Discrete Time Markets with Transaction Costs

Lukasz Stettner Institute of Mathematics Polish Academy of Sciences Sniadeckich 8, 00-950 Warsaw, Poland also Warsaw School of Management and Marketing^∗

Abstract In the paper various aspects of arbitrage and pricing with concave and proportional transaction costs are studied.

1 Introduction

Assume that we are two accounts: bank and stock account. Transaction costs corresponding to transfers from the bank to the stock account and vice versa are described by the pair of functions τ_1 and τ_2, which transform R^+ into R^+, τ_1(0) = τ_2(0) = 0, τ_1 is concave and τ_2 is convex. Moreover, we assume that both functions are differentiable with τ̇_1(0) = 1+λ, τ̇_2(0) = 1−μ for positive λ and μ, τ̇_1 is decreasing greater than 1, while τ̇_2 is increasing less than 1. When we transfer ammount τ_1(x), x ≥ 0 from the bank to the stock account (buy assets), the last account is increased by x. In the case, when we transfer ammount x from the stock to the bank account (sell assets), the bank account is increased by τ_2(x). By the form of the functions τ_1 and τ_2 we see that when they are not linear (i.e. τ_1(x) ≢ (1 + λ)x and τ_2(x) ≢ (1 − μ)x), buying or selling small ammounts of assets we pay almost proportional transaction costs, while for large transactions the transaction costs are relatively (per unit of the transaction) smaller. Such situation is significantly different from the one with proportional transaction costs, since the transaction costs are not additive (buying or selling assets for x_1 + x_2 is less expensive than buying or selling assets first for x_1 and then for x_2).

∗ The paper supported by grant no. PBZ KBN 016 / P03 / 99

In this paper we mainly concentrate on strictly concave transaction costs (the situation when τ_1 and τ_2 are nonlinear), trying to treat the proportional transaction costs as a particular case of the concave transaction costs. For simplicity of the presentation we restrict ourselves to the case with one asset or one stock account. All results except of those concerning Cox Ross Rubinstein model can be easily extended to finite number of assets. Our market position is usually characterized by the vector

(_x y ) , where x corresponds to the ammount on the bank account, while y to the ammount on the stock account. We admit negative values for x or y, which correspond to debits. Moreover for simplicity we assume that rate of interests on the banking account is equal to 0. Given a probability space (Ω, F, P ) endowed with an increasing family of σ - fields (F_t), we consider the prices S_t of the asset at time t = 0, . . . , T as F_t measurable random variables which are strictly positive. We assume for simplicity that σ - field F_0 is trivial. In what follows we denote by L^0(G, F_T ) the set of all F_T measurable random variables taking values in a set G, which may be also random. Moreover when τ_1(x) ≡ (1 + λ)x and τ_2(x) ≡ (1 − μ)x we say that we have proportional transaction costs, while in the case when τ_1(x) ≢ (1 + λ)x and τ_2(x) ≢ (1 − μ)x we say about nonlinear concave transaction costs.

2 Arbitrage Let M = {(_x y ) : y ≥ −(τ_1)^{−1} (x), for x ≥ 0

and y ≥ (τ_2)^{−1} (−x), for x ≤ 0 } , (1)

where (τ_1)^{−1} , (τ_2)^{−1} denote the inverse functions to τ_1, τ_2 respectively. One can notice that M is the set of all nonnegative market positions (portfolios), i.e. positions from which we can enter

(_0 0 ) . The set −M is of the form

−M = {(_x y ) : y ≤ (τ_1)^{−1} (−x), for x ≤ 0

and y ≤ −(τ_2)^{−1} (x), for x ≥ 0 } (2) and is set of all positions which can be achieved starting from

(_0 0 ) . We say that we have a weak arbitrage at time T (WA) if starting from the position

(_0 0 ) at time 0 we enter the set M a.s. and with a positive probability the set M \

(_0 0 ) at time T . If starting from the position

(_0 0 ) we enter the set

M a.s. and intM with a positive probability at time T , we say that we have a strict arbitrage opportunity at time T (SA). Similarly we can characterize the absense of arbitrage. Denote by A_T the set of all portfolios which can be achieved at time T starting at time 0 from

(_0 0 ) . If there are no weak arbitrage at time T we have a strict absense of arbitrage (SAA), which means that

A_T ∩ L^0(M, F_T ) = {( 0 0 )} . (3)

If there are no strict arbitrage at time T , which is the case when

A_T ∩ L^0(M, F_T ) ⊂ L^0(∂M, F_T ) (4)

we have a weak absense of arbitrage (WAA). Remark 1 By the very definitions we immediately have:

(SAA) ⇒ (W AA) and (SA) ⇒ (W A). Let (_{xt}

y_t ) be our market position at time t before possible transactions. It can be completely characterized by initial position

(_{x0}

y_0 ) and the pair of (F_t) adapted nonnegative processes l_t, m_t by the following formula

x_{t+1} = x_t − τ_1(l_t) + τ_2(m_t) y_{t+1} =^{St+1}_{St} (y_t + l_t − m_t) . (5)

Define for t = 0, 1, . . . , T sequences h_t, (H_t) of random transformations of R and R^2 respectively

h_t(y) := y S_t

, H_t ( x y ) := ( x h_t(y) ) . (6)

Clearly

H_tM = {(_x y ) : y ≥^{−(τ 1)−1 (x)}_{St} , for x ≥ 0 and y ≥^{−(τ 2)−1 (−x)}_{St} , for x ≤ 0 } , (7)

Let ŷ_t = h_t(y_t), l̂_t = h_t(l_t), m̂_t = h_t(m_t) and Â_T = H_T A_T . We have

ŷ_{t+1} = ŷ_t + l̂_t − m̂_t, (8) where ŷ_t is the number of assets in our portfolio before possible transactions at time t. Moreover from (8) we obtain

Â_T =^T ∑ s=0 N_s, (9)

where N_s = −L^0(H_sM, F_s). Furthermore, (3) and (4) are equivalent respectively to Â_T ∩ L^0(H_T M, F_T ) = {( 0 0 )} (10) and Â_T ∩ L^0(H_T M, F_T ) ⊂ L^0(∂H_T M, F_T ). (11)

From the above consideration taking into account Remark 1 and (10), (11) we immediately have Lemma 1 (WA) with proportional transaction costs (τ_1(x) ≡ (1 + λ)x and τ_2(x) ≡ (1 − μ)x) implies (SA) with concave transaction costs. (WA) with concave transaction costs implies arbitrage without transaction costs. Conversely, absense of arbitrage without transaction costs implies (SAA) with concave transaction costs, while (WAA) with concave transaction costs implies (SAA) with proportional transaction costs. The following two examples explain the last lemma Examples. Assume T = 1, and S_1 = S_0(1 + ξ), where the rate of return ξ is such that P {ξ = 0} = p > 0, P {ξ = r} = 1 − p > 0 for r > 0. We clearly see that we have an arbitrage without transaction costs. In the case with concave transaction costs starting from

(_x

(τ_1)^{−1} (−x) ) , x < 0 we would like to reach (or cross) the position

(_x

(τ_2)^{−1} (−x) ) which is impossible, so that even (WA) with concave trasaction costs does not hold. Consider now deterministic rate of return ξ = r > 0. When^{1+r}_{1+λ} >^1_{1−μ} we have (SA) with proportional transaction costs. If

lim_{x→∞} τ̇_1(x) = 1 = lim_{x→∞} τ̇_2(x)

and r > λ, we have (SA) with concave transaction costs (we choose x so small that (1 + r)(τ_1)^{−1} (−x) > (τ_2)^{−1} (−x)). On the other hand, when λ < r <^{λ+μ}_{1−μ} , we have (WAA) with proportional transaction costs.

We have the following Proposition 1 Under nonlinear concave transaction costs (WAA) is equivalent to (SAA).

Proof. By Remark 1 we have (SAA) ⇒ (W AA). Assume we have (WAA) which means in its equivalent form that (11) holds. By the form of the set M if

(_x y ) ∈ M, then k

(_x y ) ∈ intM for k > 1. The above property is preserved under the transformation H_s, so that whenever n_s ∈ N_s then kn_s ∈ L^0(intH_sM ∪

(_0 0 ) , F_s) for k > 1. If (10) is not satisfied (i.e. (SAA) does not hold), then there is a v ∈ A_T ∩ L^0(H_T M, F_T ) such that v ≢

(_0 0 ) . Consequently kv ∈ A_T ∩ L^0(H_T M, F_T ) and kv ∉ L^0(∂H_T M, F_T ) for k > 1, which contradicts (WAA). � Remark 2 Notice that for proportional transaction costs (WAA) does not imply (SAA) (see theorem 1 below). Moreover arbitrage without transaction costs at time T implies the existence of a one step arbitrage at certain deterministic time t ≤ T (see [1] theorem 3.3). This is no longer true in the case of concave transaction costs.

Below we formulate a sufficient condition for arbitrage with concave transaction costs Lemma 2 If lim_{x→∞} τ̇_1(x) = lim_{x→∞} τ̇_2(x) and there is ϵ > 0 and 0 ≤ t ≤ T such that^{St}_{St+1} ≤ 1 − ϵ, P a.e., then we have a strong arbitrage at time T with concave transaction costs. Proof. Let K > 0 be such that

(τ_1)^{−1} (K) (τ_2)^{−1} (K)

> 1 − ϵ.

Choosing the position

(_{−K}

(τ_1)^{−1} (K) ) at time t we obtain

(τ_1)^{−1} (K) > (τ_2)^{−1} (K)

S_t S_{t+1} , from which the arbitrage follows. � Another charaterizations of arbitrage use an analog of ”positive dual set” (H_tM)^∗ to the set H_tM defined as follows

(H_tM)^∗ := {( x y ) : τ_2(S_tx) ≤ y ≤ τ_1(S_tx) and x ≥ 0 } . (12)

The following theorem characterizes arbitrage under proportional transaction costs

Theorem 1 In the case of proportional transaction costs (SAA) is equivalent to the existence of an equivalent measure Q and an F_t adapted process ρ_t such that 1−μ < ρ_t < 1+λ, for t = 0, 1 . . . , T and (ρ_tS_t) is a Q martingale. If the market is finite (the prices S_t of the asset admit a finite number of values only), in the case of proportional transaction costs, (WAA) is equivalent to the existence of an equivalent measure Q and an F_t adapted process ρ_t such that 1 − μ ≤ ρ_t ≤ 1 + λ, P a.e. for t = 0, 1 . . . , T and (ρ_tS_t) is a Q martingale.

Proof. Under (SAA) by theorem 2.1 of [3] there exists a bounded martingale ( (_{z1(t)}

z_2(t) ) ) with strictly positive components such that ( z_1(t) z_2(t) ) ∈ L^0(int(H_tM)^∗, F_t).

Let dQ =^{z1(T )}_{z1(0)} dP and ρ_t :=^{z2(t)}_{z1(t)St} . By Lemma 2 of [9] (ρ_tS_t) is a Q martingale. Moreover by the form of the set (H_tM)^∗ we have that 1 − μ ≤ ρ_t ≤ 1 + λ, P a.e.. On the other hand the process (

(_{E[}^{dQ}_{dP |Ft]}

ρ_tS_tE[^{dQ}_{dP} |F_t] ) ) is a P martingale taking values in int(H_tM)^∗. Consequently for each t ≤ T there is a martingale (Z^t_s) such that Z^t_s takes values in (H_sM)^∗, while Z^t_t in int(H_tM)^∗. Adapting the proof of Lemma 3.6 of [3] we obtain (10), which completes the proof of the first equivalence. The second equivalence follows from theorem 3.2 of [4]. Namely, under (WAA) there is a martingale with strictly positive components (

(_{z1(t)}

z_2(t) ) ) (see lemma 3.1 of [4]) taking values respectively in the set (H_tM)^∗. As above we construct the process (ρ_t) and the measure Q. Conversely, if there exists an equivalent measure Q and an F_t adapted process ρ_t such that 1 − μ ≤ ρ_t ≤ 1 + λ, P a.e. for t = 0, 1 . . . , T such that (ρ_tS_t) is a Q martingale, the process (

(_1

ρ_tS_t ) ) is a P martingale taking values in (H_tM)^∗ and by theorem 3.2 of [4] (WAA) follows. � Remark 3 By the proof of theorem 1 one can notice that under proportional transaction costs, (SAA) is also equivalent to the existence of an equivalent measure Q such that^{dQ}_{dP} is bounded and an F_t adapted process ρ_t such that 1 − μ < ρ_t < 1 + λ, for t = 0, 1 . . . , T and (ρ_tS_t) is a Q martingale.

In an analogy to theorem 1 we show below a sufficient condition for absense of arbitrage under nonlinear concave transaction costs. We denote by (·, ·) and | · | respectively the scalar product and Eulidean norm in R^2. Proposition 2 Assume that the market is finite and for each r > 0 there is a supermartingale Z(r) such that |Z_s(r)| ≥ r, P a.e. for s = 0, 1 . . . , T and 1) (Z_s(r), ξ) ≤ 0 for any ξ ∈ N_s such that |ξ| ≤ |Z_s(r)|, 2) if (Z_T (r), ξ) = 0 for ξ ∈ N_T such that |ξ| ≤ |Z_T (r)|, then ξ = 0, Then we have (SAA).

Proof. If (10) does not hold, there exist ξ_s ∈ N_s and 0 ≠ ξ^′_T ∈ N_T such that

∑_T

s=0 ξ_s = −ξ^′_T . Therefore

∑_{T −1} s=0 ξ_s = −ξ_T − ξ^′_T ∈ N_T . Choose

r ≥ max { max_s |ξ_s|, |ξ_T + ξ^′_T | } . Then

(Z_T (r),

T −1∑ s=0 ξ_s) = −(Z_T (r), (ξ_T + ξ^′_T )) ≥ 0

and by the supermartingale property E { (Z_T (r),

T −1∑ s=0 ξ_s) } ≤ T −1∑ s=0 E {(Z_s(r), ξ_s)} ≤ 0.

Therefore (Z_T (r), ξ_T + ξ^′_T ) = 0 and by (2) ξ_T + ξ^′_T = 0 from which it follows that ξ_T = ξ^′_T = 0, a contradiction. � 3 Set of hedging endowments

Let C =

(_{C1}

C_2 ) be a pair of integrable F_T measurable random variables called a contingent claim. If for an initial portfolio

(_x y ) there is an investment strategy (l_t, m_t) such that

(_{xT}

y_T ) ∈ (_{C1}

C_2 ) + M, we say that starting from

(_x y ) we hedge the contingent claim C. Our purpose now is to characterize the set of hedging endowments Γ described as follows Γ = { v = ( v_1 v_2 ) : C ∈ v + A_T } . (13)

Let P be a class of pairs ((ρ_t), Q) consisting of (F_t) adapted processes (ρ_t) taking values in the interval [1 − μ, 1 + λ] and an equivalent probability measure Q such that^{dQ}_{dP} is bounded and (ρ_tS_t) is a Q martingale. Following [2] and [3] (see also [9]) we have

Theorem 2 Under (SAA) for proportional transaction costs we have Γ = ⋂ ((ρ_t),Q)∈P {( v_1 v_2 ) : v_1 + ρ_0v_2 ≥ E^Q {C_1} + E^Q {ρ_T C_2} } . (14)

Proof. By theorem 4.2 [3] Γ = ⋂ (Z(t))∈Z {( v_1 v_2 ) : E {z_1(T )C_1 + h_T (z_2(T ))C_2} ≤ z_1(0)v_1 + h_0(z_2(0))v_2 }

(15) where Z is the set of bounded nonnegative martingales (

(_{z1(t)}

z_2(t) ) ) such that

(1 − μ)z_1(t) ≤ h_T (z_2(t)) ≤ (1 + λ)z_1(t), P a.e.

for t = 0, 1 . . . , T . Notice that we can restrict the set Z to strictly positive martingales. Let (Z(t)) ∈ Z be a strictly positive martingale. Define dQ =

z_1(T ) z_1(0) dP and ρt := z_2(t) z_1(t)S_t . Clearly ((ρt), Q) ∈ P. Therefore the set defined

by the right hand side of (14) is contained in the set Γ given in (15). On the other hand if v ∈ Γ defined in (13) then ( C_{1C} 2 S_T ) = ( v_{1v} 2 S_0 ) + T∑ s=0 ξ_s,

with ξ_s ∈ N_s. Let ((ρ_t), Q) ∈ P. Since

[1 ρ_T S_T ] T∑ a=0 ξ_s = C_1 + ρ_T C_2 − v_1 − v_2

S_T S_0 ρ_T

is Q integrable, by Lemma 3.5 [3] we obtain

v_1 + v_2E^Q { ρ_T S_T S_0 } ≥ E^Q {C_1} + E^Q {ρ_T C_2} .

Therefore v is a element of the set defined in (14). Thus the sets defined in (13), (14) and (15) coincide, which completes the proof. � Remark 4 There is a problem to characterize the set Γ in the case of nonlinear concave transaction costs even when we have a finite financial market. We conjecture that

Γ = { v = (_{v1}

v_2 ) : E {z_1(T )C_1 + h_T (z_2(T ))C_2} ≤

z_1(0)v_1 + h_0(z_2(0))v_2 for each martingale Z(t) =

(_{z1(t)}

z_2(t) ) ∈ L^0((H_tM)^∗, F_t) such that |Z(t)| ≥ |ξ_t|, where ξ_t ∈ N_t for t = 0, 1, . . . , T

and H_T C − H_0v =

∑_T s=0 ξ_s, } . (16)

It is not clear that for each r > 0 there is a martingale Z(t) taking values in (H_tM)^∗ such that |Z(t)| ≥ r, which we impose for a sufficient condition of (SAA) in Proposition 2.

The remaining part of this section we devote to the study of the form of the set Γ for a so called Cox Ross Rubinstein model (CRR) with concave transaction costs, which is a finite market model with i.i.d. rates of return ξ_t :=^{St+1−S t}_{St} such that 0 < P {ξ_t = a} = 1 − P {ξ_t = b} < 1, for −1 < a < 0 < b. We assume now that C_1 = c_1(S_T ) and C_2 = S_T c_2(S_T ) for Borel functions c_1 and c_2. Define

τ(z) := { τ_1(z) if z ≥ 0 −τ_2(−z) if z ≤ 0

(17)

which is the ammount of money we spend (or we get) to achieve the position z on the stock account. Denote by (η_t, θ_t) the market position consisting of the ammount of money η_t on the bank account and ammount of assets θ_t held in the portfolio at time t after possible transactions. If η_T = c_1(S_T ) and θ_T = c_2(S_T ), we say we replicate the contingent claim C. In the case of CRR model we have replication when

η_{T −1} − c_1(S_{T −1} (1 + e)) = τ((c_2(S_{T −1} (1 + e)) − θ_{T −1} )S_{T −1} (1 + e)) (18)

holds for e = a, b. Let

Φ(c_1, c_2)(θ, s) = c_1((1 + a)s) − c_1((1 + b)s) + τ((c_2((1 + a)s) − θ)s((1 + a)) − τ((c_2((1 + b)s) − θ)s(1 + b)). (19)

One can notice (see proof of theorem 5 of [9]) that under

1 + b 1 + a > 1 + λ 1 − μ

(20) the mapping θ → Φ(c_1, c_2)(θ, s) is strictly increasing with the range equal to R, so that [Φ(c_1, c_2)(·, s)]^{−1} (0) is uniquely defined. Let Ψ_2(c_1, c_2)(s) := [Φ(c_1, c_2)(·, s)]^{−1} (0), Ψ_1(c_1, c_2)(s) := c_1((1 + a)s) + τ((c_2(1 + a)s) − Ψ_2(c_1, c_2)(s)s(1 + a)) and Ψ(c_1, c_2)(s) := (Ψ_1(c_1, c_2)(s), Ψ_2(c_1, c_2)(s)). Combining theorem 5 of [9] and [7] we obtain Theorem 3 Under (20) there is a unique replicating strategy (η_t, θ_t) for CRR model and is in the form of iterations of the operator Ψ as follows (η_t, θ_t) = Ψ^{T −t} (c_1, c_2)(s_t) (21) If additionally c_2((1 + a)s) ≤ Ψ_2(c_1, c_2)(s) ≤ c_2((1 + b)s) (22) for s ≥ 0, then

Ψ_2(c_1, c_2)((1 + a)s) ≤ Ψ^2(c_1, c_2)(s) ≤ Ψ_2(c_1, c_2)((1 + b)s). (23) If b > λ and a + μ > 0 and (22) is satisfied then Γ = ( η_0 θ_0S_0 ) + M. (24) Remark 5 Under (22), when S_{T −1} = (1 + a)S_{T −2} we have θ_{T −1} = Ψ_2(c_1, c_2)((1 + a)S_{T −2} ) ≤ θ_{T −2} .

Moreover if S_{T −1} = (1 + b)S_{T −2} we have θ_{T −1} = Ψ_2(c_1, c_2)((1 + b)S_{T −2} ) ≥ θ_{T −2} .

By induction we easily obtain the following property of the replicating strategy: when the price of the asset increases we buy assets, while when it decreases we sell assets. The form (24) of the set Γ is true in a number of cases (even when (20) does not hold) for proportional transaction costs (see [8] or [9] for details).

4 Pricing

Given a characterization of the set of initial endowments Γ we are interested to know the seller price p_s(C) at time t = 0 of the contingent claim C. It is the minimal ammount of money on our bank account from which we can enter the set Γ.

Theorem 4 Under (SAA) for proportional transaction costs we have

p_s(C) = sup_{(ρt),Q)∈P} E^Q {C_1 + ρ_T C_2} . (25)

Proof. Notice first that by theorem 2, p_s(C) ≥ E^Q {C_1 + ρ_T C_2}. To show the inverse inequality it remains to follow the proof of Theorem 4 in [9] which is based on the arguments from the proof of theorem 1 in [6]. � In the remaining part of this section we shall consider a contingent claim C of the form C_1 = c_1(S_T ) and C_2 = S_T c_2(S_T ). Let Θ denote the class of (F_t) adapted processes (θ_t) such that there exists an adapted process (η_t) for which we have

η_{t+1} − η_t + τ((θ_{t+1} − θ_t)S_{t+1}) = 0 (26)

for t = 0, . . . , T − 1, and

c_1(S_T ) − η_{T −1} + τ((c_2(S_T ) − θ_{T −1} )S_T ) ≤ 0. (27)

Notice that (26) means that strategy (η_t, θ_t) is selffinacing i.e. there are not exogenous infusion or withdrawal of money, while (27) says that strategy (η_t, θ_t) hedges the contingent claim C.

In what follows we extend functions τ_1 and τ_2 letting τ_1(x) = −τ_1(−x) and τ_2(x) = −τ_2(−x) for x ≤ 0.

Given (θ_t) ∈ Θ define the class Λ((θ_t)) consisting of the pairs ((ρ_t), Q), where Q is an equivalent measure such that^{dQ}_{dP} is bounded, and ρ_t is an (F_t) adapted function valued process for which

min {τ_1(x), τ_2(x)} ≤ ρ_t(x) ≤ max {τ_1(x), τ_2(x)} (28)

for x ∈ R,

E^Q[ρ_t(θ_tS_t) − ρ_t((θ_t − θ_{t−1} )S_t)|F_{t−1} ] ≤ ρ_{t−1} (θ_{t−1} S_{t−1} ) (29)

Q a.e. for t = 1, . . . , T − 1 and

E^Q[ρ_T (c_2(S_T )S_T ) − ρ_T ((c_2(S_T ) − θ_{T −1} )S_T )|F_{T −1} ] ≤ ρ_{T −1} (θ_{T −1} S_{T −1} ) (30)

Q a.e.. We have Proposition 3 If there is (θ_t) ∈ Θ such that Λ((θ_t)) is nonempty, then

p_s(C) ≥ inf_{(θt)∈Θ} sup

(ρ_t),Q)∈Λ((θ_t))

E^Q {c_1(S_T ) + ρ_T (c_2(S_T )S_T )} . (31)

Proof. Let (η_t, θ_t) be a strategy which hedges the contingent claim C and ((ρ_t), Q) ∈ Λ((θ_t)). By (27) and (30) taking into account that τ ≥ ρ_T we obtain

E^Q[c_1(S_T ) + ρ_T (S_T c_2(S_T ))|F_{T −1} ] ≤ E^Q[η_{T −1} + ρ_T (S_T c_2(S_T )) − τ((c_2(S_T ) − θ_{T −1} )S_T )|F_{T −1} ] ≤ η_{T −1} + E^Q[ρ_T (S_T c_2(S_T )) − ρ_T ((c_2(S_T ) − θ_{T −1} )S_T )|F_{T −1} ] ≤ η_{T −1} + ρ_{T −1} (θ_{T −1} S_{T −1} ) (32)

Q a.e.. Moreover, the process (η_t + ρ_t(θ_tS_t)) is for t ≤ T − 1 a Q supermartingale. In fact, by (26), inequality τ ≥ ρ_t and (29) we obtain that

E^Q[η_t + ρ_t(θ_tS_t)|F_{t−1} ] ≤ η_{t−1} + ρ_{t−1} (θ_{t−1} S_{t−1} ),

Q a.e. for t ≤ T − 1. Therefore by (32) and inequality τ ≥ ρ_0 sup (ρ_t),Q)∈Λ((θ_t))

E^Q {c_1(S_T ) + ρ_T (c_2(S_T )S_T )} ≤ η_0 + τ(θ_0S_0)

from which (31) follows. � Notice that when ρ_t is a linear function with linear coefficient denoted with an ambiguity by ρ_t, such that (ρ_tS_T ) is a Q martingale, the inequalities (29) and (30) are in fact equalities and comparing (31) with (25) we obtain Corollary 1 In the case of proportional transaction costs under (SAA) we have an equality in the formula (31).

To study the formula (31) for CRR model with nonlinear concave transaction costs we have to introduce a new notation. Let

τ^′(θ) := { τ_1 if θ ≥ 0 −τ_2 if θ ≤ 0

(33)

In the case of CRR model we can consider Ω = {a, b}^T and ω = (ω_1, . . . , ω_T ). For an F_{t+1} adapted random variable ξ_{t+1} define F_t measurable random variables ξ^a_t and ξ^b_t as follows: we let for ξ^a_t (ω) and ξ^b_t (ω) the values of ξ_{t+1}(ω^′), where ω^′ differs from ω only at ω_{t+1} which is equal respectively to a or b. Under (20) by theorem 3 there is a unique replicating strategy (η_t, θ_t) given by the formula (21). Let

q^b_t := n^b_t d^b_t

, (34)

where

n^b_t := τ((θ^a_t − θ_t)(1 + a)S_t) − τ^′(θ^a_t − θ_t)(θ^a_t S_t(1 + a)) + τ^′(θ_t − θ_{t−1} )(θ_tS_t) and d^b_t := τ((θ^a_t − θ_t)(1 + a)S_t) − τ^′(θ^a_t − θ_t)(θ^a_t S_t(1 + a))+

τ^′(θ^b_t − θ_t)(θ^b_t S_t(1 + b)) − τ(θ^b_t − θ)(1 + b)S_t).

We have Lemma 3 Under (20), (22), when a + μ > 0 we have

0 < q^b_t < 1. (35)

Proof. Technical based on the properties of the functions τ_1 and τ_2 consists in consideration of all possible positions of θ^a_t ≤ θ_t ≤ θ^b_t (inequality holds by (23)) and 0. � We can now generalize Proposition 3.5 of [5] Proposition 4 Under (20), (22), assuming furthermore that b > λ and a + μ > 0 for the replicating strategy (η_t, θ_t) in CRR model we have

E^Q {c_1(S_T ) + ρ_T (c_2(S_T )S_T )} = η_0 + τ(θ_0S_0) (36)

where Q {ξ_t = a} = 1 − q^b_t , ρ_T (x) = τ^′(θ_T − θ_{T −1} )(x) and ρ_t(x) = τ^′(θ_t − θ_{t−1} )(x), for 0 ≤ t ≤ T − 1 with θ_{−1} := 0. Consequently we have the equality in (31).

Proof. Notice that the process (η_t + ρ_t(θ_tS_t)) is a Q martingale. Since ρ_0(θ_0S_0) = τ(θ_0S_0) we therefore have (36). Combining (36) with (31) and (24) we obtain the equality in (31). �

Remark 6 We have showed equality in (31) for proportional transaction costs and for CCR model with nonlinear concave transaction costs. One can expect the equality (31) to be true as a general rule.

References:

1. Dalang R. C., A. Morton and W. Willinger (1990): ”Equivalent Martingale Measures and No-Arbitrage Securities Market Models”, Stochastics Stoch. Rep. 29, 185-201, 2. Delbaen F., Yu.M. Kabanov and E.Valkeila (1998): ”Hedging under transaction costs in currency markets: a discrete - time model”, preprint 3. Kabanov Yu. M., M. Rásonyi, Ch. Stricker (2001): ”No-arbitrage criteria for financial markets with efficient friction”, preprint 4. Kabanov Yu. M., Ch. Stricker (2000): ”The Harrison - Pliska arbitrage theorem under transaction costs”, J. Math. Econ., to appear 5. Koehl P.F., H. Pham and N. Touzi (1997a): ”Hedging in discrete - time under transaction costs and continuous time limit”, preprint 6. Koehl P.F., H. Pham and N. Touzi (1997b): ”On super - replication in discrete time under transaction costs”, preprint 7. Kocinski M., (2001): ”Hedging in the CRR model under concave transaction costs”, Demonstratio Math. 34, 497-512,7 8. Stettner L., (1997): ”Option pricing in the CRR model with proportional transaction costs: a cone transformation approach”, Applicationes Mathematicae 24,4, 475-514, 9. Stettner L., (2000): ”Option Pricing in Discrete - Time Incomplete Market Models”, Math. Fin. 10/2, 305-321,