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Abstract

The completeness of a bond market model with infinite number of sources of random-
ness on a finite time interval in the Heath-Jarrow-Morton framework is studied. It is proved
that the market in the case of trading strategies is not complete. An explicit construction
of a bounded contingent claim, which can not be replicated, is provided. Moreover, a
new concept of generalized strategies is introduced and sufficient conditions for the market
completeness with such strategies are given. An example of a complete model is provided.
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1 Introduction

We investigate the completeness of a continuous time zero-coupon bond market model in the
Heath-Jarrow-Morton framework. Let P(¢,7), 0 < ¢,T < S < oo be the price at time ¢ of

a bond paying 1 at maturity 7" and lf’(t7 T) be the discounted price. S denotes a finite time
horizon of the model. The paper is devoted to the problem of completeness of the market. We
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say that a market is complete if an arbitrary bounded random variable can be replicated by an
admissible strategy. Thus we are concerned with a problem of replicating for, each S < S,
contingent claims depending on the information available up to time S. If S = S we have a
situation which occurs in practice, when a trader hedges a payoff which depends on the bond’s
prices up to time S, uses bonds with maturities not exceeding S. Strategies of this type will be
called natural.

The bond market we study is infinite in the sense that the price process is a function-valued
process. The concept of the portfolio and the strategy may be formalized in many possible
ways. We base our approach on the stochastic integration theory with respect to the Hilbert
space-valued martingales, as presented in Métivier [15] and Da Prato, Zabczyk [5].

The problem of completeness has been investigated by several authors. Bjork et. al [2],
[3] regarded the price process in the space of continuous functions and obtained conditions for
approximate completeness. Cylindrical integration theory, due to Mikulevicius, Rozovski [16],
[17], and signed measures as portfolios were used in the paper of De Donno, Pratelli [6]. The
problem of replicating with the help of natural strategies was discussed and partially solved
in Carmona, Tehranchi [4]. It was shown in [4], with the use of the Malliavin calculus, that
each contingent claim of a special form can be replicated. The problem was also considered
in Aihara, Bagchi [1]. The lack of completeness was shown in Taflin [19] however, for a non-
o1 LP(2).

In the present paper the problem of completeness in the class of all bounded random vari-
ables is studied. We consider two cases, the first one when strategies take values in the space G*

standard definition of the set of contingent claims, namely for Dy := ()

- the dual of the Sobolev space G = H'[0, 5] and the second one when strategies are only (P,)
integrable processes. The strategies in the latter case are called generalized strategies. We prove
that in the first case, under some natural conditions, the bond market model is not complete. The
main contribution of this paper is the result on incompleteness for bounded contingent claims.
Moreover, we provide a construction of a bounded random variable which can not be replicated.
As a corollary we obtain incompleteness when the strategies take values in L2[0, S], compare
[1]. Our results seem to be in a contrast with Theorem 4.1 in [1] which states that the bond
market is complete (see our Remark 3.8).

For the class of generalized strategies we establish a sufficient condition for completeness.
Although these strategies have a clear mathematical meaning, portfolios used can be even non-
continuous functionals on G. We provide an example of a Gaussian bond market which is
complete.

2 The model

2.1 Process of bond prices

We consider a bond market with a finite time horizon S defined on a filtered probability space
(0, F, (Fi)iep,5), P) satisfying usual conditions. The filtration is generated by a sequence of



independent standard Wiener processes W, i = 1,2,...,i.e. F; is generated by Wl(s) where
i=1,2,...,s <t Weinterpret W; = (W1(t),W?(t),...) as a cylindrical Wiener process W
in [?. The dynamics of the forward rate curve is given by the equation:

df(t,T) = a(t, T)dt + iai(t,T)dWi(t), tel0,9], T €10,9], .1)
i=1

where we put
at,T)=0c'(t,T)=0  fort>Tandi=1,2,.... (2.2)

The formula (2.1) defines a family of equations parametrized by a continuous parameter 7' €
[0,5]. For each T € [0, S] the equation describes the evolution of the forward rate on the

interval [0, S]. Denote by o, a linear operator from /% into H := L?[0, S] given by the formula

(cu)(T) ==Y o'(t, T, w=(u)2, €’ t,T€[0,8],

=1
and o (T') = «(t, T). In this notation the formula (2.1) has the following form:

dft = Oétdt + O'tth7 (23)

or equivalently, using a stochastic integral:
t t B
Jo=fot / s + / sdW., 1€, (2.4)
0 0

For the concept of the stochastic integral in Hilbert spaces see [15], [5].
The drift coefficient « is assumed to be a process taking values in the space [, with the norm
denoted by | - |y, satisfying Bochner integrability condition:

s S [ 8 2
/ | oy | dt = / / A, T)dT | dt<oco P—a.s. (2.5)
0 0 0

Processes (o) is assumed to be a predictable process taking values in the space of Hilbert-
Schmidt operators Lys(I?, H):

00 00 S
loll? s = D Lot 5= (/ a’(t,T)%lT) <oco P—as., (26)
i=1 i 0

i—1

and satisfied the integrability condition:

S 00 S S
/0 Hatuimpﬂ)dt:Z/o (/0 ai(t,T)ZdT> dt<oco P—as. (2.7)
=1
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Conditions (2.5) and (2.7) are necessary and sufficient for the forward rate curve process (f;) to
be continuous in H.

The short rate process 7 is defined by r(¢) := f(¢,t) and the evolution of the money held in the
savings account is given by the equation:

The bond price P is a process defined by the following formula:

P T) = o= I e, 8)
and the discounted bond price 15, due to (2.2), satisfies:
P(t,T) = BY)P(t,T) = e~ Jo ftu)du, (2.9)

Let G := H'[0, 5] be the Hilbert space of absolutely continuous functions with square inte-
grable first derivative equipped with the norm:

S dg 9
2. _ 2 ag
9l P+ [ (G0) s gec

Note that the process P takes values in G. In fact, since:

d - .
a7 P, T)=—P(t,T)f(t,T),

we have:
S

= Peo?+ [ (P15 ) dr

0

. S
< P(t,0) + C(1) / F(t,T)2dT < oo,
0

where C(t) = supreo g P2(t,T) is finite because P(t,T) is a continuous function of 7. We

will also assume that the model is arbitrage-free, in the sense that the process f’(, T) is a local

martingale for every T € [0, S], see Delbaen, Schachermayer [7], [8]. This postulate is satisfied
if and only if the following H J M -condition holds, see Jakubowski, Zabczyk [10]:

T 11 [T 9 B
/ at,u)du = 5‘ / o(t, u)du‘l2 vt, T el0,95]. (2.10)
t t
Differentiating (2.10) with respect to 7' gives the following formula:
T
t

at,T) :Za"(t,T)/ o'(t,u)du Yt,T €]0,9] (2.11)
=1



As a consequence of (2.11) we can write the following expression for the process P, see [10]:

dP(t,T) = P(t,T) ( Y b, T)dW@‘(t)), (2.12)
=1
where
b'(t,T) := —/ o' (t,u)du, t, T €10,5]. (2.13)
0

Let (T';) be a stochastic process with values in the space of linear operators from /2 into G given
by the formula:

(Tew)(T) := P(t,T) Y b (t,T)’, wel’, ,T€l0,8] (2.14)
=1

Proposition 2.1 For everyt € [0, 5], T'; given by (2.14) is a Hilbert-Schmidt operator form [?
to G. Moreover with probability one

S
/0 T, 2.0t < 00 (2.15)

Proof: At the beginning we show an auxiliary estimation. By (2.9) we have:

Nl

| P(t,T) |< I 1f () du < e(foglf(W)\QdU)% 8 _ lfilm (8)2 (2.16)

Since (f;) is a continuous process in H, we conclude that the function ¢ —| f; |y is bounded

as a continuous function on [0, S], i.e. there exists a constant A > 0 such that:

sup | fi [n< A (2.17)
tel0,5]
Thus for some B > 0 we have:
| P(t,T)|<B Vt,Tel0S5] (2.18)

Forany: = 1,2, ..., we have:

% (P(t,T)bi(t, T)) - %P(t, T) Vi(t,T) + P(t, T)%b"(t,T)

= f(t,T)P(t,T) /0 ' o' (t,u)du — P(t, T)o' (¢, T). (2.19)



Using (2.17), (2.18), (2.19) we can estimate the GG-norm of P(t, )b (t, ) by the H-norm of c':

2

P () [ /Osp(t,T)2 (f(t,T) /OTai(t,u)du—ai(t,T)) iT
§32/052 <(f(t,T) /OTai(t,u)du)
< B2 <2 /05 f(t,T)? (T/OTai(t,u)Qdu) dT +2 | ot |§{>

5
< B? (2/0 f&.T)*S oy |5 dT +2 | o} \fq)

2

+ o'(t, T)2> dT

S
<28’ | o} [} (9 | rerprar s 1) =28 | o} [i (S| fu iy +1)
0
<2B*(SA+1)|a |3 . (2.20)

Let (e")2°, be a standard basis in /2. In virtue of (2.7) and (2.20) we obtain the desired estima-
tion:

S S 3§ oo
/0 ITL2, s ylt = / ST 2 dt = / SO P () [ dt
=1 =1

S oo S
< 2B*(SA+ 1)/ > o5 dt <2B*(SA+ 1)/ 0417 s 2.2 At < 0.

|
As an immediate consequence we obtain:
Corollary 2.2 The process P of discounted bond prices is a G-valued local martingale.
Since (2.15), hence the equation (2.12) can be written in the form, see [15], [5]:
A A t —
P, =P, +/ [dW,, te]0,S]. (2.21)
0

2.2 Portfolios and strategies
2.2.1 Trading strategies

In general portfolios ¢ are identified with linear functionals acting on a space in which the
price process lives. For the bond market the following classes of portfolios are considered in
literature.



A) Portfolios consisting of finite or infinite number of bonds:

Y = Zaié{Ti}7 m e NUOO7 aiaﬂ S [075}7 1= 1727"'7m7 Z | a; |< Q.
=1

=1

B) ¢ are finite signed measures on the interval [0, S].

C) ¢ are bounded functionals on the space G = H'[0, 5], shortly ¢ € G*, where G* denotes
the dual space.

The class A has an obvious interpretation. Some justification for using portfolios as finite signed
measures or as elements of G* can be found in [6] or in [2] and [3]. Let us recall that the space

G* contains finite signed measures on the interval [0, S].

Definition 2.3 A trading strategy is any predictable process with values in some fixed class in
A-C.

Definition 2.4 The (discounted) wealth process Ve corresponding to p is given by:

t
‘/;p = VHD ‘|‘/ < Ps, dPS >G6* .G t e [O,S],
0
The concept of stochastic integral will be discussed now.

Since P is a G-valued local martingale of the form (2.21), the class of integrands, see [15],
consists of all G*-valued predictable processes  satisfying:

/ | e@h)

Q =TT,  te0,S] (2.23)

2. dt < oo, (2.22)

where

In (2.23) F; is the conjugate of I';, i.e. foralla € G and b € [ we have < F;a, b>p=< a,I'ib>q.

We say that a predictable process ¢ is P integrable if ¢ satisfies (2.22). The construction of the
stochastic integral in [15] is developed for a square integrable martingale, but it can be extended
to local martingales by the localization procedure. Moreover, identifying Hilbert space G with
its dual, with ¢ € G corresponding to p € (G, we have

1 11 r 1 . * ~
| 0(QF) é‘* =< ([ T2, (T41) 20 >a=| T'¢ |2G:| Lo 2G* .
So, the condition (2.22) can be reformulated as:
S
/ | T3, |7 ds < oo. (2.24)
0



Therefore, ¢ is (P,) integrable if (2.24) holds and then
t R t
/ < s, dPs > = / < Ips, dWs >p2 2 . (2.25)
0 0

We define a class of admissible strategies in a standard way, see, for instance, Karatzas, Shreve
[13], Hunt, Kennedy [9], Jarrow, Madan [11].

Definition 2.5 A strategy ¢ is admissible if it is (]5,5) integrable and if the process

t
/ < (g, dPs >G* .G t e [0, S]
0

is a martingale. The class of all admissible strategies will be denoted by A.

Example 2.6 Assume that ¢ is a G*-valued predictable process.

1) If o satisfies the integrability condition:

1
S 2
E (/ | T, |3 ds) < 00,
0

then ¢ € A. Indeed, the Burkholder-Davies-Gundy inequality implies that the integral
Jo < s dP, >g- ¢ is a martingale.

2) If there exists a constant ' > 0 such that the following condition holds:

t
/ < s, dPs >ce | < K, vtelo,S],
0

then ¢ € A, because a bounded local martingale is a martingale. U

2.2.2 Generalized strategies

A class of generalized strategies consists of predictable processes for which the integral with

respect to the process P is well defined. This class contains G*-valued strategies but also
strategies which take values in the space of unbounded functionals on G. The integral with

respect to the process P given by (2.21) is defined in [15], see also Peszat, Zabczyk [18], where
the space of integands is explicitly described. The class of integrands consists of all predictable
processes ¢ taking values in the space of linear but not necessarily continuous functionals on
G, satisfying the following conditions:

ImQt% C Domey, got(Qt%) eGr, vte|o,S], (2.26)

2. dt < oo. (2.27)




Definition 2.7 An admissible generalized strategy is a predictable process o taking values in
the space of linear functionals on G, satisfying (2.26) and the following condition:

g 1
3y |2
E (/0 | 0(QF) [ dt) < 0.

The stochastic integral of ¢ with respect to (7,) is denoted by [ (s, dP,). Notice that

t t
/ (s, dﬁ’s) = / <TI%ops, dWs >p 2, t €[0,5], (2.28)
0 0

where by '} o ¢ is given by the formula T o o, (u) = p4(Tsu),u € 2.

3 Completeness

3.1 Case of trading strategies

We define the completeness of the market in a usual way.

Definition 3.1 Let S < S. The bond market is complete on [0, S| if for any Fs-measurable,
bounded random variable £ there exists an admissible strategy p and a constant c such that

S
§= c+/ <, dP >g (3.29)
0

Theorem 3.2 The bond market is not complete on [0, S] for any S < S.

For the proof we will need the following lemmas.

Lemma 3.3 (Appendix B in [5]) Let X,Y, Z be three Hilbert spaces and A : X — Z, B :
Y — Z two linear bounded operators. Then ImA C ImB if and only if there exists constant
¢ > 0 such that ||A*f|| < c||B*f|| forall f € Z*.

The next lemma states a uniqueness of random variables representation in a class of admissible
strategies. This property is crucial in a method which is used in the proof of the main result.

Lemma 3.4 Let v,y € R. Assume that 1) is integrable with respect to W and such that
f; s dWy, t € [0, 5] is a martingale. If for ¢ € A the following condition

s s
x + / < s, dPy >gr =y + / < s, dWs >p2 2, (3.30)
0 0

is satisfied, then v = y and I'ips = s a.s. wrt. P @ X on Q x [0,S], where \ denotes a
Lebesgue measure.



Proof: Taking expectations of both sides in (3.30) we immediately obtain that z = y.
Thus the following condition is satisfied:

S
/ < F:QDS — 77[)3, dWS >12712: 0.
0

By Lemma 10.15 in [5], there exists a standard, one dimensional Wiener process B for which
we have:

t t
/ < F:QOS — ’QDS, dWS >12712: / | F:QOS — ws |l2 dB(S) Vite [O, S]
0 0

Thus the process fot | Ifps — s |12 dB(s) is a martingale which is equal to zero at time S. So,

it is equal to zero for every ¢t € [0, S]. By the uniqueness of the martingale representation, see
Theorem 18.10 in Kallenberg [12], we conclude that the integrand must be zero which implies:
[Mps =1, P® A as.

|

3.1.1 Proof of Theorem 3.2

Due to the definition of the integral with respect to P, the set of all final portfolio values starting
from zero initial endowment has the following structure:

S S
{/ <§0t,dpt >ax 0t QOEA} = {/ <F:§0t>th >22 QDEA}
0 0

We will show that the operators I'f, ¢t € [0, 5], are not surjective and we construct process
taking values in the space [? satisfying conditions:

1) ) is integrable wrt. ¥ and such that fot <y, dW; >p 2, t € [0, 5], is a martingale,
2) 1y ¢ Im(T'F) with positive P ® A\ measure,
3) the random variable fOS < ¢, dW; >p2 2 is bounded.

Then, in virtue of Lemma 3.4, for any ¢ € R and ¢ € .4 we have:
S s
/ < Yy, dW; >l2,l27é C —|—/ < F:@t, dW, >p22 .
0 0

Thus the integral fOS < 1)y, dW; >p2 2 is a bounded random variable which can not be replicated.

By Proposition 2.1 the operator I'; is a Hilbert-Schmidt operator for any ¢ € [0, S]. Thus T'; is
compact, so is I';. As a compact operator with values in infinite dimensional Hilbert space, I';
is not surjective.
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Let us consider the self-adjoint operator (F’{Ft)% : [2 — [? which is also compact. For any

u € [ we have:

| (T:Ty)2u [a=< (ITy)2u, (TiT) 20 >p=< [T, u >p=< Dw, T >e=| Twu |,

so by Lemma 3.3 it follows that Im(I'}) = ]m((Fth)%).
By Proposition 1.8 in [5] the operator (I} Ft)% can be represented by the formula:

1

(ITy)? = ZA ) 9 ® gp,

where \;(t) is a random variable and gf is an [?- valued random variable for i=1,2,... . Here "®"
denotes the linear operation: (a ® b)h = a < b,h > for a,b,h € [*. Moreover, ); and g’ are

predictable as functions of (w, ) and A;(£) —;_..c 0 by compactness of (I';T;)z.
Our aim now is to construct the process 1) where 1, = (¢'(t),0(t), ...) € I? such that it is not
of the form Y7, \;(t)g; < g;,u >2 for any u € . This process process must thus satisfy:

= ()’
Z</\z(t)> -

=1

> (@) < co.

=1

Let us define the sequence (ij(?))x=1,2. . in the following way:

ir(t) := inf {@ :

’ik+1(t) = inf {Z > 1y

and put

= if i =i (t).

{0 if i £ iy ()

< 2 ~.
Then we have > 7, (f f))) >3 m kP =oc0and Y0 WN(t)? = Y0, 5 < 00, so the

process is bounded in /2. It is also predictable since it is obtained by measurable operations on

predictable elements. Thus the process Y is integrable with respect to W and fo <, dW > 12,12

1s a martingale.
Now let us define a stopping time 7 as:

t
= mf{t > 0: ) / < Py, dW, >2,12 > 1} AS.
0

11



Finally, we define the required process as:

by = Pl (1)

Remark 3.5 From Theorem 3.2 with S = S it follows that the bond market is not complete on

[0, S] if traders can use natural strategies only.

3.1.2 Incompleteness in L]0, S|

Proposition 3.6 There exists a model of the bond market in which all L?[0, S)-valued processes
@ such that

S
E (/ | ¢t 220,91 dt) < 00 (3.31)
0

are admissible strategies (absolutely continuous measures are identified with their densities).

Proof: We will construct the model by defining the volatility coefficient. Let us assume that
satisfies the following conditions:

0<&tT)<K i=12,...,(T)€[0,5] x [0,S] for some K >0, (3.32)
I _
(o) i< 5 i=12,...,t€0,8], (3.33)

and define a new operator o as

F(t,T) it Y2, [i&i(s, T)AW(s) > 0,
o'(t,T) = (3.34)
0 it 52, [1&i(s, T)dWi(s) < 0.

i=1J0

Let the coefficient a be given by the HIM condition (2.11):
alt,T) =Y o'(t,T) / o'(t, s)ds. (3.35)
i=1 t

It follows from (3.32), (3.33), (3.34) and (3.35) that coefficients « and o satisfy (2.5) and (2.7).
Assume that the initial forward rate curve is nonnegative: f(0,T) > 0 for T € [0, S]. Then

£(8,7) :f(o,T)+/Ota(s,T)ds+i/otai(sj)dwi(s) >0, (7)€ 0,8 x[0,35]

12



and thus P(¢,T) = e~ Jo Ftwdu < 1 Tt follows from the condition (3.33) that:

Z/ b (t, T)*dT = Z/ (/ tudu)QdT

> T _ 1 _
< E /0 (T/O a’(t,u)zdu) dT < §? g = vt € [0, 5].
i=1

=1

As a consequence we obtain the following inequalities:

E (/ T 2 dt) </OS§: (/OS @t(T)p(t,T)b’(t,T)dT)Zdt))
S S 00 S
<E (/0 (/0 gpt(T)QdTZ/O bi(t,T)QdT)dt)
< S i leE (/S /S cpt(T)2det> < 0. (3.36)

In view of (3.36) we conclude that for each ¢ satisfying (3.31) the process fo < ¢, dpt > .G
is a martingale and thus ¢ is admissible. |

Corollary 3.7 There exists an incomplete bond market for which all L*[0, S]-valued processes
satisfying (3.31) are admissible. To see this is true it is enough to remark that the model pre-
sented in Proposition 3.6 is incomplete.

Remark 3.8 Due o relation L2[0,5] = H D G = H'[0, 5] we can treat the process (P,) as
taking values in the space H. The inclusion H* C G* expresses the fact, that if we admit H as a
state space for the discounted bonds prices, then the investor can use smaller class of strategies

and as a consequence, in this case, the market is also incomplete. It follows from Corollary 3.7
that Theorem 4.1. in [1] is false.

Remark 3.9 It was pointed out by one of the reviewers that the market considered in [1] is
approximately complete but the limit passage, performed in [1] to get completeness, is not
correct.

3.1.3 Comments on admissibility

Notice that Lemma 3.4 can be reformulated in the following way. If for the W integrable pro-

cesses 7,1, such that the integrals [ < v, dW; >p2 2 and [ < 15, dW, >z 2 are martingales,
we have:

S S
T+ / < s, AW >ppe=1yY +/ < g, dW >2,12
0 0

13



for some z,y € R, then x = y and v = ). It turns out that this assertion is not true if we assume
only the existence of the integrals or if we additionally assume that the integrals are bounded
from below. A counterexample in a one dimensional case which we show is based on Example
8 p. 259 in Lipcer, Shiryaev [14].

Example 3.10 Let us consider a one dimensional Wiener process B on the interval [0, 1]. The
following stopping time:

=inf{t € [0,1]: B*(t) +t =1}
satisfies P(0 < 7 < 1) = 1. The process

2B(t)

X(t) = —@1{&7}

is integrable with respect to B because the following estimation holds:

/OIX(S)st - 4/0T <f£812)4ds < 0.

Applying the 1td formula to the process (B( ))2 we obtain:

/0 X (s)dB(s) — %X(S)st =-1- Q/OTB(S)2 (<1 —15)4 1 _1 5)3) ds < —1.

As a consequence, the Doléans-Dade exponent M = £(X), which is a local martingale, is not
a martingale because

E(M(1)) = <efo (s)dB(s)~ X<s>2d8) <el< M(0) = 1.

The random variable M (1) satisfies estimation 0 < M (1) < e ! and thus the application of the
martingale representation theorem to the square integrable martingale E[M (1) | ;] provides:

M(1) = E[M(1)] + / +(5)dB(s),

where E fo s)ds < oo. On the other hand the application of the martingale representation
theorem to the local martingale M provides, see Theorem 18.10 in [12]:

M(l)—M(O)+/0 W(s)dB(s) —1+/0 W(s)dB(s)

where P( fo s)ds < oo0) = 1. Moreover, ¢ satisfies condition E fo (s)ds = oo because

M is not a martlngale.

Summarizing, we have two different representations of the same bounded random variable
M(1),ie.

EMM)]=z#y=1  ~v#.

Moreover, both representations are bounded from below by zero. U

14



3.2 Completeness with generalized strategies

In this subsection we formulate a sufficient condition for completeness in the class of general-

ized strategies. Let S = S. We start from the auxiliary lemma.

Lemma 3.11 Let £ be a square integrable, Fs measurable random variable such that E{ = 0.
Then & can be represented in the following form:

S
g = / < 'QDS, dWS >l2,l27
0

where 1 is a predictable, [>-valued process satisfying condition E fos | s ’f2< o0. Moreover,
s
E£2 = Efo | 77st |122

Proof: This result is true when W is finite dimensional, see Lemma 18.11 in [12]. The gen-
eralization can be obtained by the following arguments. Let G,, C F be a o-field generated
by

Wo(s) = (W(s), W2(s),..., W"(s)), s<58,

and let &, = E({ | G,). Since & € L*(2) and G,, T F = U, Gn, s0 by the classical
convergence theorem for martingales, see Corollary 7.22 and Theorem.7.23 in [12], £, — &
in L2(£2). On the other hand we have:

s
&= [ eals)dis)
0
Setting 7 := (p,(5),0, ...) € [* we see that

S
fn = / < (ﬁ?,dWs >l2,l2 .
0

Hence E(&,, — &,)? = Efos(gb’; — ¢™)2ds — 0 with m,n — oo and therefore {¢"} is a
Cauchy sequence in F' = L?(Q x [0, 5], Fs @ B[0,S],P x \;I?). By the completeness of F
there exists a predictable limit ¢ € F' of the sequence (,,). Due to the fact that

S S
/ < @Z, dW, >z pp— / < Pg, dW, >2 2 in LQ(Q),
0 0

we have the required representation: £ = fOS < s, dWs >p2 2. [ |

Theorem 3.12 [f the operator 1 is injective P @ \ a.s. then the bond market with admissible
generalized strategies is complete. Moreover, any square integrable random variable can be
replicated.
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Proof: Let £ € L?(f2). Using Lemma 3.11 we can represent £ in the following form
5
fzx—i—/ < ws,dWS >127127
0

where z = E(£) and v is a predictable, [*-valued process satisfying condition

E fOS | s % ds < oo. We will find an admissible generalized strategy ¢ such that

S S
/ < 7,05, dW, >2 2= / (9057 dPS) (3.37)
0 0

Since I'; is injective, so

01(v) =< Yy, T o >p, Vo € ImlI'y,

is a well defined linear functional. The process (¢;(T';)) is predictable and for any u € I* we

have:
< ahy,u >p=< 1, Ty Tu >p= @, (Tu).
Therefore
U = (1), vt € [0, 5], (3.38)
so by (2.28) the formula (3.37) is satisfied. [ |

Now, we give an example of a bond market with deterministic volatility (Gaussian HIM-model)
which is complete.

Example 3.13 Let o7, j = 1,2, ... be given by the formula:

) T — ¢ _
o’(t,T) := v;sin (jw(g t> \/O), 0<t,T<S,

where 7; > 0, and )22, 77 < oo. Notice that for any ¢ € [0, 5] the sequence (07 (t, -)); is an
orthogonal system in L2[t, S| and

V.

2o | W

| o7 (t,) | 20,5 <

Hence the process (o;) satisfies (2.6). So the deterministic process (I';) satisfies (2.15). There-

fore the corresponding process (]5,5) is a G-valued martingale. To prove that in this case the
bond market with generalized strategies is complete, it is enough, by Theorem 3.12, to show
that T'; is injective for all ¢ € [0, S]. To this end we prove that if [';u = 0 for some u € 2, then
u=0. Differentiating

(T = — i ( /OT it s)ds) W



with respect to 7', we see that
o0
Zaj (t,s)u! =0
j=1

in the sense of L2[t, S]. By orthogonality of the sequence (o7 (t, -)); we obtain that v/ = 0 for
7 =1,2,...,hence u = 0. So, I' is injective. O

Remark 3.14 In general if (I'y) is not injective P ® X\ a.s., then in a similar way as in the
proof of Theorem 3.2 one can show incompleteness even with the use of admissible generalized
strategies.
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