DIMENSION MAXIMIZING MEASURES FOR SELF-AFFINE SYSTEMS

BALAZS BARANY AND MICHAL RAMS

ABSTRACT. In this paper we study the dimension theory of planar self-affine sets satisfying domin-
ated splitting in the linear parts and strong separation condition. The main results of this paper is
the existence of dimension maximizing Gibbs measures (Kdenmé#ki measures). To prove this phe-
nomena, we show that the Ledrappier-Young formula holds for Gibbs measures and we introduce a
transversality type condition for the strong-stable directions on the projective space.

1. INTRODUCTION AND STATEMENTS

Let A := (A1, As,...,Ayn) be a finite set of contracting, non-singular 2 x 2 matrices, and let
O = {f;:x— A +t;}Y | be an iterated function system (IFS) on the plane with affine mappings,
where ||4;] < 1 and ¢, e R? fori = 1,...,N. It is a well-known fact that there exists an unique
non-empty compact subset A of R? such that

We call the set A the attractor of ® or self-affine set.

Let us denote the Hausdorff dimension of a set X by dimy X. Moreover, denote by dimp X and
by dimpX the lower and upper box dimension. If the upper and lower box dimensions coincide then
we call the common value the box dimension and denoted by dimpg X. For the definitions and basic
properties, we refer to Falconer [7].

Denote by a;(A) the ith singular value of a 2 x 2 non-singular matrix A, i.e. the positive square root
of the ith eigenvalue of AA*, where A* is the transpose of A. We note that in this case, a1 (A) = | A]

and ao(A) = |A71|7!, where ||.| is the usual matrix norm induced by the Euclidean norm on R2.
Moreover, a;(A)az(A) = |det A|. For s = 0 define the singular value function ¢* as follows
ap(A)* 0<s<1
¢ (A) =1 ar(Aaz(4) 1<s<2 (1.1)

(a1(A)az(A)*? s> 2.

Falconer [6] introduced the subadditive pressure

N
1 s
Py(s) := nlgrgoﬁlog Z ¢°(Ajy -+ A;). (1.2)
i1 yeenyin=1

The function P4 : [0,00) — R is continuous, strictly monotone decreasing on [0,00), moreover
P4(0) =log N and lims_,o, Pa(s) = —co. Falconer [6] showed that for the unique root sg := so(A) of
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the subadditive pressure function dimpA < min {2, so} and if |A4;| < 1/3 for every i = 1,..., N then
dimpy A = dimp A = min {2, so} for Lebesgue-almost every t = (t,...,ty) € R?Y.

The condition was later weakened to |A;|| < 1/2 by Solomyak, see [I5]. We call the value sy the
affinity dimension of ®. Kienmiki [IT] showed that for Lebesgue-almost every t = (¢,,...,ty) € RV
there exists a measure v (not necessarily self-affine) supported on A such that dimg p* = dimy A =
min {2, so}.

In this paper we consider IFSs of affinities which satisfy the strong separation condition (SSC), i.e.

fi(A) N fj(A) = & for every i # j.

Falconer [8] proved that if ® satisfies a separation condition (milder than SSC) and the projection
of A in every direction contains an interval separation then the box dimension of a self-affine set
is equal to the affinity dimension. Hueter and Lalley [10] gave conditions, which ensure that the
Hausdorff and box dimension of a self-affine set coincide and equal to the affinity dimension.

In the recent paper of Béardny [2], the result of Hueter and Lalley [10] was generalised for self-affine
measures. That is, under the same conditions of Hueter and Lalley [10] the Hausdorff dimension of
any self-affine measure is equal to its Lyapunov dimension. In particular, in [2] the author proved that
under slightly more general conditions any self-affine measure is exact dimensional and gave a formula,
which connects entropy, Lyapunov exponents and the projection of the measure (Ledrappier-Young
formula).

Recently, Falconer and Kempton [9] used methods from ergodic theory along with properties of
the Furstenberg measure and obtained conditions under which certain classes of plane self-affine sets
have Hausdorff and box dimension equal to the affinity dimension. By adapting the conditions of
Falconer and Kempton [9] and Barany [2] we prove that for ”typical” linear parts ({4;})x ) if the
SSC holds then the dimension of self-affine set is equal to the affinity dimension. Precisely, let
|det A] 1

<andA<1}, 1.3

M := {AeRix2uR2‘_Xz:0<
where

Al = min {Ja] + ol ]+ ) for 4 = [ & 0]

Let us define the following sets
Ni={AeM: [|A[A|]* <1} and Oy := {Ae MY : 5o(A) > 5/3}, (1.4)
for every N = 2.

Theorem 1.1. Let N > 2. For Lyn-almost every Ae MY | JOn, ift = (ty,...,ty) € R?N is chosen
such that ® := {f; : x — Ajxz + Q}f\il satisfies the SSC then there exists a measure v supported on
the attractor A of ® such that

dimpy v® = dimy A = dimp A = s0(A).

We call the measure v the Kdenmdki measure.

To prove Theorem we will need a more detailed study of the dimension of invariant measures.
More precisely, we extend the results of [2] for the natural projections of Gibbs measures. Theorem
is studied in higher generality.

Structure of the paper. After the Preliminaries (Section [2]) we introduce the main technical result
of the paper, the Ledrappier-Young formula generalised for Gibbs measures (Section. In Section
we introduce the strong-stable transversality condition (Definition and show that under this
condition there exists a dimension maximizing Gibbs measure (K&enméki measure) almost surely.
In the last section we show Theorem as a consequence of the previous studies.
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2. PRELIMINARIES

Let ¥ = {1,... ,N}Z be the symbolic space of two side infinite sequences, X1 = {1,... ,N}N be
the set of right side and ¥~ = {1,..., N}* be the set of left side infinite words. Denote the left
shift operator on ¥ and X% by o and denote the right shift operator on ¥ and ¥~ by o_. Thus, o
and o_ are invertible on ¥ and 0~ ! =o_. Foranyie X (or je Ei)

lij7] :={jeX (orje »E) 1 iy, = i, for m < <n}.

For an i = (...i_9i_1ipi1...) € X, denote by i = (igi1...) the right-hand side and by i- =
(...i_9i_1) the left-hand side of i. To avoid confusion, we write also i} ifi; € X7 and i_ ifi_ e ¥,

Foranyiy,jy € Xt letiz Ajy =min{n > 0:4, # j,}. Wedefinei_Aj_ =min{n—1>0:i_, # j_,}
similarly.

Let us denote the set of finite length words by ¥* = [J°_,{1,...,N}", and for every 7 =
(i1,...1) € X* denote the reversed word by 7" = (iy,...,i1). Sometimes, we may also write (X7)*

for finite length words to emphasize the negative indexes.
If ®:={fi(zx) = Az + L}f\i | is an iterated function system on R? with affine mappings such that

[Aill <1fori=1,...,N, we define the natural projection m_ from ¥~ to A in a natural way
7 (o iigiig) = lm fi_ o+ fi (0). (2.1)
n—o0
Let A := {A1, Ag,..., Ax} be a finite set of non-singular 2 x 2 real matrices. Define a map from

¥ to A in a natural way, i.e. A(i):= A;,. Let A (i) := A(c" ) --- A(i) forie ¥ and n > 1.
Definition 2.1. We say that a set A = {A; };N 1 of matrices satisfies the dominated splitting if there
are constants C, 3 > 0 such that for every n =1 and every ig,...,in—1 € {1,...,N}
o1 (Aig -+ Ay
a(Aig -+ A,y

> Ce™P.

Let Cy = {(z,y) € R*\{(0,0)} : zy > 0} be the standard positive cone. A cone is an image of C
under a linear isomorphism and a multicone is a disjoint union of finitely many cones. We say that a

multicone M is backward invariant w.r.t. Aif |J,cq A~ (M) < M°, where M° denotes the interior
of M.

Lemma 2.2 ([1], [3],[4], [I7]). The set A of matrices satisfies the dominated splitting then for every
ie X there are two one-dimensional subspaces e*(i),e*(i) of R? such that

(1) A e’ (i) = €’ (oi) for everyie ¥ and j = s, ss,

(2) there is a constant C' > 0 such that for everyn =1 and i€ X
CHAM{)]e (1)) < Oél(A(" ( ) < CJAM (i)]e*(i)] and

CHAME) e (1)) < az(AM (1)) < CJA™({) e (1),

(3) there is a backward-invariant multicone M that
0 0
(i) = [ Aisy -+ Ai_, (M) and e* ﬂ A7 (M),
n=1 n=1

where M¢ denotes the closure of the complement of M.

Let us observe that e®(i) depends only on i_ and e*(i;) depends only on iy, so e can be
considered as a natural projection from X* to P!, where P1 denotes the projective space. In the
later analysis, the dimension of strong stable directions in P! plays an important role. For z,y € P!

We call the family of subspaces €*(i) stable directions and e**(i) strong stable directions.
+)
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denote by ¥x(x,y) the usual metric on P!, that is the angle between the subspaces corresponding to
x and y. For any v, w € R? denote by Area(v,w) the area of parallelogram formed by v, w.

Lemma 2.3. For every z,y € P!

Area(v, w) 2Area(v, w)

< x(z,y) <
o]

][]
where v,w € R? are arbitrary non-zero vectors from the subspaces corresponding to x and y.
The proof of the lemma is straightforward.

Lemma 2.4. There exists a constant C' > 0 such that for every i,je X
£(e%(1),€%(j)) < Ce PUrn) and x(e*(i), €°(j)) < Ce Pi-7I-)

where B is the domination exponent in Definition . Thus, the maps i, € X1 — e%(iy) and
i_eX —log|A;_,|le*(c_i)| are Hélder continuous.

Proof. We prove only the inequality for e**, for e® the argument is similar. Fixi,je X withiy AjL = n.
Let v € €%(0"i) and w € e%*(0™j;) be arbitrary such that ||v| = |w| = 1. Then by Lemma

Aref:L(A;O1 . 'AZIAQ, A;Ol AT )

K3 in—1—

2 -1 -1 SS njy -1 -1 ss n3
Az - A less (o™i )| Ay -+ A7 T less(0™4)

tn—1

Q\det(Ai_ol---A._l )|

tn—1

A
10

in—1

*(e¥(1), () <

<
I

Area(v, w) < 202%™,

O

Let ¢ : ¥~ — R be a Holder continuous potential function. Then there exist a constants C' >
0, P € R and o_-invariant Borel probability measures p— and g on ¥~ and X such that

p—([-]20])

1 ks
e—nP-i—Zz:O p(oi)

T P ook D)

Cl<

< C, for everyi_ e X7, (2.2)

< C, for every ie 3. (2.3)

We call the measures u_ and p the Gibbs measures of the potential ¢ on ¥~ and ¥. Moreover,
p— and p are ergodic, see [5, Chapter 1]. Let v = (7 ),u—, where m~ is defined in (2.1). Let us
denote the projection from X to Xt by p; : ¥ +— X*, and similarly, the projection from X to X~ by
p—: X — X7, It is easy to see that (p_)sp = p—.

Lemma 2.5. The measure iy = (p4)«p is o-invariant, ergodic quasi-Bernoulli measure on X with
entropy hy,, = hy, =h,_ =P — {o(i)du(i).

Proof. First, we prove invariance. Let A € X7 be measurable set. Then by using that yu is o-invariant
we get

N N

pi(otA) = py (U iA) = (E x UiA> =p(X7 x A) = pi(A).
i=1 i=1

Let A € X% be an arbitrary o-invariant subset of ¥*. Then ¢7'¥~ x A = ¥~ x (Ufil iA) =

¥~ x 0 1A =%~ x A. Therefore, u(X~ x A) = 0 or 1, which implies the ergodicity of i .
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Finally, let (ig,...,in+m+1) € (X7)* be arbitrary and let j € ¥~ be such that j_1 = tpimi1,---,
j—(n+m+2) = ip. Then by (2.3)

i lios - sintmi]) = 1(E7 x[io, - insms1]) = u([j\:1n+m+2)]> < Qe (rm PR elet)

Ce= (T DPTEE_o0(0£)) o= (m+ )P+ 0(e2 (17) 03 ([ | Do n+1J| ) =
Cgﬂ(zi X [i07 e 7@1])”(27 X [in-&-la e 7in+m+1]) =C? M+([Z(), S n]),u-&-([ln-&-lv e 7Zn+m+1])'
The inequality gy ([i0, - - - insma1]) = C 3uy ([i0,- - in))pts ([ins1s - - - intme1]) can be proven sim-

ilarly. By using the definition of entropy, see [16, Theorem 4.10, Theorem 4.18],

hy _JEEO_EE’“ 7)) log 4 ([2]) < P—nlggome )e(7j) =

EeS™ 7eS™
P lim o 3 (o) = P~ [ ot
7EeS”

O

By Oseledec’s multiplicative ergodic theorem, there are constants 0 < x;, < xj;’ that

n—0o0

1
lim —Elog a1 (Aiy -+ Ai, ) = X, and

1
hngO —flog an(Aiy -+ Ai,_,) = X for prae. i€ X (or py-aeiy € X7).
n—
We call the values xj, the stable and xj the strong stable Lyapunov exponent of . We define the
Lyapunov exponents for p_ similarly.
In our further analysis, a special Gibbs measure plays an important role.

Definition 2.6. Let A = {A;, As, ..., An} be a finite set of contracting, non-singular 2 x 2 matrices
such that A satisfies the dominated splitting. Moreover, let so = so(A) be the unique root of the
subadditive pressure (1.2)). We define ¢ : ¥~ +— R be Hélder continuous potential function as follows,

log ||A;_,|e*(o—i)|®° if 0 < sy <
(i) =1 log (|det A;_ |07 |A;_ |e*(o—i_)|*7*0) if1<so < 2, (2.4)
log | det A;_, |*0/? if 2 < sg.

Then we call the Gibbs measure u™ with potential ¢ the Kienmiki measure on X~. In particular,
there exists a constant C' > 0 such that

L )
@50 (Ai,l . Az‘,n)
where ¢° is the singular value function (1.1)).

< C, for everyi_ e X7,

The Holder continuity of potential ¢ in (2.4 follows by Lemma

3. LEDRAPPIER- YOUNG FORMULA FOR (GIBBS MEASURES

In this section, we extend the result [2, Theorem 2.7] for Gibbs-measures. For every 6 € P! we
denote the orthogonal projection in the direction of 8 by projg. Let us define the transversal measure
for every i, € ¥ by I/ijjr =vo (projess(i+))_1
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Theorem 3.1. Let A = {4, Ag,...,An} be a finite set of contracting, non-singular 2 x 2 matrices,
and let ® = {fi(z) = Ajz + Q}i]\il be an iterated function system on the plane with affine mappings.
Let p— be a right-shift invariant and ergodic Gibbs measure on X~ defined in , and v = (T )xpi—
be the push-down measure of u—. If

(1) A satisfies the dominated splitting,

(2) ® satisfies the strong separation condition

then v is exact dimensional and

h S
dimg v = —’: + (1 — X”) dimpg I/ijjr for piy-almost every iy € L.

SS
Xp 1

During the proof of Theorem (3.1} we follow the proof of [2 Theorem 2.7]. The proof of [2, The-
orem 2.7] is decomposed into four propositions [2, Proposition 3.1, Proposition 3.3, Proposition 3.8
and Proposition 3.9]. However, [2, Proposition 3.1] and [2, Proposition 3.9] hold for general ergodic
measures. On the other hand, [2, Proposition 3.8] follows from [2, Proposition 3.3] exactly in the
same way for Gibbs measures as for Bernoulli measures. So, we extend in the rest of the section [2,
Proposition 3.3] for Gibbs measures.

Let F be the dynamical system defined in [2, Section 3] acting on O x ¥ *. Namely,

F(&, i) = (fio (£)7Ui)7
where O is the open and bounded set such that

N
| £i(0) = O and fi(0) n f;(0) = & for i # j.
=1

Since F is a hyperbolic map acting O x X%, its unique non-empty and compact F-invariant set
is (o o F™"(O x £7) = A x . It is easy to see that F is conjugate to o by the projection
m: X — A x Xt where 7(i) := (7~ (i_),i;). That is, m o 0 = F o 7. Denote the measure m,p by .
Then 7 is F-invariant ergodic measure.

Since e** depends only on i, it defines a foliation on O for every iy € ¥T. Hence, it defines a
foliation £%% on A x X*. Namely, for ay = (z,i;) € A x X% let l55(y) be the line through z parallel
to ess(iy) on R? x {i,}. Let the partition element ¢**(y) be the intersection of the line lss(y) with
A x {iy}. It is easy to see that F¢%¥ is a refinement of £*°, that is, for every y, (F¢*%)(y) < £%(y).

Applying Rokhlin’s Theorem [13], there exists a canonical system of conditional measures, i.e.
for D-a.e. y € A x X7 there exists a measure vy® supported on £**(y) such that the measures are

uniquely defined up to a set of zero measure and for every measurable set A the function y = 5°(A)

is measurable. Moreover,

D(A) = jﬁ;s(A)dﬁ(y). (3.1)

Let us define the conditional entropy of F¢*° with respect to £€%° in the usual way,
H(FEIE) =~ [ log B3 (FE™) ) db(y).

Applying again Rokhlin’s Theorem [13], for p4-a.e. iy € X7 there exists a uniquely defined system
of conditional measures i, up to a set of zero measure, supported on X~ x {i;} and

p(A) = [ (A i),
By defining 7, := (77 )spi, , we get
p= fﬁi+du+<i+)-
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For pi-a.e. iy € ¥7T, let us define the transversal measure of 75, by

1//\11_:_ = (projess(i+))*l//\i+.

By using the uniqueness of the conditional measures, we get
IZ f Vlnis )du (z) for py-ae. iy € X7,

Lemma 3.2. There exists a constant C > 0 such that C~'pu_ x py < pp < Cu_ x py. In particular,
C™lu_ < pi, < Cp for py-ae iy € XV, (3.2)
Proof. Tt is enough to show that there exists a C' > 0 such that for every i€ ¥ and n,m >0

O™ - (=D (16D < p([A™1) < O ([ =5 w ([1D)-

Indeed, every set A in the o-algebra can be approximated by cylinder sets. By the definition of Gibbs
measure [

s |m m n+m "+m ok gmt1j
R e

—-n

CenPHEI pokig- (iDL eoke™ ) < 02 (|7 (o™ L ]) =

C?u—([i=n Dulil]) = C2p— (=D p (D).

The other inequality can be proven similarly. The relation (3.2)) follows by the fact that the conditional
measures are uniquely defined up to a set of zero measure. O

By Lemma the measures 7;, and v are equivalent for 11 -a.e. i, € ¥*. Similarly, the measures
i/\i:i and Vij; are equivalent for p,-a.e. i, € 7.

For the examination of the local dimension of the projected measure, instead of looking at balls on
lines we introduce the transversal stable balls associated to the projection. Let B:(x,1i) be transversal

stable ball with radius r, i.e
Bl(z,i) = {(y,) 11 =] & dist(lss(z, 1), lss(y,§)) < 21},

where l45(z,1) denotes the line trough z parallel to ess(i).

For technical reasons, we also have to introduce the modified transversal stable ball. Since the
IFS @ satisfies the SSC, for an y = (z,i) € A x X" we can define the stable direction es(y) of y by
es(y) = es(z) == es(i ) where 7_(i_) = z. Denote dist es(y) the natural Euclidean distance on the

subspace e;(y).
Then for an (z,i) € A x 1, we define the modified transversal stable ball with radius § by

BI(z,i) = {(y,j) e A x XT 1i=j & diste_ (g5 (lss(z, 1), lss(y,§)) < 6},

where dist,, (z 1) (lss(2, 1), lss(y,j)) means the distance of the intersections of the lines lss(x, 1), lss(y, J)
with the subspace es(z, 1) with respect to the distance diste, (5,1)- Since there exists a constant o > 0
such that

x(es(in),ess(ip)) = a >0, for every i € ¥~ and iy € 27,
there exists a constant ¢ > 0 that for every y € A x Yt andr >0
BL. (z,i) € Bi(z.i) € BL(x,i). (33)

We are going to prove the following proposition.
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Proposition 3.3. For y-a.e. i, € X1 the measure I/i{

: hy — H(FE*[§™)
dim g Vi:’:r = £ . .
Xy

1s exact dimensional and

In particular,

BT . h, — H(Fg£ss|£58
lim UB, (@1+)) _ P (FEw]e™) for v-a.e. (z,iy).
r—0+ logr X,

Let P be the natural partition ie. P={fi(A) x E*}fil. Denote the kth refinement of P by P¥,
i.e. forevery y € AxX¥, PE(y) = (VI FI(P)) (v) = PG) N F(P(FL(y)) - n FE(P(FH(y)).

Let us define almost everywhere the measurable functions g (y) := 05° (731( )) and
P, (B (y) n PE(y))
Di. (Bf ()

By definition, gsr — gr as § — 0+ for U almost everywhere and, since g5 is uniformly bounded,
(3.1) implies g5 — gx in L'(D) as § — 0+.

95,k (y) =

Lemma 3.4. The function sups-q {—log gsx} is in L' (D) for every k >
The proof of Lemma [3.4] coincides to [2, Lemma 3.6].

Lemma 3.5. For everyz =7 (i_1,i-92,...) €A, i, €Xt, §>0and k> 1

F* (BY(F () x [i-o-via]) = (BT, estr-r @) 0 PEY)) X BT

iy Aiy
where y = (z,iy).

By using the fact that v = (77 )spu— = (77 )« (p—)«u, we have

(m
v(BY(y) n P}) =7 (BY (y) n Pf x =)
o (F (BT (y) nPEx 7)) 1o F @) x figs o vical)

where in the last equation we used Lemma By Lemma

-~ T
v (B”Az 1"'Az'_k|es
1—1"'AL;C|68(F_k(x))H_l5(Fik(z)) X [ig, .- 7i—1]> <

Cv (Bl entrsinsF @) sl i), (3.4

iq

v(BY (y) n P (y)) = 7 (BT,

and

v(Bi (y) nPi(y)) = C v (BHTA

iy Ay les

(F—k(znu—l(s(F_k(z))) por [y -y i-1]) (3.5)

for every 6 >0,k >1, and y e A x XF.

Proof of Proposition[3.3. By the definition of the transversal measure, the statement of the propos-
ition is equivalent to
log v(Bj(z,i+)) _ hy — H(FE*|E™)

61i%1+ Tog 6 = " for v x py-a.e (z,i4).
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Hence, by (3.3) and by Lemma it is enough to show that if y = (z,iy) € A x X% with

I = W—(i—17i—27 .. ')7

T
| losv (BAi_1~~Ai_p,€|es<F—pk<y>> (Y)> hy — H(FES[¢s)
lim =
p—0 logan(Aiy - Ai_,) X5,

for v x pi-a.ey.

By Oseledec’s Theorem, we have

.1 .
plLIrOlO , logai(Ai_, - Ai_,,) = —kxj, for p_-aei_. (3.6)

By applying (3.4)), (3.5) and Lemma

y <BT gy (F7 VR (y))
_ IAi_ 1y Ay les(F PRI =
v (Bl e ®) = v (BIE) [ ’ : "
S <B|Ailk1---Aipkes<F—pk<y>>(F (Y)>>

(F=Pk(y) (F_(l_l)k(Y))> M+([i—(l—1)k—17 s 7i—lk])

<

BT
lAi_ g pypyAipg les

cry (BY(F)) ﬁ i <

I T —(-1)k k(p—(-1)k
(Bl e ) 0 PEEC )

~

T (BTAI'-U_Uk_lwAipkeswpk(ym (FEVE)) ) i (it - -]

p
o3Py (BlT(F*P’f)) I1
T e (B'Tf‘iam1---Aipk|es(F-Pk<y>>(F ~SDR(y)) A PE(F ‘("1)’“(3'))

Similarly,
T -3 T —pk
v (B\\Ai_l---Ai,pk|es<F—pk(x>>H(X>> > 07y (B (F77h))

AF’(Z’U’“(X) BTAi_(l_l)k_l...Ai_pk|eS(F—pk(y))(F_(l_l)k(Y))> Pt ([ —1yp—1s - - - i-1x])

= Preaoiny) (BTAI-_u_l)k_l-'.Aipk|es<mk<y>>n (FEZEH) A Pf(F_(l_l)k(yO

By taking logarithm and dividing by p we get
1 T ( —pk 1g —lk
]; log v <Bl (F >> -3 log C - ]; 2 log gHA’i_lk—l"'A'i—pk|65(F7pk(z))”’k<F (X))+
=1

A eyl () <

i_q°

1& , , 1
- Z log g ([i——1)k—1, - - - »i—1k]) < ~logv (B”TA
Y p

—lk
e Aiyles(ErE ()R (T (X)) F

1 12
» log v (BIT(F_”]“)) +3logC — » Z log gja
=1

1 . :
. Z log it ([i—(g—1)k—15 - - - I-1k])-
=1
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By Lemma [3.4] we may apply the result of Maker [12, Theorem 1], so we get

lim —— Z loggya, . ~-Ai7pk\eS(F*P’“(X))H,k(F_lk(X)) floggk( )dv(y) = kH(FE>(E%)
for v-a.e. y. Applying Birkhoft’s ergodic theorem and (3.6 we get

—BlOgC—kH(Ffss‘fss)_Zzesk :U’+([ ])logﬂ-‘r([ ]) <dr ( ) a T ( )
ka/, h 7V1+ iy
3log C' — kH(FE™[E%) — Dlsesr 1+ ([2]) log p-([2])

kx;,

for 7-a.e. y and every k > 1

By taking the limit £ — oo, we get that
by — H(FE™|e™)

d,r (z) =d,r (z) for v-a.e. y.
iy XZ =
Since U is equivalent to v x ., the statement follows. O

Proof of Theorem 3.1 Since the proofs of [2, [Proposition 3.1, Proposition 3.8 and Proposition 3.9]
do not use that the examined measure is Bernoulli, one can modify them to show that for D-a.e.
y € A x X% the measure vy® is exact dimensional and

H(PE[€)

dimH /V\és = XfLS
Moreover,
U (B H(FE£88|£55 h, — H(Fgss|ess
lim inf V1+( 7’(£)> > ( 5 |§ )+ 14 ( é |§ )fOI‘ I?—a.e. (&,i.t,.)
r—w  logr X X

and by using that v = (p_).V

BT H F 88 SS h 7H F 88 S8
s B @) _ HPESIE) | by = HEE[e)
00 log r X X,

for v-a.e. x.

Since the measure v is equivalent to 7, for pi4-a.e. iy, the statement follows by Proposition ([l

As a corollary of Theorem we are able to give two conditions which ensure that the dimension
of a Gibbs measure is equal to its Lyapunov dimension. The second part of condition in the next
theorem appears in [9], as well, for the Gibbs measure generated by the subadditive pressure.

Theorem 3.6. Let A = {Ak}kN:1 be a family of 2x2 real non-singular matrices and ® = {Apz + ﬁk}évzl
be an IFS of affinities on the plane. Moreover, let u_ be a o_-invariant ergodic Gibbs measures on
37, let p be its unique extension to 3 and let iy be the quasi-Bernoulli measure defined in Lemma.
Assume that
(i) the IFS ® satisfies the strong separation condition,
(i1) A satisfies dominated splitting condition
(iii) either dimp (e®)ypy = min {1, dimpyap pi—} or dimp(e%®)spiq + dimp (77 )sp— > 2
Then
h hy —X;
dimpg (7™ )xp = min {’;, 1+ MSL‘;X“} .
X5, X5
By Theorem the proof is similar to the proofs of [2 Theorem 2.8 and Theorem 2.9].
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4. DIMENSION OF GIBBS MEASURES AND TRANSVERSALITY CONDITION OF STRONG STABLE
DIRECTIONS

In this section and the rest of the paper, we are going to study the dimension of Gibbs measures.
To be able to calculate the dimension of Gibbs measure, we have to handle the dimension of strong
stable directions, see of Theorem In the case, when the matrices satisfies the backward non-
overlapping condition, i.e. there exists a backward invariant multicone M such that A 1(M °)c M°
and A;H(M°) A]._I(M °) = & for every i # j, it is possible to calculate the dimension of strong
stable directions. Namely, by [2, Lemma 4.2], for every o-invariant ergodic measure y on X%

hy

: SSs _
dimp (€*)xp = m7

where h, denotes the entropy of p.

In general a set of matrices does not satisfy this phenomena. In this section we introduce a
condition, which makes us able to handle the problem of overlaps. Namely, we consider a parametrized
family of matrices A(X) with the corresponding map of stable- and strong stable directions e3 and
ey’

Definition 4.1. Let U < R be open and bounded. We say that a parametrized family of matrices
AN) = {Ai(N}Y | satisfies the strong-stable transversality on U if

e the parametrisation A — A;(A) is continuous for everyi =1,..., N on an open neighbourhood
of U

e for every X € U the set A(X) satisfies the dominated splitting

e there exists a constant C' > 0 that for every i,j € X+ with ig # jo

La{AeU: x(ex’(i),exX’(j)) <r} < Cr for every r > 0.

The definition of strong-stable transversality is a natural generalisation of the transversality con-
dition for iterated function systems, see [14, (2.9)].

Theorem 4.2. Let U < R? be an open and bounded set and let A(X) = {Ak()\)}ivzl be a parametrized
family of 2 x 2 real matrices and ®(X) = {A(A)z + zk(}\)}i\;l be a parametrized family affine IFSs
on the real plane such that

(i) for every A € U the IFS ®(X) satisfies the strong separation condition,
(ii) A(X) satisfies the strong-stable transversality on U.

Let {pux} ey be a parametrized family of o_-invariant ergodic Gibbs measures on X~ such that the
family of the corresponding Hélder continuous potential functions {¢x}yey 15 continuously paramet-
rized, moreover,

h#)\ hNA 92 h’#)\

) or + > 2
x;‘;A(A)} i (A) = x5, (A) s (A

h
(iii) either Ex > min {1
Xin(A) = x5 (A)
Then
by 1+ h%\ B X/i)\ (A)
Xiia (A) Xin (A)
The proof of Theorem [£.2]is based on the combination of Theorem [3.6] and the following theorem.

dimp (7 )sptx = min{ } for Lg-a.e. Xe U.

Theorem 4.3. Let U < R? be an open and bounded set and let A(X) = {AR(A)}5_, be a parametrized
family of 2 x 2 real matrices such that A(X) satisfies the strong-stable transversality on U. Moreover,
let {ux}yey be a family of o-invariant quasi-Bernoulli ergodic measures on Lt that X — hy, is
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continuous and for every Ag € U and € > 0 there exists a 6 = §(g, Ag) > 0 that for everyie X, every
n =1 and every |[A — Ao <9
1
e < :U’A([ g ]) < .

i ) S 1)

Then

h”)\ }
,]. 107 Ed-d.(?)\ez/.

The proof uses the standard transversality method but for completeness we present it here. First,
we give an upper bound for the dimension.

dimp (e3)xpx = min {

Lemma 4.4. Let A = {Ai}f\il be a set of matrices satisfying the dominated splitting and let e%®

Yt s P! be the map to strong-stable directions. Then for every u o-invariant ergodic measure on
»t,

h
dimp (%) 4p < min {1, “}

Xss _ X,u,
Proof of Lemmal[{4 For any z € P! let B (z) := {y € P': x(x,y) < r}. It is enough to show that
1 Ss B%: S8 h
lim inf 0g(e™)xpi( By (e (1))) < £ for p-ae ie X7,
r—0+ logr XiE = X
By Lemma and Lemma[2.22), if i,j € ©F that iy = jy for k=0,...,n
Area(A7' - A7tw AT AT w det(A- L. A1
50,7 () < e A b At ol )]
|4z, - A, e (e H )| As - - Ay Cless (o) | A - A
where v € e**(0"*1i) and w € e*¥(¢""1j) such that |v| = |w| = 1. Let n(r,i) € N be the smallest
number such that . .
’det(Aio “'Az'n )| -1,
HA;OI ... anHQ
Hence, (e%%).u(B;(e*(i))) = u([i\g(T’i)]). Therefore,
log(e")ut(BE (e (1)) _ logu<['|§‘”)]>
logr log C' + 10g|det(A101 ; ( . )| —2log HA_ A_n(v oo N
By ergodicity and Lemma [2.2] E.
T}ggo—flogu([ ilg]) = hu
Jim —— " log | det(A, - ALl = i~ X
1
lim—logHAi_Ol- anH—X for p-a.e. ie X7T.
n—w n
O
Lemma 4.5. Let U < R be open and bounded and let A(X) = {Ai()\)}ﬁ\il be a parametrized family
of matrices that the map A — A;(A) is continuous for any i = 1,..., N in an open neighbourhood

of U, and A(X) satisfies the dominated splitting on U. Then the map X — e33(i) is continuous
uniformly for every i€ X, That is, for every Ao € U and every e > 0 there exists a § = §(Xg,g) >0
that

IA=Xof <6 = x(ex’(1), e (i) < & for everyie X7.
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Proof. Let Ag € U and ¢ > 0 be arbitrary but fixed. Let M be the backward invariant multicone of
A(Xp). By definition of backward invariant multicone, there exists a ¢’ = §'(Ag) > 0 that for every
A with |A = Xg|| < ¢’, M is a backward invariant multicone for A(A). Hence, the angles between the
directions of the dominated splitting are uniformly bounded from below. Thus, by Lemma
and Lemma there exists a constant C' = C'(Ag) > 0 that for every for every, m > 0 integer we
have

x(ex’(i), ex;, () <
F (A5 (o) - A T (Ao)ess (0 ), A T (Ao) -+ A T (Xo)e (0™ ) +
F(A; (A0) -+ A (A0)eX (0™ ), A TN - - A (N)eR (0™ ) <
det(A; 1 (Xo) - A; 1A
C(A())ZQ’ € (7120 ( 0) 712m( 0))|
[ 45" (Xo) -+ A7 " (Xo) P
S AL ) - AT N < A (No) - AT o)wg] + | 300 AN - A (V) x AT (M) - A (Xo)ug |
[ Aig (A) - -+ Agy (V)7 Aig (Ao) -+ As, (Ao) [ ’
where u;, u, is the standard basis of R?. Since A(\) satisfies the dominated splitting on U, there
exists an integer m = m(Ag) > 0 that
det(A; ' (Xo)--- A7 1A
Caal e Bl S GOl
[ Az (Ao) -+ A; " (Xo) 2

for every ig,...,im € {1,..., N}. Let f(X, Xo) := supsex+ ¥(e(1), €% (1)), then
ST A - AT N < At (Ro) - A (Kol
1Aig(A) -+ Aiy ()71 Adg (Xo) -+ - Ai (Xo) [ 1

| 2 A ) AL Ny x A (Ro) -+ AT (Mo)ug
[Aig(A) -+ Ais (V)7 Aig (Ro) - -+ Ay, (Ro) [

F (e (0™ 1), 5 (0™ )+

0

(X, A0) <2 max

205-++5 im

Since the maps A — A;(A) are continuous, there exists a 6 = §(Ag,e) > 0 that the right hand side is
less that e > 0 for every X with |A — Aol < 0. O

Lemma 4.6. Let U < R be open and bounded and let {ta}re be a family of o-invariant quasi-
Bernoulli ergodic measures on X7 that holds. Then the map A — uyx is continuous in weak*-
topology. Moreover, if A(X) = {A;(X)},1, is a parametrized family of matrices that the map X —
A;(X) is continuous for anyi = 1,..., N in an open neighbourhood of U, and for every XA € U the set
A(X) satisfies the dominated splitting then the maps X — x;5 (A) and X — x5, (A) are continuous.

Proof. To prove the first assertion of the lemma it is enough to show that for every O < X' open
set and every Ag € U

liminf px (O) = pa, (O). (4.2)
A g

Since the cylinder sets form a base of open sets we get O = |J;_;[ix[;’*]. Since for every cylinder
liklrr] = Ujjzn, lFo™ ir]g"*] without loss of generality we may write O = | J;—;[ix]|g"*]. On the other
hand, for every pair of cylinder sets of the form [ix|g'*] either they are disjoint or one contains the
other, thus, we may assume that [ix|y"*] n [i;]g"] = & if k # [. Hence,

MAo(O) = nh—r>rc>lo Z NAo([Z])'
|
]

=N

=n
cO

—_—
le>
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Therefore, by (4.1]) for every n > 1
1o ([2])-

g

li f > i f =
i (0) = iy 2 all

=
N

n
@]

—_—_
I,
[

—_—
\@ \@.
\ﬂ ||

Since n > 1 was arbitrary we get (4.2 .
To prove the second assertion, by Lemma and multiplicative ergodic theorem

X5 () = j log | 421 (A) e (o) [dpaa (i) and X2 <A>+sz<A>=flog|det<Ai;<A>>|dm<i>.

By Lemma the map A — log \\A%l()\)\ei‘*(ai)\\ is continuous, thus by the weak*-continuity of
A — px, the map A — x7*(A) is continuous. The continuity of A — x;,, (A) follows by the continuity
of A= pix, A= x5 (A) and X — log | det(A; ' (N))]. O

Proposition 4.7. Assume that the assumptions of Theorem [{.3 hold. Then for every Ao € U and
€ > 0 there exists a 6 > 0 such that

h
dimg (€5’ )spx = min< 1, F2o0 — ¢ for Lg-a.e. A€ Bs(Xo).
A "X (M) = Xiis, (Ro)

Before we prove Proposition we prove that for every A € U the map i — e5’(i) is Holder
continuous.
Lemma 4.8. For every Ao € U there exists a 6 = §(Xo) > 0 and for every r > 0 there ezists a
positive integer N = N(Xg,r) that for every X € U with |[XA — Xg| < § and for every i,j € X1 with
o # Jo B B
T{(e° (1), eX () < 7} < T{(eX (1o D), e GI0T)) < 2r,
where 1 = (1,1,...) € ¥". Precisely, N(Xo, ) = [555 QIOgT + ¢(Xo)], where B(Xg) is the domination

B(Xo)
exponent in Definition and c¢(Ag) is some constant depending only on Xo.

Proof. Fix Ag € U. Then by Lemma for every N and every i,j € X with ig # jo

[ (ex (1), ex () — % (ex’ (10 1), ex’Glo DI < x(ex (1), eX (I T)) + 5(ex (), ex’ (10 1) <
[det(A5,"(A) - A1 (V)]

ZN e3s O.N-‘rli ,655 T
AT A N AN - A gD AT A
|det( (A)AJI\}(A)M N+1. SS(T
T A g VA ) AT e ] 1A A

Since A — A;(A) is continuous, by Lemma [4.5] there exists a § = §(XAg) > 0 that
| det(A;1(N) -+ A7 1 (V)]

JAGEN) - AL V) [ese (N L) [ A7) - AL (N [ese (D] =
500) y | det (A5, (Xo) -+ A_NI(AO))\
|45 (o) -~ A5 (>\0)|€85(UN“)HHA F(Xo) -+ Aj (Ao)less (D)

for every j € ¥ . Thus, by Lemma

]O"“’JN

SS(3\ ,S5(3% ss(sINT\ ,ss(s|NT 3(0) ‘det(A;ol()‘O)A;]\}()‘O)”
R0, e 6) e G, e G T < 2me 3N O(h0)? ma { e e }
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By Definition there exists an N = N(Ag,r) that the right hand side of the inequality is less than
r, thus the statement follows. O

Proof of Proposition[{.7. Let Ao € U and € > 0 be arbitrary but fixed. Let 6 = §(Ag,e) > 0 be
chosen according to Lemma Lemma and (4.1). By Shannon-McMillan-Breiman Theorem
and (4.1), for every A € Bs(Ao)

Pun, — hmlnf—f log pux([i[i1]) < hmsup—— log pux([ili1]) < huy, + € for px-ae. i€ »t.

n—0o0 n—o0

Moreover, by ergodic theorem and weak*-continuity of XA —

Xiin (R0) Xy (Ro) —& < lim —~ 10g|det(A;)1(>\)“ i ) =x35, (M) + x5, (Ro) + ¢

. 1 — — Ss ns S8
X5, (o) — & < Tim —log |47 1) - 47T (VIR (0™ < x5, (o) + 2

for ux-a.e. i € ¥T. By Egorov’s theorem for every XA € Bs(Ao) there exists a set Qy < X7 that
1(2x) > 1 — £ and there exist a constant C'(A) > 1 that for every i € ¥* and every n,m > 1

CNT Al Daa(lo™5 D) < pa((ils ™) < CYua(lily ™ Daa(le™ilz="])

and for every i € (1) and every n > 1

O e "M < ([ < O(A)e "M, (4.3)

[det (43" (A) - AL, V)] _

1 (xS (Ao)—x5, (Xo)+6e)
C(\) L ) Hxo
()" AT AT ()P

( )e_n(Xis)\O (AU)_XZAO (Ao)—6e)

(4.4)
By Lusin’s theorem for every & > 0 there exists a set Js(Ag) S Bs(Ag) that L4(Bs(Ao)/Js(Xo)) < €
and there exists a C' > 1 that C(A) < C for every A € J5(Xo). Denote the measure fix := ulg, and
for a finite length word k = (ko, ..., kn—1) denote the set

Sk i={(1,J) €S tip = jm =km form=0,...,n—1and in # jn}.

Then for every s > 0 by Lemma the continuity of A — A;(X) and ({4.4))

7= JJé()\O) Jf{(eis(i))’ess ) djin ()i (G)dA =
; 0 kn JJ(;()\O) i!{(eis(i))’es)\s(j))SdﬁA(i)dﬁA(j)d)\ <

o det(A ! )\7- AT (A —s
Z JJ N )ch()\)2 (’ (_lko ( ) knfl( ))’) {(6§S(Uni)),€s>\s(O'nj))isd/j)\(i)dﬁ)\(j)d)\ <
5(Ao 5

n=0k=n 20 A () - AL (V)

ZC’ o G 00169 3 [ e (07), 5070 dpaaia G
k=n Js(Xo)

g
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By Lemma for any k with |k| =n

7~ | f | (e (0.5 (075 dpa (dpaGix <
Js(Xo)

Sk

o) 1

Z 2m+1 f ff { 6)\ o™ 1 eS)‘S(gnj)) < Qm}dﬁk(l)d/j)\(.])d)\ <
Js(Xo)

m=0

g - ey 2\ e e s

3 glmeis f f f ]I{{(e N ROMT) 55 (0mj NPT < }dmi)dm)dA:
Js (A 2m
5(Xo) 5

m=0

IECEE ", ﬂ S D, D) < o b dia@)diai)in

m=0 li|= N(Aom
||=N(Xo,m
(4.5)
By applying (4.3)), the quasi-Bernoulli property of juy,, (4.1) and the continuity of X — h,,,
_ _ 2 - -
[ s, < o bt <
J5(Xo)
SS 1 SS (11 2 ~ ~
R I PN TN I
Js(Xo)
n m)) ,—n(h - SS(1T SS (17 2
¢ ing ([ED g ([ peng ([N Come ™ hiny =2 (* € Js(Mo) : X(e5 (kD). ex (1D) < 2m> |
Hence, by (4.5) and the strong-stable transversality
= C
T < pang([K]) 2 2005 N1 g ([ ([ N o™ g =25 2
m=0 [L[=N(Xo,m)
|h|=N(Xo,m)
e}
C”:u')\o([k] Z 2m(s 1)+2eN(Xg,m)/log2

Since N (Ag,m)/log2 < mﬂ(io) + ¢(Xo)

<" i n(s(x;* (Xo)—x;.(Xo))—h )\0+1Oa)
n=0

2m(s 1+65(/\0))

ﬁMS

0
5 hu)\o—lla
B(AXo)? x5 (Ao)—x5 (Ao

By Frostman’s Lemma [7, Theorem 4.13],

5 h%\O —1le
A0)” x:5(Xo) — x5 (Xo)
But for every XA € Bs(Xo), dimpg(e’)spxn = dimpg(e5’)«/in, moreover, Lq(Bs(Xo)/J5(Xo)) can be
chosen arbitrary small, thus, the statement follows. O

Hence, by choosing s < min{1 —¢

y } the right hand side of the inequality is finite.

dimp (e5)«fin = mm{l B( } for L4-a.e. XA e Js(Ao).
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Proof of Theorem [[.3 By Lemma [£.4 we have

P }
for every A e U.
XA (A) = X5 (A)

So it is enough to establish the lower bound. Let us argue by contradiction. Assume that there exist
a set U' < U with £4(U’) > 0 and a € > 0 that

dimp (e3)xpx < min {1,

hu } :
—¢ for Lg-a.e. AeU".
Xin (A) = X5 (A)

Let Ag € U’ a Lebesgue density point. Thus, there exists a dy > 0 that for every dp > § > 0

dimg (e3)xpa < min {1,

h
Ly <)\EB(;)\ s dimg (e’ u)\émin{l, 2 }—5) > 0.
o) = dimr(3): PCVRPONCEY

By using the continuity of entropy and Lyapunov exponents we have for sufficiently small § > 0

hu,\ 3
Lg| A€ Bs(Xo) : dimp(e5)spin < min< 1, ¢ ——1>0,
( A Xiis, (M0) = Xiia, (M) | 2
but this contradicts Proposition [4.7] [l
Proof of Theorem[{.3. By Theorem [£.3] we have
h
dimpg (e3)spix = min{ £ ,1} for L4-a.e Xe U.
A X (A) = x5 ()
On the other hand, by Theorem if
P : { hyux }
= min ,1
Xi5(A) = Xia (D) Xjia (A)
the statement holds. Thus, we may assume that
By, h h
<1, x% (X)) > 2x* (A) and £ +2—F2 > 2
X (A) = Xia (A) i i X)) = x5 (X)X (A
By [2, Lemma 4.12], we get that dimp (7 )spx = QXS}-ZLE\A) and the statement follows by Theorem |3.6
n
> L]
5. PROOF OF THEOREM [L.1]
Finally, in this section we prove Theorem [I.1] as an application of Theorem
For a matrix A € Riﬁ U R?*? Jet
|az + |c|(1 — =) [a b]
S(z,A) = where A = . (5.1)
(lal + b))z + (lc] + [d[)(1 — ) c d
Simple calculations show that the maps S; € C2[0, 1], Moreover,
det A
sup [8'(z, A)| = max {[5'(0, 4)],|8'(1, A)f} = 194 g (5.2)
z€[0,1] Al
det A|
inf |S'(xz, A)| = min {|5’(0, A)],|S'(1, A =| ,
inf 8/, )] = min [0, 4)}15'0, A)]} =

where |A], = max {|a| + |b], |¢| + |d|} the usual co-norm of matrices.
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Lemma 5.1. Let A = {A1,..., AN} be a set of non-singular matrices with either strictly posit-
ive or strictly negative elements such that |‘(Hizt_ﬁ§| < 1. Let ¢ = {Si(.) :=S(., A)}Y, be IFS on

[0,1] and let TI : ¥* — [0,1] be the natural projection of ¢. Then for every i, € Lt the vec-
tor (T(iy) — 1,T1(14))" € e*(iy).

Proof. Let A= {A;,..., Ay} and the IFS ¢ = {S1,..., Sy} be as required. It is easy to see that the
cone M = {(z,y) € R?/{(0,0)} : 2y < 0} is backward invariant. So, by [3, Theorem B], A satisfies
the dominated splitting.

For ani; € X7 let e*¥(i) be the invariant strong stable direction defined in . By the definition
of T : £% v [0,1]

<—bi0H(ai+) —diy (1~ H(0i+))>

(H(i+) — 1> _ ai(ciy) + ciy (1 — T (oiy)) -
I(iy) (laio| + 1big DI (i) + (leip] + |dig ) (1 — TL(oiy))
det A;, e (H(ai+) - 1>
(|ai| + |bio N (0iy) + (|cio| + |dig)(1 — T (aiy)) 0\ H(oiy) -

Thus, by Lemma and uniqueness, the 1 dimensional subspace €**(i;.) contains (I1(iy) — 1, H(i+))T.
([l

Lemma 5.2. Let A = {Ay,..., AN} be arbitrary such that A; € MM, where M is defined in (1.3)).
Moreover, let A(t) = {A; +t1By,..., Ax + tyBn}, where t e RV

[ b; o a; + b; —(aﬁ—bi)
A; = <Ci di> and B; = (Ci +di —(cr +di)>' (5.3)

N
Then there exists a 6 = (A) > 0 such that the IFS ¢ = {S?f(.) =S5, A4; + tl-Bi)} ) satisfies the

(2 .
1=
transversality condition on (—68,8)N.
In particular, A(t) satisfies the strong-stable transversality condition on (—d,05)N.

Proof. Since MY is open, there exists a ¢ = ¢(A) > 0 that A(t) € MY for every t € (—¢,e)V. Let
¢ ={S1,...,Sn} be the IFS for A and ¢; = {S%, ... ,S]EV} be the IFS for A(t). Simple calculations
show that Sf(a:) = Si(z) +t; for every ¢ = 1,..., N. By the definition of 9, by (5.2)) and by [14,
Corollary 7.3] there exists 6 = §(.A) > 0 such that § < € and ¢, satisfies the transversality condition.

By Lemma and Definition it follows that A(t) satisfies the strong-stable transversality on
(—0,0)N. O

Lemma 5.3. Let us define for every A e MY
P(A) ==V~ | ] A®),

teRN
where A(t) is defined in Lemma . Then P defines a measurable partition of MY .

Proof. By the definition of P it is enough to show that if A # A’ then either P(A) = P(A’) or
P(A)nPA) =g.

Let us fix A # A’ and suppose that P(A) n P(A") # &. Then there exist t1,...,ty € R and
th, ...ty e Rthat A;+t;B; = A+t B! forevery i = 1,..., N, where B; and B; defined in (5.3)). Thus
a;+b; = a;+b; and ¢;+d; = ¢;+d;. Hence, P(A) = P(A’). The measurability is straightforward. O

Proof of Theorem [1.1} First we show that if A e MY U O, where NV and O are defined in (T.4),
then condition of Theorem holds for the Kienmiki measure p’ of A, defined in Definition
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h h
Indeed, if A e NV then - u — = ’:K and on the other hand, if 4 € Oy then
XMK - XHK XMK
h P _ X (0 = G X + (50 = DGk
Xpk — Xpx XK Xpx — Xy s
X, 5 X,
-3+ |24+ ———[|so+2—L5->_-+ - y ot S g
XK XK 3 ( X, > X%
— —5s 1 3 1
X[LK X K

Now, let V < 9V U On < MY be a compact set such that 1V = V. Let us define for a Ae V
Q(A) :=V n P(A),
Thus, Upep(a {Ute s(B).5B)~ Bt )} defines an open cover of Q(.A). Since Q(.A) is compact there is
a finite set {By, ..., B,} that [ J;_, {Ute 5(B:),8(B:)N Bi(z)} is a cover for Q(A). But by Lemma

for every i = 1,...,n the parametrized family of matrices B;(t) satisfies the strong-stable transvers-
ality condition on (—6(B;),8(B;))YN. Thus, by Theorem [4.2| for every i = 1,...,n

dimp ,uf = dimy A; = dimp Ay = so(t) for Ly-a.e t € (—0(B;),d(B;))Y,

where £f is the Kéenméki measure of the system B;(t) and so(t) is the affinity dimension. In
particular, for every A€V

dimy g = dimpg A = dimp A = so(B) for Ly-a.e Be Q(A).
By Lemma @ is a measurable foliation of V', thus, by Rokhlin’s Theorem
dimpg ,uK = dimy A = dimp A = so(A) for Lyn-a.e. A€ V.

Since V was arbitrary, the statement follows. (Il
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