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The one-weight inequality for the H-harmonic
Bergman projection

by

Kunyu Guo, Zipeng Wang and Kenan Zhang

Abstract. Let n ⩾ 3 be an integer. For the Bekollé–Bonami weight ω on the real unit
ball Bn, we obtain the following sharp one-weight estimate for the H-harmonic Bergman
projection: for 1 < p < ∞ and −1 < α < ∞,

∥Pα∥Lp(ω dνα)→Lp(ω dνα) ⩽ C[ω]
max {1, 1

p−1
}

p,α ,

where [ω]p,α is the Bekollé–Bonami constant. Our proof is inspired by dyadic harmonic
analysis, and the key ingredient involves the discretization of the Bergman kernel for the
H-harmonic Bergman spaces.

1. Introduction. Let n ⩾ 3 be an integer, and let Bn = {x ∈ Rn :
|x| < 1} be the unit ball of the Euclidean spaceRn where |x| = (

∑n
i=1 |xi|2)1/2

is the standard Euclidean norm. We denote by Aut(Bn) the Möbius trans-
formation group on the unit ball Bn. It is also known [19, Chapter 2] that
the Möbius transformation group has the following explicit form:

Aut(Bn) = {A ◦ φy : A ∈ O(n), y ∈ Bn},

where O(n) denotes the orthogonal group in Rn, and

φy(x) =
y|x− y|2 + (1− |y|2)(y − x)

[x, y]2
,

with
[x, y]2 = |x− y|2 + (1− |y|2)(1− |x|2), ∀x, y ∈ Bn.

Let C2(Bn) be the space of complex-valued functions on the real unit
ball Bn whose second-order partial derivatives are continuous on Bn, and
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consider the standard Laplace operator

∆ =
∂2

∂x21
+ · · ·+ ∂2

∂x2n
.

Then the invariant Laplace operator ∆h is defined to be a linear operator
on C2(Bn) such that for each f ∈ C2(Bn) and x ∈ Bn,

(∆hf)(x) = ∆(f ◦ φx)(0).

Moreover, by using the standard Laplace operator ∆ and the gradient oper-
ator ∇, we have, for each x ∈ Bn,

(1.1) (∆hf)(x) = (1− |x|2)2∆f(x) + 2(n− 2)(1− |x|2)⟨x,∇f(x)⟩,
where ⟨·, ·⟩ denotes the standard Euclidean inner product on Rn. Recall also
the gradient operator ∇ is given by

∇ =

(
∂

∂x1
, . . . ,

∂

∂xn

)
.

A complex-valued function f ∈ C2(Bn) is said to be H-harmonic if for
each x ∈ Bn,

(∆hf)(x) = 0.

Let H(Bn) be the complex linear space of H-harmonic functions on Bn. If
n = 2, by the equality (1.1), we have

(∆hf)(x) = (1− |x|2)2∆f(x)

for each x ∈ Bn. In this case, H(B2) coincides with the space of harmonic
functions on the unit ball in R2, i.e. the unit disc.

Let ν be the normalized Lebesgue measure on Bn such that ν(Bn) = 1.
For −1 < α < ∞, the standard weighted measure on the unit ball Bn is

dνα(x) = cα(1− |x|2)α dν(x),
where cα is the normalizing constant such that να(Bn) = 1.

For 1 ⩽ p < ∞ and −1 < α < ∞, the H-harmonic Bergman space Bp
α is

the Banach space

Bp
α = {f ∈ H(Bn) : ∥f∥Lp(dνα) < ∞},

where

∥f∥Lp( dνα) =
[ �

Bn

|f(x)|p dνα(x)
]1/p

.

By the mean value estimate, the point evaluations f 7→ f(x) at any
x ∈ Bn are bounded on each B2

α,−1 < α < ∞ [5]. Therefore, the H-harmonic
Bergman space B2

α is a reproducing kernel Hilbert space. It follows that for
any x ∈ Bn, the reproducing kernel Rα(x, ·) is the unique function in B2

α
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such that for all f ∈ B2
α,

f(x) = ⟨f(·),Rα(x, ·)⟩α =
�

Bn

Rα(x, y)f(y) dνα(y).

One can show that Rα(·, ·) is a real-valued function. Hence, for any f ∈ B2
α,

we have
f(x) =

�

Bn

Rα(x, y)f(y) dνα(y), x ∈ Bn.

For more details on H-harmonic functions and related function spaces on
the unit ball, one can consult [5, 8, 12, 19, 20].

Recall that the H-harmonic Bergman projection Pα is the orthogonal
projection from L2( dνα) onto B2

α. Using the reproducing kernel property, we
have

Pαf(x) =
�

Bn

Rα(x, y)f(y) dνα(y), ∀x ∈ Bn.

By [22, Theorem 1.1], Pα is bounded on Lp(dνα) for 1 < p < ∞ and −1 <
α < ∞.

In this paper, a weight ω is a non-negative integrable function on the real
unit ball Bn. The weighted Lebesgue space Lp(ω dνα) on Bn is given by

Lp(ω dνα) = {f : ∥f∥Lp(ω dνα) < ∞},

where

∥f∥Lp(ω dνα) :=
[ �

Bn

|f(x)|pω(x) dνα(x)
]1/p

.

The weighted theory of Bergman projection-type operators on the unit
ball, namely, the operators whose integral kernels are reproducing kernels
for some holomorphic or harmonic function spaces on the unit ball, has at-
tracted much attention in recent years. In particular, Bekollé and Bonami
[2, 3, 4], as well as the ingenious work by Pott and Reguera [15], present com-
plete characterizations of the sharp linear norm estimate in the one-weight
inequality for the holomorphic Bergman projections on the unit ball. In [16],
Rahm, Tchoundja, and Wick extended these sharp one-weight inequalities to
the setting of the Berezin transform on the unit ball. Volberg and Wick [23]
first applied non-homogeneous harmonic analysis techniques to weighted in-
equalities for Bergman projections, obtaining deep applications concerning
Carleson measures for function spaces on the unit ball. For further devel-
opments on weighted inequalities for holomorphic Bergman projections and
their applications, we refer the reader to [1, 7, 9, 10, 18].

Motivated by these developments, it is natural to study the following
one-weight inequality for the H-harmonic Bergman projection:
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Problem. Let 1 < p < ∞ and −1 < α < ∞. Characterize the weights ω
for which the H-harmonic Bergman projection Pα is bounded on Lp(ω dνα).

Observe that the H-harmonic Bergman projection on B2 coincides with
the classical harmonic Bergman projection on the unit disc in R2. Although
the results of Bekollé–Bonami and Pott–Reguera were initially established
for the holomorphic Bergman projection, their results extend naturally to
the harmonic setting. Consequently, the one-weight inequality for the H-
harmonic Bergman projection on B2 is characterized by the Bekollé–Bonami
class of weights. In the case n ⩾ 3, it is therefore natural to conjecture
that the Bekollé–Bonami weights continue to ensure the boundedness of the
H-harmonic Bergman projection on Lp(ω dνα). In this note, we shall confirm
this folklore conjecture.

For a set E in the unit sphere ∂Bn = {x ∈ Rn : |x| = 1}, a Carleson
box Ê in the unit ball associated with the set E is defined by

Ê := {z ∈ Bn : z/|z| ∈ E, 1− r < |z| < 1},
where r = diam(E)/2 and diam(E) = max {|x− y| : x, y ∈ E}.

Let 1 < p < ∞ and −1 < α < ∞. A weight ω on Bn is said to be a
Bekollé–Bonami Bp,α weight if the Bekollé–Bonami constant [ω]p,α is finite.
Here [ω]p,α is defined by

[ω]p,α := sup
B⊂∂Bn

|B̂|ω,α
|B̂|α

( |B̂|ω1−p′ ,α

|B̂|α

)p−1

,

where 1/p + 1/p′ = 1, |B̂|α = να(B̂), |B̂|ω,α =
	
B̂
ω dνα and the supremum

is taken over all Euclidean balls B ⊂ ∂Bn.
Our main result is stated as follows

Theorem 1.1. Let 1 < p < ∞ and −1 < α < ∞. If ω is a Bp,α weight,
then the H-harmonic Bergman projection Pα is bounded on Lp(ω dνα). More
precisely, there exists a constant C = C(n, p, α) such that

∥Pα∥Lp(ω dνα)→Lp(ω dνα) ⩽ C[ω]
max {1, 1

p−1
}

p,α .

Remark 1.1. Our strategy of proving Theorem 1.1 is inspired by Pott–
Reguera’s recent beautiful work on the sharp one-weight estimate for the
Bergman projection [15]. However, there is no explicit closed form of the
kernel of the H-harmonic Bergman projection. To overcome this difficulty,
we construct suitable dyadic positive operators on appropriately chosen
Carleson box systems, which allow us to effectively dominate the original
operator.

Remark 1.2. For a general weight ω, one may ask whether the condition
ω ∈ Bp,α is also necessary for the one-weight inequality for the H-harmonic
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Bergman projection. A reasonable approach, which we have not yet accom-
plished, is to obtain sharper estimates of |Rα(x0, y)−Rα(x, y)|. Our ongoing
obstacle remains the lack of an explicit formula for the reproducing kernel.
We would like to thank the anonymous referee for the comments on this
question.

The paper is organized as follows. In Section 2, based on certain
dyadic Carleson boxes on the unit ball, we provide a discretization of the
H-harmonic Bergman projection. The proof of the main result is presented
in Section 3, which is divided into two parts. In Section 3.1, we prove the
case p = 2, while in Section 3.2 we deal with the case p ̸= 2 through Ru-
bio de Francia’s extrapolation method. In the final section, by constructing
specific examples, we demonstrate that the norm estimate in the one-weight
inequality for the H-harmonic Bergman projection is sharp.

2. Carleson systems and the discretization

2.1. The Carleson box on the real unit ball. For two points x and
y in ∂Bn, let ρ(x, y) denote the angle between them, defined by

ρ(x, y) = arccos(⟨x, y⟩).
Proposition 2.1. The function ρ(x, y) defines a metric on ∂Bn that is

equivalent to the standard Euclidean distance on ∂Bn.

Proof. To verify that ρ(·, ·) is a metric on ∂Bn, it suffices to establish the
triangle inequality: for any x, y, z ∈ ∂Bn,

ρ(x, y) ⩽ ρ(x, z) + ρ(z, y).

By the definition of the function ρ(·, ·), the triangle inequality holds if and
only if

cos ρ(x, y) ⩾ cos(ρ(x, z) + ρ(z, y)).

Note that |x| = |y| = |z| = 1, by the Binet–Cauchy identity

⟨x, y⟩ = ⟨x, z⟩⟨z, y⟩+
∑

1⩽i<j⩽n

(xizj − xjzi)(yizj − yjzi),

we have
cos ρ(x, y) = ⟨x, z⟩⟨z, y⟩+

∑
1⩽i<j⩽n

(xizj − xjzi)(yizj − yjzi)

= cos ρ(x, z) cos ρ(z, y) +
∑

1⩽i<j⩽n

(xizj − xjzi)(yizj − yjzi)

⩾ cos ρ(x, z) cos ρ(z, y)

−
( ∑
1⩽i<j⩽n

|xizj − xjzi|2
)1/2( ∑

1⩽i<j⩽n

|yizj − yjzi|2
)1/2

.
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By using the Binet–Cauchy identity again, we get∑
1⩽i<j⩽n

|xizj − xjzi|2 = |x|2|z|2 − |⟨x, z⟩|2 = sin2 ρ(x, z).

It follows that
cos ρ(x, y) ⩾ cos ρ(x, z) cos ρ(z, y)− sin ρ(x, z) sin ρ(z, y)

= cos(ρ(x, z) + ρ(z, y)).

Next, we show that the metric ρ(·, ·) on ∂Bn is equivalent to the Euclidean
distance. For any two points x, y ∈ ∂Bn, we observe that

|x− y|2 = |x|2 + |y|2 − 2⟨x, y⟩ = 2(1− cos ρ(x, y)) = 4

(
sin

ρ(x, y)

2

)2

.

Note that for any 0 ⩽ θ ⩽ π/2, we have
2

π
θ ⩽ sin θ ⩽ θ;

and for any x, y ∈ ∂Bn, we have

0 ⩽ ρ(x, y) ⩽ π.

Hence,

(2.2)
2

π
ρ(x, y) ⩽ |x− y| ⩽ ρ(x, y).

Let x ∈ ∂Bn and 0 < r < 1. We consider a ball Bρ(x, r) in the unit
sphere ∂Bn that is defined by

Bρ(x, r) = {y ∈ ∂Bn : ρ(x, y) < r}

and its associated Carleson box B̂ρ(x, r) in the unit ball,

B̂ρ(x, r) := {z ∈ Bn : z/|z| ∈ Bρ(x, r), 1− r < |z| < 1}.
By Proposition 2.1, the Bekollé–Bonami constant [w]p,α is equivalent, up

to a constant, to the following quantity:

(2.3) sup
Bρ⊂∂Bn

|B̂ρ|ω,α
|B̂ρ|α

( |B̂ρ|ω1−p′ ,α

|B̂ρ|α

)p−1

< ∞,

where 1/p+1/p′ = 1 and the supremum is taken over all balls Bρ satisfying
Bρ(x, r) ⊂ ∂Bn.

Lemma 2.2. Let n ⩾ 3 and 0 < r < 1. For a ball Bρ(x, r) ⊂ ∂Bn, there
exist positive constants C1 = C1(n, α) and C2 = C2(n) such that

(2.4) C1
cα

α+ 1
rn+α(2− r)α+1 ⩽ |B̂ρ(x, r)|α ⩽ C2

cα
α+ 1

rn+α(2− r)α+1.

Proof. Given a ball Bρ(x, r) ⊂ ∂Bn, by the inequality (2.2),

B(x, 2r/π) ⊂ Bρ(x, r) ⊂ B(x, r).
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Here, B(x, r) = {y ∈ ∂Bn : |x − y| < r} denotes the standard Euclidean
ball centered at x with radius r. Therefore, there exist positive constants
c1 = c1(n) and c2 = c2(n) such that

c1r
n−1 ⩽

�

Bρ(x,r)

dσ(ξ) ⩽ c2r
n−1,

where dσ is the normalized sphere area measure. Hence,

|B̂ρ(x, r)|α = cα
�

B̂ρ(x,r)

(1− |z|2)α dν(z)

= ncα
�

Bρ(x,r)

dσ(ξ)

1�

1−r

tn−1(1− t2)α dt

⩽ nc2cαr
n−1

1�

1−r

tn−1(1− t2)α dt.

Since 1− r < t < 1 and n ⩾ 3, letting C2 = nc2, we have

|B̂ρ(x, r)|α ⩽ C2cαr
n−1

1�

1−r

t(1− t2)α dt = C2
cα

α+ 1
rn+α(2− r)α+1.

This establishes the upper bound in (2.4).
Next, we find the lower bound. For 0 < r ⩽ 1/2, we have

1/2 ⩽ 1− r < t < 1.

Therefore,

|B̂ρ(x, r)|α ⩾ nc1cαr
n−1

1�

1−r

tn−1(1− t2)α dt

⩾
nc1
2n−2

cαr
n−1

1�

1−r

t(1− t2)α dt

⩾
nc1
2n−2

cα
α+ 1

rn+α(2− r)α+1.

For 1/2 ⩽ r < 1, we obtain

|B̂ρ(x, r)|α ⩾ nc1cαr
n−1

1�

1/2

tn−1(1− t2)α dt

⩾
nc1
2n−2

cαr
n−1

1�

1/2

t(1− t2)α dt

=
nc1
2n−2

(
3

4

)α+1 cα
α+ 1

rn−1.
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Since 0 < 2r − r2 < 1, we have

|B̂ρ(x, r)|α ⩾
nc1
2n−2

(
3

4

)α+1 cα
α+ 1

rn−1(2r − r2)α+1

=
nc1
2n−2

(
3

4

)α+1 cα
α+ 1

rn+α(2− r)α+1.

Let

C1 = min

{
nc1
2n−2

,
nc1
2n−2

(
3

4

)α+1}
=

nc1
2n−2

(
3

4

)α+1

.

Then, for any x ∈ ∂Bn and 0 < r < 1,

|B̂ρ(x, r)|α ⩾ C1
cα

α+ 1
rn+α(2− r)α+1.

This is the lower bound in (2.4).

2.2. An example of B2,α. By using Lemma 2.2, in this subsection we
obtain a precise estimate for the Bekollé–Bonami constant [ω]2,α for

ω(x) = (1− |x|2)s, x ∈ Bn,

where −1 < α < ∞, 0 < δ < 1 and s = (α + 1)(1− δ). Such examples play
an important role in the sharp estimate for the norm of Pα in Section 4.

Indeed, for any x ∈ ∂Bn and 0 < r < 1, we have

|B̂ρ(x, r)|ω,α=
cα
cα+s

|B̂ρ(x, r)|α+s and |B̂ρ(x, r)|ω−1,α=
cα
cα−s

|B̂ρ(x, r)|α−s.

Observe that

α+ s = (α+ 1)(2− δ)− 1 > −1 and α− s = (α+ 1)δ − 1 > −1,

and the upper estimate in (2.4) holds for any −1 < α < ∞. We have

|B̂ρ(x, r)|ω,α ⩽ C2
cα

s+ α+ 1
rn+s+α(2− r)s+α+1,

|B̂ρ(x, r)|ω−1,α ⩽ C2
cα

−s+ α+ 1
rn−s+α(2− r)−s+α+1.

Moreover, by the lower bound in (2.2),

|B̂ρ(x, r)|α ⩾ C1
cα

α+ 1
rn+α(2− r)α+1.

Note also that we can choose C1, C2 independent of δ. Hence
(2.5)

sup
Bρ(x,r)⊂∂Bn

|B̂ρ(x, r)|ω,α|B̂ρ(x, r)|ω−1,α

|B̂ρ(x, r)|2α
⩽

(
C2

C1

)2 1

(s+ α+ 1)(−s+ α+ 1)

⩽

(
C2

C1(α+ 1)

)2 1

δ
.
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It follows from (2.3) and (2.5) that there is a constant c3 = c3(n, α) such
that

(2.6) [ω]2,α ⩽ c3/δ.

2.3. The Carleson box system on the real unit ball. To discretize
the H-harmonic Bergman projection Pα, we need dyadic systems on (∂Bn, ρ).
A collection of sets

D = {Qk,i ⊂ ∂Bn : 1 ⩽ k < ∞, 1 ⩽ i ⩽ M(k)}
is called a dyadic systems on (∂Bn, ρ) if

(i) for each integer k ⩾ 1, {Qk,i}
M(k)
i=1 is a disjoint covering of ∂Bn, i.e.,

• ∂Bn =
⋃M(k)

i=1 Qk,i,
• for all 1 ⩽ i ̸= j ⩽ M(k), Qk,i ∩Qk,j = ∅.

(ii) if 1 ⩽ k ⩽ l, then either Ql,j ⊂ Qk,i or Qk,i ∩Ql,j = ∅.
Furthermore, we say the dyadic system D is associated to a triple of

positive constants (η, κ0, κ1) if there exists a point set

P = {xk,i ∈ ∂Bn : 1 ⩽ k < ∞, 1 ⩽ i ⩽ M(k)}
such that

(2.7) Bρ(xk,i, κ0η
k) ⊂ Qk,i ⊂ Bρ(xk,i, κ1η

k),

for each k ⩾ 1, 1 ⩽ i ⩽ M(k).
By Hytönen and Kairema’s result [11, Theorem 4.1], we have the follow-

ing result on the metric space (∂Bn, ρ):

Proposition 2.3. There is a finite collection of dyadic systems {Dt}Nt=1

associated to the triple (1/96, 1/12, 4) on (∂Bn, ρ) such that for any ball
Bρ ⊂ ∂B, there exists 1 ⩽ t ⩽ N and a cube Q ∈ Dt with

Bρ ⊂ Q and diamρ(Q) ⩽ C3 diamρ(Bρ),

where diamρ(Q) = max {ρ(x, y) : x, y ∈ Q} and the constants N and C3

only depend on the dimension n.

Remark 2.1. For the case n = 2, the corresponding dyadic systems in
Proposition 2.3 are two shifted systems of the standard dyadic system on
the unit circle. One can consult Mei’s elegant arguments in [14].

For 1 ⩽ t ⩽ N and a cube Q ∈ Dt, the Carleson box associated to Q is
defined by

Q̂ :=
{
z ∈ Bn : z/|z| ∈ Q, 1− 1

2 diamρ(Q) < |z| < 1
}
,

then the dyadic system Dt induces a Carleson box system Qt in the unit ball
by

Qt = {Q̂ : Q ∈ Dt}.



10 K. Guo, Z. Wang and K. Zhang

In addition, for 0 < ε < 1, we define the ε-Carleson box associated to Q by

Q̂ε =
{
z ∈ Bn : z/|z| ∈ Q, 1− 1

2εdiamρ(Q) < |z| < 1
}
.

Lemma 2.4. Let 1 ⩽ t ⩽ N and k ⩾ 1. If there exist cubes Qk+1,j , Qk,i

∈ Dt with Qk+1,j ⊂ Qk,i, then

Q̂k+1,j ⊂ (Q̂k,i)1/2.

Proof. Fix an integer 1 ⩽ t ⩽ N , and recall Dt is a dyadic system in
(∂Bn, ρ) associated with the triple (1/96, 1/12, 4). For each positive integer
k ⩾ 1, by Proposition 2.3, we have

1

12
·
(

1

96

)k

⩽
1

2
diamρ(Qk,i) ⩽ 4 ·

(
1

96

)k

.

Consequently,

Q̂k+1,j ⊂
{
z ∈ Bn :

z

|z|
∈ Qk,i, 1− 4 ·

(
1

96

)k+1

< |z| < 1

}
.

Noting that{
z ∈ Bn :

z

|z|
∈ Qk,i, 1−

1

24
·
(

1

96

)k

< |z| < 1

}
⊂ (Q̂k,i)1/2,

we conclude that
Q̂k+1,j ⊂ (Q̂k,i)1/2,

which completes the proof.

Lemma 2.5. Let −1 < α < ∞. For an integer 1 ⩽ t ⩽ N and a cube
Q ∈ Dt, there exists a constant C4 = C4(n, α) such that

|Q̂|α ⩽ C4|Q̂ \ Q̂1/2|α.

Proof. Pick a cube Q ∈ Dt. We shall find a positive constant C4 that
only depends on n and α such that

|Q̂ \ Q̂1/2|α
|Q̂|α

⩾
1

C4
> 0.

Let r = diamρ(Q)/2 and h(t) = tn−1(1− t2)α on [0, 1]. We have

|Q̂ \ Q̂1/2|α
|Q̂|α

=
ncα

	
Q dσ(ξ)

	1−r/2
1−r tn−1(1− t2)α dt

ncα
	
Q dσ(ξ)

	1
1−r t

n−1(1− t2)α dt
=

	1−r/2
1−r h(t) dt
	1
1−r h(t) dt

.

For 0 < r ⩽ 1, set

g(r) =

	1−r/2
1−r h(t) dt
	1
1−r h(t) dt

.
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Observe that

lim
r→0

g(r) = lim
r→0

−1
2h

(
1− r

2

)
+ h(1− r)

h(1− r)

= 1− lim
r→0

(
1− r

2

)n−1(
r − r2

4

)α
2(1− r)n−1(2r − r2)α

= 1− 1

2
·
(
3

4

)α

> 0,

and

g(1) =

	1/2
0 h(t) dt	1
0 h(t) dt

> 0.

Let g(0) = limr→0 g(r). Then g(r) is continuous on [0, 1]. Hence, there exists
0 < r0 < 1 such that

g(r0) = min
0⩽r⩽1

g(r).

We claim that g(r0) > 0. Otherwise, if g(r0) = 0, then

g(r0) =

	1−r0/2
1−r0

h(t) dt
	1
1−r0

h(t) dt
= 0.

Since the function h is positive and integrable on (0, 1), we have
1−r0/2�

1−r0

h(t) dt = 0.

On the other hand, note that

h(t) > 0, ∀t ∈ [1− r0, 1− r0/2],

yields a contradiction and we get

g(r0) = min
0⩽r⩽1

g(r) > 0.

Letting

C4 =
1

min0⩽r⩽1 g(r)
,

we get the desired lower bound.

Let 1 < p < ∞ and −1 < α < ∞. Let Qt, t = 1, . . . , N , be the Carleson
dyadic system of Proposition 2.3. A weight ω is said to be a Bekollé–Bonami
weight with respect to the Carleson dyadic system Qt if

[ω]p,α,Dt := sup
Q∈Dt

|Q̂|ω,α
|Q̂|α

( |Q̂|ω1−p′ ,α

|Q̂|α

)p−1

< ∞.

Definition 2.1. A weight ω on Bn is called a Bekollé–Bonami Bp,α,D

weight associated Q =
⋃N

t=1 Qt if

[ω]p,α,D := max
t: 1⩽t⩽N

[ω]p,α,Dt < ∞.
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Lemma 2.6. Let ω be a weight on the unit ball Bn for n ≥ 2. Then ω is
a Bp,α weight if and only if ω is a Bp,α,D weight.

Proof. Suppose that ω is a Bp,α weight. Then [ω]p,α < ∞. For each
1 ⩽ t ⩽ N , let

Pt = {xk,i ∈ ∂Bn : 1 ⩽ k < ∞, 1 ⩽ i ⩽ M(k)}
be the point set associated to the dyadic system Dt in Proposition 2.3.
By (2.7), for any Q ∈ Dt, there exist an integer k ⩾ 1 and a point x ∈ Pt

such that
Bρ

(
x,

1

12 · 96k

)
⊂ Q ⊂ Bρ

(
x,

4

96k

)
.

Denote B1 := Bρ(x, 1/(12 · 96k)) and B2 := Bρ(x, 4/(96
k)). Then

|Q̂|ω,α
|Q̂|α

( |Q̂|ω1−p′ ,α

|Q̂|α

)p−1

⩽
|B̂2|ω,α|B̂2|p−1

ω1−p′ ,α

|B̂1|pα
.

Hence, by (2.3) and Lemma 2.2, there is a constant c4 = c4(n, p, α) > 0 such
that

|Q̂|ω,α
|Q̂|α

( |Q̂|ω1−p′ ,α

|Q̂|α

)p−1

⩽ c4
|B̂2|ω,α|B̂2|p−1

ω1−p′ ,α

|B̂2|pα
⩽ c4[w]p,α.

Consequently,

(2.8) [ω]p,α,D ⩽ c4[ω]p,α < ∞.

Conversly, assume that [ω]p,α,D < ∞. For each ball Bρ ⊂ ∂Bn, by Propo-
sition 2.3, there exist an integer 1 ⩽ t ⩽ N and a cube Q ∈ Dt such that
Bρ ⊂ Q and diamρ(Q) ⩽ C3 diamρ(Bρ). Then by Lemma 2.2, there is a
constant c5 = c5(n, p, α) > 0 such that

|B̂ρ|ω,α
|B̂ρ|α

( |B̂ρ|ω1−p′ ,α

|B̂ρ|α

)p−1

⩽
|Q̂|ω,α|Q̂|p−1

ω1−p′ ,α

|B̂ρ|pα
⩽ c5

|Q̂|ω,α|Q̂|p−1

ω1−p′ ,α

|Q̂|pα
.

Hence, by (2.3),
[ω]p,α ⩽ c5[ω]p,α,D < ∞.

2.4. The discretization of Pα. Let N be the integer of Proposition 2.3.
For each integer 1 ⩽ t ⩽ N , consider the following positive integral kernel
associated to the dyadic system Dt on (∂Bn, ρ):

(2.9) Kt
α(x, y) =

∑
Q∈Dt

χ
Q̂
(x)χ

Q̂
(y)

|Q̂|α
, ∀x, y ∈ Bn,

where χ
Q̂

is the characteristic function of Q̂ and |Q̂|α = να(Q̂).
Recall that Rα denotes the integral kernel of Pα. The following lemmas

illustrate the relationship between Kt
α(x, y) and Rα(x, y).
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Lemma 2.7. There is a constant C5 > 0 such that for any distinct points
x, y ∈ Bn, there exists a ball Bρ(z, r) ⊂ ∂Bn such that B̂ρ(z, r) contains x, y
and [x, y] ⩾ C5r.

Proof. Pick x, y ∈ Bn with ρ(x, y) = θ. Without loss of generality, we
assume |x| ⩾ |y|. Using the definition of [x, y], we have

[x, y]2 = |x− y|2 + (1− |x|2)(1− |y|2)
= 1− 2⟨x, y⟩+ |x|2|y|2

=
∣∣1− |x| |y|

∣∣2 + 2|x| |y|(1− cos θ)

⩾
∣∣1− |y|

∣∣2 + 4|x| |y| sin2 θ
2

⩾
∣∣1− |y|

∣∣2 + 4

π2
|y|2θ2.

Let C5 = 1/π and

r = max {1− |y|, θ}, z = x/|x| ∈ ∂Bn.

We have x, y ∈ B̂ρ(z, r) and [x, y] ⩾ C5r.

Lemma 2.8. There exists a constant C6 = C6(n, α) > 0 such that for any
x, y ∈ Bn, we have

|Rα(x, y)| ⩽ C6

N∑
t=1

Kt
α(x, y).

Proof. For any x, y ∈ Bn, by Lemma 2.7 and Proposition 2.3, there exists
a ball Bρ(z, r) ⊂ ∂Bn, an integer 1 ⩽ t ⩽ N and a cube Q ∈ Dt such that

x, y ∈ B̂ρ(z, r) ⊂ Q̂, diamρ(Q) ⩽ 2C3r ⩽
2C3

C5
[x, y].

By Lemma 2.2, there exists a constant c6 = c6(n, α) > 0 such that

(2.10) |Q̂|α ⩽ c6[x, y]
n+α.

By [22, Theorem 1.2], the H-harmonic Bergman kernel satisfies

|Rα(x, y)| ⩽
c7

[x, y]n+α
, ∀x, y ∈ Bn,

where the constant c7 > 0 depends on n and α. Then for any distinct
x, y ∈ Bn, by (2.10),

|Rα(x, y)| ⩽
c7

[x, y]n+α
⩽ c6c7

χ
Q̂
(x)χ

Q̂
(y)

|Q̂|α

⩽ c6c7
∑
Q∈Dt

χ
Q̂
(x)χ

Q̂
(y)

|Q̂|α
⩽ c6c7

N∑
t=1

Kt
α(x, y).

Letting C6 = c6c7 completes the proof.
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3. Proof of the main theorem

3.1. The case p = 2. The main result in this section is the following
theorem:

Theorem 3.1. Let −1 < α < ∞. If ω is a B2,α weight, then

Pα : L2(ω dνα) → L2(ω dνα)

is bounded. Moreover, there exists a constant C7 = C7(n, α) > 0 such that

∥Pα∥L2(ω dνα)→L2(ω dνα) ⩽ C7[ω]2,α.

Proof. Assume that ω is a B2,α weight. Let {Dt}Nt=1 be the collection of
dyadic systems obtained in Proposition 2.3. By (2.8),

[ω]2,α,D ⩽ c4[ω]2,α < ∞.

Using Sawyer’s powerful duality trick [17], we find that

Pα : L2(ω dνα) → L2(ω dνα)

is bounded if and only if so is

Pω−1,α : L2(ω−1 dνα) → L2(ω dνα),

where
Pω−1,αf(x) =

�

Bn

f(y)Rα(x, y)ω
−1(y) dνα(y)

for f ∈ L2(ω−1 dνα). Moreover,

∥Pα∥L2(ω dνα)→L2(ω dνα) = ∥Pω−1,α∥L2(ω−1 dνα)→L2(ω dνα).

For 1 ⩽ t ⩽ N , we define the integral operator on the unit ball Bn

induced by the discrete kernel (2.9),

T t
ω,αf(x) :=

�

Bn

f(y)Kt
α(x, y)ω(y) dνα(y)

=
∑
Q∈Dt

1

|Q̂|α

�

Q̂

f(y)ω(y) dνα(y)χQ̂
(x).

By Lemma 2.8, we have

|Pω−1,αf(x)| ⩽
�

Bn

|f(y)| |Rα(x, y)|ω−1(y) dνα(y)

⩽ C6

N∑
t=1

�

Bn

|f(y)|Kt
α(x, y)ω

−1(y) dνα(y)

= C6

N∑
t=1

(T t
ω−1,α|f |)(x).
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Hence, it suffices to prove that there exists a constant c8 > 0 such that

∥T t
ω−1,αf∥L2(ω dνα) ⩽ c8∥f∥L2(ω−1 dνα)

for all 0 ⩽ f ∈ L2(ω−1 dνα) and each 1 ⩽ t ⩽ N .
Note that for a fixed dyadic system Dt, T t

ω−1,αf ⩾ 0 when f ⩾ 0. Conse-
quently,

∥T t
ω−1,αf∥L2(ω dνα)

= sup
0⩽g∈L2(ω dνα),∥g∥L2(ω dνα)=1

�

Bn

(T t
ω−1,αf)(x)g(x)ω(x) dνα(x).

Now we consider the right side of the last equality. For 0 ⩽ g ∈ L2(ω dνα),
we have�

Bn

(T t
ω−1,αf)(x)g(x)ω(x) dνα(x)

=
∑
Q∈Dt

1

|Q̂|α

( �
Q̂

f(x)ω−1(x) dνα(x)
)( �

Q̂

g(x)ω(x) dνα(x)
)

=
∑
Q∈Dt

|Q̂|α
|Q̂|ω−1,α|Q̂|ω,α

|Q̂|ω−1,α|Q̂|ω,α
|Q̂|2α

( �
Q̂

f(x)ω−1(x) dνα(x)
)

×
( �
Q̂

g(x)ω(x) dνα(x)
)

⩽ [ω]2,α,D
∑
Q∈Dt

|Q̂|α
(

1

|Q̂|ω−1,α

�

Q̂

f(x)ω−1(x) dνα(x)

)
×
(

1

|Q̂|ω,α

�

Q̂

g(x)ω(x) dνα(x)

)
.

By Lemma 2.5, we have
|Q̂|α ⩽ C4|Q̂ \ Q̂1/2|α.

Therefore,�

Bn

(T t
ω−1,αf)(x)g(x)ω(x) dνα(x)

⩽ C4[ω]2,α,D
∑
Q∈Dt

|Q̂ \ Q̂1/2|α
(

1

|Q̂|ω−1,α

�

Q̂

f(x)ω−1(x) dνα(x)

)
×

(
1

|Q̂|ω,α

�

Q̂

g(x)ω(x) dνα(x)

)
= C4[ω]2,α,D

∑
Q∈Dt

�

Q̂\Q̂1/2

(
1

|Q̂|ω−1,α

�

Q̂

f(x)ω−1(x) dνα(x)

)

×
(

1

|Q̂|ω,α

�

Q̂

g(x)ω(x) dνα(x)

)
dνα.
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Note that Lemma 2.4 implies {Q̂ \ Q̂1/2}Q∈Dt are disjoint. Consequently,
�

Bn

(T t
ω−1,αf)(x)g(x)ω(x) dνα(x)

⩽ C4[ω]2,α,D
�

Bn

(
1

|Q̂|ω−1,α

�

Q̂

f(x)ω−1(x) dνα(x)

)

×
(

1

|Q̂|ω,α

�

Q̂

g(x)ω(x) dνα(x)

)
dνα

⩽ C4[ω]2,α,D
�

Bn

(M t
ω−1,αf)(M

t
ω,αg)ω

−1/2ω1/2 dνα

⩽ C4[ω]2,α,D∥M t
ω−1,αf∥L2(ω−1 dνα)∥M

t
ω,αg∥L2(ω dνα).

Here M t
ω,α is the maximal operator associated to the dyadic system Dt with

respect to the measure ω dνα, i.e.,

M t
ω,αf(x) = sup

Q∈Dt

χ
Q̂
(x)

|Q̂|ω,α

�

Q̂

|f |ω dνα.

Recall that Dt is a dyadic system; by the classical result [21, Theorem 5.7]
on the maximal operator for a dyadic system, there exists a constant c9,
independent of the weight ω and the dyadic system Dt, such that

∥M t
ω,αf∥L2(ω dνα) ⩽ c9∥f∥L2(ω dνα), ∀f ∈ L2(ω dνα).

We conclude that�

Bn

(T t
ω−1,αf)(x)g(x)ω(x) dνα(x) ⩽ C4c

2
9[ω]2,α,D∥f∥L2(ω−1 dνα)∥g∥L2(ω dνα).

Letting C7 = C6Nc4C4c
2
9 gives

∥Pα∥L2(ω dνα)→L2(ω dνα) ⩽ C7[ω]2,α.

3.2. The extrapolation method for p ̸= 2. The main goal of this
subsection is to obtain a weighted Lp-estimate for Pα. First of all, we shall
adapt Rubio de Francia’s extrapolation method to prove the case p > 2 [6].
In addition, the case 1 < p < 2 follows from the following simple duality
argument.

Lemma 3.2. Let 1 < p, p′ < ∞ with 1/p+ 1/p′ = 1. Then

(i) ∥Pα∥Lp(ω dνα)→Lp(ω dνα) = ∥Pα∥Lp′ (ω1−p′ dνα)→Lp′ (ω1−p′ dνα)
;

(ii) [ω]
1

p−1
p,α = [ω1−p′ ]p′,α.

The remaining part of Theorem 1.1 (the case p > 2) follows from the
following general known result on the Bekollé–Bonami weight ω on the real
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unit ball Bn. For completeness and the reader’s convenience, we include a
proof here.

Lemma 3.3. Let R be a bounded operator on L2(ω dνα). If there exists a
constant C8 independent of the weight ω such that

∥R∥L2(ω dνα)→L2(ω dνα) ⩽ C8[ω]2,α for all ω ∈ B2,α,

then there exists a constant C9 independent of ω such that

∥R∥Lp(ω dνα)→Lp(ω dνα) ⩽ C9[ω]p,α for all ω ∈ Bp,α and p > 2.

Proof. For p > 2, let

ϕ(p) =
p− 2

p− 1
.

Then p′/ϕ(p) = p/(p− 2) is the dual number of p/2. By the standard Rubio
de Francia’s extrapolation, we only need to find an operator

D : Lp′/ϕ(p)(ω dνα) → Lp′/ϕ(p)(ω dνα)

such that for all

0 ⩽ h ∈ Lp′/ϕ(p)(ω dνα) with ∥h∥Lp′/ϕ(p)(ω dνα)
= 1,

D has the following properties:

(I) h ⩽ D(h);
(II) ∥D(h)∥Lp′/ϕ(p)(ω dνα)

⩽ 2;
(III) [D(h)ω]2,α ⩽ C10[ω]p,α, where the constant C10 is independent of ω

and h.

Suppose that such an operator D exists. Observe that for all f ∈ Lp(ω dνα),
we have

∥Rf∥2Lp(ω dνα)
= sup

∥h∥
Lp′/ϕ(p)(ω dνα)

=1, h⩾0

�

Bn

|Rf |2hω dνα.

Then

∥Rf∥2Lp(ω dνα)
⩽ sup

∥h∥
Lp′/ϕ(p)(ω dνα)

=1, h⩾0

�

Bn

|Rf |2D(h)ω dνα

⩽ C2
8 sup
∥h∥

Lp′/ϕ(p)(ω dνα)
=1, h⩾0

(
[D(h)ω]22,α

�

Bn

|f |2D(h)ω dνα

)
⩽ C2

8C
2
10[ω]

2
p,α sup

∥h∥
Lp′/ϕ(p)(ω dνα)

=1, h⩾0

(
∥f∥2Lp(ω dνα)

∥D(h)∥Lp′/ϕ(p)(ω dνα)

)
⩽ 2C2

8C
2
10[ω]

2
p,α∥f∥2Lp(ω dνα)

.

This completes the proof up to the existence of an operator D.

Next, we show that the following maximal operator on the real unit
ball Bn satisfies the properties required for the operator D.
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Let Mα be the maximal operator with respect to the measure dνα, i.e.,

Mαf(x) = sup
B⊂∂Bn

χ
B̂
(x)

|B̂|α

�

B̂

|f | dνα,

where the supremum runs over all balls B ⊂ ∂Bn.

Lemma 3.4. For ω ∈ Bp,α, we have

∥Mα∥Lp(ω dνα)→Lp(ω dνα) ⩽ C11[ω]
1

p−1
p,α ,

where C11 is a constant dependent on n and α.

One can see Lerner’s work [13] for a simple proof. Since p > 2 and
[ω]p,α ⩾ 1, we have

(3.11) ∥Mα∥Lp(ω dνα)→Lp(ω dνα) ⩽ C11[ω]
1

p−1
p,α ⩽ C11[ω]p,α.

For 0 ⩽ h ∈ Lp′/ϕ(p)(ω dνα), denote

Sω,α(h) =

(
Mα(h

1/ϕ(p)ω)

ω

)ϕ(p)

.

Lemma 3.5. For all 0 ⩽ h ∈ Lp′/ϕ(p)(ω dνα) and weight ω, we have(
1

|B̂|α

�

B̂

hω dνα

)(
1

|B̂|α

�

B̂

(Sω,α(h)ω)
−1 dνα

)
⩽ [ω]

1
p−1
p,α .

Proof. Observe that for x ∈ B̂,

Mα(h
1/ϕ(p)ω)(x) ⩾

1

|B̂|α

�

B̂

h1/ϕ(p)ω dνα.

Hence, by Hölder’s inequality, we have(
1

|B̂|α

�

B̂

hω dνα

)(
1

|B̂|α

�

B̂

(Sω,α(h)ω)
−1 dνα

)

=

(
1

|B̂|α

�

B̂

hω dνα

)(
1

|B̂|α

�

B̂

(Mα(h
1/ϕ(p)ω))−ϕ(p)ω1−p′ dνα

)

⩽

(
1

|B̂|α

�

B̂

h1/ϕ(p)ω dνα

)ϕ(p)( 1

|B̂|α

�

B̂

ω dνα

) 1
p−1

×
(

1

|B̂|α

�

B̂

h1/ϕ(p)ω dνα

)−ϕ(p)( 1

|B̂|α

�

B̂

ω1−p′ dνα

)

⩽ [ω]
1

p−1
p,α .
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Furthermore, by (3.11), we have

∥Sω,α(h)∥Lp′/ϕ(p)(ω dνα)
=

( �

Bn

|Mα(h
1/ϕ(p)ω)|p′ω1−p′ dνα

)ϕ(p)/p′

⩽
(
∥Mα∥Lp′ (ω1−p′ dνα)→Lp′ (ω1−p′ dνα)

∥h1/ϕ(p)ω∥Lp′ (ω1−p′ dνα)

)ϕ(p)
⩽ ∥Mα∥ϕ(p)Lp(ω dνα)→Lp(ω dνα)

∥h∥Lp′/ϕ(p)(ω dνα)

⩽ C
ϕ(p)
11 [ω]ϕ(p)p,α ∥h∥Lp′/ϕ(p)(ω dνα)

.

Let

(3.12) A = sup
∥h∥

Lp′/ϕ(p)(ω dνα)
=1

∥Sω,α(h)∥Lp′/ϕ(p)(ω dνα)
⩽ C

ϕ(p)
11 [ω]ϕ(p)p,α .

We define an operator

D(h) =

∞∑
k=0

1

2k
(Sω,α)

k(h)

Ak
,

where (Sω,α)
k is the k-fold composition of Sω,α, and (Sω,α)

0 is the identity
operator. It is easy to see h ⩽ D(h). Now we prove another result that we
need.

Lemma 3.6. For all h ⩾ 0, ∥h∥Lp′/ϕ(p)(ω dνα)
= 1, we have

[D(h)ω]2,α ⩽ 2C
ϕ(p)
11 [ω]p,α.

Proof. We make two observations:

(1) ∥D(h)∥Lp′/ϕ(p)(ω dνα)
⩽ 2∥h∥Lp′/ϕ(p)(ω dνα)

;
(2) Sω,α(D(h)) ⩽ 2AD(h).

Hence, by Lemma 3.5 and (3.12),(
1

|B̂|α

�

B̂

D(h)ω dνα

)(
1

|B̂|α

�

B̂

(D(h)ω)−1 dνα

)

⩽ 2A

(
1

|B̂|α

�

B̂

D(h)ω dνα

)(
1

|B̂|α

�

B̂

(Sω,α(D(h))ω)−1 dνα

)

⩽ 2A[ω]
1

p−1
p,α ⩽ 2C

ϕ(p)
11 [ω]p,α.

4. The sharp linear estimate for Pα. By Theorem 1.1, if ω is a B2,α

weight, then there is a constant C such that

∥Pα∥L2(ω dνα)→L2(ω dνα) ⩽ C[ω]2,α.
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It follows that the norm ∥Pα∥L2(ω dνα)→L2(ω dνα) has linear growth with re-
spect to the Bekollé–Bonami constant. In this section, we shall show that
this linear growth is sharp.

For n ⩾ 3, let −1 < α < ∞ and 0 < δ < 1. Consider the weight on the
unit ball Bn defined in Section 2.2,

ω(x) = (1− |x|2)s

with s = (α+ 1)(1− δ).
By (2.6), there is a constant c3 > 0 such that the Bekollé–Bonami con-

stant has an upper estimate:

[ω]2,α ⩽ c3/δ.

Let r0 = 1, e1 = (1, 0, . . . , 0) and B0 = Bρ(e1, r0). We consider a function

f(x) = (1− |x|2)−sχ
B̂0

(x).

Then Lemma 2.2 yields the norm estimate

∥f∥2L2(ω dνα)
=

cα
cα−s

|B̂0|α−s ⩽ c10/δ,

where c10 = C2cα/(α+ 1).
For γ > 0 and ξ ∈ ∂Bn, we define the non-tangential approach region

with vertex ξ by

Ωγ(ξ) := {y ∈ Bn : 0 < |⟨y, ξ⟩| < 1, |y|2 − |⟨y, ξ⟩|2 < γ2(1− |⟨y, ξ⟩|)2}.
In fact, Ωγ(ξ) is a truncated circular cone in Bn with vertex at ξ.

Lemma 4.1 ([22, Proposition 6.2]). For α > −1 and γ < 1/2, there exists
a constant c11 = c11(n, α, γ) > 0 such that for all y ∈ Bn and x ∈ Ωγ(y/|y|),
we have

Rα(x, y) ⩾
c11

(1− |⟨x, y⟩|)n+α
.

Note that sin(arctan(γ)) = γ/
√
1 + γ2. Then there exists a half-ball

B+
ξ

(
0,

γ√
1 + γ2

)
:=

{
y ∈ Bn : |y| < γ√

1 + γ2
, Re ⟨y, ξ⟩ > 0

}
contained in Ωγ(ξ). Let

G =
{
x ∈ Bn : ρ(x/|x|, e1) < π/2− r0, |x| < γ/

√
1 + γ2

}
.

Then
G ⊂

⋂
ξ∈B0

Ωγ(ξ).

For some fixed γ < 1/2, by Lemma 4.1, there exists a constant c12 =

c12(n, α, γ) > 0 such that for all x ∈ G and y ∈ B̂0,

Rα(x, y) ⩾ c12.
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Then Lemma 2.2 yields the lower bound, when x ∈ G,

Pα(f)(x) =
�

Bn

Rα(x, y)f(y) dνα(y)

⩾ c12
cα
cα−s

|B̂0|α−s ⩾
c13
δ
.

Here c13 = C1cαc12/(α+ 1).
Therefore, we have

∥Pα(f)∥2L2(ω dνα)
⩾

�

G

|Pα(f)(x)|2ω(x) dνα(x)

⩾
c13|G|α

δ2
⩾

c13|G|α
c3c10

[ω]22,α∥f∥2L2(ωdAα)
.

This completes the proof.
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