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We obtain separable reduction theorems by reducing some classes of
σ-porous sets. We do so by employing the method of elementary
submodels. This is a set-theoretical method which can be used in
various branches of mathematics. A. Dow illustrated the use of this
method in topology and W. Kubiś used it in functional analysis.
We use this method to find closed separable subspaces with desired
properties; moreover, it is possible to conveniently combine results
obtained using this method.

Some examples of theorems we are able to prove are the following.
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Theorem (M. Cúth, M.R.)

Let 〈X , ‖·‖〉 be a Banach space and let A ⊂ X be a Suslin set. Then
for every separable subspace V0 ⊂ X there exists a closed separable
space V ⊂ X such that V0 ⊂ V and
(a) A is σ-upper porous iff A ∩ V is σ-upper porous in the space V ,
(b) A is σ-lower porous iff A ∩ V is σ-lower porous in the space V .

Theorem
Let X ,Y be Banach spaces, G ⊂ X an open subset and f : G→ Y be
a function. Then for every separable subspace V0 ⊂ X there exists a
closed separable space V ⊂ X such that V0 ⊂ V and that the
following two conditions are equivalent:

(i) the set of the points where f is not Fréchet differentiable is
σ-upper porous,

(ii) the set of the points where f � V is not Fréchet differentiable is
σ-upper porous in V .
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One application we were able to obtain from separably reducing the
property of not being σ-upper porous was the following theorem
which for spaces with separable dual was proved by L. Zajı́ček:

Theorem

Let 〈X , ‖·‖〉 be an Asplund space and let G ⊂ X be an open set. Let f
be a Lipschitz function on G and let A be the set of all the points
x ∈ G such that f is Fréchet superdifferentiable at x and f is not
Fréchet differentiable at x. Then A is σ-upper porous.

The method of elementary submodels allows us to find separable
subspaces at the same time having all the properties we are able to
separably reduce using this method (without the necessity to do any
inductive construction). This fact makes the proof of this theorem
almost trivial, provided one knows its separable version. We do NOT
need to know the proof of the separable theorem.
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Cone smallness
Directionally porous sets

Definition

Let X be a Banach space. If x∗ ∈ X ∗ \ {0}, and α ∈ [0,1). Define

C(x∗, α) = {x ∈ X : α‖x‖ · ‖x∗‖ < x∗(x)}.

A set A ⊂ X is said to be α-cone porous at x ∈ X in the space X if
there exists R > 0 such that for each ε > 0 there exists z ∈ U(x , ε)
and 0 6= x∗ ∈ X ∗ such that

U(x ,R) ∩ (z + C(x∗, α)) ∩ A = ∅.

We say the set A is cone small if it is σ-α-cone porous for each
α ∈ (0,1).

It is easy to prove that a set A in a separable space is cone small if
and only if it is angle small. Angle smallness is a notion similar to
cone smallness; the only difference in the definition is that we do not
intersect the cones with the ball U(x ,R).
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Cone smallness
Directionally porous sets

Theorem
Let X be an Asplund space and let A ⊂ X a be Suslin set. Then for
every separable subspace V0 ⊂ X there exists a closed separable
space V ⊂ X such that V0 ⊂ V and the following two conditions are
equivalent:

(i) A is cone small in X ,
(ii) A ∩ V is cone small in V .

Using a version of this theorem we are able to prove a separable
reduction theorem which is a generalization of a result due to D.
Preiss and L. Zajı́ček:

Theorem
Let f be a continuous convex function on an Asplund space. Then the
set of points at which f is not Fréchet differentiable is cone small.
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Cone smallness
Directionally porous sets

Theorem
Let f be a continuous convex function on an Asplund space. Then the
set of points at which f is not Fréchet differentiable is cone small.

The original theorem was formulated for separable Asplund spaces
(i.e. spaces with separable dual) and in terms of angle smallness. So
far we have not been able to separably reduce the notion of angle
smallness, and so we use the notion of cone smallness which in
separable spaces is equivalent (therefore generalizing only formally
weaker version of the theorem).
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Directionally porous sets

Definition
If Y is a subspace of a normed linear space X , then we define for
A ⊂ X the porosity of A at a point x ∈ X in the direction of Y in the
space X as

PY (x ,A) = lim sup
R↘0

sup
y∈U(0,R)∩Y , y 6=0

d(x + y ,A)
R

.

Having a c ∈ (0,1), we say that A is c-porous at the point x in the
direction of Y in the space X if PY (x ,A) ≥ c.We say that a set A is
porous in the direction of Y , if there exists c ∈ (0,1) such that A is
c-porous in the direction of Y .Instead of “porous in the direction of
span{u}” we say “porous in the direction u” and we also say that
A ⊂ X is directionally porous if it is porous in some direction. We say
the set A is σ-directionally porous if it is a countable union of
directionally porous sets.
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Cone smallness
Directionally porous sets

Theorem
Let X be a Banach space, Y ⊂ X its subspace and A ⊂ X a Suslin
set. Then for every separable subspace V0 ⊂ X there exists a closed
separable space V ⊂ X (depending on A) such that V0 ⊂ V and for
AV = A ∩ V and Y V = Y ∩ V the following propositions are true:

A is por. in the dir. of Y ↔ AV is por. in the dir. of Y V in V ,
A is dir. porous ↔ AV is dir. porous in V ,
A is σ-por. in the dir. of Y ↔ AV is σ-por. in the dir. of Y V in V ,
A is σ-dir. por. → AV is σ-dir. por. in V .

The other implication (which unfortunately is the more interesting
one) of the last proposition is still open. The method of Foran
schemes doesn’t work in that case.
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The more difficult implication
The old method for σ-upper porosity
The new method for other kinds of porosity

Consider the following theorem:

Theorem

Let 〈X , ‖·‖〉 be a Banach space and let A ⊂ X be a Suslin set. Then
for every separable subspace V0 ⊂ X there exists a closed separable
space V ⊂ X such that V0 ⊂ V and

A is σ-upper porous↔ A ∩ V is σ-upper porous in the space V .

Which of the two implications is the more difficult one to ensure?
It is the one from the right to the left; the proof is done by assuming
the set A is non-σ-upper porous in X and we want A ∩ V to be
non-σ-upper porous in V . However, it can be quite difficult to prove
some set is big in the sense of the σ-ideal of σ-upper porous sets.
One needs some way to handle this property (Foran systems or
schemes). So in some sense the essential question always is:
Non-σ-porous in X ?→ non-σ-porous in V .
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Our original method of separably reducing σ-upper porosity was
using the so called Foran systems.

A Foran system (for some
porosity-like relation) is a system of sets intertwined in such a way
that no set of the system is σ-porous (in the sense of our porostiy-like
relation). However, it only works for Gδ sets.
Our approach was the following:

We took a Gδ non-σ-upper porous set A in the space X and
found for it a Foran system for upper porosity such that A
contained some element of the Foran system. Essential.
We separably reduced the notion of Foran system, i.e. we found
a separable subspace V such that the system of sets induced by
our Foran system in X was, again, a Foran system for upper
porosity (in the subspace).
Hence the A ∩ V contained a member of a Foran system for
upper porosity in V , and so it was not σ-upper porous.
We applied a deep inscribing theorem to extend the validity of
our result to Suslin sets.
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Contents
Introduction
New results

Our methods

The more difficult implication
The old method for σ-upper porosity
The new method for other kinds of porosity

Our original method of separably reducing σ-upper porosity was
using the so called Foran systems. A Foran system (for some
porosity-like relation) is a system of sets intertwined in such a way
that no set of the system is σ-porous (in the sense of our porostiy-like
relation). However, it only works for Gδ sets.
Our approach was the following:

We took a Gδ non-σ-upper porous set A in the space X and
found for it a Foran system for upper porosity such that A
contained some element of the Foran system. Essential.
We separably reduced the notion of Foran system, i.e. we found
a separable subspace V such that the system of sets induced by
our Foran system in X was, again, a Foran system for upper
porosity (in the subspace).

Hence the A ∩ V contained a member of a Foran system for
upper porosity in V , and so it was not σ-upper porous.
We applied a deep inscribing theorem to extend the validity of
our result to Suslin sets.
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Non-σ-porous (in some sense) in X ?→ non-σ-porous in V .

Recently we have been able to extend this scheme of proof to many
other types of porosity. The new idea is in construction of a Suslin
scheme which has exactly such properties that the proof of Foran
lemma (i.e. the theorem which says that every Foran system contains
only non-σ porous sets) goes through. The main advantage of this
approach is that we are now able to do the first step of the
aforementioned scheme for much wider class of porosity notions.
What is more, we avoid the usage of deep inscribing theorems to
obtain the results for Suslin (as opposed to Gδ) sets. In fact, for most
notions of porosity we do not even have such theorems.
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Contents
Introduction
New results

Our methods

The more difficult implication
The old method for σ-upper porosity
The new method for other kinds of porosity

Non-σ-porous (in some sense) in X ?→ non-σ-porous in V .
Recently we have been able to extend this scheme of proof to many
other types of porosity. The new idea is in construction of a Suslin
scheme which has exactly such properties that the proof of Foran
lemma (i.e. the theorem which says that every Foran system contains
only non-σ porous sets) goes through. The main advantage of this
approach is that we are now able to do the first step of the
aforementioned scheme for much wider class of porosity notions.

What is more, we avoid the usage of deep inscribing theorems to
obtain the results for Suslin (as opposed to Gδ) sets. In fact, for most
notions of porosity we do not even have such theorems.
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Let X be a complete metric space and assume P is a notion of
porosity (defined in metric spaces) which we are able to pointwise
separably reduce, i.e. (roughly speaking) such that the following is
true:

If A ⊂ X and V0 ⊂ X is a separable subspace, then there is a closed
separable subspace V ⊂ X such that V0 ⊂ V and for any x ∈ V

A is P-porous at x ↔ A ∩ V is P-porous at x .

Assume we further know that for any Suslin set A ⊂ X the set of
points of non-P-porosity of A is Suslin. Then the following is true:

For any separable subspace V0 of X and any Suslin set A ⊂ X there
exists a closed separable subspace V of X such that V0 ⊂ V and

A is P-porous in the space X ↔ A ∩ V is P-porous in the space V ,

A is σ-P-porous in the space X ↔ A∩V is σ-P-porous in the space V .
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Thank you for your attention!
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