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2Gevrey asymptotic of order k in a direction

N0 = {0, 1, 2, ...}

S(d, γ, r) = {z ∈ R; | arg(z)− d| < πγ/2, |z| < r } with d ∈ R, γ, r > 0.

Given f ∈ H(S(d, γ, r)) and θ ∈ R with |θ − d| < πγ/2, we say that f admits
f̂ =

∑∞
n=0 anz

n asymptotic expansion of Gevrey order k and type R > 0 in
direction θ if for every δ > 0, it exists C > 0 such that

|f(z)−
p−1∑
n=0

anz
n| ≤ C(1/R+ δ)p(p!)1/k|z|p, z ∈ S, arg(z) = θ, p ∈ N0,

or equivalently, if for every δ > 0, it exists K > 0 such that

|f(z)−
p−1∑
n=0

anz
n| ≤ Ke−

(
R−δ
|z|

)k
, z ∈ S, arg(z) = θ, p ∈ N0.
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3Extension theorem with Gevrey constrains of order k

Theorem (A. Fruchard and C. Zhang (1999))

Let f be a function analytic and bounded in a open sector S = S(d, γ, r). If f
has asymptotic expansion f̂ of Gevrey order k and type R(θ0) in direction θ0 of
S, then, in every direction θ of S f admits f̂ asymptotic expansion of Gevrey
order k and type R(θ),

R(θ) =



R(θ0)
(

sin(k(θ−α))
sin(k(α′−α))

)1/k
if θ ∈ [α, α′]

R(θ0) if θ ∈ [α′, β′]

R(θ0)
(

sin(k(θ−β)
sin(k(β′−β))

)1/k
if θ ∈ [β′, β]

where α = d− πγ
2

, α′ = min(θ0, α+ π
2k

), β = d+ πγ
2

and
β′ = max(θ0, β − π

2k
).

A. Fruchard, C. Zhang, Remarques sur les développements asymptotiques, Ann. Fac.

Sci. Toulouse Math. (6) 8 (1999), no. 1, p. 91–115.
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4Example: Impossible extension to a sector

We consider the function f(z) = sin(e1/z)e−1/z. It is easy to check that f is
asymptotic to 0̂ of Gevrey order 1 for arg(z) = 0.

f ′(z) =
1

z2
(sin(e1/z)e−1/z − cos(e1/z)).

We see that lim
z>0,z→0

f ′(z) does not exists. Consequently, f can not admit an

asymptotic expansion in any sector containing direction 0.
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5Log-convex sequences

Generalization: we change the powers of the factorials by a suitable, more
general sequence M = (Mp)p∈N0 of positive real numbers, with M0 = 1.

M is said to be logarithmically convex or (lc) if M2
p ≤Mp−1Mp+1, p ≥ 1.

The sequence of quotients, m = (mp := Mp+1/Mp)p∈N0 , is nondecreasing if
and only if M is (lc).

The sequences M considered are (lc) and satisfy that lim
p→∞

mp =∞.

Examples:

I Mα = (p!α)p∈N0 , Gevrey sequences of order 1/α > 0.

I Mα,β =
(
p!α
∏p
m=0 logβ(e+m)

)
p∈N0

, α > 0, β ∈ R.

I For q > 1, M = (qp
2

)p∈N0 .
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6M-asymptotic expansion

Given a sectorial region G and f ∈ H(G).

We say f ∈ ÃM(G) if f admits the series f̂ =
∑∞
p=0 apz

p as its M-asymptotic

expansion at 0, denoted f ∼M f̂ : For every bounded proper subsector T of G
there exist CT , BT > 0 such that

∣∣f(z)−
p−1∑
k=0

akz
k
∣∣ ≤ CTBpTMp|z|p, z ∈ T p ∈ N0. (∗)

We say f ∈ ÃuM(G) if f admits the series f̂ as its uniform M-asymptotic
expansion at 0, denoted f ∼uM f̂ : If there exist C,B > 0 such that (∗) holds
uniformly in G.

Clearly ÃuM(G) ⊆ ÃM(G).
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7The Borel map

We consider the Borel map which is a homomorphism of algebras.

B̃ : ÃM(G) −→ C[[z]]

f 7→ f̂ .

One can show that if f ∈ ÃM(G), then B̃(f) ∈ C[[z]]M.

C[[z]]M =
{ ∞∑
n=0

anz
n ∈ C[[z]] : ∃A > 0 s.t. sup

p∈N0

|ap|
ApMp

<∞
}
.

f ∈ ÃM(G) is said to be M-flat on G if B̃(f) is the null formal power series.
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8Associated function

Given M (lc) and lim
p→∞

mp =∞, we consider M : [0,∞)→ R

M(t) := sup
p∈N0

log

(
tp

Mp

)
=

{
p log t− log(Mp) if t ∈ [mp−1,mp), p ∈ N,

0 if t ∈ [0,m0).

Theorem (V. Thilliez)

The following are equivalent:

(i) f ∈ ÃM(G) and B̃(f) = 0̂ (f is M-flat on G).

(ii) For every bounded proper subsector T of G there exist c1, c2 > 0 with

|f(z)| ≤ c1e−M(1/(c2|z|)), z ∈ T.
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(i) f ∈ ÃM(G) and B̃(f) = 0̂ (f is M-flat on G).

(ii) For every bounded proper subsector T of G there exist c1, c2 > 0 with

|f(z)| ≤ c1e−M(1/(c2|z|)), z ∈ T.
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9Proximate orders

Definition (E. Lindelöf, G. Valiron)

We say ρ(t) : (a,∞)→ R is a proximate order if the following hold:

(A) ρ(t) is continous and piecewise continuosly differentiable,

(B) ρ(t) ≥ 0 for every r > a > 0,

(C) limt→∞ ρ(t) = ρ <∞,

(D) limt→∞ tρ
′(t) log(t) = 0.

Examples:

I ρα,β(t) =
1

α
− β

α

log(log(t))

log(t)
, α > 0, β ∈ R.

I ρ(t) = ρ+
1

tγ
and ρ(t) = ρ+

1

logγ(t)
, ρ ≥ 0, γ > 0.

I ρ(t) = ρ+ sin(t)/t, ρ > 0, verifies all the conditions except (D).

If ρ > 0, we say that ρ(t) is a nonzero proximate order.
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10Maergoiz classes

Sγ = {z ∈ R; | arg(z)| < πγ/2 }.

The next result L. S. Maergoiz is key for the construction of holomorphic
functions whose growth is controlled by M(t).

Theorem (L.S. Maergoiz (2001))

Let ρ(t) be a nonzero proximate order with index ρ. For every γ > 0 there
exists an analytic function V (z) in Sγ such that:

(I) For every z in Sγ , lim
t→∞

V (zt)

V (t)
= zρ, uniformly on compacts.

(II) V (z) = V (z) for every z ∈ Sγ .

(III) V (t) is positive in (0,∞), strictly increasing and limt→0 V (t) = 0.

(IV) The function r ∈ R→ V (er) is strictly convex.

(V) The function log(V (t)) is strictly concave in (0,∞).

(VI) The function ρV (t) := log(V (t))/ log(t), t > 0, is a proximate order and

lim
t→∞

V (t)/tρ(t) = 1.

L. S. Maergoiz, Indicator diagram and generalized Borel-Laplace transforms for entire

functions of a given proximate order, St. Petersburg Math. J. 12 (2001), 191–232.
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(IV) The function r ∈ R→ V (er) is strictly convex.

(V) The function log(V (t)) is strictly concave in (0,∞).

(VI) The function ρV (t) := log(V (t))/ log(t), t > 0, is a proximate order and

lim
t→∞

V (t)/tρ(t) = 1.

L. S. Maergoiz, Indicator diagram and generalized Borel-Laplace transforms for entire

functions of a given proximate order, St. Petersburg Math. J. 12 (2001), 191–232.
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11Admissibility condition

Given γ > 0 and ρ(t) a nonzero proximate order, we define the class B(γ, ρ(t))
of the functions V (z) defined in Sγ satisfying the conditions (I)-(VI).

If M, (lc) with limp→∞mp =∞, we say that admits a nonzero proximate order
ρ(t) if there exists positive constants A and B such that

A ≤ log(t)

(
ρ(t)− log(M(t))

log(t)

)
≤ B, t large enough.

We know that there exist V ∈ B(γ, ρ(r)) and positive constants C,D such that

CV (t) ≤M(t) ≤ DV (t), t large enough.

Under this condition J. Sanz and A. Lastra, S. Malek, J. Sanz have generalized
Gevrey summability theory following the moment summability methods
described by W. Balser.

J. Sanz, Flat functions in Carleman ultraholomorphic classes via proximate orders, J.

Math. Anal. Appl. 415 (2014), 623–643.

A. Lastra, S. Malek, J. Sanz, Summability in general Carleman ultraholomorphic

classes, J. Math. Anal. Appl. 430 (2015), 1175–1206.
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J. Jiménez-Garrido — Extension to a sector of asymptotic expansions in a direction (ACACDE17)

11Admissibility condition

Given γ > 0 and ρ(t) a nonzero proximate order, we define the class B(γ, ρ(t))
of the functions V (z) defined in Sγ satisfying the conditions (I)-(VI).

If M, (lc) with limp→∞mp =∞, we say that admits a nonzero proximate order
ρ(t) if there exists positive constants A and B such that

A ≤ log(t)

(
ρ(t)− log(M(t))

log(t)

)
≤ B, t large enough.

We know that there exist V ∈ B(γ, ρ(r)) and positive constants C,D such that

CV (t) ≤M(t) ≤ DV (t), t large enough.

Under this condition J. Sanz and A. Lastra, S. Malek, J. Sanz have generalized
Gevrey summability theory following the moment summability methods
described by W. Balser.

J. Sanz, Flat functions in Carleman ultraholomorphic classes via proximate orders, J.

Math. Anal. Appl. 415 (2014), 623–643.

A. Lastra, S. Malek, J. Sanz, Summability in general Carleman ultraholomorphic

classes, J. Math. Anal. Appl. 430 (2015), 1175–1206.
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12Admissibility condition and strong regularty

If M, (lc) with limp→∞mp =∞, admits a nonzero proximate order, then M is
strongly regular, i.e., M is:

I logarithmically convex.

I of moderate growth: There exists a constant A > 0 such that

Ml+p ≤ Al+pMlMp, l, p ∈ N0.

I strongly non-quasianalytic: There exists a constant B > 0 such that∑
k≥p

Mk

(k + 1)Mk+1
≤ B Mp

Mp+1
, p ∈ N0.

The admissibility of a nonzero proximate order has been characterized by J.
J.-G., J. Sanz, G. Schindl. It was also shown that not all the strongly regular
sequences admit a nonzero proximate order.
J. J.-G., J. Sanz, G. Schindl, Log-convex sequences and nonzero proximate orders, J.

Math. Anal. Appl., 448, (2017), no. 2, 1572–1599.
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J. Jiménez-Garrido — Extension to a sector of asymptotic expansions in a direction (ACACDE17)

13Growth index ω(M)

If M is (lc) and lim
p→∞

mp =∞, we define ω(M) := lim inf
p→∞

log(mp)

log(p)
∈ [0,∞].

Examples: ω(
(
p!α
∏p
m=0 logβ(e+m)

)
p∈N0

) = α and ω((qp
2

)p∈N0) =∞.

Proposition (J. J.-G., J. Sanz (2016))

If M is (lc) with lim
p→∞

mp =∞ and admits a nonzero proximate order ρ(t),

then for every γ > 0 and every V ∈ B(γ, ρ(t)) we have that

lim
t→∞

log(V (t))

log(t)
= lim
t→∞

log(M(t))

log(t)
=

1

ω(M)
∈ (0,∞).

J. J.-G. J. Sanz, Strongly regular sequences and proximate orders. J. Math. Anal.

Appl. 438 (2016), no. 2, 920–945
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14Main Lemma

Lemma (Extension of M-flatness for small sectors)

Let M be a (lc) sequence with limp→∞mp =∞ admitting a nonzero
proximate order. Let f be analytic and bounded in Sγ and continuous in
Sγ\{0}, with γ < ω(M), such that there exist c1, c2 > 0 with

|f(z)| ≤ c1e−M(1/(c2|z|)), arg(z) = −πγ/2.

Then, for every 0 < δ < πγ, there exist constants k1(δ), k2(δ) > 0 with

|f(z)| ≤ k1e−M(1/(k2|z|)), arg(z) ∈ [−πγ/2, πγ/2− δ].
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16Extension of M-flatness for large opening

Lemma (Extension of M-flatness for large opening)

Let M be a (lc) sequence with limp→∞mp =∞ admitting a nonzero
proximate order. Let f be analytic and bounded in Sγ and continuous in
Sγ\{0}, with γ ≥ ω(M) such that f is M-flat in direction d = −πγ/2, then for
every 0 < δ < πγ, there exist constants k1(δ), k2(δ) > 0 with

|f(z)| ≤ k1e−M(1/(k2|z|)), arg(z) ∈ [−πγ/2, πγ/2− δ].

Proof
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17Extension of M-flatness for sectorial regions

Gγ will denote a sectorial region of opening πγ, bisected by direction 0.

Proposition (Extension of M-flatness for sectorial regions)

Let M be a (lc) sequence with limp→∞mp =∞ admitting a nonzero
proximate order. Let f be analytic and bounded on Gγ , we suppose that there
exist |θ| < πγ/2 and R > 0 such that there exist c1, c2 > 0 with

|f(z)| ≤ c1e−M(1/(c2|z|)), arg(z) = θ, |z| ≤ R.

Then, for every proper bounded subsector T of Gγ , there exist constants
k1(T ), k2(T ) > 0 with

|f(z)| ≤ k1e−M(1/(k2|z|)), z ∈ T.
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18Watson’s Lemma in one direction

Proposition (Partial version of Watson’s Lemma in one direction)

Let M be a (lc) sequence with limp→∞mp =∞ admitting a nonzero
proximate order. Let f be analytic and bounded in Sγ and continuous in
Sγ\{0}, with γ > ω(M), or with γ = ω(M) and

∑∞
p=0(mp)

−1/ω(M) =∞, such
that f is M-flat in direction d = πγ/2, then f ≡ 0.

Proof If γ > ω = ω(M), we take ω < η < γ. Then f is M-flat in a sector of
opening πη. We show that f ≡ 0 using:

Theorem (S. Mandelbrojt (1952))

Let M be a (lc) sequence with limp→∞mp =∞ and γ > 0. The following
statements are equivalent:

(i) B̃ : ÃuM(Sγ) −→ C[[z]]M is injective.

(ii) γ > ω(M) or γ = ω(M) and
∑∞
p=0(mp)

−1/ω(M) =∞.

S. Mandelbrojt, Séries adhérentes, régularisation des suites, applications, Collection de

monographies sur la théorie des fonctions, Gauthier-Villars, Paris, 1952.
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S. Mandelbrojt, Séries adhérentes, régularisation des suites, applications, Collection de
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J. Jiménez-Garrido — Extension to a sector of asymptotic expansions in a direction (ACACDE17)

19Idea of the proof for γ = ω(M) = ω
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20Partial version

If γ < ω(M), we fix γ < µ < ω(M). By Mandelbrojt’s theorem, there exists a
nontrivial M-flat function f ∈ ÃuM(Sµ). Then f is analytic and bounded in Sγ
and continuous in Sγ\{0} and f is M-flat in direction −πγ/2.

If γ = ω(M) and
∑∞
p=0(mp)

−1/ω(M) <∞, we consider

AM(Sγ) = {f ∈ H(Sγ); ∃A > 0 s.t. sup
p∈N0,z∈Sγ

|f (p)(z)|
App!Mp

<∞}

We have that AM(Sγ) ⊆ ÃuM(Sγ) ⊆ ÃM(Sγ).
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21Partial version

Theorem (B.R. Salinas(1955))

Let M be a (lc) sequence with limp→∞mp =∞ and γ > 0. The following
statements are equivalent:

(i) B̃ : AM(Sγ) −→ C[[z]]M is injective.

(ii) γ > ω(M) or γ = ω(M) and
∑∞
p=0((p+ 1)mp)

−1/(ω(M)+1) =∞.

B. R. Salinas, Funciones con momentos nulos, Rev. Acad. Ci. Madrid 49 (1955),
331–368.

If
∑∞
p=0((p+ 1)mp)−1/(ω(M)+1) <∞ (then

∑∞
p=0(mp)

−1/ω(M) <∞), there exists

a nontrivial M-flat function f ∈ AM(Sω(M)).

Since the derivatives of f are Lipschitzian, one may extend f to a function f̃ analytic
and bounded in Sγ and continuous in Sγ\{0} and f̃ is M-flat in direction −πω(M)/2.

If γ = ω(M),
∑∞
p=0((p+ 1)mp)−1/(ω(M)+1) =∞ and

∑∞
p=0(mp)

−1/ω(M) <∞ we

are not able to deduce the existence or not of non trivial flat functions.
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−1/ω(M) <∞), there exists

a nontrivial M-flat function f ∈ AM(Sω(M)).

Since the derivatives of f are Lipschitzian, one may extend f to a function f̃ analytic
and bounded in Sγ and continuous in Sγ\{0} and f̃ is M-flat in direction −πω(M)/2.

If γ = ω(M),
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−1/ω(M) <∞ we

are not able to deduce the existence or not of non trivial flat functions.
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22Watson’s Lemma in one direction for sectorial regions

Theorem (Watson’s Lemma in one direction for sectorial regions)

Suppose M is a (lc) sequence with limp→∞mp =∞ admitting a nonzero
proximate order, and let γ > ω(M) be given. Let f be analytic and bounded in
Gγ such that f is M-flat in a direction |θ| < πγ/2 for |z| < r. Then f ≡ 0.

Proof We know that f is M-flat in every proper bounded subsector T of Gγ ,
then f ∼M 0̂ on Gγ .

Theorem (Generalized Watson’s lemma, J. Sanz (2014))

Suppose M is a (lc) sequence with limp→∞mp =∞ admitting a nonzero
proximate order. Then, B̃ : ÃM(Gγ) −→ C[[z]]M is injective if, and only if,
γ > ω(M).

J. Sanz, Flat functions in Carleman ultraholomorphic classes via proximate orders, J.

Math. Anal. Appl. 415 (2014), 623–643.

By injectivity, we see that f ≡ 0.
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proximate order. Then, B̃ : ÃM(Gγ) −→ C[[z]]M is injective if, and only if,
γ > ω(M).

J. Sanz, Flat functions in Carleman ultraholomorphic classes via proximate orders, J.

Math. Anal. Appl. 415 (2014), 623–643.

By injectivity, we see that f ≡ 0.
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23Main Theorem

Theorem (Extension of M-asymptotic expansions)

Suppose M is a (lc) sequence with limp→∞mp =∞ admitting a nonzero
proximate order, f is analytic and bounded in Gγ . If f admits f̂ ∈ C[[z]] as its
M-asymptotic expansion in direction |θ| < πγ/2 for |z| ≤ R, then f ∈ ÃM(Gγ)
and f ∼M f̂ in Gγ .

Proof Small sectorial regions. If γ < ω, we take γ < µ < ω.

Theorem (Generalized Borel–Ritt–Gevrey theorem, J. Sanz (2014))

Suppose M is a (lc) sequence with limp→∞mp =∞ admitting a nonzero
proximate order. Then, B̃ : ÃM(Gγ) −→ ΛM is surjective if, and only if,
γ ≤ ω(M).

There exists a function f0 ∈ ÃM(Sµ) such that f0 ∼M f̂ on Sµ.
Then the function g := f − f0 is analytic and bounded on Gγ and it is M-flat
in direction θ. We see that g is M-flat on Gγ . Since f = g + f0, f ∈ ÃM(Gγ)
and f ∼M f̂ on Gγ . If γ ≥ ω, we divide the large sector into small ones and we
repeat the process.
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There exists a function f0 ∈ ÃM(Sµ) such that f0 ∼M f̂ on Sµ.

Then the function g := f − f0 is analytic and bounded on Gγ and it is M-flat
in direction θ. We see that g is M-flat on Gγ . Since f = g + f0, f ∈ ÃM(Gγ)
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There exists a function f0 ∈ ÃM(Sµ) such that f0 ∼M f̂ on Sµ.
Then the function g := f − f0 is analytic and bounded on Gγ and it is M-flat
in direction θ. We see that g is M-flat on Gγ . Since f = g + f0, f ∈ ÃM(Gγ)
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and f ∼M f̂ on Gγ . If γ ≥ ω, we divide the large sector into small ones and we
repeat the process.
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