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Introduction

Notation

Notation

X Banach space

X∗ is the topological dual of X

L(X) denotes the space of all (bounded linear) operators on X

W(X) is the subspace of L(X) containing all weakly compact operators on X

Id denotes the identity operator
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Introduction

Complex structure

A real Banach space X is said to admit a complex structure if there exists
T ∈ L(X) such that T 2 = −Id.

T allows to define on X a structure of vector space
over C, by setting

(α+ iβ)x = αx + βT (x)
(
α+ iβ ∈ C, x ∈ X

)
Spaces without complex structure

X finite dimensional admits complex structure iff dim(X) is even.

James’ space J (Dieudonné-1952)

A uniformly convex example (Szarek-1986)

Hereditarily indecomposable space (Gowers-Maurey- 1993)

Banach spaces such that every operator is of the form λId + S with S strictly
singular
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Introduction

The problem

Extremely non-complex spaces

A real Banach space X is extremely non-complex if ‖Id + T 2‖ = 1 + ‖T 2‖ holds
for every T ∈ L(X).

This is the strongest way of lacking of complex structure

R is extremely non complex and no other finite-dimensional space is
extremely non-complex

Is there any infinite dimensional extremely non-complex Banach space?

Some facts

Let X be extremely non-complex. Then:

X does not have RNP (Oikhberg-2007)

If Y ' Y ⊕ Y is a subspace of X α-complemented
⇒ α > 2 (Kadets-Martín-Merí-2007)

X cannot have unconditional basis (Martín-Merí-2011)



Spaces with few operators and the lack of complex structure

Introduction

The problem

Extremely non-complex spaces

A real Banach space X is extremely non-complex if ‖Id + T 2‖ = 1 + ‖T 2‖ holds
for every T ∈ L(X).

This is the strongest way of lacking of complex structure

R is extremely non complex and no other finite-dimensional space is
extremely non-complex

Is there any infinite dimensional extremely non-complex Banach space?

Some facts

Let X be extremely non-complex. Then:

X does not have RNP (Oikhberg-2007)

If Y ' Y ⊕ Y is a subspace of X α-complemented
⇒ α > 2 (Kadets-Martín-Merí-2007)

X cannot have unconditional basis (Martín-Merí-2011)



Spaces with few operators and the lack of complex structure

Introduction

The problem

Extremely non-complex spaces

A real Banach space X is extremely non-complex if ‖Id + T 2‖ = 1 + ‖T 2‖ holds
for every T ∈ L(X).

This is the strongest way of lacking of complex structure

R is extremely non complex and no other finite-dimensional space is
extremely non-complex

Is there any infinite dimensional extremely non-complex Banach space?

Some facts

Let X be extremely non-complex. Then:

X does not have RNP (Oikhberg-2007)

If Y ' Y ⊕ Y is a subspace of X α-complemented
⇒ α > 2 (Kadets-Martín-Merí-2007)

X cannot have unconditional basis (Martín-Merí-2011)



Spaces with few operators and the lack of complex structure

Introduction

The problem

Extremely non-complex spaces

A real Banach space X is extremely non-complex if ‖Id + T 2‖ = 1 + ‖T 2‖ holds
for every T ∈ L(X).

This is the strongest way of lacking of complex structure

R is extremely non complex and no other finite-dimensional space is
extremely non-complex

Is there any infinite dimensional extremely non-complex Banach space?

Some facts

Let X be extremely non-complex. Then:

X does not have RNP (Oikhberg-2007)

If Y ' Y ⊕ Y is a subspace of X α-complemented
⇒ α > 2 (Kadets-Martín-Merí-2007)

X cannot have unconditional basis (Martín-Merí-2011)



Spaces with few operators and the lack of complex structure

Introduction

The problem

Extremely non-complex spaces

A real Banach space X is extremely non-complex if ‖Id + T 2‖ = 1 + ‖T 2‖ holds
for every T ∈ L(X).

This is the strongest way of lacking of complex structure

R is extremely non complex and no other finite-dimensional space is
extremely non-complex

Is there any infinite dimensional extremely non-complex Banach space?

Some facts

Let X be extremely non-complex. Then:

X does not have RNP (Oikhberg-2007)

If Y ' Y ⊕ Y is a subspace of X α-complemented
⇒ α > 2 (Kadets-Martín-Merí-2007)

X cannot have unconditional basis (Martín-Merí-2011)



Spaces with few operators and the lack of complex structure

Introduction

The problem

Extremely non-complex spaces

A real Banach space X is extremely non-complex if ‖Id + T 2‖ = 1 + ‖T 2‖ holds
for every T ∈ L(X).

This is the strongest way of lacking of complex structure

R is extremely non complex and no other finite-dimensional space is
extremely non-complex

Is there any infinite dimensional extremely non-complex Banach space?

Some facts

Let X be extremely non-complex. Then:

X does not have RNP (Oikhberg-2007)

If Y ' Y ⊕ Y is a subspace of X α-complemented
⇒ α > 2 (Kadets-Martín-Merí-2007)

X cannot have unconditional basis (Martín-Merí-2011)



Spaces with few operators and the lack of complex structure

Introduction

The problem

Extremely non-complex spaces

A real Banach space X is extremely non-complex if ‖Id + T 2‖ = 1 + ‖T 2‖ holds
for every T ∈ L(X).

This is the strongest way of lacking of complex structure

R is extremely non complex and no other finite-dimensional space is
extremely non-complex

Is there any infinite dimensional extremely non-complex Banach space?

Some facts

Let X be extremely non-complex. Then:

X does not have RNP (Oikhberg-2007)

If Y ' Y ⊕ Y is a subspace of X α-complemented
⇒ α > 2 (Kadets-Martín-Merí-2007)

X cannot have unconditional basis (Martín-Merí-2011)



Spaces with few operators and the lack of complex structure

C(K) spaces with few operators

The first examples: C(K) spaces with few operators

Theorem (weak multiplications)

Let K be a perfect compact space so that every operator on C(K) is of the form
gId + S where g ∈ C(K) and S ∈ W(C(K)). Then, C(K) is extremely
non-complex.

Theorem (weak multipliers)

Let K be a perfect compact space so that for every operator T ∈ L(C(K)) one
has T ∗ = gId + S where g is a bounded Borel function on K and S ∈ W(C(K)∗).
Then, C(K) is extremely non-complex.

Consequence

There are infinitely many nonisomorphic extremely non-complex Banach spaces.

If C(K) is extremely non-complex and |K| > 2 then K is perfect.
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C(K) spaces with few operators

Other examples: spaces failing to have few operators

Theorem

There are compact spaces K1, K2 such that C(K1) and C(K2) are extremely
non-complex and

C(K1) contains a complemented copy of C(2ω)

C(K2) contains a (complemented) copy of `∞
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Large subspaces of C(K) spaces

Further examples: large subspaces of C(K) spaces

K compact space

L ⊂ K nowhere-dense closed

E Banach space such that E ⊂ C(L)

CE(K‖L) =
{
f ∈ C(K) : f |L ∈ E

}

C0(K‖L) ≡ C0(K \ L)

CE(K‖L)∗ ≡ C0(K‖L)∗ ⊕1 E∗

Theorem

Let K be a perfect compact space so that every operator on C(K) is a weak
multiplier. Then, CE(K‖L) is extremely non-complex.
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Large subspaces of C(K) spaces

Producing Banach spaces with trivial group of onto isometries

Theorem

Let K be a connected compact space so that K \ L is also connected and
CE(K‖L) is extremely non-complex. Then Iso(CE(K‖L)) = {Id,−Id}.

Theorem

There exist K and L satisfying:

K is connected

K \ L is connected

All operators on C(K) are weak multipliers (CE(K‖L) is extremely
non-complex)

L maps continuously onto the Cantor set (any separable E embeds in C(L))

A Banach space with extreme behavior with respect to onto isometries

Take K and L as above and E = `2. Then:

Iso(CE(K‖L)) = {Id,−Id}

Iso(CE(K‖L)∗) ⊃ Iso(`∗2) (recall that CE(K‖L)∗ ≡ C0(K‖L)∗ ⊕1 E∗)
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A couple of questions

Is there a separable extremely non-complex Banach space?

Is there a hereditarily indecomposable extremely non-complex Banach
space?
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