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Two transfinite Banach space constructions

Construction 1 is joint work with A. Avilés, F. Cabello Sánchez, M. González
and Y. Moreno; while Construction 2 is joint work with M.A. Simoes.

The purpose of the talk is to present the solution to a couple of problems in
Banach space theory that were posed in our recent monograph [A. Avilés, F. Ca-
bello Sánchez, J.M.F. Castillo, M. González, Y. Moreno, Separably injective Banach
spaces, Lecture Notes in Math. 2132, Springer].

The first of them is about the 3-space problem for the following notion: A
Banach space E is said to be universally separably injective if every operator S → E
from a separable space into it can be extended elsewhere. The notion is obviously
intermediate between separable injectivity (operators from separable spaces can be
extended to separable superspaces) and injectivity (operators from any space can be
extended elsewhere). The typical examples of spaces of each type are: c0 (separably
injective, nothing more); `∞/c0 (universally separably injective but not injective);
and `∞ (injective). The result left open in LN 2132 was whether whenever one has
an exact sequence

0 −−−−→ Y −−−−→ X −−−−→ Z −−−−→ 0

in which both Y,Z are universally separably injective then so must be X. The
answer is no, and the counter-example is a Banach space X so that it admits an
exact sequence

0 −−−−→ `∞/c0 −−−−→ X −−−−→ `∞ −−−−→ 0

at the same time that a certain operator c0 → X cannot be extended to `∞.

The second problem involves the classification of spaces of universal disposition.
A space E is of universal disposition when every into isometry F → E from a finite
dimensional space can be extended to an into isometry on any finite dimensional
superspace of F . Two examples (with density character c) were essentially known
up to now: ultrapowers of the Gurariy space, aka Kubis space; and an ad-hoc
construction presented in LN2132. We plan to show a third example.

The previous constructions, it goes without saying, require a careful use of trans-
finite techniques, involve CH and mostly point at the opposite direction we expected.
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