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Ternary logic control for stability
modification of bilinear systems

In this work the problem of stability modification of bilinear control systems
[1], [2]:
(1) dx/dt = A0x+ u1B1x+ . . .+ umBmx, |ui(t)| < α, i = 1, 2, . . . ,m,

where x ∈ Rn denotes the state vector, α is a control bound, A0 is a Hurwitz n× n
matrix and Bi, i = 1, 2 . . . ,m, are n× n matrices, is considered.

Applying a quadratic Lyapunov function VS(x) = xTSx such that the index of
exponential stability

(2) γ0(S) = − sup
x 6=0

[
xTSA0x

xTSx

]
> 0,

it is proved that optimal controls improving stability of system (1) are of the bang-
bang form:
(3) ûi = −α sign[xTSBix]; i = 1, 2, . . . ,m,

with quadratic switching surfaces [2]. Moreover, stability properties of the closed-loop
system at x = 0 in the state space Rn are determined by the stability index

(4) γ(S) = − sup
x 6=0

[
xTSA0x

xTSx
− α · |x

TSB1x|
xTSx

− . . .− α · |x
TSBmx|
xTSx

]
,

which is always greater than or equal to γ0(S).
If an additional bound on the total “power” of controls is assumed

(5) |u1|+ . . .+ |um| ¬ kα, k ∈ {1, 2, . . . ,m},
then at any state x(t) only k (out of m) controls ui1, . . . , uik satisfying the inequality
relation
(6) |xTSBi1x| ­ . . . ­ |xTSBimx|
can be switched on, i.e. be non-zero [2]. Therefore the feedback controller has to make
an appropriate choice of the active controls in real time according to the actual state
x(t) of the system. Since the optimal controls are three-valued (0,+α,−α) and the
input information contained in inequalities (6) is also ternary, the controller is in fact
a ternary logic system.

The general structure of the ternary logic controller of system (1) is proposed. It
is proved that the controller can be realized by a multilayer neural network composed
of the fundamental blocks: input layer, comparator, selector and converter.
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