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DIMENSION OF THE REPELLER FOR A PIECEWISE EXPANDING
AFFINE MAP

BALAZS BARANY, MICHAE RAMS, AND KAROLY SIMON

ABSTRACT. In this paper, we study the dimension theory of a class of piecewise affine
systems in euclidean spaces suggested by Michael Barnsley, with some applications to
the fractal image compression. It is a more general version of the class considered in the
work of Keane, Simon and Solomyak [35] and can be considered as the continuation of
the works [B [6] by the authors. We also present some applications of our results for the
generalized Takagi functions.

1. INTRODUCTION AND STATEMENTS

A monochrome picture can be imagined as a function G : [0,1]* — R, where G(x,y)
represents the tone at the point (z,y). One way to encode the picture is the fractal
image compression method, which concept was first introduced by Barnsley, see [7, 8] and
Barnsley and Hurd [10] and Barnsley and Elton [9]. Later, the theory developed widely, see
for example Fisher [21], Keane, Simon and Solomyak [35], Chung and Hsu [14], Jorgensen
and Song [33].

The fractal image compression decomposes [0, 1]? into axes parallel rectangles {I;} and
finds uniformly expanding linear functions f;: I; +— [0,1]? and F; : I; xR +— [0, 1]* xR such
that F;({(z,y,G(z,v)) : (z,y) € I;}) is close to the set {(z,y,G(z,v)) : (z,y) € fi(L;)}.
Then repeller A of F; is close to the set graph(G), which had to be approximated. This
paper was motivated by the question of Michael Barnsley.

Question (Barnsley). What is the Hausdorff dimension of the set A?

Now, we describe the setup of our paper in more details. Let d > 1 and let {I;}}, be a
partition of the unit cube I := [0, 1]%. Assume that all the elements are regular sets in the
sense that ]_f = I, for every i = 1,..., M, where A° denotes the interior and A denotes
the closure of the set A. For simplicity, we assume that all the sets of the partition are
simply connected.

Moreover, for every i = 1,..., M let f; be a uniformly expanding similitude of the form

filz) = vUiz + v,

where 7; > 1, U; € O(d) and v; € R?, such that f;: I; = I and f; can be extended to I,
and we consider the uniformly, piecewise expanding dynamical system f: I + I, where

(1.1) fz) = fi(z) if x € I,.
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We say that f is Markov if f(I;) is equal to a finite union of elements in {I;}}, for every
i=1,...,M. We call the set & = Uf\il 01, the singularity set and let S, = |J,—, ["(6).

We define an skew-product dynamics in the following way. Let F} : I; x R¥ = I x RF
be such that

(1.2) Fi(x,2) = (fi(x), gi(, 2)),

where ¢;: I x RF — R is an affine mapping such that for every x € I, the function
gi(r,.): R¥ — R* is a similitude of the form

gi(z, z) = Aix + Oz + t;,

where A; € R¥*4 0O; € O(k), \; > 1 and t; € R*. We can define an uniformly expanding
map F' on the whole region I x R in the natural way,

(1.3) F(x,z) = Fy(x,2) ifz € 1.

We call the dynamical system f: I — I the base system of F. For an example with base
system on the real line, see Figure

(1,1) (1,1) (1,1) (1,1)

R3 = I3 X K3

Ro = Iy X Ko

(A) Ri =g; ' (J; x [0,1)) (B) Ay = (C) Ag =
A= Ui R Ug (B x 00N A) U g (i x [0,1]) N Ag)

FIGURE 1. The dynamics of f and the local inverses of F' with non-
Markovian base system.
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(1,1) (1,1) (1,1) (1,1)

(0,0) (0,0) (0,0)

Iy X K1

< <
X
L

R3 =

(A) R; = g; ' (J; x [0,1]) (B) Ay = (©) Ag 1=
Avi= Ul Oy (< 0D A Uy (< [0,1]) 1 Ag)

FIGURE 2. The dynamics of f and the local inverses of F' with Markov
base system.

The system F has a unique, nonempty and compact repeller A. It is easy to see by the
construction that A is a graph of a function G: I'\ &, — RF. That is, G is the function
for which

G(z) = z, where {F"(z, z)}72, is bounded.

The dimension theory of non-conformal repellers (like A) is a widely developing topic in
fractal geometry, see for example Chen and Pesin [I3] and Falconer [18]. In our setup,
the dimension of A can be approximated by the dimension of self-affine sets (see precise
details later). Falconer [I9] showed a general upper bound on the dimension in terms
of the singular values, called affinity dimension. Many authors have obtained matching
lower bounds in special cases. Falconer [19], Solomyak [42] and Jordan, Pollicott and Si-
mon [31] studied the case of self-affine sets in which the translation parameters are chosen
Lebesgue-typically. Hueter and Lalley [30] and Kédenméki and Shmerkin [34] showed that
the dimension is equal to the affinity dimension for special classes, such as those satisfying
bunching conditions. Later, it was shown that under the assumption that the Furstenberg
measure of the associated matrix random walk is sufficiently large, the Hausdorff dimen-
sion equals to the affinity dimension, see Morris and Shmerkin [38|, Rapaport [39], and
Barany and Kdenmaiki [4]. Most recently, Barany, Hochman and Rapaport [3] solved the
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problem under separation condition and positivity of the dimension of the Furstenberg
measure. This paper highly relies on these results.

Throughout the paper, the Hausdorff dimension of a set A is denoted by dimpy A,
and the (lower) Hausdorff dimension of a measure u is denoted by dimy p too. For the
definition and properties of the Hausdorff dimension, see Falconer [I7] and Mattila [37].

Let p be a F-invariant, ergodic measure on I x R¥. Let us denote by x1 () the Lyapunov
exponent of f w.r.t measure (proj).u, where proj : I x R¥ — I. Moreover, let x»(u) be
the Lyapunov exponent w.r.t. the skew product. That is,

xi(n) = /10g|\meJ<x flldp(z Zul x R*)logy; and

=1
M

MWI/MWMMW@ZEM@XNWNM
i=1

where 0; and J; denotes the derivative matrix w.r.t. the x and z coordinates respectively.
If 0 < x1(p) < x2(n) then

h
X1(p)’
without any further restriction. Indeed, the upper bound is trivial and the lower bound
follows from the fact that proj,u is f-invariant and ergodic and the result of Hofbauer
and Raith |27, Theorem 1].

Let us define the Lyapunov dimension D of an ergodic measure u for which yq(u) >
X2(1) > 0 in the usual way,

. by — Xa(p)
(1.4) D(p) := min {—, e
X2 (1) X1 ()

This definition corresponds to [31), Definition 1.6]. We note that for our system D(u) <
d+k.

Unfortunately, our methods do not allow us to handle the case x1(1) > x2(u) for some
ergodic, invariant measure, in complete generality. Throughout the paper, we every time
assume that

dim p =

| Dproj() f1| > [|029(2)|| for every x € I x R,

that is, the expansion is much stronger on the base system than in the second coordinate.
Let us denote the pressure function induced by the potential

o 51081 @ag(@) | it0<s <k
15 &) {M%W@m@>w+@—-ﬂ%m Dy )M k< s <d+k

by Pyot: [0,d + k) — R. This pressure Py is defined in the same way as the pressure
given by Hofbauer [26, Section 3]. We give the precise definition and further properties
of this pressure later in Section [2.3]

Finally, before we state our main results, we need a generalised version of Hochman’s
exponential separation condition (see [5] and [22]), which was introduced in Hochman
[23].

Definition 1.1. We say that an iterated function system (IFS) of similitudes {h;: x
NOsz +t 1M, on R* satisfies the Hochman’s exponential separation condition (HESC) if
log [|41,,(0) — Ay, (Ol

(1) limsup,, ., ming, 4, . o
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(2) the group S({0;}M,) generated by the orthogonal parts is strongly irreducible, that
is, there is no finite collection W of non-trivial subspaces of R* such that OV € W
for every V.€ W and O € S({O;}M)).

Observe that part 2 of the condition is relevant only in the case when k > 2.

Now, we are ready to state the main theorems of this paper. We consider the Hausdorff
dimension of A in four cases. Although, the statements of the theorems are quite similar,
the proofs differ significantly, thus, it is natural to state them into separate theorems.
First, we discuss the case of non-Markovian 1-dimensional base.

Theorem 1.2 (Diagonal, non-Markov). Let f be a piecewise linear expanding map as in
(1.1) with d = 1. Suppose that k =1 and g; has the form

gz(l',Z) = gZ(Z> = )\ZZ + 15, /\z > 1,tz - R,
and ; > N\; for everyi=1,..., M. If the IFS {g; " }M, satisfy HESC then

dimg A =dimp A= sup D(u) = s,
MEMerg(A)

where sg is the unique number such that Pyes(so) = 0.

We call the system F: I x R* — I x RF essentially non-diagonal if d = k = 1 and
the matrices { DF;}, are not simultaneously diagonalisable along the dynamics. More
precisely, there exists finite length words 7,7 and h such that

(1) 7 # 7 and A7 is admissible,
(2) the functions f; and f; have fixed points, and

19 195 and (ff — 020:)0191 + f1029101 97 y 0195
Ii — Oagr fjl — Ohyg; fi(fi — Oags) fj/ - 8293.

We note that since that f; and g¢; are linear function, thus, the place of evaluation is
redundant. In particular, implies that the eigenspaces corresponding to the eigen-
values A\; and )\; are different and there exists a path i connecting 7 and 7 so that the
eigenspaces are not mapped into each other by the matrix DFj,.

(1.6)

Theorem 1.3 (Triangular, non-Markov). Assume that d = k = 1 and F is essentially
non-diagonal and f is a topologically transitive, piecewise linear expanding map. If v; > \;
for everyi=1,..., M then

dimy A =dimgA = sup D(u) = s,
HEMerg(A)

where sq is the unique number such that Pyes(so) = 0.

We have to treat the diagonal and the triangular cases in very different ways, the proof
of the diagonal case is not a special case of the triangular situation. In particular, in
the triangular situation we strongly rely on the assumption that the system is essentially
non-diagonal, and in the diagonal case we use heavily the property that the projections
are self-similar, which is not the case in the general triangular situation.

Also, the previous results strongly rely on the work of Hofbauer [25] 26], Hofbauer and
Raith [27] and Hofbauer and Urbanski [29] on piecewise monotone interval maps, which
techniques allows to approximate the set A with Markov-subsets.

In the next theorems, we focus on the cases when d is not necessarily equals to 1
but then we require that the base system f is Markov. In this case, the pressure Pyra,
corresponding to the potential defined in ([1.5]) is the usual pressure function defined over
subshifts of finite type. For precise definition, see Section [2.2]
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Theorem 1.4 (Diagonal, Markov). Let f be a piecewise linear expanding Markov map
as in (1.1) with d > 1. Suppose that g; has the form

gi(x, 2) = gi(2) = \iOiz + t;, \i > 1,0; € O(k),t; € R¥,
and ; > i for everyi=1,..., M. If the IFS {g; *}M, satisfies HESC then

dimg A =dimp A= sup D(u) = sy,
HEMerg(A)

where sq is the unique number such that Pypa(so) = 0.

Theorem 1.5 (Triangular,Markov). Let f be a piecewise linear expanding Markov map
as in (1.1)) with d > 1. Suppose that k =1 and g; has the form

9i(x,2) = Niz + Az +t;, i > 1,t; €R,
and v; > N\; for everyi=1,..., M. If F' satisfy Rapaport’s condition then

dimgy A =dimgA = sup D(u) = s,
HEMerg(A)

where sq is the unique number such that Py (so) = 0.

We will specify the Rapaport’s condition later in Section In particular, Rapaport’s
condition holds if the Furstenberg-Kifer IFS, which can be deduced from the matrices
{DF;}, (see precise definition later in ([2.20))), satisfies the HESC and sy is large (see

Corollary [2.12)).

Organisation. In the second section, we collect all the tools we require for the proofs,
namely, notations on the symbolic dynamics; the basic properties of the subadditive
pressure function; Hofbauer’s result on piecewise monote interval maps and the definition
of the pressure Pgo, especially the approximation with Markov subsystems; recent results
on the dimension theory of self-affine sets. Also, we present a method (following Jordan
and Rams) how to approximate Markov subsystems with n-step full shifts. In Section ,
we prove the upper bound of the Hausdorff dimension of A for general systems, with
non-Markovian piecewise monote expanding interval maps. In Section |4, we prove the
lower bound for systems with Markov base system, and by using this result, we prove
the general base case in Section [5 Finally, in Section [, we present some applications
of our results, namely, for fractal interpolation functions, for the multivariable- and the
[-Takagi functions.

2. PRELIMINARIES

2.1. Symbolic dynamics. In this section, we define the corresponding symbolic space
to the dynamics in and ([4). Let d > 1 and let {I;}}, be a partition of the unit cube
[0,1]¢ into cubes. Moreover, let f; : I; = [0,1]¢ and f be defined as in Section [}

Let ¥ = {1,..., M} be the set of all infinite sequences of symbols {1,..., M}. Denote
Y* the finite sequences. Let o be the usual left-shift operator on X, that is, o (ig, i1,...) =
(11,42, ...).

For a word i = (ig,11,...), let i|, = (i0,...,9n—1), and for i € ¥* let us denote the
length of i by [i|. Moreover, for a finite word j = (jo,...,jn-1) € X* let [j] = {i € ¥ :
ir, = jJx fork =0,...,n —1}. For two finite or infinite words i and j, let i A j denote
the common part of i and j, that is, i Aj = (ky,...,k,), where k, = i, = j, for every
{ = 1,...,n and in+1 #jn+1'

We note that whenever we refer to a probability measure on X, it is measurable with
respect to the Borel o-algebra generated by the cylinder sets. We call Y C ¥ a subshift
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if it is compact w.r.t. the topology generated by the cylinder sets and o-invariant. For a
subshift Y, let

Y,={ie{l,....M}": [ijnY # 0}.
We define the topological entropy,

|
htop(U|Y) - nh—>nolo ﬁ lOg #Ynu

see [43, Theorem 7.1 and Theorem 7.11].
Let us define the set of admissible words w.r.t. the map f : [0,1]¢ — [0,1]%. That is,
let X be the closure of the set

(2.1) {(i0,i1,...) € £ : 3z € I such that Vn >0, f*(z) € I} }.

It is easy to see that X is a subshift.
In order to connect the symbolic dynamics on X with the dynamics of the map f, we
define the natural projection 7: X ~ [0,1]% so that

(2.2) wi) = F" (5.

It is clear from the definition that f and o are conjugated, that is, for every i € X,
moo(i) = fom(i).

We say that a subshift Y is a subshift of finite type, if there exists a finite set of forbidden
words 7' C ¥* such that i € Y if and only if for every k,n > 0, (c*i)|, ¢ T. We note
that the set of forbidden words is not unique. We say that Y is a type-n subshift if n is
the smallest integer for which there exists a set of forbidden words such that the longest
word has length at most n + 1.

Remark 2.1. We note that if Y is a subshifts of type-n, then we can define a new alphabet
A={1,...,.M"}, and V: {1,..., M} — {1,..., M"} (defined in the most natural way)
and ¥': 33— AN such that fori= (ig,i1,...) then V(i) = (W(ig, ..., in), V(i1 int1)s---)-
Moreover, there exists an M™ x M™ matriz Q) with elements 0, 1 such that j € V(Y) if
and only if Qj, 4., =1 for every £ =0,1,.... We call Q the transition matriz.

2.2. Subadditive pressure on R Let d > 1 and let {I;}%, be a partition of the
unit cube I := [0,1]? into cubes. Moreover, let f; : I; — I and f be defined as in
Section (1} We call a set A C [0,1]? invariant if f(A) C A. Let us also define F; and F
as in Section [I] First, let us define a pressure, which is called the subadditive pressure
introduced by Falconer [19], which will be used in the Markov situation. That is, for any
compact invariant set B C [0,1]¢, let

(2.3) P(s,B) == lim ~log | sup S gzﬁs((DyF”)_l) ,

n—0o0 11 zEBXR
= y:Fn(z)=y

where ¢® denotes the singular value function: for a matrix A

¢*(A) = Afs] (A)S_M HJLS:Jl a;(A) if 0 <s <rank(A),
= |det(A)|s/rank(A) if rank(A) <,

where «;(A) denotes the ith singular value of A. We define the singularity dimension over
B as the unique root of the equation

(2.4) P(s,B) = 0.
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Let us denote the unique root by so(B). The singularity dimension plays a natural role
in the covering of the cylinder sets, which are ellipsoids, with balls, see Falconer [19]. For
completeness, we verify here the upper bounds.

By hyperbolicity, there exists open, bounded and simply connected set U C R¥+* and
a uniformly contracting functions Fj, defined on R%** such that for every i =1,..., M

ﬁ-_l(g) = Fy(z) for z € I; x R*,

7

and
(2.5) JEW) cu.

We call the functions E the local inverses of F'.

We say that a rectangle R is axes parallel, if R = R, x R., where R, C R? and R, C R*
are cubes. Without loss of generality, we may assume that the set U in can be chosen
an axes parallel rectangle.

Let X be as in Section . For a word i € X, we call ﬁ’i‘n(U ) the nth level cylinder set.

It is easy to see that since F; are in skew product form then ﬁ’l has also a skew product
form. That is,

F’i = (fl? gl)a
where f; is a conformal, unif. contracting mapping on R¢ such that

fi(z) = f; () for x € I
and g; : R — R* is an affine map such that for every x € I, the mapping g;(z,.): R
R¥ is a strictly contracting similitude for every ¢ = 1,..., M. For the visualisation of the
local inverses F;, fi, see Figure .N N
Forie ¥* let F; = F,,0---0F; , and let DF; be the linear part of the affine mapping

F;. Tt is easy to see that Fj(U) is a parallelepiped. Similarly to m, we define the natural
projection IT: X +— R¥* 50 that

(i) = () £,(0).

It is easy to see that by using the symbolic expansion, P(s, B) can be expressed in the
following form

(2.6) P(s, B) = lim ~log Y o (DE) ,

n—o00 N,
iEWﬁl(B)n

where 7 is the natural projection defined in (2.2), and thus, 7~!(B), denotes all the
admissible words with length n in B. The pressure s — P(s, B), defined in ({2.6)), is the
pressure we referred as s — Pypa(s) in Theorem and Theorem .

Lemma 2.2. Let f;, f and F;, F' be as defined in Section |1 such that ||Dywoj) f| >
|029(2)|| for every x. Then,

(2.7) dimp {z : {F"(2)}>°, is bounded} < s0([0,1]%),

n=0

where sy([0, 1)) is the root of the pressure defined in ([2.6). Moreover, for every s > 0

1 o
(2.8) P(s,B) = lim ~log [ > €S )]

n—oo N,
ieﬂ'il(B)n
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where ©* is the potential defined in (1.5)).

Proof. First, let us introduce an intermediate pressure. Let R(i, U) be the smallest closed
axes parallel rectangle, which contains Fj(U). Moreover, let

IRG,U).J, if s <k

(1, U) ==
¢r(1,U) {|R(iaU)z\k|R(i,U)x|S_k, ifk<s<d+h

For a compact invariant set B, let

(2.9) Pg(s, B) := lim inf 1 log | Y ¢n(iU)

n—oo N
ieﬂ'_l(B)n

Because of the skew-product structure of F' of conformal maps both in the base and
in the fiber and because || Dproj) f]| > ||029(x)|| for every i = 1,..., M and z € I;, there
exists a constant ¢ > 0 such that for every n > 0 and i € X,

¢ (DF) < ¢3(1.U) < c¢*(DF),

where the constant
[1619(2)]]
MAX 13, g(@)]
=

- : dag(@)| -
1 — min 820@Il_
x IIDpro‘](g)fH

Thus,
P(s,B) = Pg(s, B) for every s > 0.

Observe that for every i € X and n > 1, the cylinder set ﬁ”n(U) can be covered by at
most ¢%(i, U) many squares of side length at most 4", where v = max; ||029;||. Hence,

(A< Y o <DFi|n) .
i€X,
Thus, the proof of can be finished by letting n — oo.
Finally, by using again the skew product structure of F' and the assumption that
| Dproji) f1I > |029(z)|| for every i = 1,..., M and z € I;, there exists a constant ¢ > 0,
which can be chosen as the same constant in the previous estimate, such that for every
i € X, and every n > 1 the ratio of the eigenvalues of DF;j and the side lengths of the
rectangle R(i,U) is bounded away from 0 and infinity with ¢. In other words,

(210) eI < 60 (DEy, ) < e W),
which finishes the proof. O

2.3. Piecewise monotone maps. A priori, the upper bound given in the previous sec-
tion may be heavily suboptimal in the case of non-Markovian base systems. However,
in our setup this is not the case. In order to present this, let us present here the basic
notions and results for piecewise monotone interval maps following Hofbauer [26].

Let f:[0,1] — [0,1] be a uniformly hyperbolic, piecewise monotone interval map. We
call a collection of connected intervals D a partition of [0, 1], if for every I,J € D either
INJ =0orI=J, and U,ep! = [0,1]. Let us denote by Z = {I;} the partition
of [0,1] w.r.t the monotonicity intervals of f. For two partitions D, D" of [0, 1], we say
that D is finer than D’ if for every I € D there exists J € D’ such that I C J. We
define the common refinement D V D’ of two partitions D, D’ in the usual way, that is,
DvD ={InJ:I€D, Je D} Wesay that a partition Z of monotonicity intervals
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is generating if \J,~ o User f7"(9I) is dense in [0, 1]. Equivalently, if \/;2, f~'Z generates
the Borel o-algebra on [0, 1].
If Ais a f-invariant, compact set then let A, (f|a) := hiop(0|r-1(a)).
Now, we introduce a special family of compact invariant sets. A compact invariant set
B is called Markov subset if there exists a finite collection D of closed intervals such that
(1) J C I for every J € D and some i = 1,..., M,
(2) JynJg =0,
(3) Ujep /N B = B,
(4) either f(JiNB)NJoNB=0or J,NBC f(JyNB) for every Jy, Jo € D.
We call D the Markov partition of B. For a compact invariant set A, let us denote all the
Markov subsets of A by M(A). For a Markov subset B with Markov partition D, let D,
denote the nth refinement of D with respect to f|g. That is,

D, = {nﬂ f(LHNB):J € D}.

i=0
Let ¢: I — R be a piecewise continuous potential function such that its continuity inter-

vals contained in a refinement of Z. We define the pressure of ¢ with respect to a Markov
subset B such that

1
— lim = E supye g Snp(x)
(2.11) P(fls. ) nh—EIolonlog JED. o ‘

Also, we can represent the pressure P(f|p, ) in a symbolic way. Observe that D defines
a finite partition of 77!(B) w.r.t. cylinder sets.

1 .
_ 1 sups [i]mﬂ71<B)Sn80(7f(J))
21 PUflss) = fim log 30 |

We note that for a given Markov subset B, there are plenty of choice of the Markov
partition but the value of the pressure does not depend on this choice.

Proposition 2.3. Let f: [0,1] — [0,1] be a uniformly hyperbolic, piecewise monotone
interval map. Let A be a compact invariant, uncountable set such that f|4 is topologically
transitive and hiop(fla) > 0. If By, By € A are topologically transitive Markov subsets
then there exists B such that By|J By C B C A and f|p is topologically transitive.

The proof of the proposition can be found in |25, Lemma 7 and Lemma §|.
We define the pressure of ¢ over a compact invariant set A as the supremum over all
Markov subsets. That is,

(2.13) P(fla,o) = sup P(fl|, ).
BeM(A)

For a compact invariant set A, let © be a probability measure such that supp(u) = A.
For a point = € [0, 1] set
Ap(x) = {n = 1: p(f"(Za(2))) > p}-
Let N,(A, p) ={x € A: #A,(z) < o0}.
Proposition 2.4. Let f: [0,1] — [0, 1] be a uniformly hyperbolic, piecewise monotone in-

terval map. Let A be a compact invariant, uncountable set such that f|a is top. transitive.
Then for every p probability measure with supp(u) = A,

plg& dimpy N,(A, ) = 0.
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The proof the proposition is the application of |26, Lemma 14| for uniformly hyperbolic,
piecewise monotone maps.

We say that a probability measure u is w-conformal over a compact invariant set A if
supp(p) = A and

(2.14) u(f(l)) = /eP(ﬂA’“")_‘pdu for every I € U Z,,

1 n=0
where ¢: I — R is a piecewise continuous potential such that the continuity intervals
contained in a refinement of Z. Since f is hyperbolic, the partition Z is generating. Thus,
we get

u(fr (1)) = /e”P(fA’S")_S”“"d,u for every I € U Z,.
I

n=0

Theorem 2.5. Let f: [0,1] — [0,1] be a uniformly hyperbolic, piecewise monotone in-
terval map with monotonicity intervals Z. Let ¢: [0,1] — R be a piecewise continuous
potential function such that its continuity intervals contained in a refinement of Z. Then
for every compact invariant, uncountable set A, for which f|4 topologically transitive,
there exists a p-conformal, non-atomic probability measure over A.

This theorem is a special version of [29, Theorem 2| in the uniformly hyperbolic setting.
The proof of the theorem coincides with the verification on |26, p. 118].

Throughout the paper, we usually work with the potential ¢® defined in . By
reformulating , we get

P(f|s,¢%) = P(s, B)

for every Markov subset B and s € [0, 00), where P(s, B) is defined in (2.3).

Moreover, the pressure s — P(f|;,¢°), defined in , is the pressure we referred as
s+ Pyof(s) in Theorem and Theorem .

Remark 2.6. Let B be a Markov subset such that m—*(B) is a subshift of type-1, and for
every I; N B let z; € (I; N B) x R*. Then we can define a matriz A®) such that

46 1(029(:) " ¥ | (Dprojep f)I°™* if ;N B C f(I; N B)
I 0 otherwise.

Then P(s, B) = p(A®), where p(A) denotes the spectral radius of A.
By Remark every subshifts of type-n can be corresponded to a type-1 subshift by
defining a new alphabet, and subdividing the monotonicity intervals into smaller intervals.

Let us finish this subsection with the variational principle over Markov subsets. For a
compact invariant set B, let us denote collection of all g-invariant measures on 7~ (B)
by Piny(B), and similarly, the set of ergodic o-invariant measures by Pey(B).

Lemma 2.7. Let f: [0,1]% — [0,1]¢ be a uniformly hyperbolic, piecewise linear and con-
formal map and let B be a Markov set. Let sy be the root of the pressure s — P(s, B),

defined in (2.4). Then
so(B) = max D(u),

WEPerg (B)
where D(u) is the Lyapunov dimension of p.
Proof. 1t is straightforward that

sup  D(y) < so(B).
HEPerg (B)

Thus, it is enough to show that there exists a measure pu, for which equality holds.
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However, the potential i — ¢*(7(i)) is piecewise constant and thus, Holder continuous
on 71(B). Hence, by [12, Theorem 1.2] and Lemma[2.2|2.8)), there exist a constant C' > 0
and a unique ergodic measure such that

- s [i]n]
¢ < o—P(s,B)n+5 (i) <C.

By [12, Theorem 1.22],

(215) Pls.B) =y, + [ (i) (§) = By, — mins, dhxa 1) — max{s - d,0xa(i )
Thus, by using the definition of so(B), we get

So(B) = D(1tso(B))-
0]

2.4. Tools for the dimension theory of self-affine sets. In this section, we state the
results in the dimension theory of triangular self-affine iterated function systems (IFS),
which we are going to use later. Let ® = {F; : R xR* s R?xR*}¥ | be a finite collection
of contracting affine transformations such that

(2.16) Fi(z,z) = (wUiz + v;, \Oiz + Biz + w;) ,
where 1 > \; > v; > 0, U; € O(d), O; € O(k), A; € R4 ¢, € R and w, € R* for every
i=1,...,N.

Denote the attractor of ® by A. Moreover, for a probability vector p = (p;)X, let u
be the self-affine measure. In the study of the dimension theory of self-affine measures,
the Furstenberg-Kifer measure and Ledrappier-Young formula plays an important role.
In this section, we state the corresponding definitions and theorems.

First, let us define the Furstenberg-Kifer measure, which is supported in the Grass-
mannian manifold of d-dimensional subspaces of R¥*. Let us denote the Grassman-
nian manifold by G(d,d + k). Let v be a Bernoulli measure on ¥ with probability
vector p. It is easy to see that in this case there are only two Lyapunov exponents
X2 = — > ;pilogyi > x1 = — ), pilog\; > 0. By Oseledets’ multiplicative theorem |2,
Theorem 3.4.1] there exists a unique measurable map V : ¥ — G(d,d + k) such that

(2.17) V(i) = A;'V(oi)
1
(2.18) Jim —log [[A;, - Aiu] = xe,

for v-almost every i € ¥ and v € V(i). We call the measure pur = Vv the Furstenberg-
Kifer measure. We show that in the case of IF'S of the form , the mapping V : ¥ —
G(d,d+ k) is Holder continuous, everywhere defined mapping. We give the heuristic way
to define it in the simplest case d = k = 1, where G(1,2) = RP".

For matrices A; of the form

R 0
(2.19) Az(bi )\i>,

we have
(1 1 1

Since v;/A\;i < 1, the IFS {h; : @ — Ltz — %} is strictly contracting, and the limit
v(i) = nh_)rglo hi, 0 ---oh; (0)
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is well defined for every i € 3. Moreover, v: ¥ — R is Holder continuous. In other words,
the action of A; ' is contracting on RP"\ {({)} with respect to a well chosen metric. Thus,
by using the invariance of V(i) and the uniqueness, V(i) = span{ (U(li))}.

In the general situation, the Furstenberg-Kifer measure can be associated with a self-
similar measure on R%*. Let £ = {V € G(d,d + k) : dimV N W > 1}, where W is the k
dimensional invariant subspace w.r.t. the matrices A;. That is, W = span{é,}{*% 1, Where
¢, is the (th element of the natural basis of R**. One can associate the set G(d,d+k)\ F

with the set
d
{/\ (Qf) cz, €ERF (= 1,...,d} C NIRETF,

x
=1

which can be associated with R%*. Let U ® O denote the usual Kronecker product of
the matrices Ul, OF . That is, Ul ® O is the dk x dk blockmatrix defined as

i) HT T T
v or - | 0 2%02' %Oi ,
W07 w07 - WOl
where U; = (u m)f)'(rin ;- It is easy to see that Ul @ OF is also an orthogonal matrix.
Associated to the system defined in (2.16)), let
(2.20) hi(x) = %Uf ® OTx + t;,
fori=1,...,M and x € R%, where
O Big,
-1
ti = : )
Yy .

where ¢, is the ¢th element of the natural basis of RY. We call the IFS {h;}, the
Furstenberg-Kifer I[FS. Similarly, to the previous calculations,

<AdAf>ﬁ(g> A C)

where h;(z], ... 2T = (2T,...,21)T. Since v;/\; < 1, the IFS {h;}}, is strictly con-
tracting on R hence
v (i)

= lim hy, 0 By, (0)

. n—oo
vg(i)

d
is well defined, and by the uniqueness of V' (i), we have V(i) = span{(v%))} . The
=1

measure up = V,v is called the Furstenberg-Kifer measure.
Let us define the orthogonal projection from R4** along a subspace V € G(d,d + k) by

projy-.

Theorem 2.8. [4, Corollary 2.7] Let ® = {E}M, be the IFS of the form (2.16) with
1> X > >0 and with SOSC. Then for every u self-affine measure

dim u = D(p) if and only if dim(projy ).u = min{k, D(u)} for pup-a.e. V.
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In the literature, this condition has been confirmed in the following two situations. We
note that in Theorem [2.8] we do not require that B; # 0 for some i = 1,..., M.

Theorem 2.9. [3, Proposition 6.6] Let ® = {F;}, be the IFS of the form (2.16) with
1> X\ > >0 and with SOSC. Assume that d = k = 1. If the maps h; do not have a
common fized point then

dim po = D(p).

In higher dimensions, we have to add an extra condition on the Furstenberg-Kifer
measure.

Theorem 2.10. [39, Section 1.2] Let ® = {F;}M, be the IFS of the form ([2.16) with
1>\ > >0 and with SOSC. If

D(p) + dim pp > (d+ 1)k
then
dimp = D(p).

In general, the dimension theory of the Furstenberg-Kifer measure is far from being well
understood. For the case of general SLy(R) matrices, Hochman and Solomyak [24] gave a
condition, which allows us to calculate the dimension of the measure. However, in higher
dimension, it is unknown whether the Furstenberg-Kifer measure is exact dimensional.
In our case, the Furstenberg-Kifer measure can be associated with a self-similar measure,

thus, by using the result of Hochman [23|, we can compute the dimension of the measure
under some conditions.

Theorem 2.11. |23, Corollary 1.6] Let {h; : R% s R¥*YM . be a IFS of similarities of the
form (2.20)), and let p = (p;);2, be a probability vector with p; > 0 for everyi=1,..., M.
If HESC holds (see Definition and pp = V*}_)N then

- 211\11 Di log Di
- Zf\il pilog %’/)‘i

Corollary 2.12. Let ® = {F;}M, be the IFS of the form [2.16) with 1 > X; > ~; > 0
and with SOSC. Let s be the unique root of the pressure defined in (2.6). If the IFS

{h; : R%* s R*IM ~defined in (2.20)) satisfies HESC,
(d+2)k
2

dim pp = min {dk’,

s >

then
dimg A = s.

Proof. Observe that if s is the unique root of the pressure defined in ({2.6]),

it s < k then Z)\Szl else Z)\f’yf b=

Observe that our assumption 1mphes s > k. Let v be the Bernoulli measure associated
to the prob vector p = (A7 )M, and let pr = Viv and p = ILv. Thus,

B Zf\il Di lngi
~7 >s— k.
- 21':1 Di lOg %/)\z

Hence, by Theorem 2.11], dim pp > s—k, and therefore D(u)+dim pp > 2s—k > (d+1)k.
Thus, by applying Theorem [2.10] the statement follows. 0

D(u) = s and
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Remark 2.13. We note that the condition s > (d + 1)k/2 given in Corollary [2.19 holds
ifk=1andd > 2. Fork > 2, we have (d+ 2)k/2 > d+ k > s. On the other hand, in
our case s >d > d/2+ 1.

2.5. Approximating Markov systems with IFSs. In this section, we approximate
the subshifts Y of finite type with full-shifts in the sense of weak*+entropy topology. By
Remark [2.T| we may assume that Y is of type-1, that is, Y is a Markov-shift. Throughout
the section, we use the method given by Jordan and Rams [32].

Let ) be the M x M transition matrix corresponding to the subshift Y of type-1. Let

us denote the set of allowed words of length ¢ by E . We say that a measure p is Markov
if there exists an M x M stochastic matrix P such that if P;; # 0 then Q;; # 0 and

ﬂ([i(h s 7271]) = piopioﬂd U Pin—lim
where (p;)M, is a left-eigenvector of P of eigenvalue 1. We say that p is generalized
Markov, if there exist ¢ > 1 and M7 x MY stochastic matrix P such that if F; ;, # 0 then

11,09 € Eg) and (71), = (72)1, moreover,

M([iO’ s >iq7L]) = :u([iOv s azn]) = ]}lopioﬁr SR & S A
where (pg)i e 18 a left eigenvector of P with eigenvalue 1. We note that generalised
Q
Markov measures are not necessarily o-invariant, but they are o%invariant. By taking
wo=1 Zk _o Moo " one can show that ' is o-invariant.
We say that a symbol j €{1,..., M} is recurrent if there exist n > 1 and (i1, ...,1,)

that @i, Qi - - Qi j 7 0. Denote R the set of recurrent symbols. Let us define a new
alphabet for all j € Rg. Namely,

(2.21) o = {res ig=i,=j}.

Each element of Qg% corresponds to a g-step loop with source and target j in our Markov
system, and we may concatenate such loops. Let us denote the set of such infinite words
by L;q). In that way we obtain a o9%-invariant subset, which we can identify with Q :=

N
(Qg%) that is (£2,0) is conjugated to (L(-q) 0?). Let us denote the conjugation by

©q L(Q) — . We can define Bernoulli measures on it by attaching to each w € QJ o a
probab111st1c weight p,,. Denote this Bernoulli measure by 1. The measure (¢, )./ is only
o%invariant and ergodic, to make it o-invariant and ergodic, we need to consider

(2.22) }: )efioo*

k:

We call the measure p as g-step Bernoulli measure for the recurrent element j. Let us
denote the set of g-step Bernoulli measures for the recurrent symbol j by B;,. Moreover,

let
Bq = U UBM

jGRQ q=1

Now, we state a modified version of Bernoulli approximation, proven in [32, Lemma 6],
for Markov systems. We say that a sequence p,, € Pi(Q) converges to u € Py (Q) in
the entropy plus weak*-topology if ji, converges to p in weak*-topology and h,, — h, as
n — oo.
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Lemma 2.14. For any matriz Q, Bg is dense in Pey(Q) in the entropy plus weak™-
topology. In particular, the convex hull of Bg is dense in Py (Q) in the entropy plus
weak*-topology.

Proof. Let us observe that without loss of generality, we may assume that @) is primitive.
Let k£ > 1 be such that all elements of QF are positive. Let p be an arbitrary ergodic
measure and g > 2k. Let @ € R be arbitrary but fixed. Let us define a g-step Bernoulli

measure v, for i as follows: for any 7 € Qg% we decompose 7 = 7372 for which [71| = |72| = k.
It is easy to see by the positivity of Q¥ that there exist 7;,7, with length k such that
for every 7 € 28_%), 11 7lg € Qg% Let

{u(i) 7= LJh

0 otherwise.

Let v, be as defined in (2.22)). First, we show that one can find a sequence v, € B such
that h,, — h, as ¢ — oo. Thus,

1 1 1 _ ;
(2.23) huy = ~higyy = —hz, = — Y p([3]) log u([7).
q q T o
jEEQ

Now we show that v, — g in weak*-topology. Let n : Y — R be a Holder-continuous
test function. That is, there exists a constant 0 < x < 1 such that for every i,j € YV

In(i) — ()| < &M
We have

1 . o
<02 / (0" 0q i) A7 (i) / (o™ 1)dp(3)
s—gm(i)uéz / (0" 04 (i))d7 ) / (0" 1)dpu(i)

|
3
—~
R)
3
ey
=
S~—
=
—~
=
N—
|
3
—
Q
3
>
=
N—
=
~—~
)
SN~—

n==k jEE(Q*zk) €E<[I 2k)
q—k
2 2
—k—n
= = sup [n(i)| + =) "
iey C—

Thus, [ndv, — [ndp as ¢ — oo. Since this holds for every Holder-continuous test
function, v, — p in weak*-topology. O

3. UPPER BOUND FOR THE GENERAL CASE WITH ONE DIMENSIONAL BASE

In this section, we give a more sophisticated upper bound for the Hausdorff dimension
of the repeller A of the system F, defined in ([1.3), in the case when d = 1. Let us recall
some definitions.
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Let T = {I,}M, be a partition of the unit interval [0, 1] into proper intervals. Moreover,
for every i = 1,..., M let f; be a uniformly expanding similitude such that f;: I; — [0, 1],
and we consider the uniformly, piecewise expanding dynamical system f: [0, 1] — [0, 1],
where

We denote the nth refinement of the partition Z w.r.t. f by Z,,.
We define F: [0,1] x R — [0,1] x R as
(3.2) F(z,z) = (fi(z),gi(x,2)) if x € I,
where g¢;: [0,1] x R — R is an affine mapping such that for every = € [0, 1], the function
gi(z,.): R+ R is a similitude and
|fi(z)| > ||02gi(x, 2)|| > A > 1 for every (z,2) € [0,1]] x Rand i =1,..., M.

Denote the local inverses of f and F' by f; and ﬁ’z as in Section . We may assume
without loss of generality, that there exists a closed and bounded interval J C R such
that F;([0,1] x J) € [0,1] x J.

Let so be the unique root of the pressure P(f, p®) = 0, where ¢* is defined in and
P is defined in (2.13). Let s > s and let p be a ¢*-conformal measure on [0, 1], that is,

p(fr(I)) = /e”P_S”@sd,u for every I € U Z,.

I n=0

By Theorem [2.5] there exists such measure p. For p > 0, let
Gp(n) ={I € L, : u(f"(1)) > p}.
Moreover, let
M,=U U
N=1n=N IeG,(n)

Lemma 3.1.
lim dimy A\ (M, x R) < 1.
p—0

Proof. Since A\ (M, xR) C ([0,1]\ M,) xR, the statement follows by Proposition[2.4, [

Lemma 3.2.
dlmHA S maX{l, 30}7

where sq is the unique root of the pressure defined in ([2.13]).

Proof. For every p > 0 we have
dimy A < max{dimy A\ (M, x R),dimy AN (M, x R)}.
Thus, it is enough to show that
lim dimy AN (M, x R) < s.

p—>00

Observe that the Birkhoff sum S, p° is constant over the intervals in Z,. So with a
slight abuse of notation, we write S,¢° : Z,, — R for every s > 0.

Let s > sy and p be the ¢°-conformal measure. We note that in this case, P =
P(f,°) < 0. Since u is non-atomic and compactly supported, we get that there exists
k = k(p) such that |f*(I)| > & for every n > 1 and I € G(n). Hence, by the piecewise
linearity of f

ke S loslf’l < 1] < e~ Snlog|f'|
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Let i € X,, the word which corresponds to f™(I). Since |f!| > |82g], then E(]0,1] x J)
can be covered by (|.J|+ 1) - e~ loglzgl+Slog |l many balls with radius e~ 18 17'l, Hence,

the impact of F3([0,1] x .J) in the s-dimensional Hausdorff measure is at most 5",
Thus,

s 1 Snep®(I)
H(MprﬂA)SC’]\}l_IgOZ Ze :
n=N I€G,(n)

But by using the ¢* conformality of the measure p,

plfr (1) = e Dy (r)

and hence,
- e u(I)
H (M, x JNA) < C lim —=
: W2 2 )
N nP I
<oy Y LD
N—o0 n=N TeG,(n) p
0 6nP
< i S
< Clm ) = =0
Since s > sy was arbitrary, the statement follows. 0

Fact 3.3. Let f: [0,1] = [0, 1] be a uniformly hyperbolic, piecewise C*T<, piecewise mono-
tone interval map with set of monotonicity intervals Z. Then there exists a constant K > 1
such that for everyn > 1, every I € Z,, and for every x,y € I,

LY@
By =

Indeed, the branch of f~"|s ) is a composition of contracting uniformly C'** maps,
hence it has distortion uniformly bounded by a constant depending only on «, the Holder-
constant and the uniform contraction ratio.

Lemma 3.4. Let f: [0,1] — [0,1] be a uniformly hyperbolic, piecewise C1T*, piecewise
monotone interval map with monotonicity intervals Z. Let Sy be the unique root of the
pressure defined in (2.13) with respect to the potential —slog|f’|. Then 1 = .

Proof. To prove the claim of the lemma, it is enough to construct a Markov-subsystem B
such that the root of P(f|g, —slog|f’|) = 0 is arbitrary close to one. In order to construct
such a system, we apply a modification of the construction in Hofbauer, Raith and Simon
[28].

First, let us fix N large. Since f is uniformly hyperbolic, by taking a sufficiently high
k we may assume that |(f*)(z)| > N for every z € [0, 1]. By subdividing the intervals in
7\ into smaller pieces, we can define a partition J refinement of Z, such that |I1]/|l5] < 2
for every I; # I, € J.

For every I € J we define a subinterval J C I to be the maximal interval such that
f%(J) is a union of intervals contained in J. It is easy to see that f*(I)\ f*(J) consists
of at most two intervals, both contained in intervals in 7. Since |f*(I)| > N|I|, f*(J) is
formed by at least N/2 — 2 many intervals from 7. Moreover,

PO\ 4
TG
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Let IC denote the set of intervals J defined above. Let
By, = {x €[0,1] : for every £ > 0 there exists .J € K such that f*(z) € J}.

It is easy to see that By is a Markov subset for f* and hence, Ufn_:lo f™(Bg) is a Markov
subset for f. Denote K, the nth refinement of the intervals in K by the map f*|g, .
Let K > 1 be the distortion constant from Fact [3.3] So, for every n > 1

(1) E(UJeICn J) > ( B %)n>
(2) [J] < (%)" for every J € K,.

By Fact , for s = 26015 and for all n > 1

log N
—Sn log |(f*) ()] s _ CLgst
K max ¢ > Z|J| —Z|J| /]
JeK, Jek, JeK,

AK\" 1 (s—1)n
1—— — > 1.
=% &)
Hence, P(f|p,,—slog|f’'|) > 0. Thus, by taking N — oo, s — 1 and we get 5o > 1. The

upper bound for §; is obvious. 0

We note that an immediate corollary of Lemma [3.4] is
(3.3) 1 < sg,

where sq is the unique root of the pressure defined in (2.13|) with respect to the potential
©°. Indeed, P(f|g,¢®) > P(f|g,—slog|f’]), since ¢* > —slog|f’|.

4. CONFORMAL BASE WITH MARKOV STRUCTURE

Let f:[0,1]¢ — [0,1]? be as in (1.1) Markov with d > 1 such that f; are similitudes.
Let F;: I; x R+ [0,1]? x R be such that

E(xv Z) = (fz(x)v gz('xv Z>)7

where g;: I x R — R is an affine mapping such that for every x € [0,1]¢, the function
gi(x,.): R+— R is a similitude and
(4.1) |Dfill > [029:] > 1.
Theorem 4.1. Let us assume that one of the following conditions holds.

(i) The functions g; has the form

gi(z,2) = gi(z) = iz + t;, | M| >1,t; €R
for everyi=1,..., M, and the IFS {g; '}, satisfies HESC (see Definition ;

(ii) d > 2, and {h;}}L, (defined in ([2.20))) satisfies HESC;

(i1i) d =1, F is essentially non-diagonal and the base system f is topologically transitive.

If (4.1) holds then

dlmH A= S0,
where sq is the root of the pressure defined in (2.8)).

Proof. In all the three cases, the upper bound follows by Lemma [2.2]

For the lower bound, it is enough to show that there exists an IF'S, which attractor is
contained in A and has dimension arbitrary close to so. As a combination of Lemma
and Lemma for every € > 0 there exists an IFS ® with attractor A’ and invariant
measure j such that

D(u) > sog—¢e, AD A and dimy A > dimy p.
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Moreover, the functions of @ are finite compositions of the local inverses E of F;. Hence,
it is enough to prove that dimpy p = D(u).
By Theorem [2.8] it is enough to show that

dim(projy )« = min {1, D(p)} for pp-a.e. V,

where pp is the Furstenberg-Kifer measure corresponding to p and ®, defined in Sec-
tion 2.4

It is easy to see that if the IFS {g; '}, or {h;}}M, satisfies the HESC then every finite
subsystem, which is formed by finite compositions of the functions, remains to satisfy the
HESC.

Hence, in case , pr supported on one point of G(d, d+1) and the claim dim(projy ). =
min {1, D(u)} follows by [22, Theorem 1.1], and the case follows by Corollary [2.12

Finally, we turn to the case . In order to show this we use Theorem . So, it is
enough to show the following claim holds, which is the remaining part of the proof.

Claim. If holds then the IFS ® can be chosen such that the corresponding Furstenberg
system {hi}.pcq has at least two distinct fived points.

N By the construction of ® in Lemma [2.14] there exist finite words 7; and 7, such that
F; € @ if and only if 7 = 7,712, where 7,775 is admissible and [j| = n with some large n
chosen according to the precision of the approximation. Let us argue by contradiction.
That is, assume that A; A;A;, can be simultaneously diagonalised for every n > 1 and
every |7| = n, for which 7,725 is admissible. That is, there exists @ € GLy(R) such that @
is triangular matrix with diagonal entries 1 and

QAil Ainz Qil = Dilﬁz )

where D;, 5, is a diagonal matrix with the diagonal elements of A; A;A;,.

By the essentially non-diagonal property of F', there exist A1, hy and @ finite admissible
words so that f, and f, have fixed points, A, and A, are not simultaneously diagonal-
isable, hyahy is admissible and Agvs, # vp,, where v, and vp, denote the eigenvector of
the matrix Ay, and vy, respectively, different from (0,1) and with first coordinate 1. (see
(L.6)). Let Ry, be the triangular matrix, with diagonal entries 1 so that R, ' Ay, Ry, = D,
That is Rhi = [Ufm (O, 1)T]

Since f is topologically transitive, there exists 7;,7, and 7}, 7, such that 77,1, hy7579,
117,ho and hyJ,1o are admissible. By the fixed point property, 737, h1h17572 is admissible
too. Hence,

Dfljl hi hleiQ == QAE Ajl Ahl Ahl AjQ AiQ Qi !
- QAil A71 Aﬁl Aﬁz Aiz Q_ ! QAi_Ql Aj_21 Ahl A32 AiQ Q_l
= D5131 h179%2 QAi_glAj_Ql Ahl Ajg A52 Q_l .

Thus,

(4.2)

Dhl = (AjQAizQ_l)il Ah1 (A32A52Q_1) and Similarly, Dﬁl = (QAilAjl) Aﬁ1 (QAglAjl)il .
Moreover, similar argument shows that

(43) Dfu = (Aj’QAbQ_l)_l Ah2 (Aj’ZAizQ_l) = (QAhAj’l) Aﬁe (QAilAj’l)_l .
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Therefore, the matrices R;ll A5, A5,Q7 1, Rg; Ay A3,Q71, QA; A Ry, and QA; Ay Ry, are
diagonal matrices. Hence,
Diljl hiahaJ5%2 = QAE A71 Aﬁ1 AEAFLQ Aj’Q Aig Q -1
- QAil Ajl Rhl Rf{ll Ahl Rhl Rfil AERE? Ri{zl Ahz R};; Aj/z AEQ Qil
= DR, AqRy, Ds,

where D; and D, are diagonal matrices. Thus Az maps the eigendirection vy, to vy,
which is a contradiction. U

Theorem [[.4] and Theorem [L.5] are immediate corollaries of Theorem [4.1]

5. LOWER BOUND FOR THE GENERAL CASE WITH ONE DIMENSIONAL BASE

In this section we give the two remaining proofs.

Proof of Theorem[1.4. The upper bound follows by the combination of Lemma [3.2] and
equation (13.3)).

To show that the lower bound holds, let B be a Markov subset of f such that P(f|g, ¢°)
is sufficiently close to P(f,¢®). Since k = 1, if {g;'}M, satisfies the HESC then every

subsystem, formed by composition of functions in {g; ! M | satisfies it too. Thus, by
applying Theorem [1.1], we get the assertion. O

Proof of Theorem[1.3 Similarly to the previous case, the upper bound follows by the
combination of Lemma and equation .

To show that the lower bound holds, let B be a Markov subset of f such that P(f|g, ¢*)
is sufficiently close to P(f,¢®). Without loss of generality, we may assume that F|gxg is
essentially non-diagonal.

Indeed, let 7 and 7 be the finite length words corresponding to the essentially non-
diagonal condition in (1.6)), and let z; and x; be the two corresponding fixed points.
Since {x;} and {z;} are trivially Markov subsets of f, we can find a Markov subset B’
such that {7, z;} U B C B’ by Proposition 2.3 Trivially, P(f|g,¢*) > P(f|s,¢*) and
F|p«r is essentially non diagonal. Thus, the assertion for the lower bound follows by
Theorem K11 O

6. EXAMPLES: FRACTAL FUNCTIONS

Let a data set {(z;,v;) € [0,1] xR : ¢ = 0,1,..., N} be given so that g = 0 and
zy = 1. Barnsley [7] introduced a family of iterated function systems whose attractors
A are graphs of continuous functions G: [0, 1] — R, which interpolate the data according
to G(z;) = y; for i € {0,1,..., N}. This IFS contains only affine transformations with
triangular matrices. The dimension theory of the interpolation functions was studied in
several papers, see for example Keane, Simon and Solomyak [35] and Ruan, Su and Yao
[41]. Here we present a generalised version of fractal interpolation functions G: [0, 1] — R
constructed with Markov systems, similar to Deniz and Ozdemir [16].

Another generalisation of the fractal interpolation functions are the fractal interpolation
surfaces. For precise definitions, see Feng [20] or Bouboulis and Dalla [11], Dalla [15]. For
d > 2, the defining IF'S contains non-linear functions in general. Thus, our method is not
suitable for the general case. So, in the next application of our main theorems, we consider
an important special case of fractal interpolation surfaces, the graph of multivariable
Takagi function.
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For the parameters 1/2 < A < 1, the Takagi function Gy: [0,1] — R is a well known
example for a continuous, but nowhere differentiable function, introduced by Takagi,
where

Ga(z) =) A\'dy(2"z,Z),
n=0
and d(x,y) = |x—y|. It is easy to see that the graph of G is the repeller of the dynamics

y—z - 1
F(I,y)Z{(Qx’ A), if0<z<jy

(20— 1,220 if i <a <1,

which is a Markov system. The dimension of the graph of the Takagi function was studied
in several papers, see for example Ledrappier [36] and Solomyak [42], and the complete
answer was given in the recent paper [3]|. For further properties, see Allaart and Kawamura
1.

In our last example, we consider a generalized version of the Takagi function from [0, 1]
to R, which is not associated to a Markovian system.

6.1. Fractal interpolation functions. Let {(x;,y;) € [0,1] x R:i=0,1,...,N} be a

data set such that 0 = xy < 1 < -+ < axy_1 < xy =1 and let [; = [z;,_1, x;]. For every
t=1,...,N, let us choose 0 < k; < ¢; < N such that

Ty — Xp,

SRS

Ti — Ti—1

We define the base system f: [0, 1] — [0, 1] such that

Ty, — T, .
(6.1) fla) ="M — a4y, ifx el
Ti— Ti-1
It is easy to see that f is Markov with respect to the Markov partition {/;}¥,.
For every + = 1,..., N, let us choose real numbers \; such that
Ty — Ty,
(6.2) ShT Tk SN > L
Ty — Ti-1
Let
i Yk i — Yi— Li — Yo, Ti— ili—1 — Yi—1T;
Ty — Tj—1 Ty — Ti—1 Ty — Ti—1 Ty — Tij—1

and let us define g;(z,y) = a;x + Ny + d;. Simple calculations show that the system
F(z,y) = (f(2),gi(x,y)) if x € I

has a unique repeller A, which is a graph of a continuous function G such that G(z;) = y;

for i =0,..., N. For an example, see Figure [3|
Finally, by using Remark , we define the matrix A®) so that
s—1
Lj — Tij—1 . .
(6.4) AP = (w ~ o, ) A itk < <
0 otherwise.

Hence, the root sy of the pressure defined in (2.11]) satisfies p(A0)) = 1, where p(A)
denotes the spectral radius of A.
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0.2 0.4 0.8 0.8 10 0.2 0.4 0.8 0.8 1.0

FIGURE 3. The graph of fractal interpolation functions with data set
{(0,0),(1/3,2/3),(2/3,1/3),(1,1)}, and parameters A\; = 3/2, Ay = 2 and
A3 = 3/2. The colors represents which interval is mapped onto which in-
terval by the base system. By Theorem [6.1] since (14 X2)/(1 — Xo) #
(1—2X3)/(2—A3) the Hausdorff dimension of the graphs are approximately
1.39024 and 1.45156.

Theorem 6.1. Let {(z;,y;) € [0,1] xR : ¢ = 0,1,...,N} and F be such that all the
assumptions hold above. If \i,..., Ay are chosen such that there exist i,5 € {1,...,N}
such that

Yo — Yis — N(Wi — vic1) |, Yo, — Yk, — MY — Yj-1)

Xy, — Xk — )\Z(l'l — l’ifl) Q?gj — l'kj — )\j(xj — *ijl)

then
dimy A = sq,
where p(A®0)) =1 and A is the matriz defined in (6.4).

The proof of the theorem follows by Theorem [1.3]

6.2. Multivariable Takagi function. For 1/2 < A <1 and d > 1, let G,: [0,1]¢ = R
be such that

Ga(z) =Y A"dy(2"z, Z%),
n=0

where di(z,y) = Z?:1 |z; — y;|. Denote graph(G,) the graph of Gy, i.e.
graph(Gy) = {(z,y) € [0,1]* x R: Gx(z) = y} .

See Figure [4] for an example of the multivariable Takagi function. The main statement
of this section is the following.

Theorem 6.2. Let d > 2. There exists a set E C (3,1) such that dimp E = 0 and

log A
dimg graph(G)) =d+ 1+ o8

’07 evern € 1 2 1 E.
1

Moreover, if 7 < A < 1 then dimy graph(G,) =d+ 1+ 122/2\
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00 _— | —

FIGURE 4. The graph of the Takagi function with parameters d = 2 and
A=2/3.

Let us observe that graph(G,) is the attractor of the IFS

1/2 0 e 0 i1/2
0 . 0 0 :
(6.5) @ 0 /2 0 in/2
i in d
(=1)1/2 - (=1)"/2 A > etk refoy
By using the definition of the pressure (2.8)) and (2.11]), we get for the root of the pressure
that
log A
=d+1 :
%0 L log 2

Moreover, the equilibirum measure ;o (defined in Lemma is the uniform Bernoulli

measure on the symbolic space ¥ = ({0, 1}d)N.
According to Section and to (2.20), the Furstenberg-Kifer measure pr on R? is
associated to the uniform Bernoulli measure with the IFS

(—1)/2

q) - hf _- - . .

F (@) = 55z +
(_1) n/2 7€{0,1}4
It is easy to see that ® does not satisfy Definition for d > 2. So, we cannot apply
Theorem and we need a more sophisticated analysis.

By Theorem [2.10], it is enough to show that sy + dimy ur > d + 1. Since sy > d, in
order to prove Theorem [6.2] it is enough to show the following lemma.

—_

Lemma 6.3. Let up be the Furstenberg-Kifer measure defined above. That is,
1 _
/‘LF — Z ﬁ'uF @) hf 1.
7€{0,1}4

Then there exists a set E C (1/2,1) such that dimp E = 0 and dimy purp > 1 for every
A€ (1/2,1)\ E. Moreover, dimg pp > 1 for A € (1/(+v/5 —1),1).
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Proof. Let us prove the first assertion. Observe that the orthogonal projection of pp to
the first coordinate axis is the self-similar measure on the real line with respect to the
IFS {z — %x + %, x> %x — %} and probability vector {%, %} Thus, by applying [22),
Theorem 1.9], we get dimy pp > dimgy projur = 1 outside of a set with 0 dimension.

In order to show the second assertion, let us introduce a few notations. Let A = [0, 1]¢

and let us denote the nth cylinder sets by A; = hi(A) for i = (71,...,%,). Observe that if
= + (%)2 < 1 then for every z € [0, 1]¢

#{A5152 L xr e Ath} S 2d.

Thus, by choosing £ = min{d(As,3,, A5, 7,) : Asz, N A5, 5, =0}/2 > 0, for every x € [0,1]

1,J2
andn > 1
. 2n
#{IG ({0’1}d) :AimBH<%)2n($) #m} 1
M(B’{(i)w (7)) < 92dn < Sdn’
and hence,
log,uF(Bn(Lfn(:c)) dlog 2
dimgy pp > inf liminf 22 o —
for A <1 and d > 2. O

6.3. f-Takagi function. Finally, we consider the §-Takagi functions. That is, let § > 1
and 0 < A < 1 so that A > 1, moreover, let fz be the usual S-expansion on [0, 1], i.e.

fs(x) = Bxr mod 1.
Then let Hs ) be the function so that

(6.6) Hga\(2) = Z N'di(f5(x), Z),

where d;(z,y) = |z — y|. Simple calculations show that the graph of Hpg ) is the repeller
of the system

(Br—i+1,555),  ifee[5hi) fori=1,. |4
(o185, wwe [ LL1)
Flo.y) = (Br— 2], 1221) | ifae |1, L§J+1>
(
(

Br—iv5), ifwe |58 fori=[4],...,[8] -1
fo—18),157), ifee L],
For an example, see Figure [f

Theorem 6.4. Let 3 > 1 and 0 < A < 1 so that A\ > 1, and let Hgx be as in .
Then

\

log A

dlIIlH graph(Hg)\) =2 + 10g57

where graph(Hg \) = {(z, Hg(x)) : © € [0,1]}.
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i W/M“”

/«/ﬂ/ /“WW/

FIGURE 5. The graph of the 5-Takagi function with parameters g = 3/2
and A = 3/4. The Hausdorff dimension of the graph is 3 —log2/log(3/2) ~
1.2905.

Proof. 1t is well known that the [-expansion is topologically transitive for every g > 1.
Moreover, let X C {0,1,...,[B]}" defined in (2.1), and X,, be all the nth level cylinders
intersecting X. Then by Rényi [40, equation (4.9) and (4.10)],

log X,

hiop(f5) = lim — log 8.

n—oo

Now, we show that F'is essentially non-diagonal. Let us choose n > 1 such that

Bl-1 1
7 _— < —.
<6 ) ﬁn—i—l -1 < ﬁn
For short, let z,, = Bﬁl_—ll and let y,, = Hp \(x,). Inequality (6.7) implies that /" (z,) =
T,. Let

k=min{¢>0: f'(x,) > 1/2}.

Since % > % and f"(x,) € [%, 1}, we get that £k < n. Moreover,

k times n—k+1 times
. 0 0\ 0 0\
T W EEN R
XA XA X X
( 5n+1 0 >
n+l1—2 n+1 n+1—2£ .
Ze 1 O P l=k+1 2 ) )\n1+1
On the other hand, 0 is a fixed point of f, and thus,
. BnJrl 0
D(O,O)F +1_ (_ ntl grti=t |-
/=1 2\ An+1

Since k < n, the eigendirections of D, ,,\E"™ ™ and D g0 F™ ! have different eigendirec-
tions. On the other hand, fs|jp,1/4 has full stripe and therefore the path 0"*'00*[g]"#+!
is admissible and Doy f" does not map the eigendirection of D) F "+l to the eigendi-
rection of Dy, . F"*'. Thus, holds.

By applying Theorem [1.3]
dimpy graph(Hg ) = so,
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where s is the unique root of the pressure P(fg,¢°) = supgema) P(fslB,¢*). By
Lemma , so < 2 + L&A Thys, it is enough to find a sequence of Markov subsets By,

log3*
for which s, — 2+ 1282 where s,, is the unique root of the pressure s — P(f|g,.,¢").
Let us denote the set of continuity intervals of fz by Z, that is,

=
z:{%ﬂ%EYzzanwmpq}uH%%q},

and the nth refinement of Z by Z,, = \/7— fs “T).

Claim. For every e > 0 there exists m > 1, a set B, C [0,1] and D,, C Z,, such that

(1) f3(Bn) = By, and fg|p,, topologically transitive,
(2) By, is a Markov subset with Markov partition D,,,
(3) heop(f51B,) > Miop(fs) — €.

The claim follows from Hofbauer, Raith and Simon |28, Proposition 1(a),(b),(c) and
Lemma 2.
Let A®) be a #D,, x #D,, matrix such that

A _ {)\5(31) if JNB,, C fs(INB,y,) for I,J € D,
1] =

0 otherwise.

By Remark p(AGm)) = 1, where s, is the root of s — P(fs|s,,,°). Since fg|p,, is
topologically transitive, there exists K > 1 such that every element of (A(Sm))K is strictly

positive and by the Perron-Frobenius Theorem, limy_. (A(S"l))lC = w!, where v and v

are the right- and left-eigenvectors of A®m) with eigenvalue 1 so that vu = 1.
For, I, J € D,,, let

]gJ:{<]1,...,]n)ZIj€Dm, ]1:],In:<], fB(I]ﬂBm)QI]+1ﬂBmeI'1SJSTL—]_}
Thus,

- log#U I5J
hiop(f5]B,,) = lim LI E0m :

n—oo n
But for every k > 1, and I, J € D,,,

((Ae)), = 801 2 ),

1,J
Hence,
T( Alsm) )"
log —(1;1 1)>>1k
log f — & < hiop(fslp,,) = lim p = —log (\G~CmD) |

which implies that s, > 2+ igi 2 — ¢. Since € > 0 was arbitrary, the statement follows.
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