THE DIMENSION OF PROJECTIONS OF FRACTAL
PERCOLATIONS

MICHAL RAMS AND KAROLY SIMON

ABSTRACT. In this paper we consider a very well studied a fam-
ily of random Cantor sets F, the so called fractal percolation or
Mandelbrot percolation. We prove that for almost all realizations
and for all angle 0, the size (Hausdorff dimension) of the the angle
0 projection of the random set E is as big as possible. We apply
the same method to prove the existence of some intervals in the
algebraic sums and distance sets of random Cantor sets.

1. NOTATION

1.1. The d-dimensional fractal percolation with parameters M, p.
Mandelbrot in the 1970’s introduced a family of random sets to study
turbulence. This family is called fractal percolation (or Mandelbrot
percolation or canonical curdling). The intuitive definition provided
below is given in R? for an arbitrary d > 1 (for the precise definition
see [4, Section 2.2]). Given a natural number M > 2 and a proba-
bility 0 < p < 1. Throughout the construction we define a random,
nested sequence F,, which is the union of some randomly chosen level-
n cubes. These are the M-adic cubes, that is coordinate-hyperplane
parallel cubes of side length M~ with centers chosen from

1
N, = {x:(arl,...,xd):xi: (ki—i—é)M_", ngigM”—l}.

We denote the level-n cube with center x € N,, by K,(x).

Ko(x) = x + 1 1 1
niX) =X oM™ oM |
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FRACTAL PERCOLATIONS 2

The level-n cubes can be identified with their centers. Therefore (slightly
abusing the notations) we also write N, for the collections of level n
cubes.

Now the construction of the fractal percolation is as follows: We retain
the cube K;(x) with probability p and we discard it with probability
1 — p, independently for every x € A;. The union of cubes retained
is called Ej. For every retained cube K;(x) we repeat the process
described above in K;(x) independently. The union of retained level-2
cubes is the random set Ey C E;. We continue this process at infinitum
to obtain F, for every n in each step independently of everything.
Clearly, E, C F,,_1. For an n > 1 set

(1.1) En = {x €N, : K,(x) is retained} .

The d-dimensional fractal percolation with parameters M, p is the ran-
dom set F = E(d, M,p) that remains after infinitely many steps.

FE = (OjEn

We call E,, the n-th approximation of the fractal percolation. The cor-
responding probability space (Q,F,P) can be described in terms of
infinite M9-ary labeled trees (see e.g. [4, Section 2] for the details.)
Further, we write JF,, C F for the o-algebra generated by the selected
level-n cubes.

Remark 1. A very important feature of the construction is that
E is statistically self-simalar with completely independent cylinders.

That s

(a): For everyn > 1 and x € &, an appropriately re-scaled copy
of the random set E N K, (x) has the same distribution as E
itself.

(b): The sets {EN K, (X)},ce, are independent.

By construction, {#&,} is a branching process with offspring distribu-
tion Binomial(M?, p). Hence

. . 1
(1.2) P(E # () if and only if p > ek
Falconer [7] and Mauldin, Williams [20] proved that
 logp- M

(1.3)  E # 0 implies that dimy(F) = dimg(FE) = a.s.

log M
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In both parts of the paper the intersection of E' with hyperplanes play
the most important role so we introduce a notation related to it. Let
H be a hyperplane in R%. Set

En(H) = {x€&,:int(K,(x))NH #0}.
The d — 1 dimensional Lebesgue measure of E, N H is

(14)  Ln(H) := Leby1(E,NH) = > Leby_y (K,(x)NH).
x€En(H)

2. THE SLICES AND ORTHOGONAL PROJECTIONS OF F ON THE
PLANE. THE CASE OF SMALL F.

In this section d = 2. The main result of the first part of the paper is

Theorem 2. Let E be a percolation on the plane. Let E, be the pro-
jection of E to a straight line £. Then for almost every realization of
E (conditioned on E # 0) for all straight lines ¢ which are not parallel
to the coordinate axes we have:

(2.1) dimp(Ey) = min {1, dimy(F)}.

In [21] we proved that whenever Mp > 1 (that is conditioned on E # (),
a.s. dimg(E) > 1) for almost all realization w, for all straight lines ¢,
the orthogonal projection E,(w) contains some intervals. This implies
that the assertion of our Theorem |2 holds whenever Mp > 1. Using
this and without loss of generality in the rest of the section we
may always assume that

Principal Assumption for this Section:

(2.2) M7?2<p< M

2.1. Projection proj®. The dimension of the orthogonal projection of
E to a line having angle 6 # 0,7 /2 with the positive half of the z-axis
is the same as the the angle o« 1 6 projection to the decreasing or
increasing diagonal of K for a € (0,7/2) or a € (7/2, ) respectively.
If « € (0,7/2) then A* denotes the decreasing diagonal of K (the
diagonal connecting points (0,1) and (1,0)). If & € (%, 7) then A®
is the increasing diagonal of K. For an a € (0,m) \ {Z} we write
proj* : K — A“ for the angle o projection to the diagonal A% in K.

Without loss of generality we may confine ourselves to the angle
(2.3) 0<a<m/2

projections to the decreasing diagonal which we denote by A.
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2.2. The slices. The other object of this section is to study the neither
vertical nor horizontal slices of E. These are the intersections of E with
straight lines non-parallel to the coordinate axes. For a line segment /¢
we write Arg(€) € [0, 7) for the angle between ¢ and the positive half of
the z-axis. For a line £ intersecting A we define the line segment £%(2)
as the intersection of K with ¢, where o = Arg(¢) and {z} = ¢ N A.
The set of all of these segments is denoted by £. We will approximate
the length of the slices of the level-n approximation F,,:

(2.4) L,(¢) :=|E.n¢, ek

It is immediate from the construction of the fractal percolation that
for every £ € £, n > 1,

(2.5) Vx €Ny, E [|En nen Kn_l(x)|(x = 5n_1] = p|0 N Ky ().

Clearly, £ can be presented as a countable union of families of lines
segments £/ whose angles Arg(¢) are f-separated from both 0 and 7/2:

o0 {e € £ : min {Arg(f), g - Arg(é)} > 9} . 0<8<m/4

Then £ = [J;2, £Y*. We would like to get an upper bound for #&,(¢)
for an arbitrary ¢ € £°. To do so, first we give a uniform upper bound
for L, (¢) for all £ € £° and then we use the following easy fact:

Fact 3. Let £7¢5(0) = {x € &,(0) : |[{N K, (x)| > M~"A/2}, analo-
gously set Em(0) = {x € &,(0) : [¢N Kn(x)| < M7"A/2}. Let (v, ¢!

be lines which are parallel to ¢, their distance from { is in (M‘”/Z V2, M‘”/\/§)
and they lie on opposite sides of £. Then

(2.6) Emle) C £ (L) U EEE (L)
That is
(2.7) #E(0) <2M™ (L (€) 4+ Lo (%) + Ly (€1)) .

We will need the following M ~"-dense subset of £7

Definition 4. For every 0 < 0 < /4 pick an arbitrary M~*"-dense
set subset A, C A and also an M~2"-dense subset A% of (9,% — 9)
such that A, C Anq and A% C A% . Let

el ={tet’:2(t) e A, and Arg(¢) € AJ.}
Clearly,
(2.8) 0 c gl | and #£0 = M.

The following fact follows from elementary geometry:
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Fact 5. For every 0 < 6 < w/4 we can find an sq such that for every
0 € £% we can choose an €' € £9 satisfying
(2.9) Ln1(0) < Ly (0) + sgM~1).
We fix such an sy for every 6.

2.3. The length of the slices. In this Section we prove a theorem
which says that for almost all realizations, the length of all (non-
vertical, non-horizontal) level-n slices of angle « are less than const -
nM~" if n is big enough.

Theorem 6. There exists a Cy (defined in (2.36)) such that for all
0 <0 < 7 the following holds almost surely:

(2.10) N, Vn> N, Ve e £ L,(¢) < CoM n.
Here the threshold N depends on both 6 and the realization.
Using that £ = [J;2, £/ we obtain that

Corollary 7. Almost surely, for all { € £

(2.11) iN, Vn > N, L,({) <Cy- M "n.

Using Fact [3] we get

Corollary 8. The following statement holds almost surely:

(2.12) Vo (o, %) L3N, Yn > N, VEe £ #E,(0) < 6Csn.

To prove Theorem [6| we apply the Azuma-Hoeffding inequality to esti-
mate L (x).

2.4. Large deviation estimate for L, (¢). An immediate reformula-
tion of the Azuma-Hoeffding inequality [I8, Theorem 2] is

Theorem 9 (Hoeffding). Let X, ..., X,, be independent bounded ran-
dom wvariables with a; < X; <b;, (i=1,...,m). Then for anyt >0
(2.13)

—21?
(b; — a;)?

P(Xi+- 4+ X, —E[X14+- -+ X,] >1t) <exp

iNgE

Using this we obtain that

Lemma 10. For every uw > 1 there is a constant r = r(u) > 0 such
that for everyn > 1,0 € £ and 0 < R < |{|,

(2.14) P (Ln(€) > pLy_1(¢) - ulL,—1(£) > R) < exp (—rM""VR)
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Proof. Fix an arbitrary u > 1, n, £ € £ and 0 < R < |{|. Let
(2.15) r=v2-(u—1)%p%

We write M,_1(€) for the collection of all N C N,,_; satisfying

(a): Vx € N, we have £ N int(K,_1(x)) # 0 and
(b): > [£Nint(K,_1(x))] > R.

xEN
For an N € M,,_1(¢) let
N be the event that N = {x € &,_; : int(K,_,(x))N{#0}.

Note that

NeM, 1 (K)

with disjoint union. Hence to verify it is enough to prove that
(2.16) VN € N,_1({), P (Ln(f) > pLy_1(0) - u|f\f) <exp (—rM"'R).
Fix an arbitrary N € 9,1 (¢) and set

P() =P (N).
Clearly, L,,_1(¢) is deterministic on N.

(2.17) Loo1(6) =Y N K,_1(x)] > Ron F",

xEN

by definition. With this notation (2.16]) is of the form:

(2.18) P (L,(¢) > puL,_1(f)) < exp (—rM"'R).
Let { Xy}, be independent random variables on N with X < [N E,N K, 1(x)|
Then by ([2.5)

Lal0) = p- Lua(0) = 3 (X — E[X,).

XeEN

We will apply Theorem [J for the random variables Xy. Using the
notation of Theorem [J], observe that

ay =0 < Xy < [N K,_1(x)] =: by.
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The sum on the right hand side of the formulae ([2.13]) satisfies

(219)) (bx —ax)® < > UMK, (x)

n—1

_ 2]\/[2("1)2(]\/‘[\@ |£ﬂKn1(x)|>2

xEN

< V2 MTOINeN K, (%)

xEeN

= VoM~V (0),

where in the one but last step we used that all the summands are less
than or equal to 1. Using this and Theorem [9] for ¢ = (u — 1)pL,,_1(¢)
on the space (N,P) we obtain that

P(L,(0) > pLy_1(0)-u) = P (Z (Xx —E[Xy]) > t>

xe0

—ot2

IN

exp | —

> (b — a;)?

i=1
exp (—TMn_an_l)

<
< exp (—rM"’lR) ,

where in the last step we used (2.17). So, (2.18) holds which implies
the assertion of the Lemma. O

We use this Lemma for a re-scaled version of L, (¢). Namely, let
F.(0) :== L, () - M™.
Then we can reformulate (2.14)) as follows:

Corollary 11. For an u > 1 let r = r(u) =v/2 - (u — 1)*p*. For all
(e L, and

(2.20) 0< R, <M,
we have

(2.21)  P(F,(¢) > pMF, 1({)-u|F,_1(¢) > R,) <exp(—TR,).
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2.5. The proof of Theorem [6l Now we prove Theorem [f] using the
large deviation estimate of Corollary [L1]

Fix an arbitrary 0 < 6 < 7 for this Section and let 0 < ¢ < min {p, %0}
such that Mp(1+¢) < 1. We will use Corollary [11| with

(2.22) u =1+ ¢/3 that is r =v/2p®c?/9.
Set
8log M
(2.23) a, := max F,_1(¢), b, := °8 -,
Legf r

where £Y was defined in Definition . The reason for this particular
choice of b,, was to ensure that

(2.24) M* - exp (—rb,/n) < 1

which we will need later to apply Borel-Cantelli Lemma. Clearly,
(2.25) apy1 < M - ay and by < byy1.

Now we prove that

Lemma 12. For almost all realization there exists an Ny (which de-
pends on the realization) such that

(2.26) Vn > Ny, either a, < b, or a,i1 < A\a,,
where A = pM(1+ %) < 1.
Proof. We define the events

A, (0) :={F,({) > pMu- F, 1({), F,_1(¢) > b,}

and

A, = U A, (0).

et

Note that A, (¢) = 0 for those ¢ € £7 satisfying b, > M"|¢|. Other-
wise, we can use Corollary [11] to obtain that

(2.27) P(F,(¢) > pMu - F,_1(¢), F,_1(¢) > b,) <exp (—rby,) .
Using this and (2.8) we obtain that
(2.28) P(A,) < Mme ",

which is summable by (2.24). The Borel-Cantelli Lemma yields that
for almost all realizations there exists an N’ such that for all n > N’
we have

(2.29) Ve € £ cither Fy_1(£) < by, or Fy(f) < pM (1 + g) Foi(0).
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Let n > N’ and assume that a, > b,. Choose ¢/ € £% such that
Fo (') > F,_1(¢) for all £ € £0. Then

(2.30) Fo1(0') > by,
Fix an arbitrary ¢ € £°. If F;,_;(¢) < b, then

(2.31)  F,(0) < M~'b, < M~ F,_,(¢') < pM (1 + %) CF, (1),

since p > M~2. On the other hand, if F,,_{(¢) > b, then by (2.29) and
the definition of ¢ we get

(2.32) Fo(0) < pM (1 + %) By (0.

We choose Ny > N’ such that for all n > Ny we have ”gpbn > S.

Then by (2.32)), (2.31) and ([2.30)) we obtain

any1 = max F,({)
tegl |

< F, (0
< maxF(0) + s

IN

oM (1 n %) CEy 1 (0) + s

2
< pM (1 + 58) -y,

—_——
A

since we assumed that a,, > b,. O

The proof of Theorem[f. Let Ny and A be as in Lemma [12] First we
show that there is an N; > Ny such that ay, < by,. Namely, if
ang+1 > by then by Lemma [12] ayyti41 < Aan,4i. Since A < 1 and
{b,} is increasing we find a N; > N such that ay, < by,. Then for all
k > N; we have

Namely, consider the ratio r, := ‘Z—: If r, < 1 (as it happens for

k = Np) and rpyp > 1 then rp41 < M since agy; < May, and {bg}
is increasing. Then by Lemma |12| we have ry, ;11 < Arg.; as long as
rg+i > 1. Then the same cycle is repeated which completes the proof of
. Using we obtain that almost surely there is an N; such
that for n > N;

< 8M log M

(2.34) F,(0) S(n+1),ifee gl

r
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Then by Fact

(2.35) Vel F,(0) < M ‘n+sg < Cy-n,

for

(2.36) Cy = M +1

(We remind that r was defined in ([2.22)).) O

2.6. The proof of the main result of the Section. Now we prove
Theorem [2} Using the Mass distribution principle [16], Theorem
follows from the combination of Theorem [6 and Frostman’s Lemma
([19, Theorem 8.8]) with (L.3). For the convenience of the reader here
we cite Frostman’s Lemma from [I9]. For a d > 1 and B C R? let
M(B) be the set of Radon measures p supported by B with 0 <
(R < co. Then

Lemma 13 (Frostman’s Lemma). Let B C R? be a Borel set. Then
H"(B) > 0 if and only if there ezists a p € M(B) such that

(2.37) Vo € R Vp >0, u(B(x,p)) < p'.

The other ingredient of the proof is the following very well known
lemma [16]

Lemma 14 (Mass distribution principle). Let B C R?. Assume that
there exists a measure p € M(B) and 0 > 0 such that u(A) < const -
|Al*. Then dimyg(A) > s.

Proof of Theorem[3. In what follows we always condition on E # ).
Then by ((1.3)
_ log(p - M?)

(2.38) dimy(F) = g =: s, almost surely.

It is enough to verify that
(2.39)

Vq < s,V0 € <O, %) Na e (0,7/2—0), dimyg(proj*(E)) > q.

To see this, we fix an r with ¢ < r < s. Then H"(E) = oo. So, by
Frostman’s Lemma there exists a random measure p € M(FE) such

that (2.37)) holds. In particular
(2.40) Vx €&, p(K,(x)<M™.

Put v, := proju. Fix an arbitrary 0 < ¢ and fix an arbitrary 0 < p
which is so small that
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o for M1 < p < M~ we have n > N, for the N defined in

(£.12) and
o nM™" < M™™.,

Then using these two properties and (2.40]) and [2.12implies that
Vo(z — p,x+ p) < 10Con M~ < 10C;M ™™ < 10C,Mp~1.

This completes the proof of (2.39) by the Mass distribution principle.
U

s

In the rest of the section we prove that we can find slices of angle 7

which intersect constant times n level n squares almost surely condi-
tioned on E # ().

Proposition 15. There exists a constant 0 < X\ < 1 such that for
almost all realizations, conditioned on E # 0, there exists an Ng such
that for all n > Ng there exists an { € L with

(2.41) #E, (0) > An.
For the proof we need some new notation and an easy Fact.

Let Dy, be the event that all the M* level-k squares of the diagonal of
0, 1]% is retained. That is

Dy = {vt, = (01, 0) € {1 MY (6, 0) € &}

We get the definition of the event Di"’i" if we substitute the diagonal
of [0,1]* above with the diagonal of K; ; .

Di"’ln = {Vﬁk = (61, R ,gk) € {1, c. 7]\[}k , (lngkalnﬁk) S €n+k}
A simple argument shows that
(2.42) M <P (Dy) < pM".

Let ' C Q be the set of realizations for which (1.3 holds and let
P'(-) =P (-|Y).

Proof of Proposition[15. Since pM? > 1 we can find a 7 satisfying 0 <

T< lffg]\f/zp . Then p'*"M? > 1. Therefore we can choose a 0 < v < 1
such that
(2.43) pITMP > 1.

By (1.3) for all w € €' realization we can find an N; = N7(w) such that
(2.44) Vn > Ny, #E, > (pM?)".
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For every k the events {Di"’l"} : are independent and each has
(in:d,)EER

probability greater than p*" “. Let A, be the event that at least one

of the events {Di”’l” e holds and A¢ that non-of them holds.
ind, )EE

Then

(1)
Vn > Ny, P (AS) < (1 —psz> e

We choose k = k(n) such that
(2.45) 2M* < n < 2MM
o\ (PM2)™ .
Let a,, := <1 —p*M ) Then loga, < — (p?™"M?*)" which tends
to —oo exponentially fast by (2.43)). Hence the series Y P'(AS) is sum-

mable. So, Borel Cantelli Lemma yields that there exists an Ng > N7
such that for all n > Ng the event A,, holds.

This shows that for P’ almost all realizations w for all m = n + k big
enough there is an £ € £ such that #&,, (¢) > 53 Since m < 2n this
completes the proof of the proposition. O

3. SUMS OF RANDOM CANTOR SETS

3.1. Product of percolations. In this section we consider d inde-

pendent fractal percolations Em, ce ,E(d) on the line with possibly

different probabilities py,...,ps but with the same scale M. The ob-

ject of this Section is as follows: We fix an a := (ay, ..., aq) € R? with
a; # 0 for allv =1,...,d and consider the algebraic sum of coefficients
ay,...,aq:

d
Ea:=a; 'F(l) +-~‘+ad‘F(d) = {Zai~e(i) c e EF(”}.
k=1

and ask whether such sum contains an interval. It is a generalization
of a question solved (in higher generality) by Dekking and Simon in [5]
for sums of two independent percolations.

Without loss of generality in the rest of the paper we may assume that

(3.1) pi>M Vi=1,...,d

(otherwise the corresponding E® would be almost surely empty).

The main result of this Section is as follows:
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Theorem 16. Assume that
d
(3.2) [[pi>p
i=1
Then for every a = (ai,...,aq) € R?, a; # 0 for alli = 1,...,d the
~ o d
sum By = aiE()
=1
all o bemg nonempty.

contains an interval almost surely, conditioned on

Fix an arbitrary a = (ai,...,aq) € R% a; # 0 for all i = 1,...,d.
Without loss of generality we may assume that

(3.3) la]| =1 and a; >0 foralli=1,...,d.
Clearly, E, is the orthogonal projection of the random set
E=F"x...xEY o1

to the line {t-a|t € R}. Hence it follows from (2.38)) that whenever
condition (3.2)) does not hold then we have
d d
~ ~ : log M p;
dimy; By < dimg =Y dimy BO = 325220 oy

i=1 i=1

Remark 17. [t is well known that for almost every realization E of
a fractal percolation in R dimy E = 1 implies that H*(E) = 0, see
[20]. The same proof goes through for cartesian products of fmctal

percolations: for typical E iof dimg E = 1 then HY(E ) = 0. Hence,
Theorem [16] is sharp.

3.1.1. Connection between E and the d-dimensional fractal percolation.
Set p = Hle p; and we write E for the d-dimensional fractal percola-

tion with parameters M,p. Let N, K,(x), 8( and E ) be the one
dimensional analogues of N,,, K,,(x), &, and E, respectlvely. That is

N, = {a::a:: (k—l—%)M", kE{O,l,...,M”—l}}.

We denote the level-n interval with center x € N,, by K, ().
— 1 1
Kn(x) =2+ {‘mm} -

Set

n

9 - {z € N, : K,(x) is retained in the construction of E,(f)}
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Finally, the n-th approximation of E(® is denoted by ES) .

ES) = U Ko(z) and E, := ES) X +ee X Efzd).

:veffj )

Then

(3.4) E=()E.
n=1

For an x = (z1,...74) € N,, we have

(35)  Ko(x)C B, < Ku(x;) C BV, Vie{1,....d}.

Hence for every x € N, the events that K,,(x) C E, and K,(x) C E,
share the same probability of p”. Furthermore, when x € N, and
y € N,,_1 such that K,(x) C K,_1(y) then

Pxe&lye&n)=P(xedlyed)=p

The difference between E and E follows from the obvious fact:

Fact 18. For all distinct x,y € N,, the events:
(a): K,(x)NE and K,(y) N E are always independent.
(b): K,(x) N E and K,(y) N E are independent if and only if
x; £y foralli=1,...,d.
3.2. Sections of codimension 1. We consider hyperplanes
H={ycR:a-y=t}.

That is Hy(a) is the set of points y € R? whose orthogonal projection
to the line with direction vector a is equal to ¢ - a (since we assumed
that a is a unit vector).

Lemma 19. Given p,...,pq > M~ satisfying

sz > M_d+17
we can find qi,...,qq such that

qu > M_d—H,
(3.6) [Ta < M—*2v;,

i#]
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M~ < g < pVi.

Proof. Without weakening the assumptions we can assume that p; =
min p;. Assume that

d
sz > M—d+2
i=2
(otherwise we could choose ¢; = p; for all 7). There are two cases.
If p, > M~/ we can choose any M~ *HV4 < § < M—1H1/@=1) gand
then set ¢; = min(d, p;) for all 4.
In the opposite case, let ¢ = p; and set (for i > 2 and 0 <t < 1)

qi(t) =1ip; + (1 — t)pl.
We have

d
qu(()) < M_d+1p1_1
=2

and

d d
H%‘(l) = sz' > M2,
=2 =2
Hence, we can find ¢y € (0,1) such that

d
M- Hprt < T ailte) < M-
i=2
and we can just fix ¢; = ¢;(to) for i > 2. O
To prove the assertion of Theorem [16|for probabilities {p;} it is enough
to prove it for {¢;} (increasing of probabilities is not going to decrease
probability of the algebraic sum of percolation fractals containing an

interval). Hence, we might freely assume that (3.6)) is satisfied for {p;}.
The goal of this subsection is to prove the following Proposition:

Proposition 20. Assume that

d
(3.7) sz- > M~ and Hpi < M2 vy

i=1 i#j
Under assumptions of Theorem[16, there is a constant K such that for
almost every nonempty realization of E there is N such that for all
n > N for every t if the hyperplane H, intersects cube K,(x1,...,2q)
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then it intersects at most Kn(1*9)4=2) other cubes K, (y1,...,vy4) C Ey,
such that x; = y; for some 1.

First we need some auxiliary lemmas
3.2.1. Auziliary lemmas to the proof of Proposition[20.

Lemma 21. Let G = (V, E) be a graph such that every vertex v € V
has degree not greater than n. Then we can write V =V, U ... UV,
in such a way that no edge e € E' connects two vertices from the same

V.

Proof. Let (Vi, E|V}) be a maximal (in V') totally disconnected sub-
graph. That is, let V; C V such that for any vy, ve € Vi, v109 ¢ E but
if we added to V; any additional point, this property would be lost. In
particular, it means that any vertex v € V' \ V; is connected to some
v" € V; (otherwise (VU{v}, E|VU{v}) would be totally disconnected).
It implies that in the graph (V' \ Vi, E|V \ V1) every vertex has degree
not greater than n — 1. The proof proceeds by induction. O

Yet another auxiliary lemma:

Lemma 22. There exists K > 0, depending only on d and {l;}, such
that the following holds. Let F' be a union of some M-adic cubes of
level n. Assume that the d — 1-dimensional volume of F 0 H; is not
greater than ZM ™91 for allt. Then every H, intersects at most KZ
cubes from F.

Proof. Assume that the assertion is not true: for some ¢t H; intersects
717 cubes from F. It implies that there are at least e1Z/2 cubes
in " such that the d — 1-dimensional volume of the intersection of H,
with each of them is smaller than eM "1 Let us denote the family
of those cubes by G.

Consider now the hyperplanes L, +1yy, and Ly 15, Bach cube from

G has empty intersection with one of those hyperplanes but big (with
d — 1-dimensional volume of order M~™?~1) with the other. Hence,
the sum of d — 1-dimensional volumes of intersecting G' with L, L1y,

and L, 15, is of order at least e 1 ZM—4=1) " a contradiction. [l

We need another useful observation:

Lemma 23. The d— 1-dimensional volume of the intersection Hy N E,
1s lipschitz as a function of t, with the Lipschitz constant at most csM™.

Proof. There are at most cM™4~1) cubes H, can intersect and the vol-
ume of intersection of H; with each of them is Lipschitz with constant
cM—d=2), 0
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3.2.2. The proof of the Proposition [20. Now we are ready to prove of
the main result of this subsection.

The proof of Proposition [20. The proof will be by induction. For d = 2
the statement is obvious: the lines l1z; + l3x2 = const and x; = const
can both intersect only a bounded number of squares K, (y1,y2) (we do
not even check whether K, (y1,v2) C E,). Let us assume the assertion
is true for d — 1 and consider situation for d.

Thanks to Lemma [22] we only need to estimate (for big n) the d — 1-
dimensional volume of H, N E,, to be not greater than K’M 4= pd-2
for all . Let us denote this random variable by M=V . g (¢). As it
is a lipschitz function of ¢, it is enough to check that

gn(t) < K'n(+e)(d-2)

for sufficiently big n, not for all ¢ but only for some M ~"¢-dense subset

T,.. We will choose {T},} in such a way that T,, C T, 4.

Consider g,+1(t) as a random variable, conditioned on g, (t). For every
cube K, (z1,...,x4) intersecting Hy, the volume of H; N K, (z1,...,xq)
equals the sum of volumes of H;NK,, 11 (y1, ..., yq) over all K, q(y1,...,yq4) C
K,(z1,...,24) and each K, 1(y1,...,yq) appears in F, ; with proba-
bility p. Hence,

(3.8) E( > VOl(H; N Byt O Kot (41 - -, Ya))

Knt1(W1se-yd) CKn(21,...,24)

=pvol(H,NE, N K,(x1,...,24))

If events happening in different K, (x1,...,z4) were independent (as it
is for fractal percolations), we would be able to estimate g, +1(t) like in
the proof of Theorem [6] because the random variables

(3.9)
ho(x1, ... 20)(t) = Z vol(HyNEn1NKpi1 (Y1, - - -5 Ya))

Kny1(y1ye-ya) CEn(z1,..24q)

would be independent. That this is not the case in our situation is the
main difficulty in the proof.

Given n € N and t € T,,, we will say the event B(n,t) holds if the ran-
dom variables h,,(-)(t) can be divided into at most cgn+=)(@=3) subfam-
ilies H' (t) such that inside each H () all the h,(-)(t) are independent.
The constant cg will be chosen in the future. We will fix the choice of
partition {H' (t)} (say, the first in a lexicographical order) if many are
possible.
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We denote

(3.10) 2L (t) = vol(H, N U Ko(z1,...,24))
(z1,..sxq) EHE ()

and

(3.11) Zity= Y ha(rn,.x)(t)
We will say H(t) is large if

Z;(t) > M—n(d—l)nl—i-e’
otherwise it is small.
For any small H' (t) we can write

Z,(t) < 2, (t)
(as E,y1 C E,). For any large H}(t) it has at least n'*® elements, and
we can apply Azuma-Hoeffding inequality to obtain

(3.12) P(Zi(t) < (1+e)pzi(t) > 1 ="
for some v < 1. We say that event C'(n, t) holds if Z!(t) < (14¢)pz.(¢)
holds for all large H!(¢). Our main interest is the event

A(n,t) = C(n,t) V —~B(n,t).
We claim that, almost surely, there are only finitely many (n,t) for
which A(n,t) fails (independently of the choice of ¢g). Indeed, if B(n, )
fails then A(n,t) is automatically true and if B(n,t) holds the number
of H!(t) (large or not) is not greater than cgn**9)@=3) Hence, (3.12)
implies

DN A =P(An, 1) <> M eenlFEIT < oo
n tely n

and the claim follows.

Our second claim is that, almost surely, for cg large enough there are
only finitely many (n, t) for which B(n,t) fails. This claim follows from
the induction assumption.

Consider any K,,(z1,...,xq) and K, (v, ..., yq) intersecting H,. If z; #
y; for all ¢ then h,(z1,...,24)(t) and h,(y1, ..., yq)(t) are independent.
We need to estimate for any (zy,...,z,) the maximal possible number
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of different (y1, ..., yq) such that h,(x1,...,24)(t) and h,(y1, - .., ya)(t)
are not independent.
As Kp(xy,...,24) and K, (y1,...,yq) intersect H;, we have

1 —Nn 1 —n
> L,y Ly € (t- oM PBURES oM > 1)
Assume that for fixed i, x; = y;. It implies that
Z ljz; ~ leyj ~t—lx;.
J#i J#i
More precisely,

> iz — ;)

<MY
i

Hence, the number of such (y;, ..., yq) is at most as big as the number
of d — 1-dimensional cubes

Kn(yla e Y1, Yik 1y e - ,yd) € E7(11) X ... X Efli_l) X E7(li+1) X ... X E,,(ld)
intersecting one of at most 2(>_1;)/l; hyperplanes

Z ljyj = Z ljl’j + ICIHJID lj,
i i
k varying between —(>_(;)/l; and (D>_1;)/l;. Let us denote

_ 2
Cr = ; .
min; [;
Our assumption is M~! < p; < 1foralli and p = [[p; < M~%*!. This
implies

H ) < M*d+2

Fe{1,...d\{i}
for all ¢ € {1,...,d}. Hence, the restricted system (product of all
EU) except E(i)) satisfies assumption of Proposition and we can
apply the induction assumption. This means that there are at most
Kg_1den796@=3) such (y1, ..., yaq).
We can now apply Lemma to the dependency graph to divide all
the events h,(zy,...,24)(t) into Ky 1de;n19@=3) 4+ 1 subfamilies of
independent events. This ends the proof of the second claim.
From the two claims, the assertion follows easily. Let
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gn = SUp In(t).

Then, as soon as n is big enough for B(n,t) and A(n,t) (and hence,
C(n,t) as well) always to happen, we will have

(3.13) gn < (1+e)pM*g, | + cgn19d=2) 4 oo

where the first term comes from large H'(t), the second term comes
from small H{(t), and the third term from lipschitz approximation
((3-12) only gives us g,(t) for t € T,,). As pM¢~! < 1, the inductive
formula implies the assertion. 0

3.3. Proof of Theorem [16, For d = 2 Theorem [I6 was already
proven in [5] but only for the case when the angle is 45° . Our proof,
however, is not similar to [5], rather it has the same flavour as the proof
of the main result of [21]. We will begin the proof by strengthening the
assumptions.

We will study the d — 1-dimensional volume of H; N E,,, we will denote
this random variable by M~™4=1) . g (). We will consider g, (t) as
a random variable depending on g,(t). We have equation (3.8). We
define hy,(z1,...,24)(t) by (B-9). We are going to estimate the volume
of H; N E, from below, using Azuma-Hoeffding Theorem. The main
difficulty in the proof is the dependence problem, which we will deal
with like in the proof of Proposition [20]

The dependence problem is nonexisting for d = 2. Indeed, any nonhor-
izontal and nonvertical line ¢* will intersect only a bounded number
of level n squares in any given row (or column). Hence, in this case
the argument given in [21I] works with slight modifications. In what
follows, d > 3.

Given n, t, we divide random variables h,,(-)(t) into subfamilies H' (t)
such that inside each H(t) all the events h,(-)(t) are independent.
Like in the proof of Proposition 20, we say that the event B(n, t) holds
if we can have cgn1+9)@=3) or less families H! (). We denote z! () and

Z!(t) as in (3.10)),(3.11]). We will say that H}(t) is large if

2 (t) > M plte

otherwise it is small.

Conditioned on E being nonempty, almost surely the d-dimensional
volume of F, is ~ cp™. Hence, almost surely we will be able to find
infinitely many N; > N and corresponding ¢; such that
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9N, (t]) > pNjMNj(d—l)(l—e) > eaNj + ¢
Without weakening the assumptions, N; > j. For n > N; let e
be a M~"-dense subset of I; = (t; — M—Ni? t; + M~Ni?) satisfying
T, > 7. In particular,

gn; (t) > eNi

for all t € I;. For t € I, for every small H'(t) we can write

ZH(t) > 0.
For large H!(t) the Azuma-Hoeffding inequality gives
(3.14) P(Z,(t) > (1= e)pzi(t) > 1 ="

for some v < 1. We say the event D(n,t) holds if Z! (t) > (1 —¢)pz’(¢)
for all large H (t). We define

E(n,t) = D(n,t) V ~B(n,t).
As

sup Z ’y”HE . jjTr(Lj) < 00,
I >N
almost surely there exist infinitely many j’s for which the events E(n, t)

hold for all n > N, and ¢t € T, . Because (3.6) holds, we can apply
Proposition [20| to prove that, almost surely, events B(n,t) hold for all

sufficiently big n for all t € T for all N; < n (like in the proof of
the second claim in the main proof of Proposition . Hence, we can
choose j with arbitrarily big N; such that both B(n,t) and D(n,t) hold

for all n > Nj; for all t € T,gj).
We denote

Gn = i?f gn(1).
We have

gni1 > (1 —e)pM'™? (g, — Csn(1+€)(d_3)nl+s) — Cs,
where the first term comes from the growth of the part of g,(t) con-
tained in the big H'(¢) and the second part is the lipschitz correction

(the first part we only know for ¢t € T )). If N; was big enough, we
can prove inductively that
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gn > € >0

for all n > Nj;. In particular, the algebraic sum of sets £/ @ will contain
I;. We are done.

Remark 24. In the proofs of Proposition [20] and Theorem [16 we do
not assume that H, are hyperplanes. They might be any codimension
1 surface sufficiently close to a hyperplane as for the lipschitz property
(Lemma to hold. For example, the same argument can be used to
show that the assertion of Theorem[16 holds if we replace algebraic sum
with the algebraic multiplication.

4. DISTANCE SETS FOR FRACTAL PERCOLATIONS

In this section we are going to present a related result on distance
sets. A long standing conjecture due to Falconer [17] says that for any
set in R? with Hausdorff dimension greater than d/2, the distance set
has positive length. We prove that for fractal percolation it is enough
to require that the Hausdorff dimension is greater than 1/2 for the
distance set to contain an interval.

The proof is almost identical as the proof of Theorem SO we are
only going to sketch it.

For a pair of sets A, B € R? we define their distance set as

D(A,B) ={|z —yl;x € A,y € B}.
Similarly,

D(A) := D(A, A).

Theorem 25. Let Fy, Es be nonempty realizations of two fractal per-
colations in R® with common scale M and with probabilities py,ps. As-
sume py,pa > M~ and

pipy > M2

Then, almost surely D(Ey, Fy) contains an interval.

Theorem 26. Let E be a nonempty realization of a fractal percolation
in R? for probability p > M~%1/2. Then, almost surely D(E) contains
an interval.

Proof. Both theorems are proven in basically the same way. For The-

orem ﬁ almost surely we can find two cubes: K,(x1,...,z4) with
nonempty intersection with E; and K, (yi,...,yq) with nonempty in-

tersection with Ey. For Theorem [20] we find two distinct cubes with
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nonempty intersection with F. By going to subcubes, we can freely
assume that z; # y; for all ¢ and that the two cubes are in large dis-
tance relative to their size. We can then consider the cartesian product
(ExNKp(xy, ... xq)) X (EaNKp(y1, .., ya) (or (ENKy(xy,...,24)) X
(ENKu(y1,--.,9q)) as product of two independent random construc-
tions.

This product is similar to one constructed in section but it has
fewer dependencies. We can consider its intersections with surfaces

H; = {(I,y);p(l‘,y) = t}'
Those surfaces are sufficiently close to hyperplanes that Lemma [23] still
holds, though maybe with different constant. The proof of Theorems
and [26] now reduces to the proof of Theorem [16} O
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