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Introduction

Symmetric-rank

Clxo, -, Xnla 2 F =D _NiL{
i=1

,
SIC s F=> AP
i=1

this corresponds to find the minimum number r of points
Pr=[L] = v, Pr = [L7] = [v?]
on the d-th Veronese embedding of P” such that

[F] € (P1,...,P)
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Introduction

Skew-symmetric rank:

d r
/\C"+1 5T = Z)\,-vl(') A A vc(,')
i=1
this corresponds to find the minimum number r of points
P; = [vl(i)/\---/\v(si)], i=1,...,r

on the Grassmannian:
Gr(P4=1,P") := {[vi A---Avg], vi € C"} € P(A? C™1) such that

[T] € (P1,...,P)
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Symmetric case

Symmetric case

One of the first classical tools used in the symmetric case to
compute the rank and the decomposition of an F € §9 is

APOLARITY

Let S = Clxp,...,xn| and let R = C|yp, . .., yn] be its dual ring
acting on S by differentiation:

yi(xi) = dTg(X") = 0jj- (1)
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Symmetric case

Symmetric case

The annihilator of a homogeneous polynomial F € Sy
FL={GeR|G(F)=0}
is an ideal of R.

A subscheme X C PP(51) is apolar to F € Sy if its homogeneous
ideal Ix C Ry is contained in the annihilator of F.
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Symmetric case

Symmetric case

Useful tools to get the apolar ideal of a polynomial F € S¢C*!
are

catalecticant matrices

C;._—’d_i S Hom(R,',Sd_,')

S . o'

chd-i Deeym)y= ——(F
Foo0e ) 8x6°---x,’,"( )

with ijoij:i, fori=0,...,d.
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Symmetric case

Symmetric case

Lemma (Apolarity Lemma)

A homogeneous polynomial F € SYC"t1 can be written as

F:i}iﬁ
i=1

with L1, ..., L, linear forms, if and only if the ideal of the scheme
X = {[L%],...,[L:]} € P(R) is contained in F*:

Ix C Ft.
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Skew-symmetric case Tri-vector case

Skew-symmetric case

Does this have an extension in the skew-symmetric setting?

[Catalisano, Geramita, Gimigiliano, 02] used a skew-symmetric
version of apolarity defined by the perfect paring

d n+1—d n+1
/\(Cn+1 % /\ (CnJrl - /\ (CnJrl ~C

induced by the A-multiplication:

If Y ¢ A?C™1 is any subspace then
yl={we A" 9Ct lwAv =0, forall ve Y}
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Skew-symmetric case Tri-vector case

@ Defined for points in A? C™1 (not subspaces).
@ Definition of Derivation “ - " £ A,
@ Defined in any degree: T € \?Ct1

i<d

TH=che ANC™™|h-t=0
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Skew-symmetric case ri-vector case

@ Defined for points in A? C™1 (not subspaces).
@ Definition of Derivation “ - " £ A,
@ Defined in any degree: T € \?Ct1

i<d

TH=che ANC™™|h-t=0

We already see that there will be a big difference from the
symmetric case where F is a classical ideal so it has
elements in any degree while here we don't have anything in
degree bigger than n+ 1.
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Skew-apolarity
Examples

Skew-symmetric case Tri-vector case

Definition

Let hyy 3 = A Ao ARD /\i V*and vy, 3 = v A AV g /\i V.
For those elements the skew-apolarity action is defined as the determinant
among A\' V* and A\' V:

h(l)(v(l)) h(l)(v(i))

h{1,...,i}(V{1,...,i}) = (2)

A  RO(0)
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Skew-apolarity
Examples

Skew-symmetric case Tri-vector case

Definition

Let hyy 3 = A Ao ARD /\i V*and vy, 3 = v A AV g /\i V.
For those elements the skew-apolarity action is defined as the determinant
among A\' V* and A\' V:

h(l)(v(l)) h(l)(v(i))
h{1,...,i}(V{1,...,i}) = 2
AWy o (D)
For s < d:
h s Viuay = Y sign(R) - hg o (ve)vg,
RC{L,...,d}
|R|=s

We define the apolarity action extending this by linearity. Now we can define
the skew-catalecticant matrices C3°~* € Hom( A\° V*, A" V) associated to

any element T € AV asC3? *(h)=h-T.

V.
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Skew-apolarity
Examples

Skew-symmetric case Tri-vector case

Lemma

Forv=wviA---Avge NV andh=hy A---Ahs € \°V* such
that h'- and v intersect properly,

C57d_s(h) = h'V: ui /\"'/\ud—S

where (U1, ..., U4—s) = hinv.

Lemma

| A\

Forv:vl/\--~/\vd€/\dV,

d—s
ker C37~* = (V')s, imgC¥° = [\ V.
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Skew-apolarity
Examples

Skew-symmetric case Tri-vector case

The skew-symmetric analog of an ideal of “indecomposable” points:
Let v; := v,-(l) AR v,-(d) € /\d V fori=1,...,r be r points. We define

r

M, v = )@, (3)

Remark

i
-
\

If T =3, \ivj with v; € Gr(d, V), then by the previous Lemma

I/\(V17 ceyVr)s = ﬂ(\’iﬁ)s C kercfr*d—s

i=1
for s < d. In particular, for s = d,

r

r d
(W )a =[kerCi® = {h e AV Ih(v)=0,i= 1,...,r}.
i=1

i=1

v
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Skew-apolarity

Examples
Skew-symmetric case Tri-vector case

Lemma (Skew-apolarity lemma)

The following are equivalent:

Q An element T € \? V, can be written as
r
T=> Ay
i=1

where v; = vl-(l) Ao A v,-(d) € Gr(d,V)c N\ V;
Q@ Ni(vi) c T+,
(3] ﬂ,‘(\_l'f‘)d C (TJ‘)d.
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Skew-apolarity
Examples
Skew-symmetric case Tri-vector case

Essential variables

Like in the symmetric case, one can define essential variables for an
element T € /\d V to be a basis of the smallest vector subspace
W C V such that T € A W. (Le. check if T is concise.)

We can check this by computing the kernel of the first
. 1,d—1
catalecticant C3" .
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Skew-apolarity
Examples

Skew-symmetric case vector case

The behavior of the skew-symm. ideal of points is different from the
symm. case. For example: the ideal / of r independent points in PV:

@ In the symmetric case the H(R/I,d) =r foranyd > r—1

@ In the skew-symmetric case... Let's do the easiest case:
r points in Gr(d,C™1') ¢ A C"* with rd < n+1,

Vi =e1A---ANed; V2 = €41\ - -Nexd; ... Vr = €r_1)d+1/\- - -\€rd.
I"(v1,...,v,) is generated by e}, ;,..., €5, in degree 1 only if

rd < n+1,

and degree-two elements e A ej‘ such that 1 </ <sd < j < rd, for
some s < r.

It is clear that these elements are in the ideal, and it is
straightforward to see that they are enough to generate it.
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Skew-apolarity
Examples

Skew-symmetric case Tri-vector case

Another example:
o If [LY] # [LY] € vg(P(V)) and d > 1 then rk([Ld] +[L]]) = 2.
o If [v1] # [v2] € G(d, V), then v = vi + v, has rank one

<~
the line passing through vi and vy is contained in G(d, V)
<~

the intersection of the subspaces v, and v, has dimension at
least d — 1.
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Skew-apolarity
Examples

Skew-symmetric case Tri-vector case

We are interested in the skew-symmetric rank of T/\d(V). The first
interesting case is T € A(V).
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Skew-symmetric case Tri-vector case

We are interested in the skew-symmetric rank of T A?(V/). The first
interesting case is T € A(V).

Example (Triky)

v:v1+V2+V3e/\3(C6.

vi=fhANAANG,  va=fhARBAf,  andvs=HARBATL,

Alessandra Bernardi Skew-symmetric tensor decomposition



Skew-apolarity

Examples
Skew-symmetric case Tri-vector case

We are interested in the skew-symmetric rank of T A?(V/). The first
interesting case is T € A(V).

Example (Triky)

v:v1+V2+V3e/\3(C6.
vi=foAfiAf, Vo =fo A3 A fa, and vz =fi AR Afs,

ker CL? = 1"(v1,v2,v3); =0, and

kerCot = (A + B A, o AfE — AR, AR, BEAR — 5 AF,
NG, BAG, B ARG, B A, B Af).

We claim that v has rank 3.
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Skew-apolarity

Examples
Skew-symmetric case Tri-vector case

We are interested in the skew-symmetric rank of T A?(V/). The first
interesting case is T € A(V).

Example (Triky)

v:v1+V2+V3e/\3(C6.
vi=foAfiAf, Vo =fo A3 A fa, and vz =fi AR Afs,

ker CL? = 1"(v1,v2,v3); =0, and
kerCol = (5 AN+ AR, AL — K AR, AR, AL — £ AF,
AR, KNG, B AR, KA, AR

We claim that v has rank 3. If NOT v = v4 + v5, where va = go A g1 A g2 and
Vs = g3 A\ ga /N gs.
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Skew-apolarity

Examples
Skew-symmetric case Tri-vector case

We are interested in the skew-symmetric rank of T A?(V/). The first
interesting case is T € A(V).

Example (Triky)

v:v1+V2+V3e/\3(C6.
vi=foAfiAf, Vo =fo A3 A fa, and vz =fi AR Afs,

ker CL? = 1"(v1,v2,v3); =0, and
kerCol = (5 AN+ AR, AL — K AR, AR, AL — £ AF,
AR, KNG, B AR, KA, AR

We claim that v has rank 3. If NOT v = v4 + v5, where va = go A g1 A g2 and
Vs = g3 A g A gs. Since ker Gy = 0, we must have C° = (g0, .- -, 85)-
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Skew-apolarity
Examples

Skew-symmetric case Tri-vector case

We are interested in the skew-symmetric rank of T A?(V/). The first
interesting case is T € A(V).

Example (Triky)

v:v1+V2+V3e/\3(C6.
vi=foAfiAf, Vo =fo A3 A fa, and vz =fi AR Afs,

ker CL? = 1"(v1,v2,v3); =0, and
kerCol = (NG + B AR AR — K AR, AR, AL — 5 AF,
AN, BAES BN BAR, AR,
We claim that v has rank 3. If NOT v = v4 + v5, where va = go A g1 A g2 and
Vs = g3 A g A gs. Since ker Gy = 0, we must have C° = (g0, .-, 85). So
g0, - -, 85 are independent, and therefore
1" (va,vs)2 = (va )1 A (vs™ )1 = (85,81, 85) N (8384 > 85)-

Since 1" (va, vs)2 C ker C2' and both spaces have dimension 9, equality must
hold.
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Skew-apolarity
Examples

Skew-symmetric case Tri-vector case

Example

Then, 1" (v4,vs)3 = ker Co" * {all linear forms}

fo NOTARS IS NES NS IS NG AN SN B AN
fo NTNTS I N NTS IS NSNS BN,

A f—
POawh =0 AR AR B A AR B AR AR,
AR NG~ AE NGB NG NG — AR AR
(4)
and
1" (va, vs)3 = o NN B).

But, if v =v4 + vs and V4 N5 = {0} then /"(v4,vs5)3 = (vq,vs). This
implies that P(/"(v4,vs)3) N Gr(3, V) = {va,vs}.

An explicit computation shows that

A + pfo AL A f3 € Gr(3, V) with
A, i € K implies that A = 0. This contradicts the property that
P(I"(v4,vs)3) N Gr(3, V) = {va4,vs}. Therefore, v must be of rank 3.
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Skew-apolarity
Examples
Skew-symmetric case Tri-vector case

Cases: A\>C3 and A\’ C*

There is only one possibility:
[v] = [vo A vi A wo). (1

Ifve /\3 C* then I"(v) = I"(v); in particular I"(v) = (v}) where
(v3) = (v, v1, )t C V.
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Skew-apolarity
Examples
Skew-symmetric case Tri-vector case

Cases: A\>C3 and A\’ C*

There is only one possibility:
[v] = [vo A vi A wo). (1

Ifve /\3 C* then I"(v) = I"(v); in particular I"(v) = (v}) where
(v3) = (v, v1, )t C V.

Therefore if one wants to find its decomposition as in (I1), one has
simply to compute a basis {vo, vi, v2} of I"(v){, and such a basis
will be good for the presentation of v as a tensor of
skew-symmetric rank 1 as in (I1).

Alessandra Bernardi Skew-symmetric tensor decomposition



Skew-apolarity
Examples
Skew-symmetric case Tri-vector case

Case \°>C°

Any tri-vector v € /\3 C? is divisible by some vector say vo:
v =1y AV where v € /\2 C®, hence there are only 2 possibilities:

@ rkn(v)=1andv=wvAviAw,
@ rkn(v)=2andv=wyAvi Ava+wvAvzAvg.

dim ker C12 = { 70 if rkn(v) =
v)

L,
=0 if rkp(v) =2
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Skew-apolarity
Examples
Skew-symmetric case Tri-vector case

Case \°>C°

Look for a decomposition.
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Skew-apolarity
Examples
Skew-symmetric case Tri-vector case

Case \°>C°

Look for a decomposition.

If we find generators of /”*(v) in degree 1, say {v;, v¢'}, then v is of
the form v = vy A vi A vo such that (v, vi, vo) = (v, v5)*
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Skew-apolarity
Examples
Skew-symmetric case Tri-vector case

Case \°>C°

Look for a decomposition.

If we find generators of /”*(v) in degree 1, say {v;, v¢'}, then v is of
the form v = vy A vi A vo such that (v, vi, vo) = (v, v5)*

If we do not find any generators in degree 1 and we want to
recover the decomposition of v =v; + vy withvi = vg A vy A vy
and v = vy A v3 A vy, we have to look at /"(v1,v2)2:

I"(v1,v2) is generated in degree 2 by

* * * * * * * * ko %k kK
(vi Avg,vi Ay, vy Avg, vy Avg,vavg — vivg). (5)

Hence vi = vg A vi A vo and vo = vg A v3 A v4 where v; = (v)* for
i=1,...,4and (v) = (vi, v, v3, v)*
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Skew-apolarity
Examples
Skew-symmetric case Tri-vector case

Case \°CO

Q@ vVv=wAviAwm,
dimker Cs> = 3 = rank 1 and /(v){ suffices for the decomposition:
(vo, v1, va) = (ker Ca?)*
Q@ Vv=vwAVIAV2+WWAWVA WV,
dimker Cy'> = 1 = rank 2. Now /(v){ suffices only to say that
(Vo,...,va) = (kerCs®)* = (w') but doesn't say who is vo, for that we
need /(v)2: kerC2t = (VI AVE, VAV, Ve AVE, Ve AVE, v vy —vivy)
Q@ Vv=vwAvViAvo+VviAvsA vs,
dim ker Cy? = 0, this is not sufficient to say that the rank is 2,
dimkerC2'' =9, also this is not sufficient to say that rank 2,
kerCo' = (Vi" AV )iego,1,2}.je{3,4,5}
Q@ V=wAVIAWVL+WAVZIAV+ viAVviAvs,
dim ker Co? = 0, this is not sufficient to say that the rank is 3,
dim ker Cf’l =9, also this is not sufficient to say that the rank is 3,

2,1 * * * * * * * *
kerCym = (g Avs +v3 Avs, g Avg —vi Avs, Vg Ave, vi Avs —v3 AVy,

VI AVE, vo Avs, va Avg, va Ave, Vi AvE).
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Skew-symmetric case Tri-vector case

Using this idea of computing the rank and the decomposition of the
normal forms
is going to work only for 2 more cases: A*>C7 and A C8 since

for C"1>8 the number of normal forms in A>C"*1 is infinite.
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Skew-apolarity
Examples
Skew-symmetric case Tri-vector case

Case \*C7

In this case the classification of normal forms of tri-vectors is due
to [Schouten '31]. More than the previous classes there are other 5

classes:
[aAgAp+bArAp+cAsAp], (V1)
[gArAs+aNgAp+bArAp+cAsApl, (Vi)
[aAbAc+qgArAs+anqgApl, (V)
[aAbBAc+gArAs+aNgAp+bArApl, (IX)
[aANbAc+gArAs+anNgAp+bArAp+cAsApl. (X)

The containment diagram of the orbits of those normal forms is
described in [Abo, Ottaviani, Peterson '09)].
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Skew-apolarity
Examples
Skew-symmetric case Tri-vector case

Case \*C7

[Abo Ottaviani Peterson '09]

.

T

o g e dim 34, rank—21
ps

ambient space

dim 33, rank=18, GV ~ 04(G)
degren=7

dim 30, rank=16, Sing(as(G))

dim 27, (Tan(¢7))"
. rank=15
02(63), dim 25

rank=12

dim 20, (2(G))"
Tan(G), dim 24_w i 20, (2:(6))

rank=12 %
.

- dim 19, rank=10
L restricted chordal variety
"o, see [Eu) exerc. 15.44

dim 12, rank=6, G




Skew-apolarity
Examples
Skew-symmetric case Tri-vector case

Case \*C7

.
.
o e .
.
.
.
v dim 33, rank=18, G¥ ~
- .
< degre
.
. e
dim 30, rank=16, Sing(a(G}
.
.
dim 20, (03(G))
. « o
Tan(G) . rank=15
rank=12 *
- /
~.
\ .
. dim 19, rank=10
« ricted chordal variety
., e exe
o S Fud] exerc. 15.44
a’bc fim 12, rank=6, G

degree=42
Skew-symmetric tensor decomposition
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Skew-apolarity
Examples
Tri-vector case

Skew-symmetric case

Case \*C7

.-
.
e e
.
.
.
v dim 33, rank=18, G¥ =~
- .
.| degre
.
. e
dim 30, rank=16, Sing(a(G}
.
.
. . dim 20, (03(G))
rank=15

Tan(G),

rank=12
-
-~ /

n 19, rank—10
tricted chordal variety
1

[ aAbAc+ardh
a’bct+atdhe e |FuHa) exerc. 1

dim 12, rank=6, G
degree=42




Skew-apolarity
Examples
Tri-vector case

Skew-symmetric case

Case \*C7

.
.
e »
.
.
.
ol dim 33, rank=18, G ~
. .
. degre
.
. .
dim 30, rank=16, Sing(s(G)
.

a’bc+drer

dim 20, (03(G))
rank=15

«
.
.
. 19, rank=10
- ricted chordal variety
., e exer
o Se¢ [EuHd] exerc. 15.44
o o o diml2 rank=6G

degree=42




Skew-apolarity
Examples
Tri-vector case

Skew-symmetric case

Case \*C7

.
.
e »
.
.
.
ol dim 33, rank=18, G ~
. .
. degre
.
. .
dim 30, rank=16, Sing(s(G)
.

dim 20, (03(G))
rank=15

Tan(G), §
.
rank=1 /
.
. dim 19, rank=10
« ricted chordal variety
/ *_ sec [Fulla] exerc. 15.44
S
o o o diml2 rank=6,G

degree=42




Skew-apolarity
Examples
Skew-symmetric case Tri-vector case

Case \*C7

All the previous cases do not involve all the variables, so, after
having re-written the tensor in the minimum number of variables

(ker Ca® will give the essential variables) we can use the previous
technique to tackle them.
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Skew-apolarity
Examples
Skew-symmetric case Tri-vector case

We are left with:

" rank=21
it space
.
o dim 33,
K] s
. degree=7
.
D
dim 30, rank=16, Sing(a(G))
.
. .
. -
2(G), dim
. .
rank=12

dim 20,
rank=15

rank=12 *
.
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Skew-apolarity
Examples
Tri-vector case

Skew-symmetric case

Case \*C7

L
. <
+ ¢ e dim 34, rank=21
Ppd ambient space
-
dim 33, rank=18, GV %~ 0. rank=3
-

degree—7

dim 30, rank—16, Sing(o:(G

dim 2( o2(G

- ®  rank=15

Tan(G), dim 24
rank—12
e




Skew-apolarity
Examples
Tri-vector case

Skew-symmetric case

Case \*C7

L
b it 34 21
T ") ambient space Sigma_4 => rank=4
|
dim 33, rank=18, GV %~ o rank=3
-

degree—7

dim 30, rank—16, Sing(o:(G

dim 2( o2(G

- ®  rank=15

Tan(G), dim 24
rank—12
e




Skew-apolarity
Examples
Skew-symmetric case Tri-vector case

Case \*C7

dim 34, rank=21
ambient space

Sigma_4 => rank=4

*
ey
V

rank=3

dim 33, rank=18, GV %~ 0.

degre

Not contained in Sigma_2
Presentation with 3 addenda
=>rank=3

Tan(G), dim 24 -
ank=12 %
-

ymmetric tensor decompositi




Skew-apolarity
Examples
Tri-vector case

Skew-symmetric case

Case \*C7

Sigma_4 => rank=4

ambie

dim 33, rank=18, GV 4 03(G) rank=3

Not contained in Sigma_2 ‘
Presentation with 3 addenda ]

=>rank=3 .
- e e\

dim 30, rank—16, Sing(o:(G

Y
/ . - -
T -
- -
-
52(G), dim 25 * -
o T . - ’
rank—=12
Not contained in Sigma_2 |
Presentation with 3 addenda -
o = - .
=>rank=3 - : - :;Z,}r}il—l}l . (o2 G

—
Tan(G), dim 24 o~ ;

rank—12 ®__

/

ew-symmetric tensor decompositio




Skew-apolarity
Examples
Skew-symmetric case Tri-vector case

Case \*C7

difm 34, rank=2]|

*® )( ambient space Sigma_4 => rank=4

—
-2 l ~ 03(G) rank=3
-
1
Not contained in Sigma_2
Presentation with 3 addenda |
=>rank=3 .

P\ Not contained in Sigma_2=> rk>2

= SContained in Sigma_3=> rk may be 3

BUT Presentation with 4 addenda
=> rank=3,4?

/

- -
o2(G), dim 25
- -
rank—=12
Not contained in Sigma_2 |
Presentation with 3 addenda -
1 =>rank=3 —a dim 2 G,
Tan(G), dim 24 _a 2" rak-15 7
rank—12 \( B
-
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Skew-apolarity
Examples
Skew-symmetric case Tri-vector case

Case \*C7

We want to understand the rank of
gArAs+aANgAp+bArAp+cAsAp

First Remark: There are 5 normal forms involving all the variables,
There are only 4 of them which MAY have rank 3.
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Skew-apolarity
Examples
Skew-symmetric case Tri-vector case

Case \*C7

Let

3
v:v1+v2+V3€/\(C7

with v; € G(3,C") be a minimal presentation of skew-symmetric
rank 3 of v.

Let [V;] the planes in P® corresponding to v;, i = 1,2,3 and assume
that ([V1], [V2], [V3]) = IP® (hence we are using all the variables).

We consider another invariant that is preserved by the action of
SL(7), namely the intersection of the [vi]'s.

[Vi] N [V}] is at most a point since otherwise vi + v> + v3 won't be
a minimal presentation of skew-symmetric rank 3 for v; in fact
v; + v; would have skew-symmetric rank 1.
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Examples
Skew-symmetric case Tri-vector case

Case \*C7




Skew-apolarity
Examples
Skew-symmetric case Tri-vector case

Case \*C7

e
.
e
.
.

ew-symmetric tensor decompositio
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Examples

Skew-symmetric case Tri-vector case

Case \*C7

arngqAptbAarapt+tcasap

LR XY
.
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Examples

Skew-symmetric case Tri-vector case

Case \*C7

arngqAptbAarapt+tcasap

.
. .
.




Skew-apolarity
Examples
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Skew-symmetric case

Case \*C7

This has to be an orbit
Among those whit all vars

' It has to be of rank 3

There is only one orbit left that
May have rank 3
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Case \*C7

Compute the rank and the decomposition of v e A>C7:
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Case \*C7

Compute the rank and the decomposition of v e A>C7:

Q If dimkerCy? > 0, then v e A3 C"<7 and we reduce to
previous cases.
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Case \*C7

Compute the rank and the decomposition of v e A>C7:

Q If dimkerCy? > 0, then v e A3 C"<7 and we reduce to
previous cases. v

@ If dimkerCy? =0, then check if v € 03(Gr(3,C")) by
checking if v satisfy its degree 7 equation (cf. [AOP '09]).
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Case \*C7

Compute the rank and the decomposition of v e A>C7:

Q If dimkerCy? > 0, then v e A3 C"<7 and we reduce to
previous cases. v
@ If dimkerCy? =0, then check if v € 03(Gr(3,C")) by
checking if v satisfy its degree 7 equation (cf. [AOP '09]).
® If NO, then its rkn(v) = 4 and to get a decomposition

o choose an element P € Gr(3,C"),

o choose one of the points Q; € (P,v) N a3(Gr(3,C")),
o thenv=P+ Q;foraniec{1,...,7}.

o If something goes wrong, repeat.
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checking if v satisfy its degree 7 equation (cf. [AOP '09]).
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Case \*C7

Compute the rank and the decomposition of v e A>C7:

Q If dimkerCy? > 0, then v e A3 C"<7 and we reduce to
previous cases. v
@ If dimkerCy? =0, then check if v € 03(Gr(3,C")) by
checking if v satisfy its degree 7 equation (cf. [AOP '09]).
® If NO, then its rkn(v) = 4 and to get a decomposition
o choose an element P € Gr(3,C"),
o choose one of the points Q; € (P,v) N a3(Gr(3,C")),
o thenv=P+ Q;foraniec{1,...,7}.
e If something goes wrong, repeat. v
@® If YES, then rks(v) = 3 and to get a decomposition we have
to understand to which orbit v belongs.
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Case \*C7

Compute Kernel and Image of the multiplication map by
ve \*CT:

4
2 A\ CT (6)

o If ker(Av) = (vg) # {0} then

: 2,1
and vq,..., Vs are given by kerCy™.
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Compute Kernel and Image of the multiplication map by
ve \*CT:

4
2 A\ CT (6)

o If ker(Av) = (vg) # {0} then

and vq,..., Vs are given by ker C2'. v
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Case \*C7

Compute Kernel and Image of the multiplication map by
ve \*CT:

4
2 A\ CT (6)

o If ker(Av) = (vg) # {0} then

: 2,1
and vq,..., Vs are given by kerCy™. v

In the 3 remaining cases ker(Av) = {0} and we use the
intersection of the Image of Av with the Grassmannian.
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Case \*C7

o If ker(Av) = {0} and Im(Av) meets the Grassmannian in 2
points then

V=WwAVIAW+WAVAVL+V3AV5A Vg

where vy and v3 are pre-images of the 2 points in the
Grassmannian,

. 2,1
and vq, vo, v4, Vs, Vg are given by kerCy'™.
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Case \*C7

o If ker(Av) = {0} and /m(Av) meets the Grassmannian in 1
point then

V=wAvuAv+wAvAv+vAveA(vo+- -+ v)

where v is the pre-images of the point in the Grassmannian,
and vi,..., Vv are given by ker C2'.
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Case \*C7

o If ker(Av) = {0} and /m(Av) doesn't meet the Grassmannian
then

-
oo
e

where vy, ..., v,/ can be computed via the pre-images of the
Grassmannian.
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Case \°C8

In order to get a complete classification of the ranks we used the
[Gurevich '64] classification of normal forms
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Case \°C8

In order to get a complete classification of the ranks we used the

[Gurevich '64] classification of normal forms 1w =o, dim/ =0,

1I: [grs], dim I = 16, Gr(P?,P7),

111: [agp][brp], dim /Il = 25,

IV: [agr][brp][cpg], dim IV = 31,

V: [abc][pgr], dim V = 32, o (Gr(P?, P7)),

VI: [agp][brp][csp], dim VI = 28,

VII: [abc][prq][aps], dim VIl = 35,

VIII: [abc][grs][agp], dim VIII = 38,

IX: [abc][grs][agp][brp], dim IX = 41,

X: [abc][grs][agp][brp][csp], dim X = 42

XI: [agp][brp][csp][crt], dim XI = 40,

XIl: [qrs][agp][brp][csp][crt], dim XII = 43,
XII: [abc][grs][agp][crt], dim XIII = 44,

XIV: [abc][qgrs][agp][brp][crt], dim XIV = 46,
XV: [abc][grs][aqp][brp][csp][crt], dim XV = 48,
XVI: [agp][bst][crt], dim XVI = 41,

XVII: [agp][brp][bst][crt], dim XVII = 47,
XVIII: [grs][agp][brp][bst][crt], dim XVIII = 50,
XIX: [agp][brp][csp][bst], dim XIX = 48,

XX: [grs][agp][brp][csp][bst][crt], dim XX = 52,
XXI: [abc][grs][agp][bst], dim XXI = 53,

XXII: [abc][grs][agp][brp][bst][crt], dim XXII = 55,

XXIII: [abc][grs][agp][brp][csp][bst][crt], dim XXIII = 56, P%.
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Case \°C8

rk=2
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THANKS
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