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On the Zariski invariant of plane branches
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Abstract. We show how to obtain the Zariski invariant of a plane branch employing
the contact order or the intersection multiplicity with elements in a particular family of
curves, and we present some consequences of this result.

1. Introduction. Let C; : {f = 0} be an irreducible singular plane
curve (briefly, a plane branch) defined by an irreducible convergent power
series f € C{z,y}. We denote by mult(h) the multiplicity of he C{x, y}\{0},
that is, the smallest s € N such that h € M®\ M**! where M stands
for the maximal ideal of C{x,y}. Up to a change of coordinates, we may
assume that {z = 0} is transversal to Cy and f € C{z}[y] is a Weierstrass
polynomial, that is, f = y™ + > i, ci(z)y" ™" where ¢;(z) € C{z} with
mult(c;(z)) > ¢ and n = mult(f) = deg,(f) is the multiplicity of f. We
denote mult(Cy) := mult(f).

By the Newton—Puiseux theorem, f admits a root given by

a(z) = Zaimi/” e C{z/}.
i>n
In addition, the zero set of f is {aj(x) := ) ;. aieémi/" € € Uy}, where
U, is the multiplicative group of complex nth roots of unity. In this way, we

get

fxy) =[]y - o).
j=1
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Setting ¢ = x1/™ we have a(t") = Y., a;t' € C{t}. The pair

(1.1) (t”,Zaiti)
i>n

is called a Puiseuz parametrization of Cy. Notice that f(t", Y, , a;t') =0.In
addition, by the Newton—Puiseux theorem, is a primitive parametriza-
tion, that is, n and the elements of {i : a; # 0} do not admit a non-trivial
common divisor.

Given a Puiseux parametrization we define two sequences of inte-
gers:

(1 2) 50 =n, €0 ‘=N,
Bj :=min{i:a; #0and i € e;_1N}, e :=ged(ej—1, 5j),
for 7 > 0.

In what follows we denote m := (31. Since the parametrization is primitive,
there exists an integer g > 1 such that e, = 1 and the sequences are
finite.

The sequence (f;)7_ is called the characteristic sequence of Cy and it
determines the topological type of the curve Cy (see [Z32, p. 465]). The set of
all irreducible plane curves with the same characteristic sequence (;)7_ or
equivalently with the same topological type is denoted by K (n,m, fa, ..., Bg).

Given Cy € K(n,m, 2, ..., 4) we consider the set

I'y :={I(f,h) : fdoes not divide h in C{x,y}},

where
Cfa, y}

(f,h)
is the intersection multiplicity of Cy and C}, at the origin. We also denote
I(f, h) by I(Cy,Cp). It follows from the properties of codimension of ideals
that I'y is an additive semigroup of N, called the values semigroup of Cfy.
Moreover, I'y admits a conductor

I(f, h) := dim

pp=min{y € I'y:y—=1¢ Iy and v+ k € I'y for any k € N}

and it coincides with the Milnor number of C, that is, uy = dimc ((Cfgx}i};

If Cy € K(n,m,Ba,...,0B,) then the semigroup Iy is finitely generated
by g + 1 natural numbers v9 < v1 < --- < vy and there is a relationship
between the sequences (3;)7_, and (v;)7_, as follows (see [Z86, Theorem 3.9]
for instance):

vo=pFo=n, vi=p1=m,
€j—2

Vj = nj-1vj—1 + ,Bj — 5j_1 for 2<j <g, where nj—1:= 67
-1

(1.3)

In what follows we write I't = (vo,v1,...,vq) := Nvg + Nug + -+ - 4+ Nuy.
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In addition, according to [R09, Proposition 9.15|, the conductor of I
can be expressed as py = > .7 1 (n; — L)v; — (vg — 1).

Let Cf € K(n,m, 32, ..., ) be aplane branch with Puiseux parametriza-
tion (t",3 ., a;t'). Zariski [Z66l pp. 785-786] proved that if a; # 0, n < j
#m and j +n € I'y then there exists a change of coordinates such that Cf
is analytically equivalent to a plane branch with Puiseux parametrization

(t", > ait’ + Za;ti).
n<i<j i>j
Moreover, he showed that C} is analytically equivalent to a plane branch
with Puiseux parametrization (¢",t™) or

(1.4) (t”,tm NEDY biti) with by, # 0 and Af +n & Ty,
P>\
The integer s is an analytical invariant (see [Z66), p. 785]) called the Zariski
invariant of Cy. If Cy is analytically equivalent to (¢",t™) we put Ay = oo.
In general, it is not immediate to identify the Zariski invariant directly
from any Puiseux parametrization, as shown by the following example.

EXAMPLE 1.1. Let Cy € K(4,7) be given by the Puiseux parametrization
QO(t) — (t4,t7 —|—t10 +t12 + btlg).
Notice that 10 + 4,12 +4 € I'y and 13 +4 ¢ I'y. But we cannot conclude
that Ay = 13 for any b # 0.
In fact, taking the change of coordinates

4
o(z,y) = <w + =Yy - 3:3)

and parameter
(t) =t — T 3y Ll
PUO=E770 7ot T 7
we get

Y(t) :=copop(t) = <t4+ (;lb— f’é)t“” + A(t), 17 + <b— ﬂ) 13 +B(t)>,

where A(t), B(t) € C{t} have order greater than 13.
Now after the change of parameter

432\, AW\
= . 1 —hH — — _
t =t ( +<7b 49>t +

we find that Cy is analytically equivalent to the plane branch with parametr-
ization

17
(1.5) (ti‘,ti + <b - M)t%” + S<t1)>,
where S(t1) € C{t1} has order greater than 13.
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Since any integer z > 13 satisfies 2 +4 € I'y, by a change of coordinates
and parameter (see [Z66], p. 784]) any term in with order greater than
13 can be eliminated, and consequently Cy is analytically equivalent to a
plane branch with Puiseux parametrization

17
(o)

In this way, we get Ay = 13 if and only if b # %, that is, C'y is analytically
equivalent to the plane branch defined by y* — 27 = 0 if and only if b = %.

In this paper we characterize the Zariski invariant by means of the con-
tact order and the intersection multiplicity with a particular family of plane
branches and we present some consequences of this result.

2. The Zariski invariant, contact and intersection multiplicity
of plane branches. As before, we consider Cy € K(n,m, f,...,,) with
Puiseux parametrization (", a;t'), where I'y = (n,m,va, ..., vg) is its
values semigroup and Ay is the Zariski invariant of C'y as introduced in .

REMARK 2.1. If I't = (n,m,va,...,v4) and n; = e;_1/e; fori=1,...,¢
in then any z € Z can be uniquely represented (see [R09, Lemma 9.14])
as

g
(2.1) Z:ZSZ'UZ' with 0 < s; <n; for 1 <i<gand sy € Z.
i=0

In particular, an integer z = Y 7 s;v; as in (2.1)) belongs to I'y if and only
if S0 > 0.

Let Cy € K(n,m,Ba,... ,@g) be a plane branch with g > 2 and Puiseux
parametrization (", .. a;t'). By 1’ we get Bo = vo + 1 —nivp = vo +
v1—myvg with my := m/e; > 2. In particular, fo+vy = vo+v1—(m1—1)vg, sO
B2+ is an integer as in ([2.1), with —(m1 —1) = 59 < 0, hence fo+vg & I';.
By (1.2), we get ag, # 0 and for g > 2 we have

m < )\f < fs.

Let us recall the notion of contact order between two branches.

Let C'y and C} be two plane branches defined by Weierstrass polynomials
fih € C{z}y] with n = mult(f) = deg,(f) and n’ = mult(h) = deg, (h). If
{ai(z) : 1 <i <n}and {0;(z) : 1 <j <n'} denote the zero set of f and h
respectively, then the contact order of Cy with C}, is defined as
(2.2) cont(Cy,Cr) = max mult(a;(z) — J;(x)).

1<i<n
1<j<n’

The following proposition relates the contact order and the intersection
multiplicity of two branches:
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PROPOSITION 2.2 ([M77, Proposition 2.4|). Let Cye K(n,m, f2,. .., 8y),
let I'y = (n,m,va,...,v4) be its values semigroup and Cy be any plane
branch. The following statements are equivalent:

(i) cont(Cy,Cp) =0 with 6 € Q and By/n < 0 < Bgq1/n for somel < q<g
(by convention Bg41 = 00).
I(Cf, Ch) NgVq + nf — ﬁq

(i) mult(Ch) T non- ng (where no = 1).

Since the intersection multiplicity and the multiplicity of plane branches
are invariant under analytical changes of coordinates it follows that the con-
tact order between two branches is also an invariant of analytical equivalence.

REMARK 2.3. A direct application of the contact formula (2.2) shows
that for three plane branches C1, Cy and Cj, at least two of the three values

cont(C1, Cy), cont(Cq,C3), cont(Cy, Cs)

are equal and the third one is no smaller than the other two. In addition,
according to Ploski [PI85, Théoréme 1.2], at least two of the three values
I[(Cy,C9) I(Cy,Cs) I(Cy, Cs)
mult(Cy )mult(Cs)’ mult(Cy)mult(Cs)’ mult(Cy)mult(Cs)

are equal and the third one is no smaller than the other two. This property
is known in the literature as the triangular inequality.

Notice that the integers Bo, 51,...,08y and vg,v1,...,v, associated to a
plane branch Cy € K(Bo, f1,...,By) are geometrically characterized by

Bo = min {cont(Cy,C) : C'is a regular curve},
(2.3)  p1 = max {cont(Cy,C) : C is a regular curve},

Bi:max{cont(Cf,C):CeK( Bo_ . Bi‘l)} for2<i<yg,

€i—1’ 7 ei—1
and
vo = min {I(Cy,C) : C is a regular curve},
(2.4) v1 = max {I(C¢,C) : C is a regular curve},

Ui:max{I(Cf,C):C’EK(e?—fl,... 5’—’1)} for2 <i<g.

7 ei—1

In what follows, similar to and , we present a geometric in-
terpretation for the Zariski invariant of a plane branch using the contact
order or the intersection multiplicity with elements in a family B of curves
in K(ny,my).
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THEOREM 2.4. Let Cy € K(n,m,Ba,...,08,) be a plane branch defined
by a Weierstrass polynomial f € C{x}[y]. Then

—n. — max] — (g —1
Af=n rgggcont(Cf,C) max (Cy,C) = (n — 1)m,

where B C K(n1,my) is the set of branches which are analytically equivalent
to y™ — ™ =0 with ny =n/e; and my = m/e;.

Proof. 1f the Zariski invariant of Cy is Ay = oo then, by [Z66] p. 784],
we get e; = ged(n,m) = 1, that is, n = ny, m = my and Cy is analytically
equivalent to y"* — 2™ = 0, so Cy € B and the theorem follows since
I(Cy,Cy) = oo = cont(Cy, Cf).

Suppose that Cy has a finite Zariski invariant ;. Then there exists an
analytic change of coordinates @ such that ¢(Cy) has a Puiseux parametriza-

tion (|1.4), that is,

(t”,tm + by, 1M+ Z biti> with by, # 0.
i>)\f

After Proposition and in order to compute maxcep I(Cy, C'), it is enough
to determine maxcep cont(Cy, C).

Notice that Cj, € B C K(n1, m1) defined by h = y™ —z™ whose Puiseux
parametrization is (¢"',¢") is such that cont(®(Cy),Cp) = A¢/n.

In addition, given C' € B C K(ni,my), if cont(®(Cy),C) > A¢/n =
cont(®(Cy),Ch) then by Remark we get cont(Ch,C) = Ay/n. By def-
inition of contact order (see ), C admits a Puiseux parametrization
("1™ 4 otk + Yo, et?) with cont(Cp,C) = Ag/n = k/ny for some
k > my and ¢ # 0, that is, & = Ay/e;. Since C € B C K(n1,my), we
must have k + n; € (ni,my), as otherwise k& would be the Zariski invari-
ant of C, contradicting C' € B . But in this way, Ay +n = erk +eing €
(n,m) C Iy, which is absurd, because A is the Zariski invariant of Cj.
Hence, maxcep cont(®(Cy), C) = A¢/n.

Notice that for any change of coordinates @ and for every C € B we
get ®(C) € B. In particular, ®(B) C B and &~ (B) C B, and consequently
&(B) = B. Since the contact order is invariant under change of coordinates,
we get

Af/n = Iélgl}gccont(@(cf)a )

—_— 71 _
= @_1(613312%{1(3) cont(Cy, @7 (C)) = max cont(Cy, C).

This finishes the proof of the first equality of the statement.
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Since m < Ay < P and mult(C) = ny for every C' € B, again by
Proposition [2.2] we get

maxI(Cy,C) =

(nl—l)m—l—/\f if)\f<52,
ceB

vg = (n1 —1)m+ P if Ay = Bo,
and the theorem follows. =

EXAMPLE 2.5. If Cf is the plane branch with Puiseux parametrization
(t4,t7 + 19 4+ #12) then, according to Example , we get Ay = 13 and the
plane branch C}, with parametrization (t4, 1T 10 4412 1 %t13) is an element
in B C K(4,7) such that cont(Cy,Cp) = 13/4 = Af/n. Consequently, the
branch C}, satisfies

cont(Cy,Cy) = Iélgéicont(Cf,C) and I(Cy,Cp) = Iélgl)gd(Cf,C).

In [C82] pp. 62-63] Casas-Alvero studied a similar property to Theorem
2.4 using the theory of infinitely near points, although no formula is presented
in this context.

Let Cr € K(Bo,P1,.-.,04) and C}, € K(B(’),ﬁi,...,ﬁ;,) be two plane
branches with values semigroups I'y = (vg, v1, . . ., vg) and I', = (vg, vy, . . ., v;,>
respectively. Using the definition of contact order and a simple computation,
it follows that if cont(Ct, Cy) = 0 > Bi/So then
(2.5) G _bi_u

¢ B

where €], = ged(f), ..., B) = ged(vy, ..., v)).

1 Uy
As an application of Theorem we will see that (2.5 is also valid for
the Zariski invariant.

for 0 <i <k,

PROPOSITION 2.6. Let f,h € C{z}[y] be two irreducible Weierstrass poly-
nomials defining Cy € K(n,m,fa,...,Bq) and Cy, € K(n',m/, B, ... ,B;,)
with X and N their respective Zariski invariants.

(i) If cont(Cy,Ch) > A/n then A\/n =X /n'.
(ii) If I(Cy,Cp) > n' - (n1 — 1)m + A/ny then A/n =X /n'.
Proof. (i) Since cont(Cy,Cy) > A/n > m/n it follows by (2.5)) that

!/ /

n o n m m
n=—=— and m;=—=—.
By Theorem [2.4] we have
A H{CpC) and 2 t(Ch, C)
— = max con R an — = Inax con
n CceB ! n' CeB W=D

where B is the set of plane branches which are analytically equivalent to
y™ — ™ = 0.
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Since cont(Cy, Cy) > A/n, by Remark [2.3| we get
cont(Cy, Cy) > cont(Cy, C) = cont(Ch, C)

for any C' € B. So, maxcep cont(Cy, C) = maxcep cont(Cp, C), and conse-
quently A\/n =\ /n'.

(ii) Let us denote cont(Cy, Cp) = 6. Since x = 0 is transversal to Cy and
Ch, we get 6 > 1. We will show that 6 > \/n.

By hypothesis we get

-1 A
(2.6) I(Cy,Cp) > n - w
ni
Suppose towards a contradiction that § < A\/n. We have the following pos-
sibilities:
(a) If n/n < 6 < m/n then, by Proposition 2.2, we get I(Cy, Cy)/n’ = nf.
Since m < A, we have
/ ! ynm , (mp—1m+ A
I(Ct,Cp) =n'n <n'm=n"— <n - ———,
ni ni
which contradicts (2.6)).
(b) If m/n <60 < A/n and X\ < 2, Proposition [2.2) gives
—1 0 -1 A
(Cp Gy = - L IRER0 y (mZ Dm )

ny n

which is absurd since we have ([2.6]).
(c¢) Finally, if # = A/n and A = (33, by Proposition we get
Gy, Cp) =t 2020 =By o2y Z m A
ning ni ni
which is not possible according to (2.6)).
cont(Cy,Cy) = 0 > A/n and the result follows by (i). m

EXAMPLE 2.7. Consider the plane branches C7 € K (3,7) defined by the
Puiseux parametrization (3,7 +¢®) and Cy € K (6,14,17) given by

fo =98 — 62%y* — 227 (1 + 42)y® + 9210(1 — 2)y?
+622(1 + z — 2%)y + 21 (1 — 2 + 102 — 23).

As 843 ¢ (3,7), the parametrization of C is given by ((1.4) and, by defini-
tion, the Zariski invariant of C7 is A1 = 8.
Since

So

3—1)-7+8
1(C1, Cy) = mult(fo(t3,t7 +18) =45 > 44 =6 - ()3+
Proposition (ii) implies that the Zariski invariant Ao of Cy satisfies Ao /6 =
8/3, 80 Ay = 16.



Zariski invariant of plane branches 9

Up to a change of coordinates we can assume that Cj is given by a
Weierstrass polynomial f =y" + > ", ¢;(z)y" " € C{z}[y] such that

n=uvg = I(f,z) = min{I(Cy,C) : C is a regular curve},
m = v = I(f,y) = max {I(Cy,C) : C is a regular curve}.

Let Cy, € B C K(n1,m1) be a plane branch analytically equivalent to
y" — 2™ = 0 and such that I(Cy¢,Cy) = (n1 — 1)m + Ay, or equivalently
cont(Cy,Ch) = A¢/n. Since C is given by a Weierstrass polynomial, we
can consider C} defined by a monic polynomial h € C{z}[y] with degree
(and multiplicity) equal to n; = n/e;. In addition, systematically applying
Euclidean division by h, that is, considering the h-expansion of f, we obtain
Ay € C{x}[y] with deg, (A)) < n1 such that

e1—1
f=h" 4> Agh* and I(f,h) =1(Ag,h) = (n1 — )m + Ay
k=0

Notice that the conductor up of (ny,mi) is up = (n1 — 1)(my — 1) <
(n1—1)m+ Ay, so any integer z > (n1 —1)m+ Af belongs to (n1,my). Thus,
by Remark there exist p, ¢ € N with 0 < g < ny such that

pn1 +gmy = (n1 — 1)m + Ay = I(Ag, h).

Since I(f,h) = (n1 — 1)m + Af, I(f,x) = n and I(f,y) = m, it follows,
by Remark that I(h,xz) = ny and I(h,y) = mi. In this way, we get
I(h, 2Py?) = (n1 — 1)m + Ay, and consequently there exist unique 0 # c € C
and h; € C{z}[y] with deg,(h1) < n; such that A9 = caPy? + hy and
I(h,h1) > (n1 — 1)m + Xf = pny + gmy.

Similarly, we can write h; = )
have proved the following result.

in1+jmi>pni+qgmi aiijiyj with j < ni. We

PROPOSITION 2.8. Let Cy € K(n,m,Ba,...,Bq) be a plane branch de-
fined by a Weierstrass polynomial f € C{x}ly| with Zariski invariant Ay,
I(f,z) =n and I(f,y) = m. There exist Cy, € B C K(ni,m1) with I(Cy,Cy)
= (n1 — )m + Xy = pny + gmq and a unique 0 # ¢ € C such that

e1—1
f=h+ Z ARh* + caPy? + Z ajz'y’,
k=1 in1+jm1>pn1+qm1

j<m
where Ay, € C{x}[y] with deg,(Ay) < ni.
EXAMPLE 2.9. Consider the plane branch Cy € K(6,14,17) given by
fo =1 — 62yt — 227 (1 4 42)y + 92°(1 — 2)y2+
+62%(1 + 2 — 2%)y + 2(1 — 2 + 102% — 23).
By Example the Zariski invariant of Cs is Ay = 16.
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Considering the plane branch Cj, € B C K(3,7) given by h = 3% — 27
with Puiseux parametrization (¢3,t7), we get
Fo(83,67) = 9t — 9115 4 6116 — 9117 4 1088 — 619 — ¢5L.
In this way, we obtain
[(Cy, C) = mult(fo(t3,¢7)) =44 = (3 — 1) - 14 + 16.

According to Proposition we can write fo = h® + 221:_11 AphF +
cxPy? + hy, where Ay, € C{z}[y] with deg,(Ax) < ni, pni + qgmy = 44,
c#0and h; = Z(i,j) ai jz'y’, where each (i, 7) satisfies iny + jm > 44 and
j < mnq. In fact, since ny =3, m; =7and e; =2, we get 44 =10-3+2-7,
that is, p = 10 and ¢ = 2, which yields

fa = h% — (62°y + 82%)h + 92'0% + hy
with by = =922 + (62" — 62')y — 921° + 10216 — 217,

Notice that the plane branch Cj, € B € K(nj,m;) in Proposition is
not unique. In fact, consider Cy, given by h' = y? — 323y + 320y — 27 — 29
that admits Puiseux parametrization ¢(t) = (¢3,¢7 + t°). Since the change
of coordinates o(z,y) = (z,y — 22) is such that o o p(t) = (t3,t7), it follows
that Cj, € B C K(3,7). Moreover, 1(Cy, Cjy) = mult(fo(t3, 17 + %)) = 44 =
(3—1)-14416 = (n1 — 1)m + A2. So, applying Proposition we obtain

fa = (I')* + (62°y* + 320y — 62° — 262° + 112”) 4 92"%* + h}
with hf = (—6921! + 15212)y? + (15213 + 6624 — 24215)y — 27215 + 19216 —
1 Y Y
27217 + 10218,

In particular, if Cy € K(n,m) and, considering a change of coordinates,
the Puiseux parametrization of Cy is given by (1.4), thene; =1, h = 3" —2a™
and Proposition [2.8| gives

f=y" —a™ + caPy? + Z aijz'y’,
in+jm>pn+qm
<n
which is a similar expression to the one considered by Peraire [Pe98].
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