37], [47], and [10].
Finally, Wro«ski's most important technical invertions are only mertioned
here, without giving any details.

Jézef Maria Hoene-Wro«ski
(daguerreotype from the Kérnik Library)

2. Early years in Poland. J6zefHoenewasborn in Wolsztyn on Au-
gust 23 1776.His father, Antoni, was a Czed emigrart and a well known
architect. A year later the family moved to Pozna«, wherethe father of the
future philosopher becamea famousbuilder (in 1779 Stanis?av August |
the last King of Poland | gave him the title of the royal architect). In the
years1786{1790J0zef attended school in Pozna«. In uenced by the politi-
cal events of the time, he decidedto join the army. His father's opposition
wasgreat, but the boy's determination was even greater. (Determination is

2various sourcesgive the 20 and the 24 of August.



certainly the key characteristic of Wro«ski's nature.) In 1792 he run away
from home and changed his nhame, to make his father's searc more di -
cult. From that time on he was called J6zef Wro«ski and under that name
he was drafted by the artillery corps.In the uprising of 1794 he was noted
for his bravery, and was quickly promoted. During the defenseof Warsaw
againstthe Prussianarmy he commandeda battery | and was awarded a
medal by commanderin chief TadeuszKozxciuszlo for his actions. He also
took part in the battle near Maciejowice, during which he wastakento cap-
tivit y. At that time he made the decisionto join the Russianarmy. What
wasthe reasonfor such a decisionwe do not know; while consulting various
materials on the life of Wro«ski, | haven't found a trace of an explanation.
Maybe | this is just a guess| he counted on the possibility of gaining
an education in Russia: Wro«ski's main desirewas a deepunderstanding of
the laws of scienceand theseare universal:the samein Russiaaselsewhere
;1. After being promoted to the rank of captain, he becamean advisor
of the General Sta of Suworow. In the years 1795{1797 he serwesin the
Russianarmy and is promoted to the rank of lieutenant-colonel.

3. Departure from Poland. The information about the suddendeath
of his father changed Wro«ski's plans. He inherited a large sum, which
allowed him to dewote himself to his studies, as he wanted for a long time.
He quit the army and travelled West. Greatly inspired by Kant's philosophy,
he arrived at Konigsherg. Howewver, when he found out that Kant is no
longer giving lectures, Wro«ski left for Halle and Gettingen. In 1800 he
visited England, and afterwards cameto France.Fascinatedby Djbro wski's
Legions,he asked the generalfor permissionto join them. Djbro wski agreed
(howewer he did not honor the rank Wro«ski gained in Tzar's army) and
sert him to Marseilles. There, Wro«ski could combine his servicewith his
love for science.He becamea member of Marseilles' Acadeny of Science
and Marseilles' Medical Scciety.

In Marseilles Wro«ski underwent an enlightenmert. This turning point
in his life was a vision, which he had on August 15, 1803 at a ball on
Napoleon'sbirthday. As he had describedit, he had a feeling of anxiety and
of certainty, that he would discover the \essenceof the Absolute”. Later he
held that he understood the mystery of the beginning of the universeand
the laws which govern it. From that time on he decidedto reform human
thought and create a universal philosophical system. In remenbrance of
that day he took the name of Maria and went down in history of scienceas
JozefMaria Hoene-Wro«ski. Wro«ski's reform of human knowledgewas to
be basedon a deepreform of mathematics by discovering its fundamental



laws and methods. At the sametime he posedthe problem of solving the
following three key issuesin (applied) mathematics:

1. Discovering the relation betweenmatter and energy (note Wro«ski's
incredibly deepinsight here);

2. the formation of celestial objects;
3. the formation of the universefrom the celestial objects.

The most visible characteristic of Wro«ski's work is his determination to
base all knowledge on philosophy, by nding the general principle, from
which all other knowledgewould follow.

Resourcemneededto publish papers have quickly run out, and Wro«ski
started to support himself by giving private lessonsof mathematics. Among
his studernts was Victoria Henriette Sarrazin de Montferrier. The teader
liked this student somuch, that in 1810shebecamehis wife. In Septenber
of the sameyear Wro«ski headsfor the conquestof Paris.

4. Paris: solving equations, algorithms, contin ued fractions and
struggles with the Academ y. In 1811 Wro«ski publishes Philosophy of
Mathematics [14] (seealso[24]). Even earlier he hassingled out two aspects
of mathematical endeavor:

1. theories, whoseaim is the study of the essenceof mathematical no-
tions;

2. algorithmic techniques, which comprise all methods leading to the
computation of mathematical unknowns.

The secondpoint above shows that Wro«ski was a pioneer of \algorith-
mic" thinking in mathematics. He gave many clever algorithms for solving
important mathematical problems.

In 1812 Wro«ski publishesan article about solving equations of all de-
grees[15] (seealso [20]). It seemsthat, without this paper, Wro«ski's sci-
entic position would be clearer. In this paper Wro«ski holds that he has
found algebmic methods to nd solutions of equations of arbitrary degree.
Howewer, sincel1799it hasbeenbelievedthat Ru ni hasprovedthe impos-
sibility of solving equations of degreegreater than 4 by radicals (Ru ni's
proof | consideredas essetially correct nowadays | at that time has
lead to cortroversy® and the mathematical community has acceptedthis

SRuni published his results in a book and in 1801 sert a copy to Lagrange, however
he did not receive any response.Legendre and other members of the Paris Academy did
not consider this work as worthy of attention. Only in 1821| a year before his death
| Runi received a letter from Cauchy who wrote that he considersRu ni's result as
very important.



result only after Abel has published it in 1824). So did Wro«ski question
the Ru ni{Ab el theorem?Or did he not know it? As much asin the later
yearsWro«ski really did not systematically study the mathematical litera-
ture, in the rst decadeof the nineteerth certury he has kept track of the
major cortributions. If one studies carefully the (dicult to understand)
deliberations and calculations, it seemghat, Wro«ski's method leadsto ap-
proximate solutions, in which the error can be made arbitrarily small®. In
his argumerts besidesalgebraicmethods, we nd analytic and transcenden-
tal ones.This is the nature, for example, of his solution of the factorization
problem coming from the work cited above, which we describe belowv. This
type of approad is not quite original, it has beenusedby Newton for ex-
ample®. Since Wro«ski consideredthis work soimportant (it was reprinted
again towards the end of 1840)| in order to gain a true picture of the
situation | it would be better to publish a new version with appropriate
commerts of someonecompetert, explaining what Wro«ski doesand what
he does not do.

| think that such a competert personcould have beenAlain Lascoux,
who, reading this and other works of Wro«ski, could see,that he was ad-
dressingthe following three algebraicproblems, connectedwith polynomials
of one variable and Euclid's algorithm for such polynomials:

1. Consider two normed polynomials F(x) and G(x). Suppose that
deg(F) - deg(G). Performing multiple division of F (x) and G(x):

F= G+ ¢Ry; G= R1+ &Ry R1= R, + c3R3;

Successie coecients \ " are uniquely determined polynomials of the
variable x such that

degG(x) > degR1(x) > degR2(x) > degR3(x) > ::::

Instead of the \ordinary" Euclid's algorithm, werec; = c; = 3= :::=1
and where Rj(x) are rational functions of the variable x and roots of F (x)
and G(x), one can choosec; in such a way that the successie remainders
Ri(x) are polynomials of the variable x and of those roots. These remain-
ders are called normed polynomial remainders or subresultants Wro«ski
constructed a clever algorithm for nding R;(x) (see[2§], [29], [30]). Note
that J. J. Sylvester has found other formulas for these remaindersin [43]
| although their validity has beenestablishedonly very recerily, see[31].

41t is interesting that the authors of [6] have reached a similar opinion, but without
further details.
5Methods of Newton{Raphson and Laguerre are known.



2. Using the algorithm in 1. and passingto the limit, Wro«ski [15] (see
also [20]) also solved the following important factorization problent

Suppmse that we are given a normed polynomial W (x) 2 C[x], which dces
not haveroots of absolutevalue 1. Let

A=fa2C:W(a) = 0;ja > 1g; B:=fb2C:W(b)=0;jh< 1g:

Extract a factor Qsz(x b) from W(x) .

We give | following Lascoux [29] | Wro«ski's solution in terms of
the Schur functions (here we usethe de nitions and notation for the Sdur
functions from [29] and [30Q]). The coe cien ts of the polynomial W(x),
from which we wish to extract a factor corresponding to roots of absolute
value smaller than 1, are the elemenary symmetric functions of A[ B
| the sum of (multi)sets A and B. Therefore the problem boils down to
expressingelemenary symmetric functions of the variable B, in terms of
the Schur functions of A[ B, denotedby S; (A + B). Let the cardinality of
the (multi)set A beequalto m. For1 2 N™ i k;p2 N we de ne

I(k):= (i1+ K;:::im + K); PI(k):= Q;::5; i+ ki im + k)

(where 1 is present p times). Let the cardinality of the (multi)set B be
equal n. Wro«ski's theorem (in Lascoux'sinterpretation [29]) states that

Swei ) (A + B)

X
= |i Py P
(x b k'.'{n ( 1)Px S A+ B)

b2 B ’ 0-p-n

(here | is an arbitrary sequencein N™). Notice that the solution usesa
passageto the limit; therefore besidesalgebraic argumerts, transcenden-
tal argumerts are also used. One can nd the proof of this result in [29].
Therefore, we seethat Wro«ski, looking for roots of algebraic equation, did
not limit himself to using radicals.

3. Assuming that degF) = deg(G) + 1, Wro«ski alsofound interesting
formulas for the remaindersR;(x) in terms of continued fractions (see[3(0],
where his formulas are also expressedn terms of the Schur functions).

We note that Wro«ski also used symmetric functions of the variables
X1;Xg;:::, and especially the aleph functions.



The aleph functions in three variables of degreel, 2 and 3
from Wro«ski's manuscript

More generally forn 2 Nwelet X = fx1;:::;X,gand de ne functions
@Xn]' by the formula

X . e
@xnl = 1 x) L
i- 0 j=1

i.e. @X,]' is the sum of all monomialsof degreei. Wro«ski consideredthese
functions as \more important” than the \p opular" elementary symmetric
functions. This intuition of Wro«ski hasgained| let'scallit | justi cation
in the theory of symmetrization operators [30] | in the theory of Grebner
bases| soimportant in computer algebra (see e.g. [39]), as well asin
the modern intersection theory in algebraic geometry [11], using rather
Sare classes which correspond to aleph functions, than Chern classes
corresponding to elemenary symmetric polynomials. Here we quote one of
the main creators of intersection theory | W. Fulton [11], p. 47:

Sare classesfor normal cones have other remarkable properties not
shared by Chern classes.
All this shows that Wro«ski had an unusually deep intuition regarding
mathematics.

In Wro«ski's time there was a fascination with continued fractions®.
As much as the earlier generationsof mathematicians (Bombelli, Cataldi,

5The history of contin ued fractions is describedin [4]. The nineteenth certury can be
described | without exaggeration| asthe golden age of contin ued fractions. This was
the time when this topic was known to every mathematician. The following are among
those who were seriously involved: Jacobi, Perron, Hermite, Gauss, Cauchy and Stieltjes.
Mathematicians studied contin ued fractions involving functions aswell asthose involving
numbers (the sameremark applies to the previous certury, especially regarding the ac-
tivit y of Euler and Lambert). However it was Wro«ski who was the pioneer of functional
contin ued fractions in interpolation theory | this fact, surprisingly, was noticed for the
rst time only recertly by Lascoux [30].



Walllis, Huygens, Euler, Lambert, Lagrange::: ) wereinterested mainly in
expressingirrational numbers as cortinued fractions, obtaining sud spec-
tacular results as:

p_ 1 1
2=1+ T ; e=2+ T ;
2+ ——— It ———
2+ 2+ L 2+ 3+ 3
1
=3+ 7
6+ =2
6+ —
6+ =~

| in Wro«ski's time attempts were made mainly to expressfunctions of
one variable as cortinued fractions. Already in Philosophy of Mathematics
[14] from 1811 Wro«ski consideredthe problem of interpolation of a func-
tion of onevariable f (x) by continued fractions. Let g(x) be an auxiliary

function vanishingat 0, and | anauxiliary parameter. Wro«ski givesthe
expansionof f (x) asa continued fraction
f() = ao+ X
o+ gix )
1
o4 X 2)
’ (x_3)
C3 + g
expressing unknown parameters cg, €1, Cp, ::: in terms of f(0), f (),
f(2),:::. This is connectedwith the Thiele continued fractions [44]. A few

yearslater Wro«ski gave even more generalcortin ued fractions, considering
instead of oneauxiliary function g(x) a systemof functions go(x); g1(X);:::,
vanishing at various points:

0=00( 0)=01( 1) =0 2)=::::

Wro«ski givesdeterminantal formulasf ( ;),i = 0;1;:::, for the coe cien ts
G,j = 0;1;:::,in the expansion
f (X) = ¢+ gO(X)
o 4 g1(x)
1
o+ X
’ )
C3 + %



These expansionsare connectedwith the Stieltjes continued fractions [42]
and play a key role in interpolation theory. In his book [30], Lascouxcalled
them the Wro«ski continued fractions, therefore bringing Wro«ski's name
for the secondtime (after Wro«skians) into the mathematical literature.
More details, as well as specic referencesto Wro«ski's papers, can be
found in [30].

In 1812 Wro«ski published Criticism of Lagrange's theory of analytic
functions [16]. Wro«ski's views on this subject were sharedby a number of
other mathematicians, among others Poisson. The criticism regarded par-
ticularly the problem of interpretation of \in nitely small values™" and the
incomplete derivation of the Taylor formula. This is the paper where Wro«s-
ki introducesfor the rst time \combinatorial sums" containing derivatives,
today called Wro«skians

In these years Wro«ski searted for a solid foundation for his plans;
he thought that he will nd it in the most distinguished scierti ¢ institu-
tion: The French Acadeny. In 1810he sert to the Acadeny | to establish
cortact | the article On the fundamental principles of algorithmic meth-
ods containing the \Highest Law", which allows expanding functions of one
variable into a seried. The committee judging the article had established
that Wro«ski's formula encompassesill expansionsknown until that time,
the Taylor formula for example,but withheld con rming the validity of for-
mula in its most generalform. Wro«ski insisted on a de nitiv e answer, and
| in anticipation of a dispute | declinedto acceptthe status of a Corre-
sponding Member of the Acadeny suggestedby Lagrange. The Acadeny
did not give an o cial responseneither to Wro«ski's reply, nor to his fur-
ther letters. On top of that, such a seriouswork as the earlier mentioned
Philosophy of Mathematics was not noticed by the Acadeny, aswell asthe
article On solutions of equations. Of course,the attitude of the Acadeny
with respect to Criticism of Lagrange's theory of analytic functions could
not have beendi erent and not hostile towards Wro«ski. In the committee
judging the article was::: Lagrangehimself and his colleaguesBecauseof
the negative opinion, Wro«ski withdrew his paper from the Acadeny, di-
recting | accordingto his character| bitter words towards the academics
from Paris (phrases:\b orn enemiesof truth”, \les savants sur brevets" are

"The name \The Highest Law" usedto describe the possibility of expanding a func-
tion into a seriesmay seema hit pompous. We should remember, however, that math-
ematicians of that time were fascinated by the possibility of \passing to in nit y". This
fascination concernednot only in nite series,but alsoin nite contin ued fractions. Today
there is nothing special about in nit y: if a spaceneedsto be compacti ed, onejust \adds
a point at innit y" ::: . Wro«ski and his contemporaries treated in nit y with great owe
and respect as a great transcendertal secret.



among::: the milder ones).

At this time, Wro«ski's material situation has become much worse.
While working on his publications, he has neglectedhis teaching, and the
illness of his wife and child forced him to sell all of his possessionsDespite
all e orts, the child could not be saved, and Wro«ski dressedin worn out
clothesand clogs.He asked Napoleonhimself for funding, however Napoleon
was not interested in his activity. Wro«ski lived on the edge of the large
Polish emigration in Paris, eventhough | ashe bitterly statesin his diaries
| he dedicated his treatise on equationsto his Polish homeland.

A (nancially) important momert was Wro«ski's meeting with P. Ar-
son,a wealthy merchant and banker from Nice, to whom Wro«ski wasintro-
duced by his old friend Ph. Girard (by the way, Girard was the founder of
»yrardo w, a Polish town). Arson, fascinated by Wro«ski's ideas, promised
to fund his activity for a few years. In return, Wro«ski was to reveal him
the secretof the Absolute. This strange bond of a philosopherand a banker
lasted until 1816r. Arson, Wro«ski's secretary nally insisted the revealing
of the secret,and when the mentor did not do so, Arson took him to court.
The matter becomesowell known, that after a few yearsit wasthe theme of
one of Balzac's books The serch for the Absolute Arson resignedhis post,
but had to pay the debts of his ex-mertor (becauseWro«ski won in court,
by corvincing the judge, that he knows the mystery of the Absolute). At
that time Wro«ski publishesLe Sphinx, a journal which wasto popularize
his sacial doctrines.

The years 1814{1819bring more Wro«ski's publications, mostly in the
area of philosophy of mathematics: Philosophy of in nity (1814), Philos-
ophy of algorithmic techniques (1815, 1816, 1817), Criticism of Laplae's
geneating functions. The Academny has neglectedall these publications.

5. The stay in England. In 1820Wro«ski went to England, in order
to compete for an award in a corntest for a method to measuredistancesin
navigation. This trip was very unfortunate. On the boarder, the customs
o cials took possessiorof all his instruments, which Wro«ski never recov-
ered. His papers were regarded as theoretical, and as sud not suitable for
the award. Finally, the secretary of the Board of Longitude, T. Young has
made certain important modi cations in the tables of his own authorship
on the basis of Wro«ski's notes sert to him, \forgetting” to mention who
should be given credit for theseimprovemerts. Of course, Wro«ski protest-
ed by sending a seriesof letters, also to the Royal Scciety. He had newver
received a response.

The very original Intr oduction to the lectures of mathematics[18] dates
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from this period (seealso[22]), written in English and published in London
in 1821.Wro«ski statesthere, that all positive knowledgeis basedon math-
ematics or in somesensedraws from it. Wro«ski divides the developmert
of mathematics into 4+1 periods:

1. works of the scholars of East and Egypt: concrete mathematics was
practiced, without the ability to raiseto abstract concepts;

2. the period from Tales and Pythagoras until the Renaissance:the
human mind roseto the level of high abstraction, however the discovered
mathematical truths existed as unrelated facts, not connectedby a general
principle as e.g.the description of the properties of conic sections;

3. the activity of Tartaglia, Cardano, Ferrari, Cavalieri, Bombelli, Fer-
mat, Vieta, Descartes,Kepler, ::: : mathematics roseto the study of gen-
eral laws thanks to algebra, but the achievemerts of mathematics are still
\individual" | the \general" laws of mathematics were still unknown;

4. the discovery of dierential and integral calculus by Newton and
Leibniz, expansionof functions into series,conin ued fractions popularized
by Euler, generating functions of Laplace, theory of analytic functions of
Lagrange. The human mind was able to raise from the consideration of
guartities themselhesto the consideration of their creation in the calculus
of functions, i.e. di erential calculus.

The fth period should begin with the discovery of the Highest Law
and algorithmic techniques by Wro«ski ; the developmert of mathematics
should be basedon the most general principles | \absolute ones"| en-
compassingall of mathematics. This is becauseall the methods and theories
up to that time do not exhaustthe essenceof mathematics, asthey lack a
generalfoundation, from which everything would follow. They are relative,
even though scienceshould look for absolute principles. Therefore, the fth
period foreseesa generalization of mathematics. Indeed, this will happen
later, but not on the basis of philosophy, as Wro«ski wanted. We men-
tion herethe following mathematical theories, which appearedsoon: group
theory (Galois), projective geometry (Monge, Poncelet), noneuclideange-
ometries (Sobaczewski,Bolyai, Gauss,Riemann) and set theory (Cantor).

6. Canons of logarithms | a bestseller. In 1823Wro«ski is back
in Paris and is working on mathematical tables and construction of math-
ematical instruments: an arithmetic ring (for multiplication and division)
and \arithmoscope" (for various arithmetic operations). Among Wro«ski's
adhievemerts in this matter, is his Canon of logarithms [19] (seealso [23]).
With the help of appropriate logarithms and cleverly devised decomposi-
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tion of a number into certain parts, commonfor di erent numbers, he was
able to set theseparts in sud a way, that thesetables, even for very large
numbers, t onto one page.For logarithms with 4 decimal placesthe whole
table can be tted into a pocket notebook. Wro«ski's Canon of logarithms
has beenpublished many times in di erent languages(and shaows that, be-
sidesvery hard to read treatises, he could also produce works which are
easierto comprehend).

In 1826 Wro«ski wert to Belgium for a short time, where he was able
to interest Belgian mathematicians in his achievemernts. In fact Belgian
sciertists were the rst to bring Hoene-Wo«ski into worldwide scienti c
literature.

In 1829 Wro«ski, fascinated by the advancesin technology, published a
treatise on the steam engine.

7. Letters to the rulers of Europ e. From around 1830 until the
end of his life Wro«ski focused exclusively on the notion of messianism.
At that time he published his well known Addressto the Slavonic nations
alout the destiny of the World and his most well-known works: Messianism,
Deliberations on messianismand Intr oduction to messianism At that time
he also sert memorandato Pope Leon XII and the Tsars, so that they
would badk his messianisticconcept.

One should also mertion, that Wro«ski sert letters to the rulers of
Europe instructing them how they should govern. These letters contained
speci ¢ mathematical formulas, how to rule. Here is an example of such a
formula from The Secret letter to his Majesty Prince Louis-Napoleon [21]
from 1851.

Let a be the degreeof anarchy, d | the degreeof despotism. Then

a= m+n m+npPr mPr_ m+n 2 m 2
m n n n m+n '
q= m+n m+nr P n ptr n 2 m+n 2r

m n m m+n m

where m = number of members of the liberal party, p = the deviation of
the philosophy of the liberal party from true religion, n = the number of
members of the religious party, r = the deviation of the religious party
from true philosophy. According to Wro«ski, for France one should take
p=r =1, and then

m 2; d= ﬂ 2:

n m

Moreover, ™ = 2, and soa = 4, d = %. This meansthat, political freedom
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| in France of Wro«ski's time | is four times the normal one, and the
authority of the governmert is one quarter of what is essefial.

(The application of the above formulas to the current Polish political
reality would be interesting ::: .)

8. Philosoph y. I. Kant's philosophy wasthe starting point of the phi-
losophy of Wro«ski, who hastransformed it into metaphysicsin a way anal-
ogousto Hegel's approach. Wro«ski has not only created a philosophical
system, but alsoits applications to politics, history, econony, law, psydol-
ogy, music (see[38]) and education. Existence and knowledgefollowed from
the Absolute, which he understood either as God, or asthe spirit, wisdom,
a thing in itself. He did not describe it, but he tried to infer from it a
universal law, which he called\The Law of Creation".

In his philosophy of history he predicted reconstruction of the political
system, from one full of contradictions to a completely reasonableone.
In the history of philosophy he distinguished four periods, ead of which
imposedon itself di erent aims:

1. east| material aims;

2. Greak-Roman| moral aims;

3. medieval | religious aims;

4. modern, until the XVIII certury | intellectual aims.

He treated the XIX-th certury asa transitional period, a time of com-
petition of two blocs: consenative bloc whoseaim is goodnessand liberal
bloc whoseaim is the truth.

Wro«ski is the most distinguished Polish messianic philosopher. It is
him (and not Mickiewicz nor Towia«ski) who introduced the notion of
\messianism". Wro«ski held, that it is the vocation of the human race to
establish a political system basedon reason,in which the union of good-
nessand truth and religion and sciencewill take place. The Messiah,who
will bring the human race into the period of happiness,is| accordingto
Wro«ski's concepts| precisely philosophy

Jerzy Braun was an expert and promoter of Wro«ski's philosophy in
Poland. His article Apercu de la philosophiede Wro«ski published in 1967
is much valued by the Frendh scholars of Wro«ski's philosophy.

9. Mathematics: The Highest Law, Wro«skians. Essertially,
Wro«ski worked on mathematical analysis and algebra. We have already
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discussedWro«ski's cortributions to algebra.In analysis® he was especially
interested in expanding functions in a power series and di er ential equa-
tions. Wro«ski's most interesting mathematical ideawashis generalmethod
of expanding a function f (x) of one variable x into a series

f(X) = c101(X) + C202(X) + Caga(X) + :::;

when the sequenceof functions gi(x); g2(x);::: is given beforehand, and
C1;Cp; . are numerical coe cien ts to be determined. Notice that if

G1(X); G2(x); 1

form an orthonormal basiswith respectto the standard, or any other, inner
product ( ; ) onthe (in nite dimensional) vector spaceof polynomials of
one variable, then for ead i we have

¢ = f(x)ag(x):

Howevwer, sudh a simple situation rarely happens.Wro«ski gave his method

of nding the coe cients ¢ the rank of The Highest Law. From today's
point of view the method lacked precision and rigor (for example, Wro«ski
did not considerthe matter of corvergence)howewer it corntained | besides
interesting calculations | useful ideas. These ideas were used much later

by Stefan Banad, who formulated them precisely and enriched them with

topological concepts,and proved that the Highest Law of Hoene-Wo«ski

can be usedin what is called today a Banach space, aswell asin the theory
of orthogonal polynomials. I will merntion here a little known letter of Hugo
Steinhausto Zo a Pawlikowska-Bro»ek:

Maybe you will nd the following fact concerning two Polish mathemati-
cians | Hoene-Wro«ski and Banach | interesting. In Lwéw we had an
edition of Wro«ski's work publishel in Paris and Banach showel me the
page written by the philosopherwhich discusse the \Highest Law"; appar-
ently Banach has proven to me, that Wro«ski is not discussingmessianic
philosophy| the matter concerns exmnding arbitrary functions into or-
thogonal ones (letter of 28.06.1969).

Banad preseried a formal lecture on applying Wro«ski's Highest Law
to functional analysisat a meeting in the Astronomic Institute in Warsaw,
which waschaired by the well-known astronomerTadeuszBanacdiewicz. He
also,asayoungreseartier, applied Wro«ski's results in oneof his paperson

8Strictly speaking, making a distinction between algebra and analysis is not strictly
correct, since Wro«ski often mixed algebraic and analytic methods.
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theoretical astronomy®. The cortent of Banad's lecture appearedin print
as [2]. We note that S. Kaczmarz and H. Steinhausin their book [26] on
orthogonal polynomials published in 1936have appealedfor an explanation
of Wro«ski's cortribution to the theory of those polynomials.

By deweloping the method of the Highest Law, Hoene-Wo«ski found
a way to compute the coe cien ts of a function series.In order to achieve
this, asauxiliary objects, he usedcertain determinants, which Thomas Muir
in 1882 calledWro«ski's determinants, or Wro«skians At that time, Muir
worked on a treatise on the theory of determinants [33]. Looking through
Wro«ski's papers, and especially Criticism of Lagrange'stheory of analytic
functions [16], Muir noticed that Wro«ski in a pioneering way intro duced
and systematically used \combinatorial sums"'°, denoted by the Hebrew

letter Shin | in modern languagecalled determinants | containing suc-
cessie derivatives of the functions presen:

fg® %  fgh%% gh% @+ hf YO hg¥ P fhY® gof h®

A fragment of page11 of a manuscript of [16] with combinatorial sums

In modern notation the Wro«skian of n real functions

9T. Banachiewicz applied the ideas of Wro«ski's Highest Law in the calculus of the
cracovians | see[3].

n contemporary mathematics determinants are always assaiated with matrices |
both conceptually and in notation. Historically , they were intro duced earlier than matri-
ces\as sumswith signs" and assuch were usedin computations, nding many interesting
properties, which seemto be natural only when using the language of matrices (as, for
example, the Binet{Cauc hy's theorem). Matrices wereintro duced around 1840by Cayley,
Hamilton, :::, and Sylvester created in the 1850-ties a transparent calculus of determi-
nants and minors basedon the notion of a matrix (seee.g. [43]).
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which are (n 1) times di erentiable, is de ned and denoted as follows:

fi fs fn
fp f2 f
W(fyfafy= 0 fQ @

ff” D fén Doogn D

(there also exists a Wro«skian of a system of vector valued functions).
Wro«skians are one of the basic tools in the theory of dierential equa-
tions ([1], [40]) and are socalled in the mathematical literature from every
part of the world. Probably, most often Wro«skiansare usedto test whether
a sequenceof functions is linearly independert:

Supmse that f1(x);:::;fn(x) are (n  1)-fold di er entiable functions.

linearly independent!?.

Properties and certain applications of Wro«skians were treated in [7].
The useof Wro«skiansis not con ned to analysis.In the classicalreference
work on the theory of invariants [13], the authors employ them in the al-
gebraictheory of binary forms. Analoguesof Wro«skians were constructed
in other parts of mathematics. For example, Wro«skians of linear systems
(Galbura [12], Laksov [27]), which are certain morphisms of vector bundles,
are an important tool in modern algebraic geometry: they are usedto the
Plucker formulas in enumerative geometry and the theory of Weierstrass
points. This pioneeringinvertion, or maybe discovery of Wro«ski, is really
very deep and lies at the heart of mathematics and proves Wro«ski's in-
credible feelfor what is really important. In particular, Wro«ski usedmore
generalfunctional determinants than Wro«skians at the time when deter-
minants of numerical matrices just begunto appear in the work of other
mathematicians.

In physics, Wro«ski was interested in the theory of optical instruments
and uid medanics. He improved steam engines, designeda medanical
calculator, createdthe conceptof \moving rails”, that is the contemporary
caterpillar tracks so once more he was ahead of his time for very many
years.

1The reverseimplication is| in general| not true.
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10. Wro«ski in the eyes of people in science and art. He wasa
geniusin many respects, and had the ability to work very hard. In the over
three hundred page biography of Wro«ski, Dickstein [9] writes:

His iron nature required little sleep and food, he begins work early in the
morning and only after a couple of hours of work he would have a meal
saying: \Now | haveearned my day".

and then he adds:

The seriousnessof his work and the struggle against misfortune did not
spoil his calm personality and cheerful character.

Wro«ski wrote a very large number of papersin mathematics, philoso-
phy, physicsand technical science(see[25] and [8]).

Palacein Kérnik near Poznax, cortaining a collection of Wro«ski's
original handwritten manuscripts. They may cortain interesting | unknown
to the public yet | mathematical results (picture by Stanis?av Nowak).

In 1875the Kornik Library purchaseda collection of Wro«ski's books, arti-
clesand manuscripts [25] from Wro«ski's adopted daughter Bathilde Con-
seillart. After his death his friends (most notably Leonard Nied'wiecki |

the good spirit of the Polish Emigration and a closefriend of Wro«ski) made
an e ort to publish Wro«ski's collectedworks (many wereleft in handwrit-
ten form). It hasturned out, that his works would Il 10 volumesof about
800 pagesead. Thirteen yearsafter his death, the Polish Sciertic Scociety
in Paris, whoseaim was bringing together all Polish sciertists, organized
a cortest for the evaluation of Wro«ski's works. Amongst the reasonswhy
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only one work was submitted to the cortest, and why Wro«ski's works |
besidesa closecircle of his \admirers” | were not very popular, is that
they were very hard to read. This was the e ect of aiming for the highest
generality and of joining mathematical conceptswith philosophical ones.
Indeed, Wro«ski is not easyto read| heis a very demanding author. He
was also very demanding during his life, rst of all of himself, but also of
others, and this did not win him friends, but rather made many enemies.
It wasadicult character;in [9] we nd:

He combinad extreme simplicity in his homelife with bold languageand
pride coming form a desp conviction alout his historic mission, and the
infal libility of his philosophy. He considered adversariesof his philosophy
as enemiesof the truth, and fought with them vehemently,often stating his
argumentsin a too personalway ::: .

Howewer, one should state clearly that during his life Wro«ski did not
receive any constructive review and criticism, which | besidespointing out
unclear passagesn his work | would also pick out truly ingeniousideas
(which were de nitely presen). The attitude of the French Acadeny does
not give it credit. Wro«ski wrote bitterly about the academicsof Paris:

These gentlemenare interestal neither in progressnor in the truth ::: .

Well, Wro«ski was many years ahead of his period. Balzac described
Wro«ski as \the most powerful mind of Europe". The well-known Polish
writer Norwid had a similar opinion of Wro«ski (see[38], p. 30). Wro«s-
ki's political visions \anticipated" the Europeanunion | a federation of
courtries in a united Europe, ruled by a common parliament. Dickstein is
probably correct in writing:

Besidesversatility, the dominating feature of Wro«ski's mind was, so
to speak, architectural ability. He himself mentioned in one of his earliest
works (\ Ethic philosophy’), the most beautiful privilege of the human mind
is the ability to construct systems.

Who knows whether in Germary Wro«ski would not have a better
chanceto nd readerswho would appreciate his works, written somewhat
in \the style" of great German philosophers.

Wro«ski is | not only in the opinion of the author of this text | the
most unappreciated great Polish scientist in his own courtry. It seemsthat
he is much more appreciated abroad. And so, in the Museum of Sciencein
Chicago, in a table with the namesof the most prominent mathematicians
in history, one can nd the namesof only three Polish mathematicians:
Copernicus, Banad, and ::: Hoene-Wo«ski. Also the rank of Wro«ski in
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XIX-th certury philosophy is high. It seemsthat in France Wro«ski | the
philosopher| is valued much more than in Poland (seee.qg.[47] and [10Q]).
The scieni ¢ legacyof such a great think er as Wro«ski shouldbe described
in a comprehensie monographin his homeland.

11. Non omnis moriar. Wro«ski's life was long and hard. Did any
famous sciertic authority | during his life | say a good word about
what Wro«ski has achieved'?? Still in 1853 Wro«ski writes two papers,
and preparesa third one for publication: he studiesthe theory of tides. He
sendsthe rst two to the Navy Department. He received a reply saying that
Laplace'sformulas are completely su cien t for the needsof the navy. This
was a seere blow for the 75-year old scieniist who, after 50 years of hard
work, once more has not found recognition. He died on August 9, 1853in
Neuilly. Before his death he whisperedto his wife:

Lord Almighty, | had so much more to say.

Jozef Maria Hoene-Wo«ski is buried at the old cemetery in Neuilly.
The following words are written on his grave (in French):

THE SEARCH OF TRUTH IS A TESTIMONY TO THE
POSSIBILITY OF FINDING IT.

After writing this article, | have realizedthat it has| in fact| alot
in commonwith my article about A. Grothendied in the previous volume
of Impanga Lecture Notes (Topics in cohomolaical studies of algebaic
varieties, Trendsin Mathematics, Birkh«auser,2005). In his diaries Harvest
and Sowing(vol. I, p. 94), Grothendiedk wrote:

. one night ... | realized that the DESIRE to know and the POWER
to know and to disocover are one and the samething.

2During Wroski's life two important works were published [41] and [32], citing his
mathematical achievemerts. In [41], theorems and formulas of Wro«ski are given in a
couple of dozen places,and in [32] his most important mathematical ideas are summa-
rized. Despite of that, contemporary think ers knew little of Wro«ski's achievemerts, and
often reinvented what Wro«ski had discovered many years earlier.

About 20 years after Wro«ski's death, some notes about Wro«ski the mathematician
and philosopher appearedin Poncelet'sbook Applications d'A nalyse et de Geometrie, and
also in the works of Cayley [5] and Transon [45], [46], which developed Wro«ski's ideas.
One could say that Wro«skians \w ere rmly enrooted" in mathematics even before Muir
coined the term. In the multi-v olume history of determinants [34] and [35], works from
the period 1838{1920 devoted to Wro«skians are summarized which have been written
by: Liouville, Puiseaux, Christo el, Sylvester, Frobenius, Torelli, Peano. Muir stresses
there, that the interest in Wro«skians rose as time went by.
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Ac knowledgemen ts: | becamefascinatedwith Hoene-Wo«ski thanks
to Alain Lascoux| without this fascination this article could not have been
written.

This text readed its nal form after | have listened to the lectures and
commerts preseried at the sessionof Impanga A tribute to J6zef Hoene-
Wro«ski described in the Introduction; | sincerely thank the spealers, as
well asJerzy Browkin and Maciej Skwarczy«ski. | alsothank Jan Krzysztof
Kowalski, Maria Pragaczand Jolanta Zaim for their help with the editorial
process,aswell as Wanda Karkuci«ska and MagdalenaMarcinkowska from
the Kérnik Library of the Polish Academny of Sciencesfor allowing me to
publish the daguerreoype of Wro«ski and parts of his manuscripts, and
also for their help in the work on those manuscripts.

Finally, 1 am grateful to Jan Spali«ski for translating the text into
English, and to Paolo Alu  and JacekBrodzki for their commmerts on an
earlier version of this article.
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