STUDIA MATHEMATICA

Online First version

The one-weight inequality for the H-harmonic
Bergman projection

by

Kunvyu Guo, ZIPENG WANG and KENAN ZHANG

Abstract. Let n > 3 be an integer. For the Bekollé—-Bonami weight w on the real unit
ball B,,, we obtain the following sharp one-weight estimate for the H-harmonic Bergman
projection: for 1 < p < oo and —1 < a < o0,

max {1, 15}
|1 PallLe(wdva)—»Lr(wdva) < Clwlpa P,

where [w]p,o is the Bekollé-Bonami constant. Our proof is inspired by dyadic harmonic
analysis, and the key ingredient involves the discretization of the Bergman kernel for the
‘H-harmonic Bergman spaces.

1. Introduction. Let n > 3 be an integer, and let B, = {z € R" :
|z| < 1} be the unit ball of the Euclidean space R” where |z| = (3.1, |z:])Y/?
is the standard Euclidean norm. We denote by Aut(B,) the Mébius trans-
formation group on the unit ball B,,. It is also known [I9, Chapter 2| that
the Mobius transformation group has the following explicit form:

Aut(B,) ={Aop,: AcO(n), y € By},
where O(n) denotes the orthogonal group in R", and

Y=y APy —2)
[z, y)?

py(z)

)

with
[,y = |z —y>+ (1 —|y>) (A - |2]*), Va,y€B,.

Let C2(B,) be the space of complex-valued functions on the real unit
ball B,, whose second-order partial derivatives are continuous on B,, and
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consider the standard Laplace operator

0? 0?
A= o 4.4 2
Ox? L ox2
Then the invariant Laplace operator Ay is defined to be a linear operator
on C2%(B,,) such that for each f € C%(B,) and = € B,,,

(Anf) (@) = A(f © 2)(0).
Moreover, by using the standard Laplace operator A and the gradient oper-
ator V, we have, for each x € B,,,

(L1 (Anf)(2) = (A~ [2[)?Af(z) +2(n — 2)(1 — [2*){z, V f(2)),

where (-,-) denotes the standard Euclidean inner product on R". Recall also
the gradient operator V is given by

0 0
V— <ax1,,axn>

A complex-valued function f € C?(B,,) is said to be H-harmonic if for
each x € B,

(Anf)(z) = 0.

Let H(B,,) be the complex linear space of H-harmonic functions on B,,. If
n = 2, by the equality (1.1]), we have

(Anf)(z) = (1= [a*)*Af (x)
for each x € B,,. In this case, H(B2) coincides with the space of harmonic
functions on the unit ball in R?, i.e. the unit disc.

Let v be the normalized Lebesgue measure on B,, such that v(B,) = 1.
For —1 < a < oo, the standard weighted measure on the unit ball B,, is

dve(x) = co(1 — |2]?)* dv(x),

where ¢, is the normalizing constant such that v, (B,) = 1.
For 1 <p < oo and —1 < o < 00, the H-harmonic Bergman space Bb, is
the Banach space

Bt =A{f € H(Bn) : [|fllLr(ava) < o0},

where
1/p

1 llo vy = [ § 1£@)P dvala)]

n

By the mean value estimate, the point evaluations f — f(z) at any
x € B, are bounded on each B2, —1 < o < oo [5]. Therefore, the H-harmonic
Bergman space B2 is a reproducing kernel Hilbert space. It follows that for
any v € B, the reproducing kernel R,(z,-) is the unique function in B2



The one-weight inequality for the H-harmonic Bergman projection 3

such that for all f € Bi,

F@) = (1), Ra(z,)a = | Ralz,9)f(y) dva(y).

By

One can show that R, (+,-) is a real-valued function. Hence, for any f € B2,
we have

f@) =\ Ralx,y)f(y) dvaly), = € By
Bn

For more details on H-harmonic functions and related function spaces on
the unit ball, one can consult [5, [8, 12) 19, 20].

Recall that the H-harmonic Bergman projection P, is the orthogonal
projection from L?(dv,) onto B2. Using the reproducing kernel property, we
have

P,f(x) = S Ra(z,y)f(y)dva(y), VxeB,.
Bn

By [22, Theorem 1.1|, P, is bounded on LP(dv,) for 1 < p < oo and —1 <
a < o0.

In this paper, a weight w is a non-negative integrable function on the real
unit ball B,,. The weighted Lebesgue space LP(w dv,) on B, is given by

L;D(w dVCY) = {f : HfHLp(wdua) < OO},

where
/
1 liranny = [ § 1) Pe(e) dvaa)]

By

The weighted theory of Bergman projection-type operators on the unit
ball, namely, the operators whose integral kernels are reproducing kernels
for some holomorphic or harmonic function spaces on the unit ball, has at-
tracted much attention in recent years. In particular, Bekollé and Bonami
[2,13, 4], as well as the ingenious work by Pott and Reguera [I5], present com-
plete characterizations of the sharp linear norm estimate in the one-weight
inequality for the holomorphic Bergman projections on the unit ball. In [16],
Rahm, Tchoundja, and Wick extended these sharp one-weight inequalities to
the setting of the Berezin transform on the unit ball. Volberg and Wick [23]
first applied non-homogeneous harmonic analysis techniques to weighted in-
equalities for Bergman projections, obtaining deep applications concerning
Carleson measures for function spaces on the unit ball. For further devel-
opments on weighted inequalities for holomorphic Bergman projections and
their applications, we refer the reader to [I} [7, O, 10} [18].

Motivated by these developments, it is natural to study the following
one-weight inequality for the H-harmonic Bergman projection:
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PROBLEM. Let 1 < p < o0 and —1 < a < co. Characterize the weights w
for which the H-harmonic Bergman projection P, is bounded on LP(w dv,).

Observe that the H-harmonic Bergman projection on By coincides with
the classical harmonic Bergman projection on the unit disc in R?. Although
the results of Bekollé-Bonami and Pott—-Reguera were initially established
for the holomorphic Bergman projection, their results extend naturally to
the harmonic setting. Consequently, the one-weight inequality for the H-
harmonic Bergman projection on By is characterized by the Bekollé-Bonami
class of weights. In the case n > 3, it is therefore natural to conjecture
that the Bekollé—Bonami weights continue to ensure the boundedness of the
‘H-harmonic Bergman projection on LP(w dv,). In this note, we shall confirm
this folklore conjecture.

For a set E in the unit sphere 0B,, = {x € R" : |z| = 1}, a Carleson
boz E in the unit ball associated with the set E is defined by

E:={z€B,:z/|z| € B, 1 -1 < |z| <1},
where r = diam(FE)/2 and diam(E) = max {|z —y| : z,y € E}.
Let 1 < p < oo and —1 < a < co. A weight w on B, is said to be a

Bekollé-Bonami By, o weight if the Bekollé-Bonami constant [w], o is finite.
Here [w]p,qo is defined by

[Wlpa =

Bl .o (\B!wlpgayl
)

BCoB. |Bla Bl

where 1/p 4+ 1/p' = 1, |Bla = va(B), |B\|w’a = {gwdv, and the supremum
is taken over all Euclidean balls B C 0B,,.
Our main result is stated as follows

THEOREM 1.1. Let 1 <p < oo and —1 < a < oo. If w is a By, weight,
then the H-harmonic Bergman projection Py is bounded on LP(w dv,,). More
precisely, there exists a constant C = C(n,p,«) such that

1
1 Pal i tw e irodsy < Clpa 7.

REMARK 1.1. Our strategy of proving Theorem [1.1]is inspired by Pott—
Reguera’s recent beautiful work on the sharp one-weight estimate for the
Bergman projection [I5]. However, there is no explicit closed form of the
kernel of the H-harmonic Bergman projection. To overcome this difficulty,
we construct suitable dyadic positive operators on appropriately chosen
Carleson box systems, which allow us to effectively dominate the original
operator.

REMARK 1.2. For a general weight w, one may ask whether the condition
w € By, is also necessary for the one-weight inequality for the H-harmonic
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Bergman projection. A reasonable approach, which we have not yet accom-
plished, is to obtain sharper estimates of |Rq (20, y) —Ra(z, y)|. Our ongoing
obstacle remains the lack of an explicit formula for the reproducing kernel.
We would like to thank the anonymous referee for the comments on this
question.

The paper is organized as follows. In Section 2, based on certain
dyadic Carleson boxes on the unit ball, we provide a discretization of the
‘H-harmonic Bergman projection. The proof of the main result is presented
in Section 3, which is divided into two parts. In Section 3.1, we prove the
case p = 2, while in Section 3.2 we deal with the case p # 2 through Ru-
bio de Francia’s extrapolation method. In the final section, by constructing
specific examples, we demonstrate that the norm estimate in the one-weight
inequality for the H-harmonic Bergman projection is sharp.

2. Carleson systems and the discretization

2.1. The Carleson box on the real unit ball. For two points x and
y in OB, let p(x,y) denote the angle between them, defined by
p(z,y) = arccos((z, y)).
PROPOSITION 2.1. The function p(x,y) defines a metric on 0B, that is

equivalent to the standard Fuclidean distance on OB,.

Proof. To verify that p(-,-) is a metric on 9B, it suffices to establish the
triangle inequality: for any z,y, z € 0B,
p(z,y) < plx, 2) + p(z,y).
By the definition of the function p(-,-), the triangle inequality holds if and
only if
cos p(x,y) = cos(p(z, 2) + p(2,y)).
Note that |z| = |y| = |z| = 1, by the Binet—Cauchy identity

(z,y) = (z,2)(z,y) + Z (%’Zj - fbjzi)(yﬂj - yjzi),

1<i<j<n
we have
cosp(z,y) = (r,2)(z.y) + D (w2 — 22) (yizj — y;2)
1<i<j<n
= cosp(w,2) cosp(z,y) + Y (wiz — w;2) (%izj — y;21)
1<i<g<n

> cos p(x, z) cos p(z,y)

_< > ‘xz‘zj_l'jzi‘2>l/2< 2 |yizj_yjzi’2)

1<i<j<n 1<i<j<n

1/2
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By using the Binet—Cauchy identity again, we get
Yo mizg —wpEl® = (2’2 — (2, 2)* = sin® p(a, 2).

1<i<j<n
It follows that

cos p(z, ) > cos plx, ) cos p(z, ) — sin p(z, 2) sin p(2, y)

— cos(p(, 2) + pl2,)).
Next, we show that the metric p(-, -) on 9B, is equivalent to the Euclidean

distance. For any two points x,y € 0B,,, we observe that

p(ﬂ;y)>2_

z—y|* = |2 + [y|* — 2(x, y) = 2(1 — cos p(,y)) = 4<Sin
Note that for any 0 < 6 < 7/2, we have
2
—0 < sinf < 6,
T
and for any x,y € 0B,,, we have

0 < plx,y) <.

Hence,

2
(2.2) —plz,y) <o -yl <plz,y). =

Let x € 0B, and 0 < r < 1. We consider a ball B,(x,r) in the unit
sphere 0B,, that is defined by

By(x,r) = {y € 0By : pa,y) <r}
and its associated Carleson box Ep(x, ) in the unit ball,
Ep(x,r) ={z€B,:z/|z| € By(x,r), 1 —r < |z| <1}

By Proposition the Bekollé-Bonami constant [w], o is equivalent, up
to a constant, to the following quantity:

(2.3) sup |Bf‘w’a <|Bp‘fl_p/’a>p_l < o0,
B,CoB, |Bpla |Bpla
where 1/p+1/p’ = 1 and the supremum is taken over all balls B, satisfying
B,(x,r) C 0B,
LEMMA 2.2. Letn >3 and 0 < r < 1. For a ball By(x,r) C 0B, there
exist positive constants C; = C1(n, ) and Cy = Ca(n) such that

C ~ C
(2.4) Clai—iO_len—l-a(z . T)a—l—l < |Bp($,7‘)|a < C2a j 1Tn+a(2 . T)cx—l—l‘

Proof. Given a ball B,(x,r) C 0B,, by the inequality (2.2,
B(x,2r/m) C By(x,r) C B(z,7).
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Here, B(z,r) = {y € 0B,, : |x — y| < r} denotes the standard Euclidean
ball centered at x with radius r. Therefore, there exist positive constants
c1 = c1(n) and ca = ca(n) such that

cr™ < S do(§) < cor™ L,
Bp(&C,T)

where do is the normalized sphere area measure. Hence,

Bo(z,r)la=ca | (L=|2P)"du(2)
Ep(x,r)
1
=nco | do(§) | "1 —#*)dt
By (xr) 1—-r
1
< negcer™ S "1 — t?)Y dt.
1—r
Since 1 —r <t <1 and n > 3, letting Cy = ncy, we have
1
|By(a,r)la < Cocar™' | #(1— %) dt = cza%‘lwa@ —p)ot,
1—r
This establishes the upper bound in .
Next, we find the lower bound. For 0 < r < 1/2, we have

1/2<1—r<t<l.

Therefore,
1

|§p(:v,r)|a > nejegr™ ! S "1 —2) > dt

1—r
nc :
1 -1 2
> agcar” | H(1—2)%dt
1—r
ney  Co 1
> —— — 2yt p)etl
| ( )

For 1/2 < r < 1, we obtain
1
|§p(m,r)\a > nepcar™ S "1 — ) > at
1/2

ncq
2n—2

WV

car™ | t(1 =) dt
1/2

ncy (3 atl Ca  p-1
=—1|- rtT
2n—2\ 4 a+1
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Since 0 < 2r — r? < 1, we have

~ ncy 3 atl Ca n—1 2\a+1
1Bp(z,7)la 2 5,5 | 7 " (2r —1r7)

oan=2\ 4 a+1
+1
— nel § “ Ca Tn+a(2 _ T)a-l—l
oan=2\ 4 a+1 '

Let

. ncy ncp (3 atl ncy (3 atl
Ci=miny o=, 5051 1 =on2l\1)
Then, for any z € dB, and 0 < r < 1,

~ C
B >0 —=
|Bp(7,7)|a L

This is the lower bound in (2.4). m

n+a(2 o ,r)a—f—l‘

r

2.2. An example of By ,. By using Lemma @ in this subsection we
obtain a precise estimate for the Bekolle-Bonami constant [w]a o for
wz)=1-z»)% zeB,,

where —1 < a < 00,0<d < 1lands = (a+1)(1—70). Such examples play
an important role in the sharp estimate for the norm of P, in Section [4]
Indeed, for any = € 0B,, and 0 < r < 1, we have

~ C ~ ~ C ~
|BP($7 7")|W,a = cia|Bp(fEa 7)|a+s and |Bp(x, T)|w_1,a = 7a|Bp($a 7)|a—s-

o+s a—s

Observe that
a+s=(a+1)(2-90)—1>-1 and a—-s=(a+1)0—-1> -1,
and the upper estimate in (2.4 holds for any —1 < a < co. We have

|§p($, T)|w,a < 02%7'”4_54—0‘(2 _ T)S-‘!'Oé-f-l’
s+«
|§p($v w10 < Cz% n—sta(g _ pymstatl
2 —8 a

Moreover, by the lower bound in ([2.2)),
~ ¢
B,(, >C—
|By(z,7)]a 1 1

Note also that we can choose C7,Cs independent of §. Hence

(2.5)

n+a(2 o ,r)a—f—l'

r

1By (@, )lwal By, r)lu-1a _ (o) 1
)2 Ci) (s+a+1)(-s+a+1)

Cs 21
<|l=—) =.
Cl(oz—f-l) )

sup o
By(x,r)COBy |By(x,r
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It follows from (2.3) and (2.5) that there is a constant c3 = c3(n,a) such
that

(2.6) [w]gﬂ < 63/(5.

2.3. The Carleson box system on the real unit ball. To discretize
the H-harmonic Bergman projection P,, we need dyadic systems on (9B, p).
A collection of sets

2 ={Qk; COB, : 1 <k<oo, 1<i<Mk)}

is called a dyadic systems on (0B, p) if

(i) for each integer k > 1, {ka}f\i(lk) is a disjoint covering of 0B, i.e.,

e OB, = U,Ai(lk) Qk.i

o forall 1 <i#j<M(k),QriNQr; =0.
(i) if 1 < k <, then either @ ; C Qr; or Qr; NQy; = 0.

Furthermore, we say the dyadic system & is associated to a triple of
positive constants (1, ko, k1) if there exists a point set

P={xp; €0B,:1<k<oo,1<i<M(k)}

such that
(2.7) By(wg i, ko) C Qk,i C Bp(Tk,, kin®),
for each k > 1,1 < i < M(k).

By Hytonen and Kairema’s result [11, Theorem 4.1|, we have the follow-
ing result on the metric space (0B, p):

PROPOSITION 2.3. There is a finite collection of dyadic systems {2},
associated to the triple (1/96,1/12,4) on (0B, p) such that for any ball
B, C 0B, there exists 1 <t < N and a cube Q € Z; with

B,C @ and diam,(Q) < Csdiam,(B,),

where diam,(Q) = max{p(z,y) : x,y € Q} and the constants N and C3
only depend on the dimension n.

REMARK 2.1. For the case n = 2, the corresponding dyadic systems in
Proposition [2.3] are two shifted systems of the standard dyadic system on
the unit circle. One can consult Mei’s elegant arguments in [14].

For 1 <t < N and a cube @ € %, the Carleson box associated to @) is
defined by
Q= {z€B,:2/|z| € Q,1 — §diam,(Q) < |z] < 1},
then the dyadic system %; induces a Carleson box system 2, in the unit ball
by
2, ={Q:Q € Di}.
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In addition, for 0 < € < 1, we define the e-Carleson box associated to @) by
Q. = {z €B,:2/|z| € Q,1 - Lediam,(Q) < |2 < 1}.
LEMMA 2.4. Let 1 <t < N and k > 1. If there exist cubes Qpy1,5, Qri
€ Dy with Q41,5 C Qry, then
Qri1j C (@k,i)l/?

Proof. Fix an integer 1 < t < N, and recall %, is a dyadic system in
(0B, p) associated with the triple (1/96,1/12,4). For each positive integer
k > 1, by Proposition [2.3] we have

k k
1 1 1 1
— . — < = di ) < 4. — .
12 <96>  diamp(Qri) (96>
Consequently,

. P 1 k+1
Qkﬂ,jc{zeBn:'z’er,i,l—zy (96) <]z]<1}.
Noting that
{Z EBy: — € Quiy 1— €1 <1>k <] < 1} C (Qri)1/2:
|z ’ 24 \ 96 ’
we conclude that
Qri1 C (@k,i)l/%
which completes the proof.

LEMMA 2.5, Let —1 < a < oo. For an integer 1 < t < N and a cube
Q € Dy, there exists a constant Cy = Cy(n, «) such that

|@‘a < C'4|@ \ @1/2|a-

Proof. Pick a cube @) € Z;. We shall find a positive constant C; that
only depends on n and « such that

0\ @il _ 1
Qla Ca
Let r = diam,(Q)/2 and h(t) = t""1(1 — 2)* on [0, 1]. We have

@\ Qupsla _ nealgdo(© [T " "1 (A ) de {72 h(e) dt

1Q)a nca§odo() §i_ (1 —2)odt  §i_ h(t)dt
For 0 <r <1, set

=772 n(t) dt

_J—r
9r) = {1 h(t)dt
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Observe that
—zh(1—5) +h(1-7)

lim g(r) = lim

r—0 r—0 h(l —T)
(1-9"'(r-5)"° 1 (3\"
—1-1 1. (2
o0 2(1 —r)n=1(2r — r2) 2 \1) ~ 0
and
" {02 n(t) dt
A= [ h(t) dt

Let ¢(0) = lim,_,0 g(7). Then g(r) is continuous on [0, 1]. Hence, there exists
0 < rg < 1 such that

9(ro) = min g(r).

We claim that g(rg) > 0. Otherwise, if g(ro) = 0, then
{170 n(t) dt

_ Jl=ro
glro) = fi, h(t)dt ’
Since the function h is positive and integrable on (0, 1), we have
1-70/2
| ht)dt=o.
1—7ro

On the other hand, note that
h(t)>0, VtE[l—To,l—TQ/Q],
yields a contradiction and we get

g(ro) = min g(r) > 0.

0<r<1

Letting
1

ming<,<1 g(7)

we get the desired lower bound. =

Cy =

)

Let 1 <p<ooand -1 <a<oo. Let 24, t=1,...,N, be the Carleson
dyadic system of Proposition[2.3] A weight w is said to be a Bekollé-Bonami
weight with respect to the Carleson dyadic system 2y if

[W]p.a.2, = sup ‘Q\‘w,a <’Q‘w1p,ua>p_l < 00
b,&, T = ja °

' QE: |Q’o¢ ‘Q|o¢
DEFINITION 2.1. A weight w on B, is called a Bekollé-Bonami B, , o

weight associated 2 = Ui\il 2 if

W9 = max [wpag, < oo
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LEMMA 2.6. Let w be a weight on the unit ball B, for n > 2. Then w is
a By o weight if and only if w is a By, o 9 weight.

Proof. Suppose that w is a Bj,, weight. Then [w],, < oo. For each
1<t <N, let

Pt={$k7¢€8ﬁn:1<k<oo,1<i§M(kJ)}

be the point set associated to the dyadic system %; in Proposition [2.3]
By (2.7), for any @ € %, there exist an integer £ > 1 and a point x € P

such that
1 4
B’D<$712.96k> C Q C Bp(f]f, 96]<5>
Denote Bj := B,(z,1/(12 - 96%)) and By := B,(x, 4/(96’“)). Then
’@‘w,a <|@’w1p/,a>pl < ‘B2‘WQ‘BQ‘ e
|©|o¢ |@|a ’Bl‘g
Hence, by (2.3) and Lemma , there is a constant ¢4 = c4(n, p, &) > 0 such
that R
0 Qv N1 | BolwalBel’y
Qo (B Sl Bl
’Q|a |Q’o¢ ‘B2|a
Consequently,
(2.8) [Wlpa,2 < calwlpa < 00

Conversly, assume that [w], o # < 00. For each ball B, C 0B,, by Propo-
sition there exist an integer 1 < t < N and a cube @) € %; such that
B, C @ and diam,(Q) < Csdiam,(B,). Then by Lemma there is a
constant ¢5 = c¢5(n,p, @) > 0 such that

‘Ep‘w,a <|§P‘wlp’,a>p_l |Q’wa|Q|w1 Y o < C5|Q|wa|Q’w1 Y o
= — < .
[ Bpla 1 Bpla

|B,l% Qe
Hence, by ([2.3)),

[Wp.a < es[wpa, < 00. =

2.4. The discretization of P,. Let N be the integer of Proposition[2.3]
For each integer 1 < t < N, consider the following positive integral kernel
associated to the dyadic system Z; on (0B, p):

o~ x ~
29 K= 3 QW e,
QED, ’Q|a

where x5 is the characteristic function of Q and ]@|a = Va(@\).
Recall that R, denotes the integral kernel of P,. The following lemmas
illustrate the relationship between K (z,y) and Ra(z,y).
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LEMMA 2.7. There is a constant Cs5 > 0 such that for any distinct points
x,y € By, there exists a ball B,(z,r) C OBy, such that B,(z,r) contains x,y
and [z,y] = Csr.

Proof. Pick z,y € B, with p(z,y) = 0. Without loss of generality, we
assume |z| > |y|. Using the definition of [z, y]|, we have

[z, 9> = |z —yl> + (1 — |=[*)(1 — [y|*)
=1—2(x,y) + |z|*|y[?
2
— |1~ Jel ] + 21l (1 — cos6)

2 . o0
> 1= [yl|” + 4] [y sin® 5

2 4
> 1= yl|” + —lyl?6”.
i
Let C5 = 1/7 and
r=max {1l — |y|,0}, z==x/|z| € IB,.
We have z,y € Ep(z,r) and [z,y] > Csr. m
LEMMA 2.8. There exists a constant Cg = Cg(n, ) > 0 such that for any
xz,y € By, we have

Ra(z,y)] C6Z/ct (7).

Proof. For any =,y € B, by Lemmam 2.7]and Proposition there exists
a ball B,(z,7) C 0B, an integer 1 <t < N and a cube Q € Z; such that

~ PN 2C
x,y € By(z,7) CQ, diam,(Q) < 2C3r < Fg[x,y]
5
By Lemma there exists a constant c¢g = cg(n, a) > 0 such that
(2.10) 1Qla < col, y]™
By [22, Theorem 1.2|, the H-harmonic Bergman kernel satisfies
cr
Ra(z,y)| < ERE v,y € By,

where the constant ¢; > 0 depends on n and a. Then for any distinct

z,y € By, by (2.10),

¢ X5(®)x5()
Ra(z, )| € =00 S Gsor———=———
[, y]"* !Q\a

N
Xo
< CeCr E Q < CeCr E K:g(l‘,y)
Qe \Q|a =1

Letting Cg = cgcy completes the proof. =
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3. Proof of the main theorem

3.1. The case p = 2. The main result in this section is the following
theorem:

THEOREM 3.1. Let —1 < a < 00. If w is a By o weight, then
Py : LA (wdvy) — L*(wdvy)
is bounded. Moreover, there exists a constant C7 = C7(n,«) > 0 such that
1 Pall 22w dve)— L2 (w dve) < C7(w]2,0

Proof. Assume that w is a By, weight. Let {2}, be the collection of
dyadic systems obtained in Proposition [2.3] n By (2.8 .,

W]2.0,2 < calw]2,a < 00.
Using Sawyer’s powerful duality trick [I7], we find that
P, : L*(wdv,) — L*(wdvy)
is bounded if and only if so is
Pt g LPw ™ dvg) = L (wdvy),

where

Poanf(@) = | f@)Ralz, y)w ™ (y) dvaly)

By
for f € L*(w™!dv,). Moreover,

HP ”LQ(UJdVa)—)LQ wdvy) H 1,aHL2(w*1 dva)— L2 (wdva)*

For 1 < t < N, we define the integral operator on the unit ball B
induced by the discrete kernel (2.9)),

7! of () =\ F)KL (@, y)w(y) dva(y)

B,
=Y = | ey dvaly) x5 ().
By Lemma [2.8] we have

1Pt af @) < | If @) Ra(a,y)|w™ (y) dvaly)

| 1F @)K (2, y)w™ () dva(y)
B
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Hence, it suffices to prove that there exists a constant cg > 0 such that

HTt_17af||L2(wdya) < csll fll2 w1 dua)

forall 0 < f € L*(w ' dv,) and each 1 <t < N.
Note that for a fixed dyadic system %, Ti,l of = 0 when f > 0. Conse-
quently, ’

IT5 1 o Fll 22w dve)

- sup J (T oD @)g(e)e(x) dva().

0<9€L2(w dva) |19l 12 4oy = B,

Now we consider the right side of the last equality. For 0 < g € L?(wdv,),
we have

V (Th1 o, N(@)g(@)w(@) dva ()
By
= Z ;(S f(@)w™H(z) dva (= )( g(x)w(z) dve( :1:))

9l
QEY ’Q|a Q Q

Qla QL.
Sy Qlo_

gez, |Qlu-1,alQlwa !QP

w,x

| fla)e (z) dva(a))
Q

(gg@c 7) dva(a))
Q

| fla)o (o) dva(o))

a5
Z| | ’Q‘wla

QED:

By Lemma we have

Qla < C4lQ\ Q1 sl
Therefore,

V (Th1 o N)(@)g(2)w(@) dva (@)
B ~ ~
< Ca[w]2,0,9 Z @\ Ql/Q‘a<

Qe ‘@’uﬁl,a é
1
= r)w(x) dvs(x
(wmég( Joli)dva (o))
1
= Cilwhogz Yy, | (=—|f@w (@) dva(x)
0 0\2y0 < Qlta 5 )
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Note that Lemma implies {@ \ @1 /2}Qe, are disjoint. Consequently,

V(T WD) (@)g(2)w(@) dva(z)
Bn

Cillnas | (@’1 | fla)e (o) dva(o))

B, Q

N

N (| @:a 52 g(@)(z) dua@c)) v

€ Clblans [ O )M,

w
Br

< Culwlg,a,2 1M1 o Fllz2 1 dve) 1M 091 £2(w dve)-

Here MfJ,a is the maximal operator associated to the dyadic system Z; with
respect to the measure w dv,, i.e.,

X5(x)
M}, f(z) = sup el | 1flw dva.
QED: ’Q|w,o¢ @

Recall that Z; is a dyadic system; by the classical result |21, Theorem 5.7]
on the maximal operator for a dyadic system, there exists a constant cg,
independent of the weight w and the dyadic system %, such that

||Mo€,afHL2(wdua) < 09||f”L2(wdua)a Vfe LQ(W dl/&)'
We conclude that
V (Tl W) (@)g(@)w (@) dva(@) < Cacdlwa, | f L2 dv) 191 22w dve) -
By
Letting C7 = CGNC4C463 gives

1Pl 22(w dve) > L2 (w dva) < Cr[w]2,0- =

3.2. The extrapolation method for p # 2. The main goal of this
subsection is to obtain a weighted LP-estimate for P,. First of all, we shall
adapt Rubio de Francia’s extrapolation method to prove the case p > 2 [0].
In addition, the case 1 < p < 2 follows from the following simple duality
argument.

LEMMA 3.2. Let 1 < p,p’ < oo with 1/p+1/p' = 1. Then

(i) HPCVHLP(dea)—)LP(dea) = ||Pa”Lz>’(w1—p’ dva)—LP (w7 dug)
1

(i) Wlpa' = W' P ]pa.

The remaining part of Theorem (the case p > 2) follows from the
following general known result on the Bekollé-Bonami weight w on the real
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unit ball B,,. For completeness and the reader’s convenience, we include a
proof here.

LEMMA 3.3. Let R be a bounded operator on L?(wdvy,). If there exists a
constant Cg independent of the weight w such that
||RHL2(wd1/a)—>L2(dea) < CS[w]lOt f07" all w e BZ,a;
then there ezists a constant Cy independent of w such that
IRl 2p (w dva)— Lr(wdva) < Colwlpa  for allw € By and p > 2.
Proof. For p > 2, let

_p—2
o(p) = b1

Then p'/¢(p) = p/(p — 2) is the dual number of p/2. By the standard Rubio
de Francia’s extrapolation, we only need to find an operator
D : LP'/*®)(y dvg) — LP190) (w dug)
such that for all
0<he P/ (wdry) with (1] /e

D has the following properties:

(I) h < D(h);

(1) HD(h)HLp//d’(P)(wdya) <2

(III) [D(h)w]2,a < Ciolw]p,a, where the constant Cig is independent of w
and h.

Suppose that such an operator D exists. Observe that for all f € LP(wdv,),
we have

=1,

wdvy)

HRfH%p(wdya) = sup S |Rf2hw dv,.
| h”[,P'M’(P) (w dya):L h=0 B,
Then
IR 1170 vy < sup [ 1RF12D(h)w v,
HhHLP//MP)(dea):l’h>0]Bn
<C? sup (Il o § 172D (R dve)
||h||Lp//¢(p)(w dya)=1,h>0 B,

< C§Cfo[w]§,a " sup (||f||%p(wdya)||D(h)||Lp’/¢(p)(dea))

LP' /(P (w dva) Lh>
22 1, 12 2
< 2050wl ol FITr (w die)-
This completes the proof up to the existence of an operator D. u

Next, we show that the following maximal operator on the real unit
ball B,, satisfies the properties required for the operator D.
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Let M, be the maximal operator with respect to the measure dv,, i.e.,

XEA(QU) S \f| dva,

S
BCOB, |Bla 3

Mo f(x) =

where the supremum runs over all balls B C 0B,,.

LEMMA 3.4. For w € By, we have
1

HMoz||LP(wdl/a)—>LP(wdya) Cll[ ]p,a )
where C11 is a constant dependent on n and .
One can see Lerner’s work [I3] for a simple proof. Since p > 2 and

[W]p.a = 1, we have

1

(3.11) Mol o (@ dva) s 1w dve) < Cr1lwlhe < Crilwlpa
For 0 < h € L'/%®)(wdy,), denote
M., (h1/9®) ¢(p)
Sw,alh) = <(ww)> :

LEMMA 3.5. For all 0 < h € LP'/*®)(wdv,) and weight w, we have

(“?1'& é hw dua> <|§1’a ,_Sg (S (R)) ™! dua> < Wl

Proof. Observe that for x € E

Mo (RY?®)w)(z) > Sh1/¢ wdv,,.
|B|a )
Hence, by Hélder’s inequality, we have

1 _
(Ag ua>< — | (Sua(h)w) 1%)
|Bla % |Bla 5
B
= <|B}| S hwdya> <A1 S(Ma(h1/¢(p)w)) PP qy, >
o(p) L
< L S B/e®) ., dy 8 L SWdV Pl
“\IB| ’ |B| "
*B *B
1 1/6(p) —é(p) 1 1w
X Aigh Pl dy, A—Sw P dy
E Bl
1
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Furthermore, by (3.11]), we have

/ R (ﬁ(p)/pl
”Sw,a(h)HLP’/¢>(p)(wd,,a) = <S ‘Ma(hl/d)(p)w)’p wl p dl/a)

n

R1/6(p )¢(p)

< (HMa 7% (W=7 dua)—LP' (W=7 duy) | )wHLP/ (W=7 dugy)
< IMallZ®, s 1o v 1l 609
< CHP DN 1t 160

Let

(3.12) A:”h” sup ||Sw,a(h)HLP,M(,,)(WQ)<cf>1<p>[w]gg>.

L' /6(P) (w dua):l

We define an operator

where (Sw,a)’g is the k-fold composition of S, o, and (Sw@)o is the identity
operator. It is easy to see h < D(h). Now we prove another result that we
need.

LEMMA 3.6. For all h > 0, HhHLp//d,(p)(dea) =1, we have
[D(h)w)z.a < 2057 (Wpa.
Proof. We make two observations:

(W) 1D o0 vy < 21 Lot (o
(2) S,.a(D(h)) < 2AD(h).

Hence, by Lemma and (3.12)),
1 1
o D(h)w dVa> (A (D(h)w)fl dVa>
(IB S | Bla S

la 5

B

< 24[wlidt

4. The sharp linear estimate for P,. By Theorem ifwisa Byg
weight, then there is a constant C such that

||Pa||L2(wdua)%L2(wd1/a) < C[W]Za-
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It follows that the norm || Pall12(wdva)—12(wdv,) has linear growth with re-
spect to the Bekollé-Bonami constant. In this section, we shall show that
this linear growth is sharp.

Forn > 3, let —1 < o < 0o and 0 < § < 1. Consider the weight on the
unit ball B,, defined in Section [2.2]

w(x) = (1 - [z[*)°

with s = (o + 1)(1 — 9).

By (2.6)), there is a constant ¢z > 0 such that the Bekollé-Bonami con-
stant has an upper estimate:

(W2, < c3/6.
Letrg =1, e; = (1,0,...,0) and By = B,(e1, 7). We consider a function
fla) = (1~ [2]*) " xg, (x)-

Then Lemma [2.2] yields the norm estimate

15 ~
Hf”%?(wdya) = ?:‘B(ﬂafs < 010/67

where ¢19 = Caco/(a + 1).
For v > 0 and ¢ € 0B,,, we define the non-tangential approach region
with vertex £ by

28 = {y €Bn: 0 < [y, <L, lyl* = [y, O <~+*A ~ [y EN*}-
In fact, £2,(§) is a truncated circular cone in B,, with vertex at &.

LEMMA 4.1 (|22, Proposition 6.2]). For a > —1 and v < 1/2, there exists
a constant c11 = c11(n, a,y) > 0 such that for all y € By, and x € £2,(y/|yl),

we have
C11

(1 = [z, y))r+e
Note that sin(arctan(y)) = v/+/1 + +2. Then there exists a half-ball

B+<o,7)::{ €B,: |y < ————, Re(y, >0}

contained in £2,(&). Let
G={zeB,:pla/lz],e1) <m/2—r0, |z| <v/V1+7%}.

Ra(l‘a y) 2

Then
Gc () 2.

£€By
For some fixed 7 < 1/2, by Lemma there exists a constant cjp =
c12(n, a,7y) > 0 such that for all x € G and y € By,

Ra(z,y) = ci2.
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Then Lemma [2.2] yields the lower bound, when z € G,
Po(f)(@) = | Ra(z,y)f(y) dva(y)

By

Co 5 c13
= C12 = ’Bola—s = —.
Co—s )
Here c13 = Cicqc12/(a+ 1).

Therefore, we have

HPa(f)H%?(wdya) > S |Pa(f) (@) Pw(x) dva(z)
G
c13|Gla S c13|Gla

2 2
¢3C10 [W]Q,a |f”L2(wdAa)'

This completes the proof.
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