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ABSTRACT. Let a be an irrational real number. We show that the set
of e-badly approximable numbers

Bad®(a) := {z € [0,1] : l‘irininf lq| - [lga — z|| > €}
q|—o0

has full Hausdorff dimension for some positive ¢ if and only if « is singu-
lar on average. The condition is equivalent to the average % ZZ':LM rlogai
of the logarithms of the partial quotients a; of o going to infinity with k.
We also consider one-sided approximation, obtain a stronger result when
a; tends to infinity, and establish a partial result in higher dimensions.

1. INTRODUCTION AND RESULTS

A well-known result of Minkowski [15] asserts that, for every irrational
real number o and every real number xz, which is not of the form ma + n
for integers m,n, there are infinitely many integers g with

1
lal - llger =l < 7,
where ||z|| denotes the distance from z to its nearest integer. This result was
complemented by Kim [13] who proved that, for every irrational real number
a, the set of real numbers x in [0, 1] such that liminf, o ¢ - ||[goe — z|| = 0
has full Lebesgue measure. Subsequently, it has been proved in [2] (see also
[17, 16]) that the complement set is large, namely, for every irrational real
number «, the set

Bad(«a) := {z € [0,1] : llir‘ninf lg] - |lgae — z|| > 0}
q|—o0

has Hausdorff dimension 1. These results seem to indicate that all irrational
real numbers behave in a same way, independently of their Diophantine
properties.

However, if we refine our question and ask whether, for some positive real
number &, the set

Bad®(«) := {z € [0,1] : liminf|q|- ||ga — z|| > €}
lg|—o0
is also of Hausdorff dimension 1, then we can distinguish a’s of distinct
Diophantine properties. This is precisely the theme of this article.
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1.1. Real numbers. It has been proved recently in [14] that, for almost
every «, we have

(1.1) Ve > 0, dimy Bad®(«a) < 1.

In the same article, a sufficient condition which ensures (1.1), called heavi-
ness (see (1.2) below), was given.

Our first main result gives necessary and sufficient conditions for (1.1) in
two directions, one in terms of the convergents of o and the other in terms

of singularity of a.
1

Throughout the article, for a = [ag; a1, a2,---] := ap + popr— , its
a2t gk
k-th convergent is denoted by
Pk 1
— = lagsar, -+ ,ax] = ap + 1
qdk ai + aat T
2 a3+...+i

af
We call (ax)r>0 the partial quotients of a. An irrational real number « is
called singular on average if, for every ¢ > 0,

1
lim N Card{¢ € {1,--- ,N} : |lga]| < 27" has a solution with 0 < ¢ < 2/} = 1.

N—oo
We establish in Section 4 that this property is equivalent to the fact that
the sequence (q,i/ k) k>1 tends to infinity, stated in the following theorem.

Theorem 1.1. Let o be an irrational real number and, for k > 1, let g
denote the denominator of its k-th convergent. Then the following are equiv-
alent.

(i) For some e > 0, the set Bad®(«) has full Hausdorff dimension.
i\ s 1/k
(i) limg_yoo qk/ = o0.
(iii) « is singular on average.
Moreover, if dimpy Bad®(a) = 1 for some € > 0, then so it is for every € in
(0,274.373).

The equivalence between Conditions (i) and (ii) is proved in Section 2.
According to [14], an irrational real number o = [ag; a1, ag,...] is called
heavy if, for every § > 0, there exists 7 > 0 such that

N
(1.2) lgri)iglof kaz_:lmax{log nag,0} < 6.
It was shown in [14] that if « is heavy, then dimpy Bad®(a) < 1 for all
€ > 0. Theorem 1.1 shows that the converse does not hold. Indeed, consider
a = [0;a1,as,...] whose continued fraction expansion is defined by a,, = 1,
for » not being an integer power of 2, and by a,, = 3" otherwise. Then, we
observe that (qi/ k) k>1 is bounded while « is not heavy.

Condition (ii) of Theorem 1.1 is satisfied when the partial quotients (a;)
of a tends to infinity, in which case we can slightly strengthen the last
statement of Theorem 1.1.

Theorem 1.2. Let « be an irrational real number whose sequence of partial
quotients tends to infinity. Then, for everye < 1/16, we have dimpy Bad®(«) =
1.
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Theorem 1.2 is proved in Section 2.

An analogue for one-sided approximation of Minkowski’s result mentioned
at the beginning of the introduction was obtained by Khintchine [11], who
established that, for every irrational real number «, every real number =z,
and every positive ¢, there are infinitely many positive integers ¢ with

1+e¢
v

This statement motivates the study of the set

q-llga —zf| <

€ = . limi . — > el
Bads (o) 1= {a € 0.1] : lminfq- o — o] > <)
Our main result in this direction is the following, more precise, theorem.

Theorem 1.3. Let a be an irrational whose sequence of partial quotients
tends to infinity. Then, for every e < 1/4, we have

dimg{z € [0,1]; liminfq - [[ga — z|| = €} =1,
q—00

while, for any e > 1/4, we have
{z €[0,1]; liminfq - |jga — z|| =€} = 0.
q—00

It follows that dimg Bad () = 1, for € < 1/4, while Bad (o) is empty
for any € > 1/4. It still remains to determine the Hausdorff dimension of

Badi/‘l(a). Theorem 1.3 is proved in Section 3.

The proof that (ii) implies (i) in Theorem 1.1 rests on arguments already
present in [4, 2, 3], which extend to Diophantine approximation of matrices.
We discuss this more general question in the following subsection.

1.2. Real matrices. If x is a (column) vector in R", we denote by |x| the
maximum of the absolute values of its coordinates. Define

||| = min |x — z|.
VASYAL

Fix m,n in N and let A be an n x m real matrix. For ¢ > 0, we define
the set

Bad®(A) := {x € [0,1]" : limZinf lq/™™ . ||Aq — x|| > &}
qez™

and we put

Bad(A) := | | Bad®(4) = {x € [0,1]" : liminf |q|™/" - || Aq — x|| > 0},
e>0 acz™
Bad™(A) := () Bad®(4) = {x € [0,1]" : lim inf |q|™/" - || Aq — x|| = +00}.
e>0 acz™
Theorem 1 of [2] asserts that

(1.3) dimgy Bad(A) = n.

Before stating our main result in higher dimension, let us introduce some
definitions and explain the general principle behind the proof of (1.3). Dirich-
let’s Theorem implies that, for any X > 1, the inequalities

|Ax|| < X™™/" and 0<|x| <X
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have a solution x in Z™. The following definition of singularity goes back
to Khintchine [12].

Definition 1.4. Let m,n be positive integers and A a n X m real matrix.

(1) The matrix A is called singular if, for every ¢ > 0, the inequalities
(1.4)

(1.4) |Ax]| < ¢X™™"™ and 0< |x| <X

have a solution x in Z™ for any sufficiently large X.
(2) The matrix A is called singular on average if, for every ¢ > 0,

1
lim — Card{/ e {1,---,N} : the inequalities (1.4) have a solution for X = 2} = 1.
N—oo N

(3) The matrix A is called very well uniformly approximable if there
exists a positive € such that the inequalities

(1.5) |Ax|| < X757/ and 0< |x| <X
have a solution x in Z™ for any sufficiently large X.

If n=m =1and A = («), then we say that « is singular (resp., singular
on average, very well uniformly approximable) if (a) has this property.

Remark. As far as we are aware, the notion of singular on average matrices
has been introduced in [9], motivated by the dynamical notion of points
which escape on average under the action of a semigroup. The terminology
very well uniformly approximable refers to the hat exponents introduced in

[3]-

Remark. If the subgroup G4 = AZ™ + Z" of R™ has rank rkyz(G 4) smaller
than m + n, then there exists arbitrarly large x in Z™ such that ||Ax| = 0.
Throughout the paper, we consider only matrices A for which rkz(G4) =
m + n.

When m = n =1, using the theory of continued fractions, one can prove
that, for any irrational real number £, there are arbitrarily large integers X
such that the inequalities

1
H‘Kﬂﬁﬁ and 0<¢g<X

have no integer solutions; see [10] or Proposition 2.2.4 of [1]. Consequently,
there are no singular real irrational numbers and, a fortiori, no very well
uniformly approximable real irrational numbers neither. However, there do
exist real irrational numbers which are singular on average; see Section 4.

The proof of (1.3) is based on a transference argument of [3] which relates
classical Diophantine approximation properties of a matrix to its uniform
inhomogeneous aproximation properties. In particular, the Theorem of [3]
implies that for every very well uniformly approximable matrix A, the set
Bad*°(A) has full Lebesgue measure. Note also that for every singular ma-
trix A, the set Bad®(A) has full Hausdorff dimension. This was proven by
Moshchevitin [16] and, independently, by Einsiedler and Tseng [6]. Note
that it follows from Minkowski’s theorem quoted in Section 1 that, for every
real irrational number «, the set Bad®((«)) is empty.
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We can partially extend Theorem 1.1 to the case (n,m) # (1,1). To
describe our result, we first need to define the notion of best approximation
vectors associated to a matrix A = (¢ ;). We denote by

=1

the linear forms determined by the columns of A and we set
— ||t — )
M(y) = " Ayll = max [|M;(y)]l

Observe that the quantity M (y) is positive for all non-zero integer n-tuples
y, since we have assumed that rk(G4) = m + n. Thus, we can build induc-
tively a sequence of integer vectors

Vi="Wits-- Yin), (i>1),

called a sequence of best approximations related to the linear forms My, ..., M,
and to the supremum norm, which satisfies the following properties:

(1) Setting, |y;| =Y; and M; = M(y;), we have
1=Y1<Yo<--- and My > My >---

(2) M(y) > M; for all non-zero integer vectors y of norm |y| < Yi4i.

We start the construction with a smallest minimal point y; in the sense
of [5], satisfying Y1 = |y1| = 1 and M(y) > M(y1) = M; for any integer
point y in Z™ with norm |y| = 1. Suppose that yi,...,y; have already been
constructed in such a way that M(y) > M; for all non-zero integer point y
of norm |y| <Y;. Let Y be the smallest positive integer > Y; for which there
exists an integer point z verifying |z| = Y and M(z) < M;. The integer Y
does exist by Dirichlet box principle since M; > 0. Among those points z,
we select an element y for which M (z) is minimal. We then set

Yier =Y, Yiq1 =Y, and M1 = M(y).

The sequence (y;)i>1 obtained in this way clearly satisfies the desired prop-
erties.
Furthermore, as established along the proof of Lemma 1 of [3], we have

In the case m = n = 1, the sequence of best approximations coincides with
the sequence of denominators of convergents.
The implication (ii) = (i) of Theorem 1.1 extends as follows.

Theorem 1.5. Let A be an n x m matriz and (yi)r>1 a sequence of best
approximation vectors associated to A. If |yk|1/k tends to infinity with k,
then there exists a positive real number € such that

dimpg Bad®(A) = n.

If, furthermore, |yi11|/|yk| tends to infinity, then e can be taken to be any
positive real number less than (4n)~'(4m)~™/™,
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We do not know whether the rest of Theorem 1.1 extends to matrices,
that is, whether the properties ‘A is singular on average’ and ‘Ykl/ ¥ tends to
infinity’ coincide in dimension m x n with (m,n) # (1,1) and also if these
conditions are equivalent to the existence of £ > 0 with dimy Bad®(A) = n.

2. BADLY APPROXIMABLE NUMBERS AND THE CONVERGENTS

In this section, we prove Theorem 1.1 (i) < (ii) and Theorem 1.2.

2.1. Inhomogeneous approximation using homogeneous approxi-
mation. In this subsection, we use a result concerning the Hausdorff di-
mension in homogeneous Diophantine approximation to prove Theorem 1.2
and implication (ii) == (i) of Theorem 1.1

We start with a corollary of a theorem of Erdés and Taylor [7], of which
we give a proof for the sake of completeness.

Theorem 2.1. Fiz 0 < § < 1/2. Let (ng)k>1 be an increasing sequence of
integers such that ng11/n; > 4/(1-29) for k sufficiently large and lim n,t/k =

0o. The set
Ss = {x €[0,1] : there exists ko(x) such that ||ngzx| > 0 for all k > ko(z)}.

has Hausdorff dimension 1. Moreover, if imngyq1/n; = oo, then dimpg S5 =
1 for any § in (0,1/2).

Proof. Let ¢ be real with 0 < § < 1/2. We consider the Cantor set Ss :=
Nk Ek.s, where

+0 j+1—90
Ere = [0,1]N U jnk 5 ng 1

0<j<ng

The length of the intervals composing Ej 5 is equal to (1 — 2(5)71,;1. The
distance between two intervals in E}, 5 is 25n,§1. An interval composing Fj, 5
contains at least (1 —29)nyy1/n; — 2 intervals composing Ey1 5. For k large
enough, since ng11 > 4ny /(1 —29), we see that any interval composing Ey, s
contains at least 2 intervals composing Ej41,5. We are in position to apply
the mass distribution principle. By Example 4.6 of [8], we obtain that

og(mims - --mg_1)
—log(mxex,)
where my, is the smallest number of intervals of Ej s in each interval of

Ey_15, and € > 26/ny is the minimal distance between intervals of Ej ;.
We check for sufficiently large k
(1 —20)ny 5 (1 —20)ng

myp > ———— =
ng_1 2ng_q

1
dimg S5 > lim inf
k—o0

Thus we have

1 1+ kl 1—26)/2
dimg S5 > lim inf og nj—1 -+  log(( )/2)
k—oo  logng_1 —log(d(1 — 20))
Since lim n,lc/k = 00, under the assumption ngy1 > 4ng /(1 — 20) for k large
enough, we have dim S5 = 1.
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If ng1/ny tends to infinity, then for any given ¢ in (0,1/2), the assump-
tion ngy1 > 4ng/(1 — 29) is satisfied for k large enough. This shows that
dim S5 = 1. O

Proof of Theorem 1.2. We apply the second assertion of Theorem 2.1 to
prove Theorem 1.2. Let a be an irrational number and (gy,),>1 the sequence
of denominators of its convergents. Assume that ¢,11/¢, tends to infinity
(equivalently, that a, tends to infinity). Let k& be an integer. Let z be in
(0,1) and observe that, for every integer y, we have

(2.1) lyzll < 1yl - [k — || + [K] - lay]].
Let § with 0 < 6 < 1/2. Assume that |k| is large and let ¢ be the integer
with
2
qe < <[k < qepa.

Assume that z is in S5. Letting y = g¢ in (2.1), we have

k[ 6
(el - lok — || = llgez|| = |k - lage]| 2 6 = —=— = 2.
qe+1
This gives
52
|- llak — 2] > -
Since § can be chosen arbitrarily close to 1/2, the theorem is proved. U

Theorem 2.2. Let o be a real number for which q;/k tends to infinity. We
have

dimy Bad'/?"3")(a) = 1.

Proof. We first claim that for each R > 1 there exists an increasing function
¢ : Z>1 — ZL>1 satisfying ¢(1) > 1 and, for any integer i > 2,

(2.2) Qp(i) = Rapi—1) and  quii—1)+1 = Gp()/ B-
The function ¢ is constructed in the following way. Let

Jo ={j : ¢j+1 > Ry},

which is an infinite set since q;/ ¥ tends to infinity. Let ¢(1) be the smallest
element of Jy. Suppose that we have defined ¢ up to ¢(h) in Jy. We
will define @(h + 1), -+, (k') for some h’ which we will determine shortly.
Define ¢(h') to be the smallest element of Jy greater than p(h).

Define ¢(h' — 1) to be the largest index ¢ > ¢(h) for which gy > R ;.
We let o(h’ —2) be the largest index ¢ > o(h) for which q,,/—1) > R, and
so on until it does not exist any index ¢ as above. Let us say that we have
just defined @(h'), (k' —1),..., (k' —hg). Define h’ = hg+h+1. It is easy
to check that the inequalities (2.2) are satisfied for i = h+1,...,hg+h+ 1.
The claim follows.

For a given 0 < 6 < 1/2, let R = 1%25. As ¢ is increasing, q;/(]]z) tends
to infinity. Thus, we can apply Theorem 2.1 to the sequence ng = q ) to
obtain a set S5. For x in S5, we argue as in the proof of Theorem 1.2.

Let k be an integer. Fix a positive real number M and let ¢ be the integer
with

oty < M| < gy(et1)-
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Note that, by (2.2), we have
~1 ~1
lagu@ll < Qo)1 = ngo(eﬂ)'
Thus by (2.1), if  is in S, then

lgpo)| - ok = zl| > [lgpzll — || - lagpe)ll

R
-1
>0 = Rkl quy0) 20— 55
This gives
1 R\ 1
81 ok = ol > apeollak = all = (5= 37) 37
which attains the minimum (2% -33)~! at § = 1/3 and M = 72. This
completes the proof. O

2.2. Non-singular on average. In this subsection, we show the implica-

tion (i) = (ii) of Theorem 1.1. Let us assume that Cj := lim infy log ¢x /k <

oo and show that dimy Bad®(«) < 1. Since Bad®(a) = Klim Bad%(«), where
—00

Badj () :={xz €[0,1] : |q| - |lga — z|| > &, Vg > qK'}

is an increasing sequence of sets, it is enough to show that dimy Bad% («)
has a uniform upper bound smaller than 1.

Throughout the paper, for a positive integer n, we view na as a point on
the circle S = R/Z represented by an element in [0,1). For convenience,
given a,b in S, we denote by (a,b) the shorter interval among (a,b) and
(b,a) in S* regardless of whether a < b or not. For any k in Z>o, define
P&) to be the set of connected components of S* \ {e, 2a,...,qra}. We
will call P*) a partition of S! by ignoring the endpoints of the intervals.
This partition consists of g intervals, which we call IT(Lk), of the following
two types :

(1) when n < qx — qx—1 : ¥ = (na, (n 4 gr—1)c) and its length is
lqk—1ce]]-
(2) when n > g — qx—1 : L(lk) = (na, (n+ qx—1 — qx)) and its length is
lar—1al| + [larall.
Their lengths are bounded as follows:

1 1 1 2
(2.3) 20 <llak—ral < —and  — <lgg_1a] + flarall < —.
qk qk qk qk

Let us denote by |n|, the integer in [1, ¢ which is congruent to n modulo g.

With this notation, the elements of P*) are the intervals ) = [na, n +
Qk—1|g, @] Withn =1,2,..., qp.

The partition P*+1) is clearly a refinement of the partition P*). Every
element of P*) is divided into either aj,; or az.1 + 1 elements of P*+1),

In particular, let m be an integer with g, < m < gg41, then ma is in L(lk) if
and only if

(2.4) m=mn+ qg_1+ cqy-

for some integer 0 < ¢ < agy1 — 1. See Figure 1.
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(n 4+ qr + qp—1)c (m+ qr)o

I I A — |
1 [ [ I [ I

(n + Qk—l)a mao no

FIGURE 1. When £ is even, z is in I(k) N I(kH)

qk—1 +n.

= bqr, +

We define a sequence (k;);>o in the following way: set kg = K and, for
i >0, let ki1 be the smallest integer for which g, /qr, ., < £/12. Observe
that since gg42 > 2qg, the sequence (kj41 —k;)i>o is uniformly bounded from
above by a contant which we denote by C.. Hence we obtain

1
(2.5) liminf —log g, < CoCx.
1—00 1
Note that
£ C
Bad} (nar) (ne )
ady ﬂ ﬂ B na, ﬂ ﬂ B na,n
1=0 qg, <n<qg, i1 1=0 g, <”<2qkz‘+1

00
kiv1\©
NN
=0 qp. <n<2(2k1+1

The last inclusion above follows from the fact that each interval I,(lki“) is
contained in B(na, £) since it has one endpoint na and is of length at most

2/q;€z.+1 <e/n. ‘
Thus, by letting Fx = ;5 F[(é), where

si= N (@) aa F= (s,

Qe SN<5 k4 0<5<i

it is enough to find a uniform upper bound for dimgy Fi.
We need the following lemma to estimate the number of subintervals of

Lgffi“) in each L(lki).

Lemma 2.3. Let Q > 6qi. For each interval I 0f73 , the number of
points ma which belong to L(1 for qp <m < Q is at least equal to Q/4qy.

Proof. Let ¢ be the positive integer defined by the inequalities
ar +c(2qr) < Q < qr + (¢ + 1)(2gk).
Each interval L(qk) contains at least one point ma with
(20— Dgp+1<m<@i+1)g, 1<i<ec
since the length of interval 1) is at least |lgk—1¢|| and the distance between

two points of any neighboring point of ma with (2i—1)gr+1 < m < (2i+1)qx
is at most ||gx_1¢/|.
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Hence, the number of points ma contained in I,(Lk) with ¢ +1 < m <
(2¢+ 1)gr < Q is at least c¢. Using the assumption @ > 6¢;, we have

-3
2qx Aqy,
O

By Lemma 2.3, for each interval 15 in S;, the number of intervals ki)

in 1) which contain a point ma with ¢, < m < eqy,,,/2 is at least

€Qk,;,,/(16qs,), since at most two points belong to one interval of FI(§+1).

I7(7i€i+1) (K:)

Since the total number of intervals contained in an interval of I,
in P is at most
10+ el _ 4.,

HQkiJrl_]-aH dk;

I

for each interval I of Pki) | we have

(kiv1) 4 o . pkiv1) — 7(k:)
# {Im +1 ¢ S’L+1 . Im +1 C I?’L } 5Qk,+1/(16qkl)
# {qufiﬂ) € Plkit1) Ir(,fiﬂ) C I,(lki)} 4Qki+1/Qki

thus
(Kit1) o glkiga) (ki)
# {1 € S 1) < 1) | cm/(6a) e
! {L(?fi-!—l) e P(kit1) :Ir(fi-&-l) c L(Lki)} Zr— 392°
Since the cardinality of P*i) is qk;, the number of intervals L(lk") in §; is at

most

£\ ?
(-2
s ( 32
Thus, for any s < 1, we have
s L€ i (2)°
<qn (1—=) - —) .

Z 1(ki)
By (2.5), for any M > CyC., there exists a sequence k; tending to infinity

n

I,(Lki) €S;

for which g, < M ¢, Since N F I(;) is a covering of Fx, we obtain
kizqr, <M*
. log(1 —¢/32)
d Fr <14 —=—"——.
mpy g <1+ log M
This completes the proof of the lemma.

3. APPROXIMATION OF ONE-SIDED LIMIT

In this section, we assume that the sequence (ay)x>1 of partial quotients
of a tends to infinity and prove Theorem 1.3. Recall that the partition P*)
of S* consists of the intervals I,(Lk) = [na, In+qr_1|g 0 withn =1,2,..., q.

Recall also that the numbers 1 < m < g1 for which the corresponding
point ma is contained in L(lk) are (in order, looking from |n+qx_1|q, o towards
na) n+ qr-1 + qr, 1+ qr—1 + 2q, etc.
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If L(lk) ) L(r]fﬂ) with 1 <n < gqg, 1 <m < ggy1, then we have
(3.1) m=mn+ qg-1 + by,

for some integer b with —1 < b < agy1 — 1. Thus two endpoints ma, na of

I,gf +1), I,(lk) are separated by

(3.2) Ima — nall = [|(bgr + gr—1)el] = llge-10| — bllgrer]].

To prove the first part of Theorem 1.3, let us fix € < 1/4. Choose K large
enough so that ay, is large for every k > K and select some sequence (7g)r>1
which tends to 0 as k tends to infinity. We will later specify the conditions
satisfied by 7.

Throughout this section, set dy :=

q’“: . Since

TG+ || gre||

Qe llgrell + arllgp—1c]] = 1+ (qx — qr—1) |lqra]| < 1+ _~ <1461
+
and
qk—-1 gk
Gkllge—rol| =1 = g—1llgpall > 1 — ————aqri1llgrall > 1 — Sxpq1,
dk  gk+1
we get
1+ 0pt1 1 — 0p0k11
kel + llgp—1al| < TJF? |qr—1ce| > —

Lemma 3.1. Let K be a natural number such that, for k > K, we have
Y 4 26, < 1 — 21/,

Let k> K. Then for every ni,ng with

(3.3) e2qp + qro1 < n1 < (V2 ) a + gr1
and
(3.4) e 2qup1 + qp < n2 < (Y2 4+ Yr1)ak1 + ax,

if I,QZH) C Igf), then I,%H) is disjoint from all the balls B(na,e/n) such
that

(a) na is an endpoint of Ir(f), or

(b) g <n < gxy1 and na is not an endpoint of ITS];JFI).

Proof. As (n1 + qx—1)a and (ng + g )« are endpoints of I,(L]f) and IT(LIEJFI), for
part (a), we need to check the inequalities

€ €
— < ||(ng + qx)aa — n1af| and ———— < ||noav— (N1 + qr_1)|.
=<l ga—mal and E < g ol

Letting no = bqr + qx—1 + n1 as in (3.1), we have

In2a = mal = [[(bgk + ge—1)all = llge—1all = bllgral-
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Therefore, we have
(3.5)
[(n2 + qr)o — nial| = [[ge—1]| = (b + 1)l gral]

- Loacluol (oo mte,,

dk dk
- 1 (n2 + 5k+1<1k+1> kel > 1—e'2 — i — 2051 . gl/2
dk dk dk -’
where the last inequality follows from (3.3). We also have
(3.6)
n2 —4g—1 —

n
[n2a — (n1 + qx—1)al = bllgpa| = qroll

- <51/QQk+1 + (11— —yp)q — 2%-1) <1 - 5k+15k+2>

qk dk+1
eV (14 6pp1) (1 — Opp10p42) _ €'/?
> > .
dk dk
Therefore, we have
€ € gl/2

— < < < |(n2 +qr)ox — N«
n1  eV2q, + qp dk I ) |

and
€ € gl/2

<473 <
ny+qg—1  €/°qr + 2qK—1 qx

< |nga — (n1 + qr—1)a|.

For part (b), we separate two cases:
(i) If na is in Iy(f) and na is not an endpoint of IT(LISH)
or n=mng + (d+ 1)g for some d > 1.

Suppose that n = ny — dqi. Then, by the condition n > ¢, we have

, then n = ngy — dg;,

1§d<@—1.
qk

Thus, combined with (3.4), we deduce that

1/2

n n € 2¢e €

d<2—d>2(2—1>> ot1  26Qus1 '
Qk q i Qi allqrel|

Hence, for n = ny — dqi, we have

€ €

— = ——— < d|gra| = |na — naa.
n ng —dg

When n = ng + dqi, we get
€

3
n o ng+ (d+1)g
JiQ)

(ii) If na is not in L(L]f), then the distance between na and I, is bigger
than |(n2 + gx)a — nia| and |nea — (n1 + gx—1)a. By (3.5) and (3.6), we
have

< d|qral] = [na — (n2 + qi)al .

g2 e ¢
min{|na — noa, |na — (n2 + qi)a|} > — > — > —.
dk dk n
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O

Denote by F the set of all the points  in S' such that, for all k > K, we

have x in Iy(Lk) with 2 + g1 <n < (61/2 +7)qk + qk—1. By Lemma 3.1,

(3.7) liminf n||na — z|| > e.
n—o0
Lemma 3.2. Under the assumptions of Lemma 3.1,

IT(L];H) CcB ((m + qr—1)a, nlfqu_l> ,
where e, 1= (Y2 + v + 20;) (Y2 + Yt1 + 20441) -
Proof. Since no = bqi + qr_1 + n1, we have
n2 +qr — qr—1 —

ny
g

< (eY2 + Yes1)Qrr1 + 2k < 1 )
qdk gk+1

eVt v + 2054

gk
€k €k

< .
EV2 + )k +2q—1 M1+ @1

[(n2 + qp)a — (N1 + qr—1)a| = (b+ 1) =

O

Since g, 0 both tend to 0 as k tends to infinity, the sequence (e)r>1
tends to €. Thus, Lemma 3.2 implies that

(3.8) liminf n||na — z|| <e.
n—oo
By (3.8) and (3.7), the set F' is contained in {z : liminf, n||na —z|| = €}.
Lemma 3.3. If

i 108k
im
k—oo log ak
then dimg F = 1.
Proof. Let
Fp = U 2

eV 2qp+ar—1<n<(eY/ 24 ) ar+ar -1
Then F' = Ni>g Fj,. We may assume that K is large enough to ensure that
v > 0 for all k > K.

Each F} is a union of gi_1 intervals of length at least D}’:—E’;J llgk—1||
which are separated by at least

Ykqk
lgr_all — L] lakrall

By Example 4.6. of [8], we obtain that

1 R
dimg F > liminf O(M KM 41+ 1)
k—o0 — log(mkak)

)
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where my, is the smallest number of intervals of F}, in each interval of Fj_1
and e is the minimal the distance between intervals of Fj,. Then we have

k—1qk—1 Q-1
my > (7 - 1> = qi(%_l — 0-1), MK = qK-1,

qr—2 —
and
5k 1 — v, — 0
er 2 lap-oll - (” + 1) lge—radl > (1 = 7 — 8) lq—20r]| > — =%,
Qi— 2qk—1

Since log 7/ log ax goes to zero, we have

I _ A 5
dimpy F > liminf 08 qk—2 + Y_i— i 10g(7i — bi) _
koo log g2 — log yk—1 — log(1 — 7k — Jy,) + log 2

O
Thus, the preceding three lemmas prove the first part of Theorem 1.3.

Now we prove the second part of Theorem 1.3.
Lemma 3.4. Let ¢ > 1/4. Then the set BadS (o) is empty.

Proof. Suppose that Bad® («) is nonempty and let x be in this set. For any
small positive d with e — 2§ > 1/4, we can choose K large enough that
n|lna — z|| > e — 4 for any n > qx and &1 + 63, < 6 for k> K.

For k = K, K +1,..., denote by I,ELIZ) the element of the partition P*)
containing .
For ngi1 = nk + cqx + qx—1, the conditions = ¢ B(nga, (¢ — §)/nk) and

x € IT(L’ZE ) imply that
e—0
<|z —nga| < |ngp1a — ngal| = |(cqr + qr—1)a
ag+1 — C 1
= llar—1al = ellgeell = (ar1 = ) llgrall + llgerrell < +
Ak+1 Qk+2

Therefore,

Gqr+1 (€ = 0)qrqr+1
Ng+1 = Nk + Cqr + qg—1 < N + Gp+19% + k-1 + — ( ) )

Ak+2 ng
which implies
n n e—0
bl gy M B (B0 gy o gk,
qdk+1 gdk+1 qk+2 ng ng

Therefore, for k > K, we get

n n n
M Tl o 1 95+ (e — o) T 4 T
dk qk+1 ng dk

gk ng 2 Nk
= nfk ((qk> — (1 + 25]?_,_1)(1*]c + (E — 5))

2
qk ng 1 1 2
:nk<<qk_2_5k+1) +€—(5—4—(5k+1—(5k+1>

1
>e—26—->0.
> € 4>
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Thus, we have
n n 1
—k<—K—(k—K) <€—25—> — —o0 as k — oo,
dk aK 4
which contradicts that 0 < ng/qr < 1. O

4. ON REAL IRRATIONAL NUMBERS WHICH ARE SINGULAR ON AVERAGE

In this section we consider the case n = m = 1 and characterize the 1 x 1
matrices («) which are singular on average, which gives the proof of the
equivalence between (ii) and (iii) of Theorem 1.1.

Proposition 4.1. Let « be a real number and (py/qi)r>1 the sequence of

its convergents. Then, « is singular on average if and only if (qk)l/k tends
to infinity with k.

Proof. Let 0 < ¢ < 1/2 and let k > 3 be an integer. By the classical theory
of continued fractions, we have

s min ol = gial.

Therefore, for each integer X with g < X < gr41, the inequalities
(4.1) lzal <e X! and 0<|z| <X

have a solution if and only if ||gra|| < cX 1. Thus, for each integer ¢ in
[logy i, logs gy 1) the inequalities (4.1) have no solutions for X = 2¢ if and
only if

—logs ([lgrall/e) < € <logs g1

Since ||gra|| < 1/gr+1, the number of integers ¢ in [log, g, logy gr+1) such
that (4.1) have no solutions for X = 2¢ is at most

[logy qrt1 + logy ([lqral|/c)] < logy qrr1+10gs ([[gral|/c) +1 < logy(1/c) +1.

Hence, for an integer N with logy ¢ < N < logy qr+1, the number of integers
¢in {1,..., N} such that (4.1) have no solutions for X = 2¢ is bounded from
above by (logy(1/¢) + 1)(k + 1), thus

1
NCard{Z € {1,...,N} : inequalities (4.1) has no solution for X = 2¢}

< (logy(1/c) + 1)(k + 1) < (logy(1/c) + 1)(k + 1)
- N - log g, ’

which converges to 0 as k goes to infinity, as soon as (qh)l/ h tends to infinity.
Therefore, « is singular on average if (g;)"/" tends to infinity.

Suppose that « is singular on average. Choose ¢ = 1/4. Let ¢ be an
integer satisfying logy qr+1 — 1 < £ < logy qx41 for some & > 1. Then, we

have

I H S 1 2c S c
e =—> .
2qk41 qr+1 2

Since ||na| > ||gre|| for any 0 < n < g1, we conclude that (4.1) have no
solutions for X = 2¢ if £ is an integer in [logy qry1 — 1,108y qrr1). Recall
that that ggi1 > 2¢x—1, thus the intervals [logy gx—1 — 1,logy gx—1) and
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[logs qr+1 — 1,logy qr+1) are disjoint. Let N be an integer with log, gor <
N <logy qa(k41)- Since the intervals

[logy g2 — 1,logs q2), [logs g4 — 1,105 q4), - . ., [logy qar — 1,1l0gs gor,)

are disjoint, the number of integers ¢ in {1,..., N} such that (4.1) have no
solutions for X = 2% and ¢ = 1/4 is at least k. Hence, we have

k k 1
R — S — < —
log q2k+2 N N
and the condition of singularity on average implies that the right hand side
of the inequality goes to 0 as IV goes to infinity. By the monotonicity of
(qr)k>1, we deduce that (g,)"/* goes to infinity. O

Card{¢ € {1,--- , N} : (4.1) have no solutions for X = 2¢,¢ = 1/4}

5. PROOF OF THEOREM 1.5
The key ingredient for the proof of Theorem 1.5 is the following statement.

Theorem 5.1. Letn > 1 be an integer. Let (yi)r>1 be a sequence of integer
vectors such that |yri1|/|yk| = 4n/(1 —20) + 1 for k > 1, where | - | is the
Ly-norm on R™. Assume that y|'/* tends to infinity with k (or some other
suitable condition). Then, for any ¢ in (0,1/2), setting
Ss = {x € [0,1]" : there exists ko(x) such that ||yg121+. . . +YpnZn| > 0 for all k > ko(x)},
we have
dimpg S5 = n.
Proof. For k> 1 and § in (0,1/2), set

Eps={x=(21,...,2,) € [0,1]" : lyg121 + ... + YpnTnl|l > 0}.
Let h be an index such that

[Yk.h| = nax Yk i

For every (n—1)-tuple (j1,...,Jh—1,Jh+1,---,Jn) of integers from {0, 1,..., |ypn|—
1}, there exist an integer p and a real number ¢ with 0 < ¢ < 1/|yg |, de-
pending on j1,...,Jh—1,Jh+1,---,Jn, such that

J1 Jh—1 Jh+1 Jn 1

Yk,1 to T k-1 T YRR Ykt Yk = 5 D
|Yk.n |Yk.n |Yk.n Ykhl 2

For each integer vector j = (ji,...,jn) With 0 < ji,...,jn < ]y,gh)], we
write
wi(j) = < TR PP Ll >
lenl™ Ykl lyenl Yk [k
Then, there exists n in {—1, 1} such that

. ) 1 1
Iye - we@)ll = [in +2+ 5| = 5-

For each v with |v| < ;T?j’ we have

1
|Yk'V\§|Yk|'|V!<§—5-
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Therefore,
Njn+p+06 <yr- (Wi() +v) <mjn+p+1-9,
ie.,
lyx - (wi(j) +v)[| > 6.
Let B(w,r) = {v € R": |[w — v| < r} be the ball centered at v of radius r

and set
L 1—20
Gs= | B (Wk<J>, ) |
™ 2|yl
0<51,-:n<|yk|
Then Gy, s is contained in Ej s. The balls composing G, 5 are disjoint since
. . 1
Wi (§) — wi(i)| >

7
For |j —j'lec <d, with d in N, we have

2 2
wi (i) — wi (i) < Vnd? +2d +1 < Vnd? +2d + 1 < n(d+1)
|Yk,hl lykl/vn |kl

n(d+1) 1-25 . "
2]yl + 2yl contains d™ balls of

the form B (wk(j), %) Hence, each ball of Gj_; s contains at least

<1—25< |yk| _1> _2>”
n |yr—1]

balls of G}, 5. The condition |yg41|/|yx| > 4n/(1 — 26) + 1 implies that

mk><1—26< il _1>_2>”>< 201-26) v )
X \ye-l “\1-20+4n |yp-al/)

where my, is a lower bound for the number of balls of level k contained in a
ball of level ik — 1. Any two balls are separated by at least e := 2§/|yx|-

n
Putting C' = (12_(12;3?”) , the mass distribution principle implies that

>—, forj#j.

1—

Therefore, any ball of radius bigger than

1 . _ 1 B k
dimpy S5 > dimp (ﬂ GM) = liminf og(ﬂ;l m;; 1) _ fim n O%ka | +kC
k —logmyey og |yr—1

This establishes the theorem. O

Proof of Theorem 1.5. We keep the notation from Subsection 1.2 and The-
orem 1.5. In particular,

Ve ="kt Yn)s (k>1),

is a sequence of best approximation associated to the matrix A and we set
Yy := |yk| for £ > 1. We assume that the quotient Yy1/Y} tends to infinity
with k. Let 6 be in (0,1/2). Let x be in Sy, that is, such that

(5.1) |lyk121 + ...+ Y nanl > 6, forall k> 1.

Let q be a non-zero integer m-tuple and let k£ be the index defined by the
inequalities
Vi, < (2md~H™™ g™ < Vi
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Taking into account that M (yx) < Y,;ll/ " the inequality (5.1) and
lyr1 + -+ ynanll < nly| max [[Li(q) — il +mla]M(y)
<i<n

applied for y =y give

—n/m

§ <nYy|Aq—x||+mlq|Y, 5,
thus,
§ < n(2md=1)"™/m g™/ | Ag — x| + m(2ms 1) .
Consequently, we get

|—m/n

|Aq —x|| > o lq

(Qm(sfl)m/n
By letting ¢ tend to 1/2, this completes the proof of the second assertion of
Theorem 1.5.

For the first assertion, under the assumption that Ykl/ ¥ tends to infinity,
we proceed as in the proof of Theorem 2.2 to extract a subsequence of

(Yo(k))k>1 of (Yk)k>1 with the property that
Yoy = BYpe-1),  Yor-1)+1 = Yom)/R, for k> 2,

where R = 4n/(1 — 26) + 1 is given by Theorem 5.1. Then, everything goes
exactly as above. We omit the details. (]
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