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Banach space preliminaries

Take Banach spaces E and F .

Then E and F are isomorphic if they are
linearly homeomorphic. Write E ∼ F .

Also E and F are isometrically isomorphic if
there is an isometric linear bijection T : E → F .
Write E ∼= F .

The dual of a Banach space E is denoted by
E′ and the bidual is E′′ = (E′)′; we regard E as
a subspace of E′′. A predual of E is a Banach
space F with F ′ ∼= E.

Example: Let K be a locally compact space.
Then C0(K) and Cb(K) are the Banach al-
gebras of all continuous functions on K that
vanish at infinity and all bounded continuous
functions on K, taken with the uniform norm

|f |K = sup{|f(x)| : x ∈ K} .
The dual of C0(K) is M(K), the complex-
valued, regular Borel measures on K. 2
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Banach A-bimodules

Let A be a Banach algebra. Then the bidual
A′′ is a Banach A-bimodule for the maps

(a, M) 7→ a · M, (a, M) 7→M · a .

There are two products on A′′ extending the
module maps. For a, b ∈ A, and λ ∈ A′, define:

〈b, a · λ〉 = 〈ba, λ〉, 〈b, λ · a〉 = 〈ab, λ〉.
Then, for a ∈ A, λ ∈ A′, and M ∈ A′′, define:

〈a, λ ·M〉 = 〈M, a · λ〉, 〈a, M · λ〉 = 〈M, λ · a〉.

Let M,N ∈ A′′. For each λ ∈ A′, define

〈M2N, λ〉 = 〈M, N ·λ〉, 〈M3N, λ〉 = 〈N, λ ·M〉 .
Easier to understand: take M = limα aα and
N = limβ bβ in A′′ (in the weak-∗ topology) for
nets (aα) and (bβ) in A. Then

M2N = lim
α

lim
β
aαbβ , M3N = lim

β
lim
α
aαbβ .
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Arens’ theorem

Theorem (Arens 1951) Let A be a Banach

algebra. Then (A′′,2) and (A′′,3) are two

Banach algebras, each containing A as a closed

subalgebra. 2

Arens regularity

The algebra A is Arens regular if

M2N = M3N (M,N ∈ A′′) ,

and strongly Arens irregular = SAI if the op-

posite extreme holds: if M2N = M3N for all

N ∈ A′′, then necessarily M ∈ A - and similarly

on the other side.

Closed subalgebras and quotients of Arens reg-

ular algebras are Arens regular.
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Examples

Arens regularity/SAI gives a very sharp con-

trast between two classic classes of Banach

algebras.

(I) Every C∗-algebra, including C0(K), is Arens

regular - and its bidual is a C∗-algebra, called

the enveloping von Neumann algebra.

(II) Let G be a locally compact group.

Every group algebra L1(G) is SAI (Lau-Losert);

the measure algebra M(G) is SAI (Losert, Ne-

ufang, Pachl, and Steprāns).

The ‘topological centre’ of L1(G) is determined

by just two elements of L1(G)′′. How many

such points are needed for M(G)?

There are examples that are neither Arens reg-

ular nor SAI.
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Topological preliminaries

A topological space is extremely disconnected

if the closure of every open set is itself open.

A Stonean space is a compact topological

space that is extremely disconnected.

Example : βN is Stonean. 2

Let U be a dense subset of a Stonean space K.

Then βU = K. Each infinite Stonean space K

contains a copy of βN, and so |K| ≥ 2c.

The Souslin number c(K) of K is the min-

imum cardinality κ such that each family of

non-empty, pairwise-disjoint, open subsets has

cardinality at most κ; K satisfies CCC, the

countable chain condition, iff c(K) ≤ ℵ0 is

countable.
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Injective spaces

A Banach space E is injective if, for every
Banach space F , every closed subspace G of
F , and every T ∈ B(G,E), there is an extension
T̃ ∈ B(F,E) of T ; the space E is λ-injective

if, further, we can always find such a T̃ with∥∥∥T̃ ∥∥∥ ≤ λ ‖T‖.
It is standard that an injective Banach space
is λ-injective for some λ ≥ 1.

Dual spaces

A Banach space E is isomorphically dual if
there is a Banach space F such that E ∼ F ′.

A Banach space E is isometrically dual if
there is a Banach space F such that E ∼= F ′.

A Banach space can be isomorphically dual,
but not isometrically dual; see later.
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Boolean algebras

Let B be a Boolean algebra (e.g., the Borel

sets BK for a locally compact space K). An

ultrafilter on B is a subset p that is maximal

with respect to the property that

b1, . . . , bn ∈ p ⇒ b1 ∧ · · · ∧ bn 6= 0 .

The family of ultrafilters on B is the Stone

space of B, denoted by St(B). A topology on

St(B) is defined by taking the sets

{p ∈ St(B) : b ∈ p}

for b ∈ B as a basis of the open sets of St(B).

In this way, St(B) is a totally disconnected

compact space; it is extremely disconnected if

and only if B is complete as a Boolean algebra.

Example B = P(N), the power set of N. Then

St(B) is just βN, and it is the character space

of `∞ = C(βN). 2
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C(K) ∼= C(L)

Theorem (Banach–Stone) Let K and L be

two non-empty, compact spaces. Then the

following are equivalent:

(a) K and L are homeomorphic;

(b) C(L) ∼= C(K) ;

(c) C(L) and C(K) are C∗-isomorphic;

(d) there is an algebra isomorphism from C(L)

onto C(K) ;

(e) there is a Banach-lattice isometry from

C(L) onto C(K) ;

(f) there is an isometry from CR(L) onto CR(K). 2
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C(K) ∼ C(L)

Theorem (Milutin) Suppose that K and L

are uncountable, metrizable, compact. Then

C(K) ∼ C(L). 2

Theorem (Cengiz) Suppose that C(K) ∼ C(L).

Then K metrizable iff L is; w(K) = w(L);

|K| = |L|. 2

Fact K metrizable implies C(K) ∼ C(L) for

some L with L totally disconnected (take L to

be the Cantor set). 2

But:

Example (Koszmider) There is a connected,

compact K such that C(K) 6∼ C(L) for any

totally disconnected L. 2
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Gleason’s theorem

Here is the key theorem, mainly due to Glea-
son, but some others.

Theorem Let K be a compact space. Then
the following are equivalent:

(a) the lattice CR(K) is Dedekind complete;

(b) K is Stonean;

(c) C(K) is injective in the category of com-
mutative C∗-algebras and continuous ∗-homo-
morphisms;

(d) K is projective in the category of compact
spaces;

(e) C(K) is 1-injective as a Banach space;

and about 4 other standard properties. 2

Each compact K has a Gleason cover GK.
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Injective spaces - questions

Theorem Let E be a 1-injective Banach space.

Then E ∼ C(K) for a Stonean space K. 2

Open Question What if E is just λ-injective.

Is the same true? (Yes if λ < 2.)

Open Question Suppose that C(K) is injec-

tive. Is C(K) ∼ C(L) for some Stonean space

L? Is K totally disconnected?

By Amir’s theorem, C(K) injective implies

that K contains a dense, open, extremely dis-

connected subset, and so K is not connected.

Proposition C(K) injective implies K totally

disconnected when c(K) < c. 2
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Injectivity and dual spaces

Theorem Suppose that C(K) is isomorphically

dual. Then C(K) is an injective space. 2

The converse is not true (Rosenthal). So ‘iso-

morphically dual’ is stronger than ‘injective’.

Open Question Suppose that C(K) is isomor-

phically dual. Is C(K) ∼ C(L) for a Stonean

space L? Is K totally disconnected?
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Normal measures on K

Let K be a locally compact space.

Definition A (positive) measure µ on K is nor-

mal if it is order-continuous, i.e., 〈fα, µ〉 → 0

for each net (fα) in C(K)+ such that fα → 0

in order.

Proposition A measure µ on K is normal iff

|µ| (L) = 0 for every compact subset L of K

with intL = ∅. 2

The normal measures form a closed subspace

N(K) of M(K).

A point mass is normal iff the point is isolated.
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Examples of N(K)

Example 1 All measures on N∗ = βN \ N are
σ-normal, but N(N∗) = {0}. 2

Example 2 N(K) = {0} for each separable K

without isolated points. E.g., N(GI) = {0}. 2

Example 3 N(G) = {0} for each non-discrete,
locally compact group. 2

Example 4 N(K) = {0} for each locally con-
nected space without isolated points. 2

Example 5 N(K) = {0} for each connected
F -space. 2

However we have the following example of Grze-

gorz Plebanek.

Example 6 There is a connected, compact
space K satisfying CCC with N(K) 6= {0}. 2
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Hyper-Stonean spaces

Theorem - Dixmier, 1952, and Grothendieck,
1955 Let K be a compact space. Then the
following are equivalent, and define a hyper-
Stonean space:

(a) K is Stonean and the normal measures sep-
arate the elements of C(K);

(b) C(K) is lattice-isomorphic to the dual of a
Banach lattice;

(c) C(K) is isometrically dual as a Banach
space (so that C(K) is a von Neumann al-
gebra);

(d) there is a locally compact space Γ and a
positive measure µ with C(K) = L∞(Γ, µ).

[and several other equivalences - but no purely
topological one]. 2

Certainly: K hyper-Stonean ⇒ K Stonean.
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Examples

In the above case, the isometric predual of
C(K) is unique - it is N(K), so that C(K)∗ = N(K).

Thus, when N(K) = {0}, C(K) is not isomet-
rically a dual space.

Example βN is hyper-Stonean - because
C(βN) = `∞ = (`1)′. 2

Can have C0(K) isomorphically, but not iso-
metrically, dual with

(i) K non-compact;

(ii) K compact and not Stonean;

(iii) K Stonean, but not hyper-Stonean.

For (iii), take K = GI, the Gleason cover of I
Here C(K) is isomorphic to `∞ (and so is iso-
morphic to a bidual space). However N(K) = {0},
and so K is not hyper-Stonean.
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A fixed measure on K

Fix a positive measure µ on K. Then L1(K,µ)

is the closed subspace of M(K) consisting of

the measures which are absolutely continuous

with respect to µ. The dual space is

L1(K,µ)′ = L∞(K,µ) ,

and this is a commutative C∗-algebra, with

character space Φµ, say. The Gel’fand trans-

form is

Gµ : L∞(K,µ)→ C(Φµ) .

The space Φµ is hyper-Stonean.

For example, if µ is counting measure on N,

then Φµ is βN.
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A Boolean algebra

Let K be a compact space, and fix µ ∈M(K)+.

Then Bµ is BK modulo the µ-null sets. The

Stone space St(Bµ) of Bµ is exactly Φµ, de-

scribed above. So ϕ ∈ Φµ is an ultrafilter, and

we can consider ‘limits along the ultrafilter’,

say limB→ϕ.

This approach gives us some useful formulae.

Indeed,

lim
B→ϕ

1

µ(B)

∫
B
λdµ = Gµ(λ)(ϕ)

for each λ ∈ L∞(K,µ).
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A characterization of Φµ

Theorem Let K and µ be as above, and sup-

pose that |Bµ| = κ, an infinite cardinal. Then

Φµ is a hyper-Stonean space satisfying CCC.

Further,

w(Φµ) = κ and |Φµ| ≤ 2κ .
2

Theorem A hyper-Stonean space X has the

form Φµ for some µ if and only if X satisfies

CCC. 2

Classical theorem Suppose that µ is a contin-

uous measure and that Bµ is separable. Then

(Bµ, µ) is the same as the special case in which

K = I and µ is Lebesgue measure. 2

In this special case, Φµ is H, called the hyper–

Stonean space of the unit interval.
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The bidual of C(K)

Let (K, τ) be a compact space. Then C(K)
is Arens regular, and C(K)′′ is a commutative
C∗-algebra. So, by Gel’fand,

C(K)′′ = C(K̃)

for a compact, hyper-Stonean space (K̃, σ),
called the hyper-Stonean envelope of K.

There is a continuous embedding ι : K → K̃

and a continuous projection π : K̃ → K such
that π ◦ ι is the identity on K.

The map ι is not usually a homeomorphism.
Indeed, K consists exactly of the isolated points
of (K̃, σ), and so K is open in (K̃, σ). The clo-
sure of K in (K̃, σ) is identified with βKd.

For x ∈ K, set K{x} = π−1({x}), the fibre of
x. Then C(K) is identified with the algebra of
functions in C(K̃) that are constant on fibres.
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Singular measures

A family F of positive measures on a com-

pact space K is singular if any two distinct

measures in F are mutually singular. Let UF
be the space that is the disjoint union of the

sets Φµ with the topology in which each Φµ is

compact and open.

There is a maximal such family; we may sup-

pose that it contains all point masses.

Fact Let K be an uncountable, compact,

metrizable space (e.g., I = [0,1]). Then there

is such a family F consisting of just c point

masses and c continuous measures (and each

such family has these cardinalities). 2
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‘Constructions’ of K̃

Let K be a locally compact space. We have

obtained K̃ abstractly.

Take P (K) to be the probability measures on K.

Theorem Take F to be a maximal singular

family in P (K). Then the map

Λ 7→ (Λ | L1(K,µ) : µ ∈ F)

from C0(K)′′ onto A =
⊕
∞{C(Φµ) : µ ∈ F}

is a C∗-isomorphism. It follows from this that

C0(K) is Arens regular and that we can identify

K̃ with the hyper-Stonean space ΦA = βUF .

Set UK =
⋃
{Φµ : µ ∈ P (K)}. Then K̃ = βUK. 2
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A second construction

Take K to be locally compact. For µ, ν ∈M(K)+,

set µ ∼ ν if µ� ν and ν � µ. The equivalence

class of µ is [µ]. Set [µ] ≤ [ν] if µ� ν. Then

(M(K)+/ ∼,≤)

is a distributive lattice with a minimum ele-

ment; it is a Dedekind complete Boolean ring.

Its Stone space, called SK, is an extremely dis-

connected, locally compact space. For each

µ ∈ M(K)+, the Stone space St(Bµ) is com-

pact and open in SK.

Theorem Take F to be a maximal singular

family in P (K). Then UF is a dense open sub-

space of SK, Cb(UF) ∼= C(K̃), and K̃ is homeo-

morphic to βSK. 2
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A third construction

Let L be a convex subset of a real-linear space

The family F(L) of all faces of L is a lattice

(not generally distributive).

The set L is a simplex when the ambient space

is a Riesz space, L is a subset of the positive

cone, and every element of this cone is a pos-

itive multiple of an element of L.

Take K compact. The space P (K) is a (Cho-

quet) simplex in the ambient space MR(K),

and the family CompP (K) of complemented

faces of P (K) is a complete Boolean algebra.

Theorem For K compact, the space K̃ is homeo-

morphic to the Stone space St(CompP (K)) (and

more information). 2
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A fourth construction

Let E be a Banach space with closed subspaces

F and G such that E = F ⊕1 G. Then we

have an L-decomposition; the corresponding

projections are L-projections.

The collection of L-projections on E is denoted

by ProjE. It is a Boolean algebra for the oper-

ations

P ∧Q = PQ, P ∨Q = P +Q−PQ, P ′ = IE−P .

The closed linear span of ProjE is a subalgebra

of B(E) that is a commutative C∗-algebra, called

the Cunningham algebra of E.

Theorem Let K be compact. Then K̃ is home-

omorphic to the Stone space St(ProjM(K)) (and

more information). 2
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Bounded Borel functions

Let Bb(K) denote the C∗-algebra of bounded
Borel functions on K.

For λ ∈ Bb(K), define κE(λ) on C(K)′ = M(K)
by

〈κE(λ), µ〉 =
∫
K
λdµ (µ ∈M(K)) .

This extends the canonical embedding of C(K).

Thus we identify Bb(K) as a closed subalgebra
of C(K̃). By Stone–Weierstrass, it does not
separate the points of K̃. Set

ϕ ∼ ψ if κE(λ)(ϕ) = κE(λ)(ψ) (λ ∈ B b(K)) .

This is an equivalence relation; the equivalence
class that contains ϕ is denoted by [ϕ].

The character space of Bb(K) is K̃/ ∼, a quo-
tient of K̃. This space is totally disconnected,
but usually not extremely disconnected.

The space Bb(K) is not injective, and hence it
is not isomorphic to a dual space.
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Submodules of M(K)

The ‖ · ‖-closed, C(K)-submodules of M(K)
correspond to the clopen subspaces of K̃.

Thus M(K) = `1(K)⊕Mc(K) gives a partition

{βKd, K̃c}
of K̃ into clopen subspaces.

Fix a µ ∈M(K)+. Then

Bb(K)
qµ

����

//
κE //C(K̃)

ρµ
����

L∞(K,µ) //
Gµ

// //C(Φµ)

is commutative, and κE(Bb(K)) | Φµ = C(Φµ).

Further,

M(K) = `1(K)⊕ L1(K,µ)⊕Ms(K,µ)

gives a partition

{βKd,Φµ,Φµ,s}
of K̃ into clopen subspaces.
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A characterization

Let (K, τ) be an uncountable, compact, metriz-
able space . Then the hyper-Stonean envelope
X = (K̃, σ) has the following properties:

(i) X is a hyper-Stonean space;

(ii) the set S of isolated points of X has car-
dinality c, the closure Y of S in X is a clopen
subspace of X, and Y is homeomorphic to βSd;

(iii) X \ Y contains a family of c pairwise dis-
joint, clopen subspaces, each homeomorphic
to H;

(iv) the union UF of the above sets is dense in
X \ Y and is such that βUF = X \ Y .

Further, any two spaces X1 and X2 satisfy-
ing the above properties are mutually homeo-
morphic. 2

So X = Ĩ is a very special compact set related
to βN, but bigger.
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A key preliminary result

Let S be a non-empty set, and let κ be an

infinite cardinal. Then a κ-uniform ultrafilter

on S is an ultrafilter U on S such that each set

in U has cardinality at least κ.

Let A be a non-empty family of subsets of S.

Then A has the κ-uniform finite intersection

property if each non-empty, finite subfamily of

A has an intersection of cardinality at least κ.

Let S be an infinite set of cardinality κ, and let

A be a non-empty family of at most κ subsets

of S such that A has the κ-uniform finite inter-

section property. Then there are at least 22κ

κ-uniform ultrafilters on S that contain A. 2
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Some cardinalities

Here K be an infinite, compact, metrizable
space and X = K̃.

Fact Then
∣∣∣Bb(K)

∣∣∣ = c and
∣∣∣ΦBb(K)

∣∣∣ = 2c.

Theorem (i) |C(X)| = 2c and |X| = 22c
;

(ii) |UK| = 2c and w(UK) = c ;

(iii)
∣∣∣K̃c \ UK∣∣∣ = 22c

. 2

For µ ∈M(K)+, set

[Φµ] :=
⋃
{[ϕ] : ϕ ∈ Φµ} .

Easy that [Φµ] is a closed subset of K̃. It
seemed possible that it would be the case that⋃
{[Φµ] : µ ∈ M(K)+} would be equal to the

whole of K̃; its complement consists of dark
matter. However:

Fact |βKd \ [UK]| = |Kc \ [UK]| = 22c
. 2
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Detour on C(X) as a bidual space

What if C(X) is isometrically isomorphic to the
bidual of a Banach space?

Theorem Take X infinite and compact, and
suppose that C(X) ∼= E′′, where E is a sep-
arable Banach space. Then there are exactly
two possibilities:

(a) the set of isolated points of X is countably
infinite, and then C(X) ∼= C(βN) = `∞ = c′′0,
and so X is homeomorphic to βN;

(b) the set of isolated points of X has cardinal-
ity c, and then C(X) is isometrically isomorphic
to C(I)′′, and so X is homeomorphic to Ĩ. 2

Open problem: What happens if
C(K) ∼= E′′ with E not necessarily separable?
Does there exists a locally compact K with
C(X) = C0(K)′′? At least there is a compact
space K and a clopen subspace V of K̃ with
X homeomorphic to V .
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A theorem

Take K to be the semi-group (N,+). Then βN
is also a semigroup for an operation 2 (or +)

such that δu2δv (a product in `1(N)′′ = M(βN))

is δu2v. Analogue for K the compact group T?

Some quite heavy calculations involving singu-

lar measures sitting on Cantor sets and limits

along ultrafilters show that δu2 δv can have a

variety of properties for u, v ∈ T̃. For example:

Theorem There are a positive, singular mea-

sure µ in M(T), elements v ∈ T∗d, and a closed

subset L of T̃ such that (δu2 δv)(L) = 1/2 for

each u ∈ Φµ. In particular, δu2 δv is not a point

mass. One can arrange that δu2 δv is neither

a discrete nor a continuous measure on T̃. 2
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