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ABSTRACT. Working on strongly irreducible planar self-affine sets satis-
fying the strong open set condition, we calculate the Birkhoff spectrum
of continuous potentials and the Lyapunov spectrum.

1. INTRODUCTION

Let ¥ = {1,..., N} be the collection of all infinite words obtained from
letters {1,..., N}, and let o be the left-shift operator on X. The classical
theorem of Birkhoff states that if p is an ergodic o-invariant probability
measure, then %ZZ;(I) ®(o¥1) converges to the average [ ®du of @ for
every L' potential ®: ¥ — RM and for p-almost every i € ¥. However,
there are plenty of ergodic o-invariant measures, for which the limit exists
but converges to a different quantity. Furthermore, there are plenty of points
i in ¥ which are not generic points for any ergodic measure or even for which
the limit lim, o £ Zz;é ®(0*1) does not exist at all. Thus, one may ask

how rich is the set of points

—_

ne
Ep(a) ={i€X: 1) &(c*i)) > aas n — oo},

k=0

which we call the spectrum of the Birkhoff average. This 'richness’ is usually
calculated in terms of topological entropy or Hausdorff dimension. For a
o-invariant set A C ¥ we denote the topological entropy of o on A by hiop(A)
and the Hausdorff dimension of a set A C RY by dimy(A). For the precise
definitions, see Bowen [9] and Mattila [21].

The topological entropy spectrum of Birkhoff averages has been intensely
studied by several authors and is well understood for continuous potentials
and vector valued continuous potentials; see Takens and Verbitskiy [25],
Barreira, Saussol, and Schmeling [6] and Feng, Fan, and Wu [11], where [11]
considers the endpoints of the spectrum.

In order to be able to study the Hausdorff dimension of the sets, where

the limit of the Birkhoff average exists and takes a predefined value, we
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need to introduce a geometrical structure. The simplest example for such
a geometrical structure is a self-similar iterated function system satisfying
some separation condition.

Let fi: R? — R? be contracting homeomorphisms for i € {1,..., N}. It is
well known that there exists a non-empty, compact set X C R? such that
X = U,fil fi(X). Moreover, there is a Holder continuous map 7: ¥ — X,
defined by 7(iig---) = limy o0 fiy © -+ 0 fi, (0). If fi(X) N f;(X) = 0 for
1 # 7, then the inverses of f;’s are well-defined. Therefore, 7 is invertible
and its inverse is also Holder continuous. Thus, the mapping T: X — X,
T(m(i)) = m(oi), is well-defined, and one can study Hausdorff dimension of
the sets

n—1
mEg(a) ={r e X: nh_}ngo 1 ZCIJ o YTk (z)) = a}.
k=0
Barreira and Saussol [5], Feng, Lau, and Wu [14], and Olsen [22] studied
the setting where the f;’s are conformal. In [5], the function ® is Holder
continuous with codomain R, the paper [14] considers the case where ® may
be continuous and addresses the endpoints of the spectrum, and Olsen [22]
considers far more general ® including the case where the codomain is R%.
In the conformal situation, a particular case of the Birkhoff averages,
which is especially interesting from the dynamical systems’ theory point of
view, is the Lyapunov spectrum, which is obtained by taking the potential
i+ —log||Dy(s1) fi), |- The Birkhoff average of this potential is called the
Lyapunov exponent, and it is denoted by x(i). The Lyapunov spectrum
satisfies

dimig(r 2y (o) = ol (@),
where E, (o) is the set of points i € ¥ for which x(i) = a.

The goal of this paper is to investigate the non-conformal situation. We
consider the linear case, that is, the mappings f; are assumed to satisfy
fi(x) = Ajz + v;, where v; € R? and A; € GLg(R) so that ||4;]] < 1 for
all i € {1,...,N}. In this case, we have at the moment a very limited
knowledge on the Hausdorff spectrum of Birkhoff averages. Barral and Mensi
[4] studied the Birkhoff spectrum on Bedford-McMullen carpets. This result
was generalised for Gatzouras-Lalley carpets by Reeve [24]. Moreover, Jordan
and Simon [18] studied the case of planar affine iterated function systems
with diagonal matrices for generic translation vectors v;. As far as we are
aware of, the only known result about non-diagonal matrices comes from
Kéenmaéki and Reeve [20], who investigated irreducible matrices with generic
translation vectors (see Section 2 for the precise definition of irreducibility).

In the d-dimensional non-conformal situation, the Lyapunov exponents are
no longer given by a Birkhoff average of some potential. Feng [12] studied the
topological entropy spectrum of the maximal Lyapunov exponent in a special
case of non-negative matrices, and later Feng and Huang [13] calculated
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the topological entropy spectrum of maximal Lyapunov exponent in full
generality.

In the main results of this paper, we calculate the Birkhoff and Lyapunov
spectra for planar affine iterated function systems satisfying strong irre-
ducibility and the strong open set condition. We formulate the results in
Section 2 after introducing some notation and preliminaries. The key idea in
the proof of the Birkhoff spectrum is to first calculate it on a family of affine
iterated function systems which satisfy the dominated splitting condition.
This is done in Section 4. The general case can then be approximated by
systems satisfying the dominated splitting; see Section 5. This idea, with
suitable modifications, is also applied in the proof of the Lyapunov spectrum,;
see Section 6. Finally, we partially handle the boundary case in Section 7.

2. MAIN RESULTS

Throughout the rest of the paper, we restrict ourselves to planar systems.

2.1. Notation. A tuple © = (A;+wv1,..., Axy+vn) of contractive invertible
affine self-maps on R? is called an affine iterated function system (affine
IFS). The associated tuple of matrices (Aj,..., Ay) is therefore an element
of GL2(R)" and satisfies maX;e(,...n} ||Ail] < 1. As already mentioned in
the introduction, there exists a unique non-empty compact set X C R? such
that

X = (A; + ;) (X).

1C=

In this case, the set X is called a self-affine set. We say that O satisfies
a strong open set condition (SOSC) if there exists an open set U C R?
intersecting X such that the union Ui]il(Ai + v;)(U) is pairwise disjoint and
is contained in U. Furthermore, © satisfies the strong separation condition
(SSC) if (A; +v;)(X) N (A +vj)(X) = 0 whenever i # j.

We say that A = (Ay,...,Ay) € GL2(R)Y is irreducible if there does
not exist a 1-dimensional linear subspace V such that A;V = V for all
i€ {1,...,N}; otherwise A is reducible. The tuple A is strongly irreducible if
there does not exist a finite union of 1-dimensional subspaces, V', such that
AV =V forallie{l,...,N}. In areducible tuple A, all the matrices are
simultaneously upper triangular in some basis. For tuples with more than
one element, strong irreducibility is a generic property.

We say that A = (Aq,..., Ax) € GLo(R)" is normalized if | det(4;)| =1
fori € {1,...,N}. A matrix A is called hyperbolic if it has two real eigenval-
ues with different absolute value, elliptic if it has two complex eigenvalues,
and parabolic if it is neither elliptic nor hyperbolic. The semigroup generated
by A is relatively compact if and only if the generated subgroup contains
only elliptic matrices or orthogonal parabolic matrices. Otherwise we call
it non-compact. For a hyperbolic matrix A, let s(A) be the eigenspace
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corresponding to the eigenvalue with the largest absolute value and let u(A)
be the eigenspace corresponding to the smallest absolute valued eigenvalue.

Let ¥ = {1,..., N} be the collection of all infinite words obtained from
integers {1,...,N}. If i =djig--- € X, then we define i|,, =iy --- i, for all
n € N. The empty word i|y is denoted by &. Define %,, = {i|, : i € X} for
all n € N and Xy = J,,cny X0 U{9}. Thus 3, is the collection of all finite
words. The length of i € ¥, UX is denoted by |i]. The longest common
prefix of 1, j € ¥, UX is denoted by i A j. The concatenation of two words
ie ¥, and je€ X, UX is denoted by ij. Let o be the left shift operator
defined by ci = i9i3--- for all i =dyi9--- € X. If i € ¥, for some n, then
we set [1] = {j € £ : j|, = i}. The set [i] is called a cylinder set. The shift
space Y is compact in the topology generated by the cylinder sets. Moreover,
the cylinder sets are open and closed in this topology and they generate the
Borel o-algebra.

Write A; = A;, --- A, foralli =4y ---4, € ¥,, and n € N. The canonical
projection m: ¥ — X is defined by 7(i) = Y02, Ay, v, for all i =
irig- -+ € X. It is easy to see that 7(¥) = X. If y is a measure on X, then
we denote the pushforward measure of y under 7 by oy = pon 1.

Let M, (X) denote the collection of all o-invariant probability measures on
¥ and &,(X) be the collection of ergodic elements in M, (X). Let p € My (%)
and recall that the Kolmogorov-Sinai entropy of u and o is

W) = hipro) = — lim L3 p((i]) log p([1]).

16271

A probability measure p on (X, 0) is Bernoulli if there exist a probability
vector (p1,...,pn) such that

u([i]) = piy - pi,

foralli =41---4, € 2, and n € N. It is well-known that Bernoulli measures
are ergodic. We say that u € Myn(X) is an n-step Bernoulli if it is a
Bernoulli measure on (X, 0™). In this case, we write

L i (2.1)
k=0

and note that i € £,(X), h(p,0™) = nh(fi,0), and [ Spfdu =n [y fdi
for all continuous f: ¥ — R. In addition, if A = (Ay,..., Ax) € GLy(R)N
and pu € M,(X), then we define the Lyapunov exponents of A with respect
to 1 and o to be

3 \

xa(p) = xa1(p,0) = —nlggo,ll/ log [[As, | du(1),
> (2.2)

(k) = () = = Jim & [ log L4517 duca).
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We define a function x: M, (X) — R? by setting x (1) = (x1(1), x2(1)) for
all u € My (X). The Lyapunov exponents at i € ¥ are defined by

N\ . . 1
X, (1) = —liminf Zlog |[As, [|,
X1(1) = — limsup ; log || 4y, [
n—o0
. soeoe ]l —1)-1
X,(1) = —liminf S log [|A; |7,
Xo(i) = —limsup % log HAl_liH_l
n—oo

If x, (1) = X (1), then we write xj(1) for the common value. Recall that, by
Kingman’s subadditive ergodic theorem, if ;1 € £;(X), then (x1(1), x2(i)) =
x(p) for p-almost all i € 3. Since any two different ergodic measures are
mutually singular, it is an interesting question to try to determine the size
of a level set

Ex(a) ={i€X: (x1(i),x2(1)) = o}
for a given value « from the set
P(x) = {aeR?:ie X and (x1(i), x2(1)) = a}.
The Lyapunov dimension of p € My(X) is defined to be
h h(p) —
X1 (1) Xa2(p)
We say that a potential ¢: X, — [0,00) is submultiplicative if

e(ij) < o(i)e(3)
for all i,j € X,. Recall that if A € GL2(R), then the lengths of the semiaxes
of the ellipse A(B(0,1)) are given by ||A|| and ||[A~'||~!. We define the
singular value function with parameter s to be

| All%, if0<s<1,
p°(A) = ¢ [AATHI7ED, il <s <2,
| det(A)|*/2, it 2 <s < o0.

Intuitively, ¢*(A) represents a measurement of the s-dimensional volume of
the image of the unit ball under A. Since p*(A) = |det(A)[* L A|*7 for 1 <
s < 2, we see that the function i — ¢®(A;) defined on ¥, is submultiplicative.
By a slight abuse of notation, if the tuple (Ay, ..., Ax) € GLg(R)" is clear
from the content, we refer to the function i — ¢*(A;) also by ¢°.
We also need a more general class of potentials. Define
PA(3) = [ Ag]| ™| ALY
for all ¢ = (q1,¢2) € R%. This is a generalisation of ¢*: by taking

(s,0), if0<s<1,
s(s)=<(1,s—1), ifl1<s<?2, (2.3)
(s/2,8/2), if2<s< o0,
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it is easy to see that zps (5) = = ¢°.
If @: ¥ — R is continuous, then its Birkhoff sum is S, ® = >"}'_ é P ook
and we can define the pressure by

P(log ¢* 4+ @) = hm Llog Z ©°(1) sup exp(S,®(3)),
iex, JG[ ]

where the limit exists by subadditivity. For ¢ = (q1, g2) € R?, one defines the

pressure by P(log?) = lim, % log > icx, ¥9(1). Note that if ¢1 > go,

then ¥? is submultiplicative, and if ¢; < g2, then ¢? is supermultiplicative.
Given a continuous potential ®: ¥ — RM | we let

P(®)={acRY:ic¥and le 18,®(i) = a}

={aeRM: e M,(X) and /Efbdu:a}

be the set of possible values of Birkhoff averages. Note that the equality
above follows from [23, Theorem 2.1.6 and Remark 2.1.15]. Write

Eg(a) ={i€X: lim 18,®(i) = a}

for all o € RM,

We use Bowen'’s definition [9] of topological entropy which is defined for
non-compact and non-invariant sets. It follows from Takens and Verbitskiy
[25, Theorem 5.1] that

hiop(Ea () = liﬁ)llirginfilog #{iln €Xn i |la—15,0(1)| <e}  (2.4)
e n—00

Note that the result is for continuous potentials having range in R but it
easily extends to the case where the range is in RM. Recall that, by Bowen [9],
we have

hiop(B) > sup{h(n) : p € M, (S) and p(E) = 1}.

The topological closure of a set A is denoted by A, the boundary by A, and
the interior by A°.

2.2. Main theorems. We are now ready to formulate our main theorems.
The results determine the Hausdorff dimensions of the canonical projections
of Eg(a) and By (c).

Theorem 2.1 (Birkhoff spectrum). Let (A1 +v;, ..., An +vn) be an affine
IFS on R? satisfying the SOSC and ®: X — RM be a continuous potential.
If (A1,...,AN) € GLy(R)N is strongly irreducible such that the generated
semigroup of the normalized matrices is not relatively compact, then P(®) is
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compact and convex, and

dimy (7 Eg(a)) = sup{dimy,(¢) : p € My(X2) and /ECI)du = a}

= sup{dimp, (1) : p € E-(2) and / ¢du = a}
DN
=sup{s >0: inf P(logy¢®+ (¢, — a)) > 0}
qERM
for all o € P(®)° C RM. Furthermore, the function a v+ dimy (7 Eg(a)) is

continuous on P(P)°.

Theorem 2.2 (Lyapunov spectrum). Let (A1 +v;, ..., Axy+vy) be an affine
IFS on R? satisfying the SOSC. If (A1,...,An) € GLay(R)N is strongly
wrreducible such that the generated semigroup of the normalized matrices is
not relatively compact, then

dimy(7Ey (o)) = sup{dimy,(p) : p € My(E) and x(p) = o}
= sup{dimy,(p) : p € E(X) and x(p) = a}
=sup{s > 0: inf {P(log Y70 — (g, )} > 0}

- min{ Mop(Ex(@)) ) | Muop(Brd)) ~ o1 }

aq a2

for all @ = (a1, a2) € P(x)° C R2, where s': Ry — R? is defined in (2.3).
Furthermore, if a € P(x) N{(a1,a2) € R? : a1 = as}, then

dimy(mEy (o)) = 16%1 sup{dimp,(p) : p € My(2) and |x(pn) — o] < e}

Moreover, P(x) is convex and compact, and the function o — dimy (7 E, (ar))
is continuous on P(x)° U (P(x) N{(a1,a2) € R?: a1 = az}).

2.3. Further discussion. In the conformal setting, both the Lyapunov spec-
trum and the Birkhoff spectrum have an unique maximum which corresponds
to the integral of the measure of maximal dimension. The non-conformal
case is more involved. For the Birkhoff spectrum, in the setting of Theorem
2.1, it is possible to show that there will be at most one maximum. If
we let s = dimpg(X) and p be the unique ergodic measure with Lyapunov
dimension s then for any o € P(®)° C RM, dimy (7 Eg(a)) = s if and only if
[ ®dp = a. To see this first note that if « € P(®)° C RM and [, ®dp =«
then dimy(7FEg(«)) = s is an immediate consequence of Theorem 2.1. On
the other hand, if dimyg (7 Eg(a)) = s then there exists a sequence of invariant
measures [, with fz ® du, = « for each n € N and lim,,—,o dimy, (1) = s.
Any weak™ limit of these measures must be invariant and have integral «, by
[20, Proposition 6.8] it follows that the Lyapunov dimension must be at least
s, and so the weak™ limit must be the unique measure of maximal Lyapunov
dimension p and [ ®dp = a.

In Theorem 2.1, in the case where the self-affine system is dominated and
the function ® is Holder, it is possible to show that the spectrum varies
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analytically away from integer values. The argument would follow the one
given in Barreira and Saussol [5] with an adaptation for the case of higher
dimensions. The same argument also holds in Theorem 2.2 when the system
is dominated.

In the situation, where the system is not strongly irreducible, the results
are no longer always true; for example, see Reeve [24] where the author
considers self-affine carpets. In the diagonal case, it would be possible to
combine Hochman [17] and Jordan and Simon [18] to get results for a large
class of systems based on the dimension of projections of measures onto the
x axis and y axis.

It is a natural question to ask whether the results could be extended to
higher dimensions. There are two stumbling blocks to this. Firstly the result
on the dimension of Bernoulli measures for strongly irreducible systems in [2]
is only proved in the dimension two. Also the approximation via dominated
systems becomes much more problematic in higher dimensions.

3. UPPER BOUND

Throughout the paper, our only assumption about the potential ® is that
it is continuous. A standard lemma gives bounds on the variation of S, ®
inside nth level cylinders.

Lemma 3.1. For any continuous ®: ¥ — RM

. 1 S\ )| —
3 R g 192 ) — S0 =0

Proof. Denote by Vary,(®) the nth variation of the potential @, i.e.

Var,(®) = max nax (1) — ©(3)]-

By the compactness of ¥, we have Var,(®) — 0. The assertion follows since

1 . . 1
w ax max [5,(1) — 5p8(3)] < kZlVark@)
for all n € N. O

The next proposition gives an upper bound for the dimension of mEg(«)
by means of the pressure. Its proof is a standard covering argument.

Proposition 3.2. Let (A1 +v;,..., Ay +vy) be an affine IFS on R? and
d: ¥ — RM be a continuous potential. Then

dimpg(mEg(a)) < sup{s>0: inf P(log ¢® + (¢, ® — a)) > 0}
g€R

for all o € P(P)°.
Proof. Observe that

oo o0 o0

Es()c (VU N U Bl

r=ln=1m=ni€Dy, ,
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where
Dy ={i€%, :je€[i] and ]%Smé(j) —al < %}
By Lemma 3.1, there exists ¢ > 0 such that |15, ®(j) — a| < 2 for all
—log(, i € ¥,,,, and j € [i]. Therefore,
2m
2 < (0. 500(5) - ma) < sup (0, 9,005) ~ma)  (3)
jeli
for all i € Dy, , and m > —log(.
Let so(a) = sup{s > 0 : inf cgm P(log »* + (¢, ® — a)) > 0} and choose
s > so(a). Thus there exists ¢ = g(a, s) such that P(log¢®+ (¢, ® — «)) < 0.
Write P = P(log ¢® + (¢, ® — «)) and let v > 0 be such that

> *(i) exp(sup (g, Sm®(j) — may)) < ™/ (3.2)
ieXm, jE[i]

for all m > —logy. As ||A;| < Al for some A < 1, we have
P () < @ (3)eclHToe (3-3)

for all ¢ > 0. Hence, for every § < min{~, (}, we have by (3.3), (3.1) and
(3.2)

H;—Z\q\/rlogk(ﬂEq)(a)) < Z Z @s—2|q|/7"10g)\<i)

m= (7 log 8] 1€Dm,r

< Z S gt (a)e2mlilr

m= ( log(ﬂ 16Dmr

< Z > (i) exp(sup (g, Sm®(3) — ma))
log (ﬂ 1€Dm T JE[I}
m=[—logd]

By letting ¢ | 0, the upper bound above approaches to zero and hence, by
letting r — oo, dimg(mEg(a)) < s. The proof is finished as s > so(a) was
arbitrary. U

4. BIRKHOFF AVERAGES

We let RP! denote the real projective line, which is the set of all lines
through the origin in R2. We call a proper subset C C RP! a cone if it is a
closed projective interval and a multicone if it is a finite union of cones. Let
A= (A1,...,AN) € GLy(R)N. We say that A is dominated if there exists
a multicone C C RP! such that Uf\il A;C C C°. By [7, Theorem BJ, A is
dominated if and only if there exist constants C' > 0 and 0 < 7 < 1 such that

| det(A;)]
— <O
| Az [|?
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for all i € ¥,, and n € N. Furthermore, if A is dominated, then, by [3,
Lemma 2.4], the mapping V: ¥ — RP! defined by

V(i) =) 4,C (4.1)
k=0

is Holder continuous.

Proposition 4.1. If (Ay,...,An) € GL2(R)Y is dominated, then there
exists C' > 0 such that

[A:[V(a"1)[| = C[| A4l

for alli € ¥, and n € N. In particular, the function i — log || A;
1s Holder continuous and

|[log [[As), [| = Snlog [ A, [V(ed)]]] < C
foralli e and n € N.
Proof. This is [8, Lemma 2.2] and [3, Lemma 2.4]. O

If (Ay ..., An) € GLo(R)Y is dominated, then we define ¥ = (U1, Uy): ¥ —
R? by setting

[V (o)l

l1

\Ill(i) = —log HA1|1‘V(01)||7
Uy(i) = —log|det(A;z), )| +log [[ Az, [V(ei)],

for all i € ¥. Proposition 4.1 implies that ¥ is a Holder continuous potential
and

(4.2)

/E\IJ dp = x(p)
for all u € M, (X), where x is defined in (2.2). We also define
— sy (1), if0<s<1,
(i) = { (i) — (s — DWs(i), if1<s<2

—s(Wi(i) + Ua(i))/2, if2<s< o0,
for all i € X.

Proposition 4.2. Let A = (Ay,...,An) € GLy(R)N be dominated and
®: ¥ — RM be a continuous potential. If o € P(®)°, then for every

s <sup{s >0: inf P(logy®+ (¢,® —a)) >0}
qeRM
there exists a fully supported n-step Bernoulli measure v such that dimy,(v) =
dimp,(7) > s and [, ®dv = «, where ¥ is defined in (2.1).
Proof. Let s < sup{s > 0 : inf cgnm P(logp® + (¢, ® — a)) > 0} and note
that, by Proposition 4.1, we have
P(log¢® +(q,® — a)) = P(¥* + (¢, ® — o).

Write
§ = inf{P(¥*+ (¢, ® — a)) : ¢ € RM}
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and choose gg > 0 so that
P(¥%(i)+ (¢, ® —a)) > 30
whenever |g| > gp. We fix 1,62 > 0 such that
1]qo| +e2 < 6/4.

Since ® and ¥? are continuous, we can, by Lemma 3.1, choose n € N such
that

max max {|S,®(j) — SpP(k)|} < ney
i€eX, jkeli]

and

Su¥*(3) — S ¥(k)[} < nea.
max max {5, 97(3) (k)[} < ne

Therefore, we can find functions ®,, and V¥,, which are constant on nth level
cylinders and where

19n® — Pplloc < me; and  ||SpP° — ¥, ||eo < neo.

We now work with the pressure for ¢” which we denote by P,. Note that we
have P,(Sy ) = nP(-). Thus we have

inf{Pn(Sn\I]S + <q7 Sp® — na)) : ‘q, < QO} =nd

and
inf{ P, (SpV* + (q, Sn® — na)) : |q| = qo} > 3nd.
Since €1|qo| + €2 < §/4, we see that

(4.3)

. 3nd 5nd
min{ P, (¥, + (¢, 2, — na)) : |q| < qo} € [4» 4]

and 11nd
. n
mln{Pn(\I}n + <Q7 o, — na>) : ‘Q| = QO} > T

Since ®,, and ¥, are locally constant, and therefore Holder continuous, the
function ¢ — P, (¥, + (¢, , — na)) is analytic and convex. Moreover, for
any q. € RM we have

v‘q:q*Pn(\I/n +{(q, ®, — na)) = / P, — nadug,
2

where (14, is the equilibrium state for ¥,, + (g«, ®, — nc). Note that the set
Q={q: P,(¥,,+ (q,P, —na)) < 2nd} C B(0,q)
is convex. By convexity and (4.3), we get
VP, (Y, + (g, Pr, — nav))|
P, (¥, + {q, P, — na)) — P (¥, + (G, P, — nar)) _ 3nd

— > —
lq — 4 0

>

for all ¢ € 0Q).
Define fi, fo: Q@ — RM by setting

fl(Q) = /ZCI)TL _nadﬂq = VPTL(\IITL + <Q7(I)n - na>)
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and
fala) = | S naxdpy,
>

Note that the degree of f; restricted to Q) is 1. Hence, by the Hopf theorem
f1(Q) D B(0, 21 Since

> 8q0
3nd
1f1 = follo < €1m < o
q0
we have
30n 36n
(1 =t)f1(q) +tfa(@)| = —— —t|f1(q) — f2(@)| = o —e1n >0

8qo 8qo

for all t € [0,1] and ¢ € 0Q. It follows that fi|sg and f2|gg are homotopic
on RM\ {0} and hence, by the Hopf Theorem, 0 € fo(Q). This means that
there exists ¢ € @ such that [ S, ®dp,, = na. Now, by (4.3),
J
0 < Pu(Wn+ (01, % — o)

= h(uquan) + /; v, + <QI> ®, — na> d,uqr

3nd

d
h(:uqlao-n) + e +/ Sp¥® d:uql 2 —
4 s 4

and
h(pg,,o™) +/ SpV%dpg, > 0.
pX
If 0 < s < 1, then we have

. h(pg,,0™) h(pg,,0™)
dimy, (g, ) = au = u > s.
( q1) Xl(ﬂqlaan) fg SV dpig,

Alternatively, if 1 < s < 2, then

h(lu’fh?(jn) - Xl(:u’(h ) Un)
X2 (quv Un)

The case s > 2 is left to the reader. Since ji4, is an equilibrium state for

U, +{q1, @, —na), which is constant on nth level cylinders, it is a o™-invariant

Bernoulli measure. Taking v = p,, finishes the proof. U

>s

dimy,(pg,) =1+

We remind the reader that the Hausdorff dimension of the measure y on
R? is defined by

dimp(p) = inf{dimp(A) : u(A4) > 0}.

In order to provide the lower bounds in the main theorems, the goal is to
find invariant measures with prescribed integrals and Lyapunov exponents,
for which we can calculate the Hausdorff dimension. The following theorem
guarantees that the n-step Bernoulli measures can be used in this purpose.
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Theorem 4.3. Let (A1 +v;, ..., Ax+vn) be an affine IFS on R? satisfying
the SOSC. If (A1,..., An) € GLo(R)Y is strongly irreducible such that the

generated subgroup of the normalized matrices is non-compact, then
dimp (mep) = dimy, (p)
for all Bernoulli measures p on 3.
Proof. This is [2, Theorem 1.2]. O
We are now able to prove Theorem 2.1 for dominated systems.

Theorem 4.4. Let (A1 +v1,..., Ay +vn) be an affine IFS on R? satisfying
the SOSC and ®: ¥ — RM be a continuous potential. If (Ay,...,An) €
GLo(R)N is strongly irreducible and dominated such that the generated
subgroup of the normalized matrices is non-compact, then

dimy (7 Eg(a)) = sup{dimy,(¢) : p € My(X2) and / ddp = a}
by
—sup{s > 0 inf Pllog* + (g, ® — a)) > 0}
qeRJ\/f
for all v € P(P)°.
Proof. Tt follows from Propositions 3.2 and 4.2 that
dimyg(7mEg(a)) < sup{s>0: inf P(log ¢® + (¢, ® — a)) > 0}
geR
< sup{dimp,(#) : v is fully supported n-step

Bernoulli and / o dr = o}
%

< sup{dimp,(p) : p € M,(X) and / o du = a},
)

where 7 is defined in (2.1). Let u € M,(X) be such that [ ®du = «. By
the variational principle (see [10, 19]), if s < dimp,(u), then

P(log ¢® + (¢, ® — ) > h(p) + lim | log9*(Ay),) du(d) > 0

n—oo

for all ¢ € RM. Therefore, s < sup{s > 0 : inf cpar P(log ¢* + (g, ® — o)) >
0} and, consequently,

sup{dimr,(p) : p € My(X) and / odu = a}
b

<sup{s>0: inf P(log¢® + (g, ®— a)) > 0}.
qeRM

Finally, let v be a fully supported n-step Bernoulli measure so that fz ddr =
a. Then clearly 7(F¢()) = 1 and, by Theorem 4.3,

dimp, (7) = dimp(7.7) < dimg(7Ee())

finishing the proof. O
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5. DOMINATED SUBSYSTEMS

We begin the section with the proof of a key lemma in order to construct
dominated subsystems.

Lemma 5.1. Let A1, Ao, A3 € GL2(R) such that there exist cones By, Ba, B3
and Cy,Cs,Cs such that

(1) B1 N By :(D, Ci1NCy :(Z)} CinNB; :Q, and Co N By :@7

(2) there exists i1, j1 € {1,2} such that C3 C By, and B3 C C,

(3) A;(RP'\ B;) C C? for everyi € {1,2,3}.
We then have that for every A € GL2(R) which is hyperbolic with u(A) € C?
and s(A) € B there exist i,j € {1,2} such that AZ-AgAA?(Cl UCy) C
(C1 UC9)°. For every other A € GLy(R) there exist i,j € {1,2} such that
AZQAAJQ(Cl U Cg) - (Cl U Cz)o.

Proof. First, let us make a couple of remarks. It is easy to see that A;(Cq U
C2) C CY for i € {1,2}. This means that A3 ;C3 C C§_, . Finally, we note
that if a cone C satisfies C N (C1 U Cq) = 0, then AsC C C§.
Fix A € GL2(R). We see that there are two possible cases:
(1) there exists i,j € {1,2} such that AC; N BY = 0,
(2) for every i,j € {1,2} we have AC; N B¢ # 0.

In the case (1), since AC; N B? = (), we have A;(AC;) C A;(RP*\ B;) C C?.
Thus,
AFAAZ(CLUCy) C AJACS C C7 C (CLUCy)”

On the other hand, if the case (2) holds, then A(RP!\ (C; UCy)) C B¢ U
BS. Since By and By are disjoint intervals on RP', one of the connected

components of (RP!\ (C; UCy)) is contained in B¢, and the other one is
contained in B§. In particular, there are k, k" € {1,2} so that AB; C BY
and ABy C BY,. Now, if k # k' then A2B; C B{ and A?By C BY, which
is a contradiction, since it would imply that A2 has two different stable
eigenspaces. Similar argument can be applied for the cones C; and Co, and
the inverse matrix A1

Thus, there exists unique 4, j € {1,2} such that AB; C B¢ and A~1C; C 3.
Thus, in particular, A is a hyperbolic matrix with stable and unstable
eigenspaces s(A) € By and u(A) € C¢. Moreover, AC3—; N (C1 UCz2) = 0; see
Figure 1. Thus,

As_iy AgAA3 j(CLUCy) C Ag_iy A3ACS ; C A3_;,C§ C C3_;, C (CLUCy)°
and the proof is finished. O

Lemma 5.2. Let (Ay,...,Ax) € GL2(R)YN be strongly irreducible such that
the generated subgroup of the normalized matrices is non-compact. Then
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Bs_;

F1GURE 1. The left-hand side image illustrates the assump-
tions in Lemma 5.1 and the image on the right depicts one of
the possible situations in the case (2) of the proof.

there exist K € N and multicones B and C such that B C C°, and for every
i€ X, there exist j1,jo2 € Xk such that

Ay, A Ay,C C B,

Proof. Since the tuple is strongly irreducible and the generated subgroup of
the normalized matrices is non-compact, there exist ki,ks € 3, such that
Ay, and Ay, are hyperbolic and the spaces s(Ay, ), S(Ax, ), u(Ax, ), u(Ag,) are
all different. By taking powers, one can choose k; and kg so that |ki| = |ka].
Let r > 0 be so small that

B(S(Akl)’r) N B(S(Ak2)7r) = B(U(Akl)vr) N B(U(Ak2)7r)
= B(s(Ay,),r) N B(u(Ag,),r) =0,

4 J

(5.1)

where B(z,r) denotes the closed ball centered at = and with radius r. Thus,
there exists L = L(r) > 1 such that

(Ak,)"(RP'\ B(u(Ay,), 7)) C B(s(Ax,),7)°

for ¢ € {1,2}. We distinguish two cases:

(1) there exists r > 0 such that u(A;) ¢ B(s(Ax,),r) or s(A;) ¢
B(u(Ay,),r) for all i € 3, and i € {1, 2},

(2) for every r > 0 there exists i € X, such that u(A;) € B(s(Ay,),7)
and s(A;) € B(u(Ay;),r) for some i,j € {1,2}.



16 BALAZS BARANY, THOMAS JORDAN, ANTTI KAENMAKI, AND MICHAL RAMS

In the case (1), by Lemma 5.1, we see that for every i € X, there exists
i,7 € {1,2} so that
(Ax,)*" A5 (Ax; ) (B(s(Ax, ), 7) U B(s(Ax, ), 7))
C (B(s(Ax;),7) U B(s(Ax, ), 7))
If the case (2) holds, then fix r > 0 so that (5.1) holds. Let k3 be
such that u(Ax,) € B(s(Ayg,),7) and s(Ax,) € B(u(Ay;),r). By choos-
ing p > 0 sufficently small, we have that B(u(Ax,),p) C B(s(Ax,),r) and

B(s(Ax;),p) C B(u(Ag;),r). Therefore, by choosing M € N sufficiently
large, we have

(Ak,) " (RP'\ B(u(Ax,), p)) © B(s(Ax,), p)°*-

By taking powers, we can assume that M|ks| = |ki| = |ke|. Thus, the
statement of the lemma again follows by applying Lemma 5.1, with K =
2L max |ki| and C = B(s(Ax,),r) U B(s(Ax,), 7). O

By Lemma 5.2, there exists K > 1 such that for every n > 2K and
i € ¥,,_ok there exist j; = j1(i) and jo = j2(i) such that the tuple

(Aesp,  where X7 = {j1(1)ij2(1) : i € Spoax}, (5.2)

is dominated and strongly irreducible. Note that X2 c %, for all n > 2K. If
n > 2K and ¢: ¥ — R is a subadditive potential, then we define a pressure
on the dominated subsystem by setting

Ppn(loge) = lim flog > (i1 ix).
i1,e.,ipeXD

Note that the condition given by Lemma 5.2 is stronger than the usual
domination, see Avila, Bochi, and Yoccoz [1] and Bochi and Gourmelon [7].
In particular, we have the following uniform bound.

Lemma 5.3. Let multicones B and C be such that B C C°. Then there exists
Z > 0 such that for every pair of matrices A and B satisfying ACU BC C B°
we have

IAB|| = e~ || Al[|B].
Proof. This follows easily from Bochi and Morris [8, Lemma 2.2]. O

The lemma guarantees that in every subsemigroup of (J, oy YD the norm
(and hence also ¢* for all s € [0, 00)) is almost multiplicative up to a uniformly
chosen constant.

Lemma 5.4. Let ®: ¥ — RM be a continuous potential. Then

Jim 2 Pp(log ¢ + (g, $.@ — a)) = P(log " + (g, ® — a)),

uniformly for all (q,a, s) on any compact subset of RM x P(®) x [0, 00).
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Proof. Since
%Ppyn(log ©* + (g, S5 ® — na)) < %Pn(log ©* + (g, Sp® — na))
= P(log¢” + (¢, ® — a))

for all n € N, the upper bound follows immediately. To show the lower
bound, note that, by Lemma 5.3, we have

(PS(Aij) > e_ZSSOS(Ai)SDS(Aj)
for all i,j € U2, (XP)¥ and n € N. For simplicity, let us denote the kth

Birkhoff sum with respect to o™ by Slin)(b(i) = Ef;& ®(0"i) . Combining
this with Lemma 3.1 gives

%Pp,n(log ©° +(q, Sn® — )

= klggo % log Z ©*(i1---1ik) exp( sup (g, S,(gn)(an)) — nka>>

i1,e.,ifpeXD JE[ir-ik]

. 1 —Z(k—1)s, s(= S(s
> lim Zplog S e T () (1)
i1,e.,ipeXD
-exp( sup <q,S,(€")(Sn<I>)—nk:a>>
jE[i1ik]
: 1 —Z(k—1)s, s/ S(s
> lim Zplog > e () (i)
i1,e.,ipeX?
k n—1
- exp <Z sup (g, (Sp®) — na) + k ZVari(®)>
=1 J€lid] i=0
—Z n St Var (@
— 1og 3= *(5)exp sup g, (5,@) — na) ) + =2 2tz TnlD)
ienD j€l] "
n—2K 1
> . 1 5(4
> — n_2K<%.§: 0" (1)
16277.—21{
—Zs+ ") Var (®
-exp<sup (q,(Sp—2rx®) — (n — 2K)a>> + s + 19l 2izo Vari( )
jeli] n
The statement follows by taking n — oc. O

Proposition 5.5. For any continuous ®: ¥ — RM and o € P(®)° the
function
a+— sup{s >0: irﬁf P(log¢® + (¢, ® — a)) > 0}
qgeR™
1S continuous.

Proof. Note that
sup{s > 0: i%f P(log¢® + (¢, ® —a)) > 0} < t,
geR™
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where t satisfies P(log ¢') = 0. By the variational principle (see [10, 19]), we
have

n—oo

+ <q, /Z Qdp — a> (5.3)

> C’t+<q,/2<1>d,ua>

for all 1 € M,(X) and s € [0, ], where C' = max{log||4; || : i € {1,...,N}}.
Since o € P(P)?, there exists 6 > 0 such that

P(log¢® + (g, ® — a)) > h(p) + lim & | loge®(Ay),) du(i)
Y

{BeRM :|a; —Bi| <dforalliec{l,...,M}} CP®)°
Hence, for each i € {1,...,M} there exist uj,pus € My(2) such that
fz‘bdﬂl =(ay,...,a; +96,...,ap) and fszdug =(a1,...,0; —0,...,ap)
and therefore, by (5.3),
P(log ¢® + (q, ® — @) > |qsl6 — tC.
Thus, for every s € [0, t] we have
P(log¢® + (¢, ® —a)) >0

unless q € [—tC/8,tC/5]M.
Since, by Lemma 5.4,

(¢, 0, 8) = P(log o® + (¢, ® — a))

is uniformly continuous on [—tC/6,tC/6]M x B(a,d) x [0,t]. Therefore, for
any n > 0, we can choose 0 < £ < ¢ such that, for any s € [0, ],

| inf {P(log¢®+ (¢, ® —f))} — inf {P(logp®+ (¢, ® — )} <7
geR™ qgeER™
for all 5 € B(a,¢e). Notice also that for s; > s we have

(s2 — 51)C1 < P(log¢®' + (q,® — 8)) — P(log ¢* + (¢, ® — 3))
< (s2—s1)C,

where C1 = min{—log||4;|| : ¢ € {1,..., N}}. This completes the proof. [
We are now ready to complete the proof of Theorem 2.1.

Proof of Theorem 2.1. Note that, for any j € X, we have lim,,_, %S’n{)(j) =
a if and only if limy o =55, ®(§) = a for any n € N. Indeed, for any



BIRKHOFF AND LYAPUNOV SPECTRA ON PLANAR SELF-AFFINE SETS 19
n € N and m € N with nk < m < n(k + 1), we have

L5, ®(3) — <1 + nk),LSnk (j)‘

LS, @(3) — 2 Su®(3)| =

nk
<& > e+ HESsue0)
l=nk+1
< QSuli)|<I>] 0

as k — oo. Hence,
TE¢(a) = nEs,0(na) D TEE ¢(na),
where N
Egn(b(na) ={je€ (ZS) : lim %S,S:n)Sn@(j) = na}.
k—o0
Write
so(a) =sup{s > 0: inf P(logy®+ (q,® — a)) > 0},
qeRM
Sp(a) =sup{s >0: inf}'u Pp (log ¢° + (¢, S, ® — na)) > 0},
gqeR

and note that, by Lemma 5.4,
nh_}ngo sp(a) = so(a).

By Theorem 4.4 and Proposition 3.2, we have
sn(a) = dimH(TrE’gnq,(na)) < dimg(7Es(a)) < sp(a).
Therefore, by letting n — 0o, we see that
dimpg(mEg(a)) = so(a).

On the other hand, let p € M,(X) be such that [, ®du = o. By the
variational principle (see [10, 19]), if s < dimy, (1), then

Plloge* + (4. — ) = his) + lim & [ logg*(Ay,) duts) >0
n >

for all ¢ € RM. Therefore, dimg, (1) < so(cr). This observation, together with
Theorem 4.4, implies

sn() = sup{dimy, () : p € Mo ((EP)N) and /Eq)d,u = a}

< sup{dimp,(p) : p € M,(X) and / ddp = a}
b

< sp(@).

By letting n — oo, we see that
so(a) = sup{dimy,(u) : p € My(2) and / O du = af.
by

The fact that the spectrum is continuous follows from Proposition 5.5. [
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6. LYAPUNOV EXPONENTS
Let us first study the Lyapunov spectrum for dominated systems.

Proposition 6.1. Let (A; +v;,...,Ax +vn) be an affine IFS on R? sat-
isfying the SOSC. If (A1,...,Ax) € GLa(R)N is strongly irreducible and
dominated such that the generated subgroup of the normalized matrices is
non-compact, then

dimy(7Ey (a)) = sup{dimr, (1) : p € My(E) and x(p) = a}

- { hrop(Ex(@)) | hrop(Ex(@)) — o }
(651 ’ a9

for all o = (a1, 2) € P(x)°.

Proof. Let ¥: ¥ — R? be as in (4.2). By Proposition 4.1, E, (o) = Ey(a)
for all @ = (a1, a9) € R2. Thus, the statement follows from Theorem 4.4 and
the following calculation. Write ¥, (c,€) = {iln € 5y : Jo — 15, ¥(1)| < e}
Observe that
P((s', W) + (¢, ¥ —a)) = lim log Y exp({q+ 5,5, ¥(1)) — n(q, a))
ies,
.. 1 / .
> I%lrggéf ~log Z exp({¢+ s, S, ¥ (1)) — n{q,a))
ie¥, (a,e)
> —(s',a) — (lg| + |s'))e + lirginf Llog #%,,(a, €).

for all s’,q € R%. Recalling the definition of the topological entropy, as € > 0
is arbitrary, we get that

hiop(Ey () — sai, ito0<s<1,
ianQ P(log ¢°4+(q, ¥—a)) >  hiop(Ey (@) —a1 — (s — )ag, if1<s<2,
i heop(Ey () — (01 + a2)s/2,  if2< s < oc.
by choosing s’ to be (s,0), (1,s — 1), and (s/2, s/2), respectively. Thus,
min{ hiop (Ex () 14 hiop(Ey (@) — a1 }
(05} a9

<sup{s>0: inf2 P(log ¢® + (¢, ¥ — a)) > 0}.
qeR

Since, for every u € My(X) with x(p) = «, we clearly have

dimy,(p) < min{ htOP(iX(a)) 1+ htop(EXO(;)‘)) — },

we have completed the proof. O
Now we turn to general systems. Recall that
PI(1) = || Ag]|® || A7
for all ¢ = (q1,q2) € R?, s0 %) = o, where s’ is defined in (2.3).
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Proposition 6.2. Let (Ay +v;,..., Ay +vn) be an affine IFS on R2. If
(A1,...,AN) € GLy(R)N is irreducible, then

dima(wFy (o) < sup{s = 0: inf {P(logv*¥)~1) — (g, )} = 0}
qeR?

for all a € P(x)°, where s': Ry — R? is defined in (2.3).

Proof. The proof is almost identical to the proof of Proposition 3.2. Observe
that

[c e SlENe o)

E@cUN U i

r=1ln=1m=ni€Dy, ,
where
Dy = {i € T ¢ | = £ log WV (3) —al < 7}
Note that ¢(11(4) is constant on m-th level cylinders. Therefore, for every
i € Dy, we have

_ m|q]|

< {g,~log PV (3) — ma).

Let so(a) = sup{s > 0 : inf cp2{P(log Y ()=0) — (q,a)} > 0} and choose
s > so(c). Thus, there exists ¢ = ¢(a, s) such that P(log® ®)=9) < (¢, ).
Let € > 0 be so small that there is v > 0 such that

Z ¥ 79(1) < (a0 —2)

ied,
for all n > —log~y. We have

1/18/(8+C)(i) < ¢s/(s)(i)66|i“0g)\
for all ¢ > 0, and hence

,H§7|q|/rlog/\(ﬂ_EX(a)) < Z Z (psf\q|/rlog/\(i)

m=[—logd] i€Dm,r

Z Z (pS(i)e—mlql/r

m=[—1logd]| i€Dm,r

Z Z o (1)elalog 1D (5)—ma)

m=[—logd] i€Dm,»

IN

IN

— i e—m{a:@) Z P ()= (4)
m=[—log d] i€Dm,r
< Z e =0
m=[—logd]
as 0 — 0 for all » > 1. Thus, dimy(7Ey(«)) < s+ c|g|/r. Since r > 1 and
s > so(«) were arbitrary, we get that dimy(7E) (a)) < so(a). O
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Let P be as in (5.2) and let ®,,: (XP)N — R be a modified Lyapunov
potential defined by

Un(i1ip---) = (—log || Ay, [Va(0"1)]|, —log | det(As, )| +log [|As, [Va (" 1)]]),
where V,,: (XP)N — RP! is the subspace defined similarly as in (4.1).
Lemma 6.3. We have

lim 1 Pp, (g~ /(5), ¥a) = Pllog " 9-9)

n—oo

uniformly for all (q,s) on any compact subset of R? x [0,00), where s': R —
R? is defined in (2.3).

Proof. Since

P(logy¥®)~7) = lim Llog Y 4" ()74(1)

m—0o0
i€¥m,
: 1 E s'(8)—q .
i1,..,ix€Xn

. 1 s'(s8)—q/s .
> lim Zplog DR A CERREE 19

if,e.,ip€XP

— i L (n) . /
= s Y ew( sw (50000 0).

. . ig---i
i1,e.,ifpeXD [i1-ik]

we see that P(log ¢ 9)=%) > lim,, 00 LPpn({qg —§'(s), ¥y)). On the other
hand, by using the uniform domination of (A;);exp for every n € N,

2 Ppa({a—5'(s), Un))

S (n) .
—klingoﬁlog > eXp< sup (S ‘I’n(J),q—S’(S»)

i1,0,i€XD jefirix]

K
Jim clog ) exp <Z(q — '(s), —log "V (4)) + Ck?)

i1,e.,ipe€XD (=1

Y

. C
— 1og 3 exp (g - o), gy (0 ) + €
iex?
S —a - C'(K
>log Y w0+ S
iezn—2K
The statement follows by taking n — oo. ]

We are now able to show the following result which is a stepping stone to
Theorem 2.2.
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Theorem 6.4. Let (Ay +v;, ..., Ax+vn) be an affine IFS on R? satisfying
the SOSC. If (A1,..., An) € GLo(R)Y is strongly irreducible such that the
generated subgroup of the normalized matrices is non-compact, then
dimy(7Ey (o)) = sup{dimy, () : p € My(E) and x(p) = o}
= sup{dimy, () : p € &(X) and x (1) = o}
=sup{s > 0: inf {P(logy)""1) — (g, )} > 0}
q€

= min{ hiop (Ex (@) 14 hiop (Ey (@) — o }
(65} ’ a9

for all @ = (a1, a2) € P(x)° C R2.

Proof. Write £, (a,e) = {1 € 5, : [ — 2 log (LD (1) — a| < €}. Observe that

’_ .. 1 '—q
P(logy™~4) > liminf tlog ) ¢ (1)
ie¥, (a,e)

> —(s',a) = C(Is'| + |q|)e + linginf%log #, (e, €)

for all s’,q € R%. Recalling the definition of the topological entropy, as € > 0
is arbitrary, we get that

hiop(Ey () — sar, if0<s<1,
inf, P(log ¥ > L (By(a)) —ag — (s — Dag,  if1<s<2,
S
! hiop(Ex(0)) — (a1 + ag)s/2,  if2< s < oo.
Thus,
min{ hiop (Ex()) 1+ hiop (Ey () — a1 }
a7 (%)

We clearly have E\ (o) D Ey "™ (a) and hiop(Ey (@), 0) > Lhiop(EY"(a),0™),
where

EP™a) ={i e (D)V: lim 15", (1) = a}.
k—oo
Observe that, by Proposition 6.1 and Theorem 4.4,

dimH(WEf’”(oz)) = sup{dimy, (i) : p’ € Mgn((EE)N) and x (¢, 0") = na}

=sup{s > 0: inf (Pps((g—&'(s), ¥n)) = (¢,n0)) = 0}
qe
hiop(EL™ (a0), 0™) hiop(ED ™ (at), 0™) — nay
:min{ OP X ! 1 X ’ },
noq noo
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and, by Lemma 6.3,

sup{s >0 : (Ppn({qg—5'(s),¥,)) — (g,na)) > 0}

— sup{s > 0: inf {P(logy* ®)=9) — (g, )} > 0}
g€eR?

inf
qeR?

as n — oo. Finally, we note that for any ' € Myn((ED)N) there exists
u € My(X) such that p = %Zz;(l) p oo nx(p,o) = x(i,o"), and
dimp,(p) = dimp,(¢/). This and the variational principle argument used in
the proof of Theorem 2.1 complete the proof. O

7. BOUNDARIES

To complete the proof of Theorem 2.2, we need to show that P(x) is closed
and convex, and the continuity of the spectrum.

Proposition 7.1. Let ap — a be a converging sequence of points in P(P)
and, for each k, let vy be an ergodic measure so that vg(Fe(ag)) = 1. Then

htop(Ea(a)) > limsupy_,o h(v).

Proof. Consider a fast increasing sequence of integers (my). We define a
measure v by setting on level my cylinders v([iy---ig]) = vi([i1]) -+ ve([1e])
for all i; € ¥, and iy € Xy, , for all k € {2,...,¢}. Write s =
lim supy,_, o h(v). We claim that if (my) grows quickly enough, then for all
t < s and for some C' > 0,

v({i € Eg(a) : v([ils]) < Ce ™} > 0.

From this it follows, by Takens and Verbitskiy [25, Theorem 3.6], that
htop(Ea()) > s. The proof of the claim is virtually identical as (in fact,
simpler than) the proof of [16, Proposition 9], but as there exist formal
differences (instead of ergodic measures, the proof there was given for Gibbs
measures) we will sketch the proof.

The main ingredient is the following statement: Let p be an ergodic
measure and ® = (®1,...,®y/): ¥ — RM be a continuous potential. Then
for every € > 0 there exists L > 0 such that for any n > 0 the union of
cylinders [i], where each i € 3, satisfies

£<6+/E<I>kd/z> LgSﬂDk(j)§€<e+/z<1>kd,u> +L (7.1)

forall j € [i], £€{l,...,n},and k € {1,..., M}, and
L7 e Hhm+e) < ([i]) < Le~/PW=e) (7.2)

forall ¢ € {1,...,n}, has y-measure at least 1 —e. This follows from Birkhoff
and Shannon-McMillan-Breiman Theorems together with Egorov Theorem.

Let (ex)ren be a sequence such that e | 0 as k — oo and [[;2,(1—¢;) > 0.
We apply the above statement to each v with the corresponding ;. Then,
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for every £ € {my +1,...,mp11}, we have

Se®(3) =mk/ <I>duk+(€—mk)/ ® dvpiq
b b

+ O(mp—1, L(Vit1, €x41)s €6 (mp — mi—1), epr1(£ —my))
for all j € [i] and
—logv([i]) = mph(vk) + (€ — mg)h(Vg41)
+ O(mp—1, L(Vks1, k1) €6 (mp, — mp—1), ex41(£ — my,))

for cylinders [i] containing in a set of v-measure at least Hiill(l —¢;). Thus,

for (my) growing sufficiently fast, we get the claim (using [25, Theorem 3.6]
for the entropy part of the claim). O

A similar statement holds for Lyapunov exponents.

Proposition 7.2. Let a — a be a converging sequence of points in P(x)
and, for each k, let pi, be an ergodic measure so that p(Ey (o)) = 1. Then

htop(Ex () 2 limsupy_,o h(pk)-

The main obstacle in repeating the proof of the previous proposition is
that the singular value is not multiplicative. We can, however, use Lemma 5.2
to transfer the argument to a dominated cocycle setting, where the singular
values are almost multiplicative and the same argument as in Proposition
7.1 will work.

To prove Proposition 7.2, we begin with an approximation argument.

Lemma 7.3. If i is an ergodic measure supported on E\ (o), then for every
€ > 0 there exist arbitrarily large n € N such that the set

Qp(a,e) ={iln € B : | — llogHAiH —ai| <e,

n

| — %logHAi_lel — | < e, and A;C C B},

where B and C are multicones defined in Lemma 5.2, has at least e"M(1)—¢)
elements.

Proof. Consider first the set ¥,,_ax (a, £/2), where K is as in Lemma 5.2 and
Sn(ae) ={i€X:|a—18,¥(i)| <e}, and ¥: ¥ — R? is as in (4.2). For
every € > 0, there exist arbitrarily large n € N such that this set has at least
e(n=2K)(h(1)=¢) elements. Indeed, if this statement was not true, then for
some N € N we could cover all the points i € ¥ with (x1(1), x2(i)) = « (that
is, p-almost every point) with a collection of cylinders containing en(h(n)—e)
cylinders of level n for all n > N. This would imply that h(p) < h(u) —e.

Now, Lemma 5.2 lets us find for every word i € ¥,,_ox(cv,e/2) a prefix ji
and a suffix jo such that Aj,;;,C C B°. At the same time,

A1 =2 < | Ay || < || As | H2F

and similarly for HAJ-_llihH’l, where H = max; max{[|4;|, || 4; || ~'}. Hence,

for n large enough, if 1 € ¥, _9x(a,e/2), then ji1ijs € Qy(a, ). O
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Corollary 7.4. Let pu be an ergodic measure supported on E, (o). Fore >0,
let n € N be such that Qy(a,€) satisfies the claim in Lemma 7.53. Let v be
an n-step Bernoulli measure generated by the words in Qy, (o, €) with equally
distributed probability and let Z be as in Lemma 5.3. Then h(v) > h(u) — e
and

g —e—2Zn 1< —glogllA;, Il < a1 +e+ Zn 1,
g —e—2Zn"t < —%logHA;I;H_l <ag+e+2Znt

for v-almost all 1 € ¥ and for all £ = kn.

Proof. The bounds on the singular values follow from Lemma 5.3, the entropy
estimation follows from the bound on the size of Q,(c,¢). O

Proof of Proposition 7.2. We can now replace the measures u; by ng-step
Bernoulli measures vy, given by Corollary 7.4, taking care that ¢ | 0 and
ng — 00. We repeat the proof of Proposition 7.1. The inequality (7.2) can
be proved as before. The main problem is to obtain (7.1) — we cannot apply
the Birkhoff Theorem anymore since the singular values in a matrix cocycle
are not multiplicative. For each measure vy, Corollary 7.4 gives us

log||As, || = €x1 (k) + O(Lex, £Z /1y, ng log H),
log|| A7 ™1 = €xa (k) + O(Ley, £Z )y, g log H),

l‘g

for vg-almost all 1 € 3 and for all £ € N. Thus we obtain (7.1) if g in the
proof of Proposition 7.1 is replaced by e + Z/ni. Note that we can choose
e and ny in the beginning so that e, + Z/ny is as small as we wish, so this
will not cause any problems.

The rest of the proof is virtually unchanged. We construct the measure
v, prove that a positive part of this measure lives on E, () (by using
Lemma 5.3 again), and show that it has entropy at least limsupy_, . h(v;) =

lim supy_,o0 (1. 0

We can now apply Proposition 7.2 for the Hausdorff dimension.
Proposition 7.5. Let (o}, af) = o = a = (a1,a2) be a converging se-
quence of points in P(x) such that a; = aa. Then

1
dimy(7Ey (o)) > limsup dimH(WEX(ak)) = — limsup hop(Ey (o).

k—o0 a2 koo

Proof. Note first that, by Theorem 2.2, we can pick a sequence of ergodic
measures py, supported on E, (ay) and € | 0 such that

dimL(Hk) > dimH(ﬂEX(ak)) — Ek.
By the definition of the Lyapunov dimension, we have

h(px) > of dimy, ().
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Hence, by Proposition 7.2 we have a measure u supported on wE, (o) satis-
fying

h(p) > limsup o dimg (TI'EX(Oék)) = ap lim sup dimy (7 E, (o).
k—o0 k—o0

By the Bowen’s definition of entropy, as a1 = ag, we have dimg (1) = h(p)/ae.
This is what we wanted. (]

The following proposition finishes the proof of Theorem 2.2. We note that
the concavity of a function defined on a convex set implies the continuity of
the function in the interior and on the flat portions of the boundary, and that
the continuity of the entropy under the change of the Lyapunov exponent
implies the continuity of the Lyapunov dimension.

Proposition 7.6. The set P(x) is compact and convez, and the function
a — hiop(Ey () is concave on

P(x)° U (P(X) N {(Oq, Ozz) eR?: a1 = 042}.

Proof. The compactness of P(x) follows from Proposition 7.2, the other
properties will be proven together. Let «, 5 € P(x) and choose ¢ € (0,1).
We have to show that

hiop (Ex(bar+ (1 = £)B)) = Lhiop(Ey () + (1 — E)htop(Ex(B))
For a fixed large r we define
Do = {1 €% i | = LlogypV(i) —a] < 1}

and similarly D,, , 3. By the definition of the topological entropy, there exist
two sequences (m;);en and (nj);en of positive integers such that

|Din, | > €™ (rop(Bx(@)=1/r),

Dy ] > € (ion(Ex(BN=1/7),

for all 4,7 € N.

Fix i,j € N. By Lemma 5.2, there exist multicones B and C such that
B C C° and for every word i € D,,, o We can add a prefix j; and suffix jo
of fixed length K such that the resulting word j = j1ij2 satisfies A;C C B°.
We denote this set of words by D! The same statement, with the same

mi,T,ot

choice of B, C, and K, holds for D, ;3. Note that, as the prefixes are of

fixed length, different i’s produce different j’s. For j € Dy, .. ,, we have
1 1 2K 2
————logvY(G)—a| < =40 <
o2 08 Q) e < o O ) <

for i large enough. A similar estimate holds for j € D;lj S

Consider now a Sturmian sequence i = i(i, 7, /) with average n;¢/(n;¢ +
m;(1 —¢)). Let @ be the set of all possible sequences in ¥ obtained from i
by replacing all the 1’s by some elements of D;ni,r,a and all the 0’s by some
elements of D;Lj 5 et be the measure on () obtained by assuming that in
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this construction all the words are used with the same probability. It follows
that

htop(@) = h(p)

> (1 — mm(K)) <€ht0p(EX(a)) + (1 = O)htop(Ey(8)) — 714>
> Chiop(Ey () + (1 — £)hiop(Ey(B)) — %

for all 4,7 € N large enough. By Lemma 5.3, we can also write

2 A 3
—la—-—(1-0)p| <-4+ ———— < —
IX(p) = b= ( Bl < . max(m;,nj) — T
for all 4,5 € N large enough. This means that there exists v, with |, — fa —
(1 —4¢)B| < 3/r such that
2
htOP(EX(’YT)) > EhtopEX(O‘) + (1 - f)htopEx(ﬁ) - ;
We now pass with r to infinity, repeating this procedure. By Proposition 7.2,
we obtain a sequence v, — fav + (1 — £)5 such that
Chiop(Ex(a)) + (1 = O)hiop(Ex(B8)) < limsup hyop (Ey (r))

< hiop(Ey (ba + (1 — £)B)).

This is what we wanted to show. O

8. FURTHER COMMENTS

In addition to the results obtained it is possible to adapt our methods to
obtain anaologous results for sets with a similar definition to E, («). For
example, under the same assumptions as for Theorem 2.2, the sets

Eys(a)={1ieX: le Llog (i) = a}

could be considered for s > 0. The method would be very similar to first
show the results for dominated system and then deduce the full result by a
slight adpatation of Lemma 5.4. This approach would also work for the sets

Ey(a)={i€¥:xa(i) = a}.

Lemma 5.4 also gives a simple proof for the continuity of the pressure
P with respect to the matrix tuples in the two-dimensional case; see Feng
and Shmerkin [15]. Namely, P is upper semicontinuous since, by definition,
it is an infimum of continuous functions. Lemma 5.4 implies that it is a
supremum of continuous functions, so it is also lower semicontinuous and
hence continuous.

In Theorem 2.1, if P(®) has empty interior, then it means P(®) will be
contained in some k-dimensional hyperplane where k < m. If P(®) has
nonempty interior in this hyperplane then our results still apply. In Theorem
2.2, if P(x) has empty interior, then, since it is a convex set, it is either
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contained on a one dimensional hyperplane or is a point. In the case, where
it is a one-dimensional hyperplane again we can work with the interior when
restricted to this line. The proofs for these cases are virtually identical to
the given ones, hence, we omit them.

If the generated subgroup of the normalised matrices is compact, then we
have x1(p) = x2(p) for any invariant measure p. Therefore, Theorem 2.1 is
still true in this setting, but rather than following the proof in this paper, it
is a simpler approach to use the standard conformal methods.
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