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Let X be a Banach space.

A possibly overambitious goal:
to study the isomorphic theory of X.

by studying complemented subspaces of X,
by looking at B(X), the algebra of (bounded, linear)
operators on X. This means that we aim to classify

closed ideals of B(X), or
at least maximal ideals of B(X).
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XAH the Argyros–Haydon space and some of its
variants due to Tarbard and K.–Laustsen, certain spaces
constructed by Motakis, Puglisi and Zisimopoulou.
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In the non-separable case it does not look any better:

c0(λ) and `p(λ) for any cardinal λ and p ∈ [1,∞) (Daws)
C(K) for a compact Mrówka space constructed under CH
by Koszmider (Brooker / K.–Kochanek), and
that is all, which is quite sad.

already B(`p ⊕ `q) has uncoutnably many closed ideals
for 1 6 p < q <∞ (Schlumprecht–Zsák).

each (inf.-dim.) complemented subspace of `∞ is
isomorphic to `∞ (Lindenstrauss); weakly compact
operators form the unique maximal ideal of B(`∞);
what about other closed ideals besides the compact ops?

what are the complemented subspaces of C(α+ 1) for
ωω
2
6 α < ω1?

C[0, 1] and C[0, ω1] seem to be intractable.
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Let K be a compact Hausdorff space. The inf.-dim.
complemented subspaces of C(K) are classified in the
following cases

C(K) ∼= c0 (that is, K ∼= α+ 1 for some ω 6 α < ωω)

K is the (scattered) Mrówka space constructed
Koszmider under CH

K = βN

K = L tM , where L is scattered, C(M) is
Grothendieck and all complemented subspaces of C(L)
and C(M) are already classified (which does not leave
much room).
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We shall let ourselves be quite non-separable today.

Let λ be an infinite cardinal.

The key definition:

`c∞(λ) =
{
f ∈ `∞(λ) : {α < λ : f(α) 6= 0} is countable

}
.

By Gelfand–Naimark, this is a C0(K)-space.

Actually span{`c∞(λ),1λ} = L∞(µ), where µ is the
counting measure on the algebra of ctble-coctble
subsets of λ.

It is not a dual space (and not injective either)
(Pełczyński–Sudakov).
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An operator T : X → Y is bounded below on E0 ⊂ X if
T |E0 : E0 → T [E0] is an isomorphism.

Set SE(X,Y ) =

{T ∈ B(X,Y ) : T not bdd below on E0 ⊂ X,E0 ∼= E}

SE(E) is not closed under addition for E = `p ⊕ `q.

Once closed under addition, it is a closed ideal of B(E)
(very often maximal).

S`∞(`∞) is the unique maximal ideal of B(`∞).

SC[0,ω1](C[0, ω1]) is the unique maximal ideal of
B(C[0, ω1]) (K.–Laustsen, K.–Koszmider–Laustsen).
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Proposition. Let λ, κ > ω, p ∈ [1,∞) and let X be a
Banach space. Then the sets

Sc0(λ)
(
X, `c∞(κ)

)
and S`p(λ)

(
X, `p(κ)

)
are closed under addition.

Actually for c0(λ) we have more.

Proposition. The class Sc0(λ) forms a closed operator ideal.
Moreover,

S`c∞(κ)(`
c
∞(λ)) = Sc0(κ)(`

c
∞(λ)).

Theorem 1. Let λ be an infinite cardinal number. Suppose
that X is either `∞(λ) or `c∞(λ). Then

SX(X) = {T ∈ B(X) : T not bdd below on any copy of X}
= {T ∈ B(X) : IX 6= ATB for all A,B ∈ B(X)}

is the unique maximal ideal of B(X).



Proposition. Let λ, κ > ω, p ∈ [1,∞) and let X be a
Banach space. Then the sets

Sc0(λ)
(
X, `c∞(κ)

)
and S`p(λ)

(
X, `p(κ)

)
are closed under addition. Actually for c0(λ) we have more.

Proposition. The class Sc0(λ) forms a closed operator ideal.
Moreover,

S`c∞(κ)(`
c
∞(λ)) = Sc0(κ)(`

c
∞(λ)).

Theorem 1. Let λ be an infinite cardinal number. Suppose
that X is either `∞(λ) or `c∞(λ). Then

SX(X) = {T ∈ B(X) : T not bdd below on any copy of X}
= {T ∈ B(X) : IX 6= ATB for all A,B ∈ B(X)}

is the unique maximal ideal of B(X).



Proposition. Let λ, κ > ω, p ∈ [1,∞) and let X be a
Banach space. Then the sets

Sc0(λ)
(
X, `c∞(κ)

)
and S`p(λ)

(
X, `p(κ)

)
are closed under addition. Actually for c0(λ) we have more.

Proposition. The class Sc0(λ) forms a closed operator ideal.
Moreover,

S`c∞(κ)(`
c
∞(λ)) = Sc0(κ)(`

c
∞(λ)).

Theorem 1. Let λ be an infinite cardinal number. Suppose
that X is either `∞(λ) or `c∞(λ). Then

SX(X) = {T ∈ B(X) : T not bdd below on any copy of X}
= {T ∈ B(X) : IX 6= ATB for all A,B ∈ B(X)}

is the unique maximal ideal of B(X).



Proposition. Let λ, κ > ω, p ∈ [1,∞) and let X be a
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Theorem 2 (ideals above the weakly compact ops).

Let λ > ω. Then every closed ideal of B(`c∞(λ)) that
contains W(`c∞(λ)) is equal to S`c∞(κ)(`

c
∞(λ)) for some

κ 6 λ+.

X is complementably homogeneous if for each subspace
Y ⊆ X such that Y ∼= X, there exists a closed,
complemented subspace Z of X such that Z ⊆ Y and
Z ∼= X.

Theorem 3. For any λ the space `c∞(λ) is complementably
homogeneous.
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Theorem 3 (complemented subspaces of `c∞(λ) are
the obvious ones).

Let λ > ω. Then every infinite dimensional, complemented
subspace of `c∞(λ) is isomorphic either to `∞ or to `c∞(κ)
for some κ 6 λ.

Consequently, `c∞(λ) is a primary Banach space.

We therefore extend the above list of C(K)-spaces with
classified cpltd subspaces by:

`c∞(λ), for any uncountable cardinal number λ,

`c∞(λ)⊕ C(K), where C(K) is isomorphic to one of the
spaces c0(κ), C[0, ωω] or the Mrówka space constructed
by Koszmider.
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Theorem 4 (an alternative approach to Daws’
description of all closed ideals of B(`p(λ))).

Let λ > ω and let p ∈ [1,∞). Then every non-zero, closed
ideal of B(c0(λ)) and B(`p(λ)) is of the form Sc0(κ)(c0(λ))
and S`p(κ)(`p(λ)), respectively, for some κ 6 λ+.

In plain words: the closed ideals B(c0(λ)) and B(`p(λ))
correspond naturally to complemented subspaces,
which in either case are the expected ones.

Sadly, our results do not extend to `∞(Γ) for uncountable Γ.
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