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T-function: special case of Painlevé III [Tracy "91].

Julien Roussillon Connection problem for Painlevé I 7-function



e Painlevé 7 functions appear in many applications (matrix models,
correlation functions of integrable statistical mechanics, ...)

e Fist rigorous solution of a constant problem for Painlevé
T-function: special case of Painlevé III [Tracy "91].

o We consider here the general case of Painlevé L.
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Introduction of the problem

@ Painlevé equations = 2nd order ODE with the property that their
solutions have no movable branch points.
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Introduction of the problem

@ Painlevé equations = 2nd order ODE with the property that their
solutions have no movable branch points.

o Can be written as non-autonomous hamiltonian system

qt:Hp7 Pt:_H7

2

Y Y

Hf2 2q° —tq,
OilogT =H
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Introduction of the problem

Asymptotics of g and 7 for t — oo

argt=3n/5

argt=m/

argt=m

Elliptic

arg t=-31/5
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Introduction of the problem

Zs symmetry

o Denote C as the set of integration constants associated to a
solution ¢(t|C).

e Painlevé I has no free parameter, but a finite Zs symmetry. If
q(t|C") is a solution, then £2g(¢t|C)

q(¢t|C) = q(HC)
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Introduction of the problem

Eq(tC")
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Introduction of the problem

Zs symmetry for the 7-function

What is the equivalent for the 7-function?
Because 7 is defined as a logarithmic derivative,

7(&t|C) = T(C)r(#C")

= Connection problem for 7: compute T(C),and C’' = £(C)
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Introduction of the problem

Summary of questions

@ C =f(C)? [Kapaev '88]: C = Stokes parameters arising from
isomonodromic deformations.
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Introduction of the problem

Summary of questions

@ C =f(C)? [Kapaev '88]: C = Stokes parameters arising from
isomonodromic deformations.

@ T(C)=? Main challenge: describe the monodromy dependence of
-
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Isomonodromic deformations
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© Isomonodromic deformations
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Isomonodromic deformations

8.0 = A(z,1)®
8@ = B(Z, t)(I),

(0 1), 0 g -p F+t)2
4= 0)2+ (5 8)=+ (T 37):

b (3 )0 )

The non-linear equation

with

O0:A = 0,B + [B,A]
is equivalent to Painlevé I equation

d?q(t)
dt

The highest-polar part is non-diagonalizable. We would prefer a
diagonalizable one.

= 6q°(t) +t.
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Isomonodromic deformations

The new fundamental solution ¥ (¢, t) satisfies

eV = A(E, 1)V
atle = B(Ea t)\I/,

where

A(6.1) = (46" + 27 + Do — (2p€ + %m — (44€2 12 + Doy,

B(fat) =(§+ g)az - %Jy
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Isomonodromic deformations

Stokes data

In the neiborhood of oo, the equation 0; ¥ = A(&, 1)V has a unique
formal solution of the form

Viorm(€) = G(eBETO% Ge) =L+ Y g™
k=1

e Asymptotics of ¥ exhibits Stokes phenomenon
e Specified by 10 sectors € around oo:
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Isomonodromic deformations

Stokes sectors around z —




Isomonodromic deformations

Stokes data

e Canonical solutions are related by Stokes matrices

Sk = V(&) T W1 (€).

1 sy 1 0
SZk*l = <0 211 1) ) SZk = (S2k 1) ; k = 17"'75'
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Isomonodromic deformations

Stokes data

e Canonical solutions are related by Stokes matrices

Sk = V(&) T W1 (€).

1 sy 1 0
SZk*l = <0 211 1) ) SZk = (S2k 1) ; k = 17"'75'

o Only 2 independent Stokes parameters:

Sk+3 = (1 + SkSk+1), Sk+5 = Sk
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Isomonodromic deformations

Stokes data

e Canonical solutions are related by Stokes matrices

Sk = V(&) T W1 (€).

1 sy 1 0
SZk*l = <0 211 1) ) SZk = (S2k 1) ; k = 17"'75'

o Only 2 independent Stokes parameters:
Sk+3 = (1 + SkSk+1), Sk+5 = Sk
@ Remark: Define vy = —isy;. Then,
Ug—10k+1 = 1 — 0.

vk satistfy recurrence relations in cluster algebra of type A».
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Isomonodromic deformations

Stokes data as the set of integration constants

o Theorem [Kapaev, ‘88]: Stokes parameters uniquely define
Painlevé function q(t) = g(t/7).

e Define vy = €% It will turn out that the most convenient set of
local coordinates on S associated to the ray k is provided by
(l/k7 Vk+1 )
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Isomonodromic deformations

@ Main challenge for the connection problem of 7: describe the
monodromy dependence of 7(¢) on a ray k around oo in terms of
canonical pairs of coordinates (v, V41)
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Isomonodromic deformations

@ Main challenge for the connection problem of 7: describe the
monodromy dependence of 7(¢) on a ray k around oo in terms of
canonical pairs of coordinates (v, V41)

o It will turn out that Yy j- is the generating function of the
canonical transformation between (v, v11) and (v, Very1).
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Monodromy dependence of T

Extended Painlevé I 7-function

e We know the t-dependence of 7:
3t lOg T=H.

What about
0y, log T ="

@ Problem: find a closed 1-formwon 7 x S

w = Hdt + X,dm, + Y,dmy such that

d d d

do =0, dZE-‘rdma‘i‘dimb

= r(tw) =6l @
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Monodromy dependence of T

Extended Painlevé I 7-function

Strategy [Bertola, '09], [Its, Prokhorov, '15], [Its, Lisovyi, Prokhorov,
’16]:

@ Construct a one-form w such that 2 = dw be a closed 2-form on
S, independent of t. It turns out that w can be written in terms of
q and its derivatives.
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Monodromy dependence of T

Extended Painlevé I 7-function

Strategy [Bertola, '09], [Its, Prokhorov, '15], [Its, Lisovyi, Prokhorov,
’16]:

@ Construct a one-form w such that 2 = dw be a closed 2-form on
S, independent of t. It turns out that w can be written in terms of
q and its derivatives.

@ Plug the known leading order asymptotics of q into €, to find its
explicit monodromy dependence
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Monodromy dependence of T

Extended Painlevé I 7-function

Strategy [Bertola, '09], [Its, Prokhorov, '15], [Its, Lisovyi, Prokhorov,
’16]:
@ Construct a one-form w such that € = dw be a closed 2-form on
S, independent of t. It turns out that w can be written in terms of
q and its derivatives.
@ Plug the known leading order asymptotics of q into €, to find its
explicit monodromy dependence

@ Construct wy x such that dwg = Q
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Monodromy dependence of T

Extended Painlevé I 7-function

Strategy [Bertola, '09], [Its, Prokhorov, '15], [Its, Lisovyi, Prokhorov,
’16]:

@ Construct a one-form w such that 2 = dw be a closed 2-form on
S, independent of t. It turns out that w can be written in terms of
q and its derivatives.

@ Plug the known leading order asymptotics of q into €, to find its
explicit monodromy dependence

@ Construct wy x such that dwg = Q
Q & =w—wprisaclosed I-formon 7 x S

:>(,:)k=d10g7'k
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Monodromy dependence of T

w = 2(Hdt + Qudmy, + Qpdmy),

Qr = = (4tHy, + 39:9m, — 299im,), k=ua,b.

a1l =

- Q= z(qtmnqmb - qtmqu,,)dma AN dmb

e Using gy = 64> + t, easy to show that 9,2 = 0.

e We want the explicit monodromy dependence of ) —. It can be
obtained from the leading order asymptotics of q.
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Monodromy dependence of T

Leading order asymptotics of q

oFor|Revk|<%, t — oo, argt—”‘—“—iﬂ

4dimk 211\'1( 1
tHo) =e 5 Ve's —im — —
q(t|7) [ 7

71+25uk diex . _
+ E as(Vk)x Tes +2imevkyq +0(x 142|Re Vk|)]7

e=+
5
where x = 241/4 ( ka"”) and
) = 87 (1 4 0) ) = agve~ " x
= NG VW= )
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Monodromy dependence of T

Leading order asymptotics of q

oFor|Revk|<%, t — oo, argt—”‘—“—iﬂ

g(t7) = "5 Ve —im - —

71+25uk diex . _
+ E Oés(Vk)x T e s +2imevkyq +0(x 142|Re Vk|)]7
e=+

217rk

where x = 241/4 ( _”T) : and

11r(1+21
48 Ve~ 1+v 48Ve~ " 1 T
o (v) = ) =

e Plugging this into Q = 2(qum,Gm, — Gem,Gm, )AMa A dmy,, we find

in(1—2v)

Q = dirdy, A dl/k+1, ke Z/5Z
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Monodromy dependence of T

Q = dirdy, N dl/k+1, ke Z/5Z.

Now, we want wy x such that dwg ; = 2.
o () defines wy « up to a closed 1-form on the space of Stokes data:
this is the choice of normalization for 7.
o Let’s define wy i := 4invdviy1. The extended 7-function 7 (t|7) is
defined by

W — Wok

dlog i (t|7) = 5
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Connection constant
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e Connection constant




Connection constant

Connection constant

@ Once the normalization wy x is fixed, the connection constant
becomes a well-defined function of the monodromy:

i (V)

)= )

Julien Roussillo Connection problem for Painlevé I T-function



Connection constant

Connection constant

@ Once the normalization wy x is fixed, the connection constant
becomes a well-defined function of the monodromy:

o _ e (D)
YT (V) = e
w0 = )
o It can be expressed as
dlog Tkk/(ﬁ) = w = 2i7r(1/kdl/k+1 — I/k/dl/k/+1)

Julien Roussillon Connection problem for Painlevé I T-function



Connection constant

Connection constant

@ Once the normalization wy x is fixed, the connection constant
becomes a well-defined function of the monodromy:

o T (t|D)
YT (V) = e
w0 = 509
o It can be expressed as
dlog Tkk/(ﬁ) = w = 2i7r(1/kdl/k+1 — I/k/dl/k/+1)

e = Ty is the generating function of the canonical transformation
between the pairs (vk, ve11) and (v, v 41) -
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Connection constant

Theorem

The connection constant Yy_q (V) is expressed in terms of Stokes
parameters vi_q, Uy as

; . x7ru2 ~
Ti_14(F) = e (2m) X ™12 G (1),

where (1 +2)
. z
G(Z) = m, k € Z/SZ,

G(1+2) =T(2)G(2).
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Connection constant

Properties of the connection constant

@ Quasiperiodicity relations
Y1 p(viot +1,m) = ™ T (v, )

Yio1k(Whe1, vk + 1) = e 24y (i, k)

Strong argument to conjecture that 7 has a Fourier transform
structure.
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Connection constant

Properties of the connection constant

@ Quasiperiodicity relations
Y1 p(viot +1,m) = ™ T (v, )

Vot (Ve v+ 1) = e 2™ Ty (v, 1)
Strong argument to conjecture that 7 has a Fourier transform
structure.
2] . '
T(HP) = Ce(v)x~wes Y e By + n, x),
nez

24
B(v,x) ~ C(v)x~ 7e5"™*

1+ i B’;(ky)] ,
k=1

Clv) = 4875 2m) fe £ G(1 +v).
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Connection constant

@ G(v) satisfies an Abel type 5-terms relation
A 5 2
4G () = ;L(Vk) ==

where L is the Rogers L-function L(z) = Li,(z) + % InzIn1 —z.
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Connection constant

@ G(v) satisfies an Abel type 5-terms relation
A 5 2
4G () = ;L(Vk) ==

where L is the Rogers L-function L(z) = Li,(z) + % InzIn1 —z.

@ = Pentagonal relation

nglrk—l,k(ﬁ) =1
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Connection constant

Conclusion and perspectives

@ The monodromy dependence of 7 has been described on a ray k
by a canonical pair of coordinates (v, vk+1) on the space of
Stokes data
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Connection constant

Conclusion and perspectives

@ The monodromy dependence of 7 has been described on a ray k
by a canonical pair of coordinates (v, vk+1) on the space of
Stokes data

@ The connection constant between rays k and k’ is the generating
function of the canonical transformation (vk, k1) = (Y, Vir41)
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Connection constant

Conclusion and perspectives

@ The monodromy dependence of 7 has been described on a ray k
by a canonical pair of coordinates (v, vk+1) on the space of
Stokes data

@ The connection constant between rays k and k’ is the generating
function of the canonical transformation (vk, k1) = (Y, Vir41)

e What happens inside the sectors, where the asymptotics of q is
elliptic?
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Connection constant

Conclusion and perspectives

@ The monodromy dependence of 7 has been described on a ray k
by a canonical pair of coordinates (v, vk+1) on the space of
Stokes data

@ The connection constant between rays k and k’ is the generating
function of the canonical transformation (vk, k1) = (Y, Vir41)

e What happens inside the sectors, where the asymptotics of q is
elliptic?

@ We can in principle apply this method to other Painlevé
equations
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Connection constant

Conclusion and perspectives

@ The monodromy dependence of 7 has been described on a ray k
by a canonical pair of coordinates (v, vk+1) on the space of
Stokes data

@ The connection constant between rays k and k’ is the generating
function of the canonical transformation (vk, k1) = (Y, Vir41)

e What happens inside the sectors, where the asymptotics of q is
elliptic?

@ We can in principle apply this method to other Painlevé
equations

e Can we describe the Fourier structure of 7; in terms of "irregular"
conformal blocks?
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Connection constant

Thank you!
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