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Modified Korteweg - de Vries equation

4t (z,t) + 6¢%(z, t)qu (2, ) + qoaa(z,t) =0, z €R,t >0,

Step-like initial data

g(z,0) >c>0 as z— —oo and
q(z,0) — 0 as  x — +oo.

We are interested in large time asymptotics in the domain

N +1/2
4%t — et < x < 4%t — +7/ logt, &>0. J
@

For simplicity, to have analytic continuation of the corresponding reflection coefficient,
we take initial data exponentially close to its limits, i.e.

0 +oo
/ lqo (@) — cle?®Fda + / lq(z, t)|e**Edz < oo, for some L > c.

—oo 0

We assume that the solution to the Cauchy problem exists, and satistfies

0 +oo
/<1+|x|>\q<sc,t>—c\dx+ /<1+|x|>|q(z,t)|dsc<oo,
(0]

—o0

We assume the absence of usual solitons, i.e. for transmission coefficient a—!(k) :

a(k) #0 for Sk > 0.



© A method for the domain

G 2N +1
4ct — 2+ logt <z, NEN J
c

was introduced firstly for KdV u; — uugz + ugze = 0 by E. Khruslov 76, and
was applied to MKdV ¢; 4+ 6¢2¢z + qeze =0 by E. Khruslov, V. Kotlyarov 89

"Asymptotic" solitons

q(z,t) = qas(z,t) + O (F”“") , o>0,

N

Z 2c
7t - k)
Gas(@,1) cosh [2¢(x — 4c?t) + (2n — 1/2) logt — G|

n=1

S — o [ ()% 2n)! }

212n—7/2.6n—3/2_ [y,

here constant h* is determined by expansion of transmission coefficient at the
edge of the simple spectrum

a(k) = % 4/k2_icic (1+o( —i(k—ic))), k — ic. J




In particular,

q(z,t) = O (t71/2+”> for x> 4c%t.
The centers of solitons lie on the lines
5, 2n—1/2 G
r=4ct— ——logt+ —, n=123,....
2c 2c




The asymptotics in the domain
(—6c? +e)t <z < 4c?t — et }

was studied by V. Kotlyarov, A. M.

Q(wvt):qel(xvt)+o(1)v §= 17%7

O(itB(£) +iA(E) + i, 7(€))
O(itB(€) +iA(€) , 7(€))

Gel (1, t) = @ =P (5)

Here

2 2
G +E=r@+ 5,

= 0.

32+c

/( 52 +d*(§)
0




ook +p? (é))( k2 + d?( 5)) dk

B(¢) =24 -
2
id(¢) ( k? +d (E)+
Ag) = f log(a (k)a_ (k))dk 1d(§) " -1
id(e) (VDR (@) VR R+ (©) |

V3 id =1
T7(§) =-mi [ dk f(§)+
id(¢) ( (k2+cz)(k2+42(5)>)+ 0 (k2+c2)(k2+d2(€))




The expression for q.;(x,t) makes sense in —6¢c%t < = < 4c%t, hence it is natural to
ask the question,

whether  q(z,t) — qei(x,t) = o(1) in  4c’t — et < x < 4c?t? )

2]\ +l

It turned out, that in the domain 4¢?t — logt < x < 4c?t,

N
2c
t) = E o (+-1/2
ge(@, ) £ cosh [2c(z — 4c?t) + (2n — 1/2) log t — an(z,t)] + < ) ’

Here o, (x,t) is no more a constant, but depends on z,¢ in the following way:

if z,t lie on a curve © = 4c?t — - logt 4 6, v > 0, then

O"ﬂ(wvt) = an('Y) + 0(1)7

where

log? log t)

7
an(y) = <2n—7>log—— —(Gn—f)log2—210g|h|+0< og ?

8c3




Compare q(x,t) and g.;(x,t) in the interval 4¢?t — % logt < x < 4c>t.

Question. Can we replace oy, (x,t) by a constant?

Observation. "Elliptic" soliton is supported along the line

an(z,t)
2c

x = 4c%t — logt +

b

2n —1/2
2c

hence, probably we can change an(,t) with an(y)|y—2n—1/27




However, this is not true.
Consider the curve

124022572”_1/2_5
c

logt + 9
o el
& 2c
On it, the "elliptic" soliton with variable phase is

2c
cosh [2¢(x — 4¢2t) + (2n — 1/2) logt — an(z,t)]

B 2 . 4e(1 +o(1))
cosh [elogt + 6 — an(V)y=2n—1/2-c] t5exp {6 — an(V)|y=2n—1/2-c}

while the "elliptic" soliton with constant phase is
2c -
cosh [2¢(z — 4c?t) + (2n — 1/2) logt — an(7)|y=2n—1/2]

_ 2¢ _ 4c(1 4 0(1))
cosh [elogt + 6 — an(Y)|y=2n—1/2]  texp {6 — an(¥)ly=2n—1/2} ’

The difference is of the order O(¢t~¢), bigger than admissible error O(t~1/2).
Besides,

G, 7 Cn(Dlyezni/a ]

Hence, moreover,

5 N
q(z,t) # qer(z,t) +0(1) in  4c*t — —logt < = < 4c2t. J
@




Observation. As n — oo, on the peaks of "elliptic" solitons (denote the peak curve by

zn(t)) we have
(nloglogt) 40 (log2 logt) .
logt logt

Gin — an(zn(t),t) = O (%) +0

This suggests a hypothesis:

For ¢, N >> 1 the main term of solution of the Cauchy problem is
qei(x,t), (=62 +e)t <z < 4c?t — % logt,

q(x,t) ~ § qas(z,t), 4c%t— QN%UZ logt < o < 4c?t,

0,z > 4c%t.




Method for finding asymptotic solitons
> For simplicity assume absence of discrete spectrum, i.e. solitons.

+oo
Kl(xyzvt)+ f KQ(x7y7t)H(y+th)dy:07
T

+oo
Ka(z,z,t) + [ Ki(z,y,t)H(y + 2, t)dy = —H(z + z,1),
xT

where )
1 L as 17 i g
H ,t - k ikz+8ik tdk 7/ ikxz+8ik tdk
(@,%) 27r/r( Je Yo ) e )"
R 0

The solution of MKdV is reconstructed by formulas

—+o0
a0t = 2ika@at), [ POy = -2 (w20,
x
”
Make change of variables:
x:402t+§, y:402t+n, z:4c2t+C, J

Main input for H(z + z) come from interval (ic,ic — ie).

Kj(:p,y,t):I?j(xf402t,y7402t,t), Hj(erz,t):f]j(y+zf8czt,t), J




ic

. e—e(n+0) i (R ik (k? 42 !
& o= k)el(F—ic)(n+O)+8ik(k“+c)t 41 O( )
(n+¢:1) 2 / af(k’)a+(/f)( e ey

ic—ie

(n)
o C+n"™ wy
HN(y + 2,1) (e Z m??) tn+3/2'

Approximated system of equations:

+oo

; (>¢.
—+oo

Ka(€,¢,t) + 5f K1(&,m,t)Hy (n+ ¢, t)dn = —Hn (€ + ¢, 1),

The solution can be found in the form

Ki(&,m,t) = Z X (&, t)p?~teen,

2&7
,_.o

I?Z(Evnz ) Z: (5 t)ﬁ] ! &=,




RH problem for problem for g¢;(x,t).
@ M(&,t;.) is 2x2 matrix-valued function, analytic in k € C\ 3;
Q M(&tik) = Task —o0; €= {05
9 M-_ (évtg k) = M+(£»t; k)J(gvt; k)v

1 0
J = < —r(k)_2itg(k.£) 1> , kel
k,&)

Fz(
1 E2R8) —aitg(k.6)
J = f(k) , ke L7,
0 1
eitB(&)+iA(8) 0 _ _
/= ( 0 e—itB(s)—iA(s)) ke (id(8), —id(€)),

- (? g) .k € (ic,id(€)) U (—id(§), —ic).

Jumps on other parts of the contour are defined by the symmetry

wH=mw,  u®=(C g)uw () ).

Reconstruction of g(x,t) via M(x, t; k)

q(z,t) = 2i lim Mo (z,t; k).
k—oo
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| FRRS) 2irg(ké)
J 17: 7{ (k)

| 0

J - ,
Lo|_—rk) 2irg(k&) |

F* (k&)




Here

; 52 2 S S
g(k,f):u/( Rl (é)%v+ijd2(£)d :

F_(k,&)Fy (k&) = (at(k)a— (k) ™", k€ (ic,id(€)),

F_(k,©)Fy (k) = ay (R)a—(F), k € (~id(&), —ic),

Fr(k8) _ olA©) ke (id(€), —id(€)).

F_(k,£)
and
A 1
k) = .
0 = G r®
Observation:
2 4k —ic -7
Fo(k, &) ~ — A il
vm O~ — S A -




The solution coming from the model problem,

qel(mvt) =21 kli{l/olo (Mmod)Ql (§7t§ k)v g = 5

o eWBEO LiAE ) L o
w0 =VE PO oGpe i@, @) C 1




Asymptotic expansion of g.;(z,t) in the domain 4c?t — 2\2% logt < x < 4c>t.
@ Slowly convergent O-series.

O(z,7) = Z exp{%m2 +zm}

meEZ

2 .
As { — 5 — 0, we have 7 — —0, and series becomes slowly-convergent. But

Poisson summation formula

o2miz 4n?\ [2 -z
@(z,’r)z@( mz,i) —Wexp (—Z)
T T —T 2T

Poisson summation formula transforms slowly-covergent series into fast
convergent series. Denote

(b—period for another choice of a, b-cycles.)

Ger(m,t) = \/mexp{_;* + TZ*(ZJr 1)} W

where




@ By direct computation we find that

N 2c
Gel (‘Tv t) = s
n—1 cosh

“Cieg2ny T O (e”/4> )
4
Ger(@,8) = O (/%)

0< z < 2N,

0<z<2N.
Further, we can find leading terms for the argument of cosh :

(=1 — 2+ 2n)
4

= 2¢(x — 4c%t) + (2n — 1/2) logt — an (z, t),
The following asymptotics is valid for au, (z,t) :

1 logl  8c3¢
an(x,t):—én—g)log Sy Sty

vt log %
where

log? log +
—(6n — =)Jlog2 — 2log |h*| + O ——*
2 log v

. T
v=1——==1-— .
c2 4c2t )




ic
© Asymptotics of integrals. Asymptotics for integrals | can be found directly,
id

id
since d — c. Asymptotics of integrals [ is more tricky.
0
d . . .
n:=1— — |- introduce small variable n instead of d, d — c.
(&
I (d i d
@) = —4n D n)= [ y , / .
Io(d) J V(e —y?)(d —y?) J \/(CQ—yg)(dQ—y )

Expansion of I is straightforward:

ds s
o=l =daples d)slo/\/su Vet dt = dn it =) 2 0

But asymptotics of 71 (d) is more tricky, and requires identity between © -
function and the geometry of Riemann surface.



Link between 7* and d is given by the relation

o0 _ fexd | ___eor)
O(ri, 7) c—d @(%7 *)exp%.

Hence,

8
7" =—4log— + O (n).
n

Now, when we know expansion of 7* in 7, we can get asymptotics for I (d) :

1 8
I (d) = iloga + O (nlogn) .




Evaluation of A

—1

A(d):/ log (a+(k)a—(k)) dk _. (9

d
( e mdz ( /¢———>) Sh@)

id

ic 4
[z(d):/ log (a (Ma_(B)dk__ =\ ()t

s ( (k2+02)(k2+d2))+ 4c

Hence,

2
1 —1 410g—* 1
A= (1= 'f'+o( . ) .
T 2 logﬁ log=n




Asymptotics of 1 (d)

jl 2/ —y2dy jl (d27y2)3/2dy
2(g) = 0 Ve 2 0 Ve 2 1a(d)
K N jl /2 —y2dy f P—Pd I3(d)
0 Vg2 0 V=2
To evaluate

we notice that

c 8
I5(d) = dI1(d), = I3(d):c—§nlog5+0(nlogn).

Further,

2
I4(d) = 3dI5(d) = I(d)= 503 —3Sn+0 (772 logn) .

Hence,

8
7:1—7710g77?+0(77210g277).




Once we know asymptotics of p,asymptotics of B is straightforward:

ie (k2 + p2(d)) (m) dk
B(d):24/ ( k2+62) 3t

= 8mc®n (1+ O (nlogn)) .

id




Link between § = 1% and d
3 x
vi=1-— —6 =1- L — we use small variable v instead of &
c? 4c2t
2 2
2 ¢ —d v n 8e 2, o
— d = — = —1 — O 1 .
E=p(d)+— 8o —8e 8, t (n* log® n) J

Hence

— lo
Se Se 8e

We come to Lambert equation

we? =z, w<0,z <0, w:logi,zz;v+0(v2).
8 8e

Lo
:—Ll—LQ——-i- z — —0,

L2’

1 —1
Ly =log —, Lo =loglog—.
—z z

Corless, Gonnet, Hare, Jeffrey and Knuth D 96 On the Lambert W Function.
o . log 8e + log log % o log? log %
77 - 1 + 21 .
log - log 1v log=
v
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