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Aims of my PhD research project

To understand how Stokes’ phenomenon arises when
confluencing the linear systems associated to the Painlevé
equations.

Dg D; Dg

P//I PIII P//I

de M
Py——=P,—~pPXs  pM___p,

JM: Jimbo-Miwa, FN: Flaschka-Newell.
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Existing literature

Kitaev proposed a procedure to deal with the confluence
Py; — Py using a surviving Fuchsian singularity, this
approach does not apply to Py — P,L,),6 nor Py — P,J,M.

Glutsyuk proved an existence theorem about the limits of
monodromy data under a generic confluence of simple
poles.

Glutsyuk, A, J. Dynam. Control Systems 5 (1999), no. 1, 101-135.
Kitaev, A., J. Phys. A 39 (2006) 12033-12072.
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Plan for today's talk

Review the standard (2 x 2) auxiliary linear systems for
Py, and Py and their monodromy data.

Show how the Py linear system arises from confluencing 1
and oo in the Py, one.

Calculate explicitly the Stokes' matrices of the Py linear
system as limits of the connection matrix of the Py, linear
system between 1 and oo.
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Auxiliary linear systems for the Painlevé equations

Theorem (R. Fuchs, Schlesinger, Flaschka-Newell, Jimbo-Miwa)

For each Painlevé equation, there exist
A(w, wy; t, \), B(w, we; t, \) € gly(C) rational in X such that,
0A 0B

rriar [B, Al = w(t) satisfies that Painlevé equation.
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Auxiliary linear systems for the Painlevé equations

Theorem (R. Fuchs, Schlesinger, Flaschka-Newell, Jimbo-Miwa)

For each Painlevé equation, there exist
A(w, wy; t, \), B(w, we; t, \) € gly(C) rational in X such that,

% - g—f = [B, A] = w(t) satisfies that Painlevé equation.

For A, B € gl,(C), we consider linear systems of the form

oY oY
— =AY, — =BY
Q) b0t
where the latter equation implies that the monodromy data, including

Stokes' data, of the solution of the first equation does not depend on t.
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The natures of fundamental solutions of linear ODEs

Fuchsian | Irregular

Analytic in neighbourhoods Analytic in sectors

Expressible as convergent series | Asymptotic to divergent series

Power-like behavior Exponential behavior
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Auxiliary linear systems for Py; and Py

Painlevé VI

Ys _ (Ao Ao Ate v, s _ —Aws

QY3 X Xt A1) % Ots X —to
We assume: Compared with the Jimbo-
® Aos + At + Are = — e§°6 03 Miwa linear system for Py,
e dRye : R[(_GlAkﬁRkﬁ = %03, k=0,t1 ours differs by
e O €C\Z, k=0,t,1,00 A = Al — %505
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Auxiliary linear systems for Py; and Py

Painlevé VI
Y6 _ (Aws , Ass Ats_\ s _ —Aws
OXe A6 X6 — t6 e — 1 & Ote X6 — B
We assume: Compared with the Jimbo-
® Aos + Are + Are = 92 03 Miwa linear system for Py,
e IRis : Rig AksRie = it03, k=0,t,1 ours differs by
e O € C\Z, k=0,t,1,00 Are = Aty — S0
Painlevé V
aY. A A aY: —-A
7B _ (B 0s + 5 Ys, == 2Ys
8)\5 )\5 )\5 — 5 8t5 )\5 —
We assume: Compared with Jimbo-Miwa,
o diag (Ags + Ass) = eoo5 o3 our linear system differs by
eOC
o dRys5 : Rk5 AksRis = ek50'3, k=0t Ys = Y5JM)\ 2 (A5 — t5) 95 tg,_Ti
o@,@EC\Z k—Ot and)\5—)\5 ts.
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Auxiliary linear systems for Py; and Py

Painlevé VI .
Y _ A06 At6 Ae 7 oo N\
8)\6 — ( A6 Ae—t6 + Ae—1 Y6 (\ //T\ I‘
/X\—l’\)f\
Local solutions o / i AN
_1 ——F*0 ,’/ \\
Y Ne) = T+0 (M) Ag 2 7 . A N
k Ske / / /o N
Y9 (N6) = (Ris + O (N6 — ax)) (he — ak) = L 0* \) ( t6'6 \,‘ LT
ak = k7 k=0,t,1. \\ pd \\ 7/ \\ S
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Auxiliary linear systems for Py; and Py

Painlevé VI N
s — (Aw 4 At6 As 7 oo\
e ()\ A6—te + Ae—1 Y6 ( //T\\ ,‘
txi—l’\)f\
Local solutions o // | .
V06 = [+0 ) 77 ot N
Ox6 / / /o VAN
Y& () = (Res + O (X6 — k) (Ne — a) 2 L 0Y \/' ( tslé \,‘ L1
ak =k, k=0,t,1. W NC N
Painlevé V
OYs _ (o3 A05 _As oo 1.7 <
oxs ( + + As—t5 Y5 [T Z+
l\/L/;L/:\\/I // 2_
Local solutions Y5(70:E)()\5) on X satisfying P
800 e /// lk‘-\\
VED0s) ~ (140 (451) 45 Tt TR ST
as A\s — 0o on \s € ¥, or ¥_ respectively {oos ) { t=* )
k S5 e // \ //
)()‘5) =(Ris+O0(Xs—ak))(Xs —ax) 2 7 P S
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Monodromy data of P\, and Py, auxiliary linear systems
Painlevé VI

Ye _ ( Ao Ate Aie ’/OO\\
3/\6_(>\6+ T )Yf’ AN

A6—1ts Ae—1

Mg = {Mos, My, Mg, Mocs| T Mke = 1}
=~ {Cos, Cis; Ci65 ©06, Ot6; O16, Ooc| [ Mk =1} =
/

where Mg = /2673 and

Mis = Cig'e™ @73 o, k = 0,8,1 (45 & Z Vk). \)
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Monodromy data of P\, and Py, auxiliary linear systems
Painlevé VI

s _ [ Acs At Ae
o ( + Xe—te + >\61> Y6

M := {Mog, Mis, M1, Mocs| [ [ Mks = I}
=~ {Cos, Cis; Ci65 ©06, Ot6; O16, Ooc| [ Mk =1} =
where Moo = €673 and

M = C, 6lemekea3 Cre, k = 0,t,1 (@ke ¢ Z Vk) \\

Painlevé V
% _ [ o3 Aos Ass
MNs ( + + Ns— ) Ys

Ms := {Mos, M5, Moos| [ Mis =1}
~ {Cos, Cts, Os, Ot5, Oocs, S1, So| [[ Mis =T}
where M5 = €'™05736, 6, and

Mis = Cs ™07 Cus, k =0, t (Oks ¢ Z k=0, t)

/
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Formal confluence procecure from Py, to Py

oYs <A06 Ate A6 ) Ye

87)\5_ T6 >\6_t6+)\6_1

aY: A A
5_<03_|_05_|_ tS)YS

87)\5_ 7 A5 A5 — t5

The following substitutions provide a limit passage from (1) to (2) as
e —0:

X6 = €Xs, ts =cts, Apg = Aos + O (€), Ae = Aws + O (€),
©06 = o5, O16 = O5, O16 = —¢ 1, Ons = L + Ouos.

The Fuchsian singularities \g = 0, t5, 1, 00 of (1) are mapped to
s =0, t5,e71, 00 respectively, as € — 0 two poles collide.
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Formal confluence procecure from Py, to Py

OYe _ Asw v
Otg a A6 — tg 6
9Ys Ats
. Y;
Ots A5 — 15 >

The following substitutions provide a limit passage from (3) to (4) as
e —0:

X6 = €Xs, ts =cts, Aps = Aos + O (€), Ae = Aws + O (€),
©06 = Oos, O16 = O5, O16 = —¢ L, Ons = 1 + Ouos.

The Fuchsian singularities \¢ = 0, t5, 1, 00 of (1) are mapped to
s =0, t5, 71, 00 respectively, as € — 0 two poles collide.
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Confluence on fundamental solutions
O,

Y6(OO)(/\6) = (H + Ziil Gn/\o'_n) A6

Oco5

(oo) 00 —3203 255,
()\5)~(]I+Z HpAs ))\ €27 as \s — 00, A5 € Y4

Ao = €Xs, O15 = —c L, O =21+ Ous.
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Confluence on fundamental solutions
(00) O
Yo (Xe) = (H+Zn:1 GnAg ))‘6 o o
N _ 91614096 Q16
= (142260672 2 - 27

Oco5

(oo) 00 —3203 X5,
()\5)~(]I+Z HpAs ))\ €27 as \s — 00, A5 € Y4

— — —1 _ -1
Ao =€Xs, O16 = —€7", Op =€~ + Oes.
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Confluence on fundamental solutions

(<) — 5003
Yo '(Ae) = (T+ 302, Gadg ™) As 2
R _ ©16+96 o
= ([+5565")% 2 Ta-ag 2

Oco5

(oo) 00 —3203 A5,
()\5)~(]I+Z HpAs ))\ €27 as \s — 00, A5 € Y4

Note the term (1—)\6) 2 ‘73—(1—5)\5) 2 L eF%ase 0.

— — —1 _ -1
Ao =€Xs, O16 = —€7", Op =€~ + Oes.
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Confluence on fundamental solutions

(<) — 5003
Yo '(Ae) = (T+ 302, Gadg ™) As 2
R _ ©16+96 o
= ([+5565")% 2 Ta-ag 2

Oco5

YO s) ~ (T4 5 Hads™) Ay 2 e 77 as As — 00, As € T
Note the term (1 — )\6) 2003 — =(1—eXs)” 2 L eF%ase 0.

Lemma (C.H. & M.M.)

Under certain generic conditions, lim._,o G,e™" = H,

— — —1 _ -1
Ao =€Xs, O16 = —€7", Op =€~ + Oes.
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Confluence on fundamental solutions

(0) —O5tq;
YN 06) = (1+ 53, Gg™) Ay 2
_ ©16+96 O16
E(H+Zn 1G>\6 ) 2 03(1—)\6) 2103

(OO) MOH Ag
()\5)~(]I+Z°° Hog ))\ 2 Ce2% a5 \5 — 00, A5 € T4
Note the term (1 — )\6) 2003 — =(1—eXs)” 2 L eF%ase 0.

Lemma (C.H. & M.M.)

Under certain generic conditions, lim._,o G,e™" = H,

[
YA () = (Rus + 521 80N — 1)7) (1= Xg) 2 7

Ao =eXs, O15 = —c 1, O =21+ Ous.
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Confluence on fundamental solutions
@403

Y 06) = (14 552, 606" N 2

_ ©16+96 O
(o) oy

(oo) M(m As
Yo £ (As) ~ T+ 302 Hadg ") A 2 ez as A5 — 00, A5 € T
Note the term (1 — )\6) 2003 — =(1—eXs)” 2 L eF%ase 0.

Lemma (C.H. & M.M.)

Under certain generic conditions, lim._,o G,e™" = H,, = lim._g g,c~
1 94
Y 06) = (Rs + Sy a0 = 1)) (1= Xg) 2 72
_ O6+O16 e
oo~ — g Y16
= (R + 202, 8:(Mg T — 1)) Ag 2 3(1— ) 2 73

Ao =eXs, O15 = —c 1, O =21+ Ous.
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Existence theorem of Glutsyuk

Let Y5 ()\5) be the true solutions to the Py linear system defined in X
with the prescribed asymptotic behavior.

oo /.

[ o) .

L/;/,' | Define sectors o, and o on the /’I OO

P N Ag-Riemann sphere as shown, which / / ,‘/x—/\ Z

/ I /7 O-OO . +
/ &;//\l satisfy 000 — X_ and 01 — X as L’/ / Z
\ 1 'O e —0alongarayeeR. N

N e 1
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Existence theorem of Glutsyuk
Let Y5(°°)()\5) be the true solutions to the Py linear system defined in X1
with the prescribed asymptotic behavior.

oo /.
/" . _

L/;/,' ) Define sectors 0~ and o; on the /—I OO
///7'// LO.’ Ag-Riemann sphere as shown, which / / ,‘/»/\ Z_I_
/ &;//\l OO satisfy 00o — ~_ and o1 — >, as L / Z
\ 1 'O e —0alongarayeeR. S -
\\\/// 1

Theorem (Glutsyuk)
There exist diagonal K, K1 € SL»(C) such that
limao Y& )()\5)‘ Koo = Y (0s)
imeo Vg (%6)| K1 = vé?:)(xs) (e €R).

Hence, lim._0 K LCiKy = 51 where Cy is the connection matrix.

Glutsyuk, A, J. Dynam. Control Systems 5 (1999), no. 1, 101-135,
13-17 February 2017 14 / 18



Finding explicit formulae
Theorem (C.H. & M.M.)

The matrices of Glutsyuk'’s existence theorem are:

061916

e 2 0

KOO - _Oooﬁ+elﬁ — K].
0 € 2
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Finding explicit formulae
Theorem (C.H. & M.M.)

The matrices of Glutsyuk'’s existence theorem are:

061916
e 2 0
KOO - _@oo§+elﬁ — K].
0 € 2

We thus have an explicit computation of the Py Stokes’ matrices as a
limit of the Py; monodromy data,

©06+916 061916
H - g g
lim e 2 3 C1€ 2 3 = 51.
e—0
e€ER
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Finding explicit formulae
Theorem (C.H. & M.M.)

The matrices of Glutsyuk'’s existence theorem are:

061916
e 2 0
Koo = 90061916 = Kl
0 € 2

We thus have an explicit computation of the Py Stokes’ matrices as a
limit of the Py; monodromy data,

. _ 9061+916 9061916

lim e 2 BCGe 2z B =5
e—0
eER

To obtain the other Stokes' matrix S, we take the confluence parameter &
along a certain different ray R,

. _ 9061+916 ©2061+916
lim e 2 93Cie 2
e—0

eER

B =35.
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Outlook

To understand how Stokes’ phenomenon arises in the
confluence from Py to P,,Df.

An open problem is to understand the confluence in the
“ramified” cases (i.e. where leading matrix at the
irregular singularity is not diagonalisable).

To generalise these results to the higher order analogues
of the Painlevé equations arising from the Schlesinger
equations and their confluences.
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Extra
eooﬁ

Y& 06) = I+ 52, 6™ ds 2 7
@1@—!—@ 50_3
= (14572607 % 2 -2 27
(OO) _Mo? A5
Y 1 (As) ~ (]I—i—z ))\5 2 Ce2% a5 A — 00, A5 € T4

~

Setting Gg := | =: Gy =: Hp, we have the following recursive formulae for n > 1:

—nGy + [Gn, —95503]) = Y105 (As + g 'Aw) G

o

—nGy + Gy, —

[Hna Uf] =(n—=1)Hs1+ Hn—1e%03 + (Aos + Ass)Hp—1 + >

Calum Horrobin How Stokes’ phenomenon arises
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Extra

we(ts) =

ety

© 605 —0O05 — 15 —2(t5 —2005+O 005 ) Ws (5) (O 005 — 3005+ O 5 ) ws (t5)* +2t5 %V:‘
(ws(ts)—1) (905—@oo5+@:5+2(f5—905—@ts)W5(f5)+(@os+@oos+@:5)ws(f5)2—2t5 o

oy + 0 (e2)

[m] = =
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